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ABSTRACT. In this paper, we study a new class of mixed double phase problems that combine local
and nonlocal operators. We consider two different models. The first model is driven by the fractional
p-Laplacian together with a local double phase operator, while the second model involves the local
p-Laplacian coupled with a fractional double phase operator. In order to describe the interaction
between local and nonlocal effects within the double phase framework, we introduce an appropriate
variational setting based on classical and fractional Musielak-Orlicz Sobolev spaces. Within this set-
ting, we establish several existence and multiplicity results for weak solutions by means of variational
and topological techniques. In particular, for the problem driven by the fractional p-Laplacian and
a local double phase operator, we prove the existence of a nonnegative solution using the Nehari
manifold method in the presence of concave-convex nonlinearities. We also investigate the associated
Brezis-Nirenberg type problem and obtain the existence of infinitely many solutions via genus theory.
For the problem governed by the local p-Laplacian and a fractional double phase operator, we show
the existence of at least two nontrivial constant sign solutions by exploiting the variational structure
of the associated energy functional. Furthermore, in the subcritical case, we prove the existence of a
least energy sign-changing solution by combining the Poincaré-Miranda existence theorem with the
quantitative deformation lemma.

1. INTRODUCTION AND MAIN RESULTS

In this work, we introduce and study two classes of mixed operators combining local and nonlocal
effects. The first class consists of the fractional p-Laplacian coupled with a local double phase operator,
while the second class involves the local p-Laplacian coupled with a fractional double phase operator.
The study of operators of mixed order has recently attracted significant attention, as such operators
arise naturally in various contexts. A notable example is their appearance as the superposition of
different stochastic processes, such as a classical random walk and a Lévy flight, which also play an
important role in the analysis of optimal animal foraging strategies, see, for example, the works by
Dipierro—Proietti Lippi—Valdinoci [29], Dipierro—Valdinoci [30], Montefusco—Pellacci—Verzini [45], and
Pellacci—Verzini [47].

We begin by studying a boundary value problem driven by the fractional p-Laplacian and a local
double phase operator in the presence of concave-convex nonlinearities. More precisely, we consider
the problem

(=A)pu— Ly (u) = A (w1 (2)[u]*?u + wa(z)|u|""%u) in Q,

u=0 in RV \ Q,
where Q@ C RV, N > 2, is a bounded domain with smooth boundary 99 and

. [u(z) = u(y) P> (u(z) — u(y))
—A)2u = C lim d
(=2% €20 JrN\ B, () |l — y|Ntps Y

(1.1)

3

denotes the fractional p-Laplacian. Here B.(x) := {z € RV: |z — z| < €} and C is a normalization
constant. Moreover,

Ly (u) = div(|VuP~2Vu + a(z)| Vu|T2Vu)
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is the classical double phase operator. We assume the following hypotheses.
(Hy) (i) 1<p<q<N,1<k<p<q<r§p*=NN—_’;,andse(O,l);
(i) w; € L7%(Q), wy € L®(Q) with wy,wy > 0 a.e.in Q and 0 < a(-) € C¥L(Q) ; if r = p*,
then wy € L>®();
A function v € W is said to be a weak solution of (1.1) if
[ [ ) =) ) =) g,
RN JRN

|z —y|NHes

+ / (|VulP~2Vu + a(x)|Vu|T*Vu) - Vodr = )\/ (w1 (2)ul*~?u + wa (2) |u]"2u) v dz,
0 0

for all test functions v € W, where the space W is defined in (2.2).
Our first existence result concerning problem (1.1) is the following.

Theorem 1.1. Let hypotheses (Hy) be satisfied. Then, there exists Ag > 0 such that for every \ €
(0, Ag), problem (1.1) admits a nontrivial, nonnegative solution with negative energy.

We also consider a Brezis Nirenberg type problem obtained from (1.1) by assuming wy = 1 and
r = p*. In this case, problem (1.1) reduces to
(=A)ju— Ly (u) = Ay (@) |[ulF 20+ [ulP 2w in Q,

1.2
u=0 in RV \ Q. (12)

Theorem 1.2. Let hypotheses (Hy) with wy = % and r = p* be satisfied. Then, there exists Ay > 0
such that for every A € (0, A1), problem (1.2) admits a nontrivial, nonnegative solution with negative
energy.

If, in addition, w; = 1, we obtain the following multiplicity result.

Theorem 1.3. Let hypotheses (Hi) with we = %, wy = 1, and r = p* be satisfied. Then there exists
A > 0 such that for all X € (0,A), problem (1.2) admits infinitely many nontrivial solutions with
negative energy.

Subsequently, motivated by the interplay between local diffusion and nonlocal phase transitions,
we turn our attention to a second problem in which the roles of the local and nonlocal operators are
interchanged. In this case, the equation is governed by the local p-Laplacian and a fractional double
phase operator, and it reads

—Apu— L3 (u) = f(z,u) inQ, u=0 inRYV\Q, (1.3)

where 2 C RN N > 2, is a bounded domain with smooth boundary 9Q, A,u = div(|Vu[P~2Vu)
denotes the local p-Laplace operator, and the nonlocal operator L’;’?Z is defined by

s,b
Lo (u)

e ({2t )
€=0 JrRN\ B, () |z — y|NFps
For problem (1.3) we impose the following assumptions:
(Hy) (i) 1<p<qg<N,0<b(-,-) € L®RN xRN) with b(z, y) = b(y, x) for all (x,y) € RV x RV,
and 0 < s < 1;
(ii) f: 2 x R — R is a Carathéodory function and there exists a constant ¢ > 0 such that

|f(z,t) <e(l+t|"") foraa.xz e Qandforallt €R,

i o M=) )

|z — y|NFes

where r < p*;

o f(@s)
(111) tlgl(l) |t|p,2t
f(z,t)

t koo [1|1-2t

= 0 uniformly for a.a.z €

= oo uniformly for a.a.x €
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(v) fora.a.x € Q, the map t — tf(x,t)—qF(z,t) is nondecreasing for ¢ > 0 and nonincreasing
for t < 0, where

F(x,t):/o f(z,7)dr
f(z,t)

[tje=t

A function u € E is called a weak solution of (1.3) if

(vi) for a.a.z € Q, the map t — is strictly increasing on (—o00,0) and on (0, c0).

/|Vu|p_2Vu~Vvdx+/ |Ds(u) [P~ 2Dy (u)Dy(v) dv
Q Q

q-2 u v)dy = x,u)vdx
+/Qb<x,y>|ns<u>| Da(u)Ds(v)d /Qf( v da,

for all test functions v € E with Q = R?V \ (Q¢ x Q°), where the space E is defined in (2.7). Here and
in the sequel, we use the notation

(1.4)

Our main results related to problem (1.3) are the following ones.

Theorem 1.4. Let hypotheses (Hs) be satisfied. Then problem (1.3) has at least two nontrivial con-
stant sign solutions uy, v, € E such that

u () >0 and wvi(z) <0 fora.a.x e

Theorem 1.5. Let hypotheses (Hs) be satisfied. Then the problem (1.3) has a least energy sign-
changing solution.

Double phase operators originate from the seminal work of Zhikov [54], motivated by the math-
ematical modeling of strongly anisotropic materials whose constitutive laws exhibit different growth
behaviors in different regions of the domain. The associated energy functionals typically switch between
two distinct polynomial growths, which leads to differential operators of the form

div(|VuP~2Vu + a(z)|Vu|?2Vu).

Such operators naturally fit into the framework of Musielak-Orlicz Sobolev spaces and present sub-
stantial analytical difficulties due to their nonhomogeneous and nonuniformly elliptic structure.

The spectral and variational theory for double phase operators was initiated by Colasuonno—
Squassina [20], who investigated the associated eigenvalue problem and established the existence of
variational eigenvalues together with a detailed analysis of their qualitative properties. Since then, a
rapidly growing literature has addressed the existence, multiplicity, and qualitative behavior of solu-
tions to elliptic problems driven by double phase operators, mainly by means of variational techniques.
In this direction, we refer to the works of Liu—Dai [41, 42], who studied ground state solutions and mul-
tiple solutions in RY, respectively. Problems involving concave convex nonlinearities were investigated
by Kim-Kim-Oh-Zeng [10] and by Mishra—Silva—Tripathi [14]. Multiplicity results for problems with
nonlinear boundary conditions were obtained by Amoroso—Crespo-Blanco-Pucci-Winkert [2]. More-
over, Farkas—Fiscella—-Winkert [33] established multiplicity results in the presence of critical growth
of order p*. To deal with the lack of compactness caused by the critical exponent, they performed a
refined convergence analysis of the gradients. Further contributions concerning elliptic problems with
critical nonlinearities can be found in Arora-Fiscella-Mukherjee-Winkert [1] and Bahrouni-Fiscella—
Winkert [8]. For problems involving critical growth switching between the Sobolev exponents p* and
q*, we refer to the works of Ho-Winkert [39], Ha-Ho [37, 38], and Farkas—Fiscella-Ho-Winkert [32].
Kirchhoff type double phase problems were investigated by Crespo-Blanco—Gasinski-Winkert [23], who
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considered equations of the form

M (/ (IVul? + a(z)|Vu|?) dx) Ly (w) = f(x,u) inQ,
Q
u=0 on 01,

where Q C RN, N > 2, is a bounded domain with Lipschitz boundary 90, 1 <p < N, 1 < p < ¢q <
p* = NN—& and the Kirchhoff function is given by M(t) = m; + mat°~!. By combining variational
methods with the Poincaré-Miranda existence theorem and the quantitative deformation lemma, the
authors established the existence of two constant sign solutions together with a least energy sign
changing solution.

All the literature discussed above concerns double phase operators involving the local p- and ¢-

Laplacians. By contrast, the analysis of double phase operators involving nonlocal terms is relatively

(1.5)

recent. In this direction, Cheng-Bai [18] investigated a fractional double phase problem of the form
u(z) — u(y)|” |u(z) — u(y)|? shiy :
(], (e e R0 ) et £ = s me
u=0 in RV \ Q,

where Q C RY is a bounded smooth domain, 0 < s < 1 <p < ¢ < N/s and M(t) = my +mat’~!. The
nonlinearity f exhibits both singular and Choquard type growth. By employing the Nehari manifold
method, Cheng-Bai [18] proved the existence of two distinct weak solutions to problem (1.6). Subse-
quently, Zeng-Lu—Radulescu—Winkert [53] studied an inclusion problem involving a fractional double
phase operator with a logarithmic perturbation. By means of the sub- and supersolution method, they
established several existence results. Moreover, the authors also investigated the fractional counterpart
of problem (1.5), namely a Kirchhoff-type problem of the form (1.6). By combining variational tech-
niques with the Poincaré-Miranda existence theorem and the quantitative deformation lemma, they
proved the existence of two constant sign solutions together with one sign changing solution.

We now turn to elliptic problems involving mixed operators, namely operators obtained as a super-
position of local and nonlocal components. Such operators naturally arise in models where classical
diffusion interacts with long-range effects. In recent years, problems combining local and nonlocal
features have attracted considerable attention, and a growing body of literature has been devoted to
the study of existence, multiplicity, and qualitative properties of solutions. In particular, several works
have investigated equations of the form

—Apu— (=A)ju=f inQ,

where p,q € (1,00) and s € (0,1). In the case p = ¢ = 2, we mention the contributions of Biagi-
Dipierro—Valdinoci—Vecchi [11], where existence results, maximum principles, and regularity properties
were established. Problems involving Hardy type potentials were studied by Biagi—-Esposito—-Montoro—
Vecchi [13], while the Brezis Nirenberg problem was addressed in Biagi-Dipierro—Valdinoci—Vecchi [12].
We also mention the work by Balci [9] about nonlocal and mixed models with Lavrentiev gap. Singular
and critical nonlinearities were considered by Biagi—Vecchi [14] , and by Anthal-Giacomoni—Sreenadh
[3] in the presence of singular and critical Choquard type nonlinearities. Multiplicity results and the
existence of sign changing solutions via descending flow methods were obtained by Su—Valdinoci—Wei—
Zhang [19]. Finally, Kirchhoff type problems with critical growth were investigated by Tripathi [50]
using the Nehari manifold method. In the case p = g, we refer to the work of Garain—Ukhlov [35],
where existence, uniqueness, and symmetry properties were established for singular problems. Critical
nonlinearities were studied by da Silva-Fiscella-Viloria [24], while Bhowmick-Ghosh [10] obtained
the existence of sign changing solutions by combining the Nehari manifold method with Browder
degree theory. When p # ¢, Dhanya—Giacomoni-Jana [26] derived existence and multiplicity results
for concave-convex nonlinearities in the presence of sign changing weights. More recently, Malhotra—
Pandey—Sreenadh [43] investigated a mixed local and nonlocal problem with variable exponents. In
their work, the authors introduced the appropriate functional framework and proved existence results
for singular and superlinear nonlinearities by means of the Nehari manifold technique.
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Despite the extensive literature on double phase problems and the rapidly growing work on mixed
local-nonlocal operators, these two research directions have so far evolved largely independently. Ex-
isting results on double phase problems mainly concern operators that are either purely local or purely
nonlocal, whereas the theory of mixed operators has been developed almost exclusively for homoge-
neous growth structures, typically involving the superposition of a local p-Laplacian and a fractional
g-Laplacian. To the best of our knowledge, problems involving a genuine coupling of local and nonlocal
effects within a double phase framework have not yet been investigated. In particular, the interaction
between a fractional p-Laplacian and a local double phase operator, as well as the converse situation
involving a local p-Laplacian coupled with a fractional double phase operator, appears to be completely
unexplored.

Motivated by these gaps, the present paper investigates two new classes of mixed local and nonlocal
double phase problems, namely (1.1) and (1.3). By developing an appropriate variational framework
based on classical and fractional Musielak-Orlicz Sobolev spaces, we establish existence and multiplic-
ity results through Nehari manifold techniques, genus theory, and a combination of variational and
topological methods. Our findings substantially extend both the theory of double phase problems and
the theory of mixed local and nonlocal operators, by capturing the delicate interaction between local
and nonlocal effects within a double phase setting. Since both models involve double phase operators,
the analysis naturally requires working in generalized Musielak-Orlicz Sobolev spaces. In particular,
we introduce two function spaces specifically tailored to the mixed double phase structure and establish
their main properties, which play a crucial role in the variational approach developed in this work.

In problem (1.1), we deal with concave-convex nonlinearities in the presence of positive weights. The
existence of solutions is established by means of the Nehari manifold approach. We also investigate the
case in which the weight satisfies wy = % and the exponent is critical, namely » = p*, which corresponds
to the Brezis-Nirenberg type problem. Inspired by the works of Farkas—Fiscella-Winkert [33], da Silva—
Fiscella—Viloria [24] and Dhanya—Giacomoni—Jana [26], we address this setting by combining the Nehari
manifold method with genus theory. In this way, we obtain both existence and multiplicity results for
the associated problem.

For problem (1.3), we deal with a subcritical nonlinearity that does not satisfy the Ambrosetti-
Rabinowitz condition. We prove the existence of three distinct solutions, namely one positive solution,
one negative solution, and one solution that changes sign. The existence of the constant sign solutions is
obtained through a variational critical point argument of mountain pass type, while the sign-changing
solution is constructed by working on a suitable constraint set and applying the Poincaré-Miranda
existence theorem. The variational strategy and the corresponding existence results for this problem
are inspired by the works of Crespo-Blanco—Gasiriski-Winkert [23] and Zeng-Lu-Réadulescu—Winkert
[53].

The paper is organized as follows. In Section 2, we introduce the Sobolev spaces that provide the
functional framework for our analysis. In addition, we collect several preliminary lemmas and technical
results that will be used throughout the paper. Section 3 is devoted to the study of the fractional p-
Laplacian combined with a double phase operator, where existence and multiplicity results are obtained
by means of the Nehari manifold technique and topological arguments, see Theorems 1.1-1.3. Finally,
in Section 4, we investigate the local p-Laplacian coupled with a fractional double phase operator, and
prove the existence of constant sign solutions as well as a least energy solution that changes sign by
using variational tools such as the Poincaré-Miranda existence theorem and the Deformation Lemma,
see Theorems 1.4 and 1.5.

2. FUNCTIONAL SETTING AND PRELIMINARIES

In order to develop the variational framework associated with the problems under consideration, it
is necessary to precisely describe the function spaces in which weak solutions are sought. This section
is devoted to recalling the main properties of classical and fractional Sobolev spaces, together with
their generalized counterparts in the sense of Musielak. Furthermore, we introduce two function spaces
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specifically designed to treat problems of the form (1.1) and (1.3). We investigate their fundamental
properties, which are essential for the variational methods employed in the subsequent analysis.
Throughout the paper, ¢ > 0 denotes a generic constant, whose value may change from line to line.
For a € (1,00), we denote by a’ := —%5 the conjugate exponent of a. For x € RY and r > 0, we write
By(z):={yeR": |ly—z|<r}

for the open ball of radius r centered at x. When the center is the origin, we simply write B, := B;.(0).
Unless otherwise stated, @ C RY denotes a bounded domain with smooth boundary, and || stands
for the Lebesgue measure of Q. Moreover, for ¢t € R, we define t* = max{=+t, 0}, the positive and
negative parts of t. Clearly, t =T — ™.

For r € [1,00), we denote by L"(Q) the usual Lebesgue spaces endowed with the norm ||ul|, =

1/r
(fQ || d:z:) . Let M () be the space of all measurable functions u: Q@ — R. Given a measurable
function w: Q — (0,00) and 1 < r < oo, we define the weighted Lebesgue space L™ (£, w) by

L"(Q,w) := {u e M(Q): /Qw(:c)|u(x)|rdx < oo} ,

which is equipped with the norm

ol = ( [ w@)m@)rdxf

We denote by W1 (Q) and W, () the usual Sobolev spaces endowed with the norms
[uller = llulle + [[Vull, and flullsro = [Vull,.
For 1 < r < N, the Sobolev embedding W, (Q) < L!(Q2) for £ € [1,7*] holds, where r* =
precisely, there exists a constant S; > 0 such that
lulle < Sel|Vull, for all u € Wy " ().

In order to treat the critical Sobolev term, we introduce the best Sobolev constant defined by

Vu|P
S, = inf | I',"’, (2.1)
uEW,P(

Nr
~—; - More

for 1 < p < N. It is well known that S, is strictly positive and finite. Next, let s € (0,1) and
€ [1,00). Then, the fractional Sobolev space W7 (R") is defined as

W (RY) :={u e L"(RY): [u]}, < oo},
equipped with the norm

1
lullsr = (llly + [ulZ,) ™

u(y)|"”
ST dz dy
/]RN /]RN |z — y\N“’“

is the Gagliardo seminorm. For a comprehensive treatment of fractional Sobolev spaces and their
properties, we refer to Di Nezza—Palatucci—Valdinoci [27].
Define,

where

[t]
Gla,y,t) = / oy, 7)rdr,
0

where g:  x  x [0,00) — [0,00) is a given function. Recall that, G: Q@ x Q x R — [0, 00) is called a
generalized N-function (denoted by G € N(Q x Q)) if it satisfies the following conditions:
(i) For a.a.x,y € Q, the map G(z,y,-): R — [0,00) is continuous, even, increasing, and convex.
(ii) For every ¢t > 0, the map G(-,-,1): Q x  — [0,00) is measurable.
(iii) G(x,y,t) =0 if and only if ¢ = 0 for a.a. (z,y) € Q x Q.
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t
(iv) tlim 9(@.9.1) =0 and lim

—0 t— o0

@91 _ o for aa (2,1) € 2 % Q.

We say that a generalized N-function G satisfies the weak As-condition if there exist dg > 0 and a
nonnegative function k € L*(Q) such that

for a.a. (x,y) € Q x Q and for all ¢ > 0. If £k =0, then G is said to satisfy the As-condition.
We say that G € N(Q2 x Q) is locally integrable if, for any ¢ > 0 and for every compact set K C Q,

/ G(z,y,t)dedy < co and /g(x,x,t)dm<oo.
KxK K

Similarly, one defines a generalized N-function H: 2 x R — [0, 00) (denoted by H € N(Q)).
Let H € N(Q). The Musielak-Orlicz Lebesgue space L7 () is defined by

L*(Q) = {u € M(Q): / H (z,7|u]) dz < oo for some T > 0} .
Q

Equipped with the Luxemburg norm

||u||H—inf{T>0: /H(x,m> dacgl},
Q T

the space L™ (Q) becomes a Banach space, see Musielak [16].
The following result can be found in Youssfi—-Ahmida [52, Remark B.1, Theorem B.3 and Theorem
2.2].
Theorem 2.1. Let H € N(Q).
(i) If H satisfies the Ag-condition, then L™ (Q) is a separable and reflexive Banach space.
(ii) If H is locally integrable then C°(Q) is dense in LM ().

For further background on Musielak-Orlicz Lebesgue spaces, we refer to Fukagai-Ito-Narukawa [34].
For a given H € N(Q), we define the Musielak-Orlicz Sobolev space W7 () by

WEH(Q) == {u e L*(Q): |[Vu| € L*(Q)}.
It is equipped with the norm
[l 2= Nlulle + [ Vull-
The subspace Wol’H(Q) is defined as the closure of C'¢°(£2) with respect to || - [|1,%. Since the operator

in problem (1.1) involves the local double phase operator, we define the generalized N-function #: € x
[0,00) — [0, 00) defined by

H(z,t) :=t* + a(x)t?
under hypothesis (H;)(i). It is well known that W () and W *(Q) are separable, reflexive Banach

spaces, see Colasuonno-Squassina [20, Proposition 2.14].
The following result can be found in Liu-Dai [41, Proposition 2.1]

Lemma 2.2. Let u € L™(Q), define the modular

o) = /2 H(z, [uf) d,

and let ¢ > 0. Then the following assertions hold:
(i) for uw#0, one has ||ully = ¢ if and only if py(u/c) = 1;
(ii) ||ullg <1 (resp.=1,>1) if and only if py(u) <1 (resp.=1,>1);
(iif) if flull <1, then ||lull3, < pp(u) < |lully,;
(iv) if llullz > 1, then |ullf, < pae(u) < |lullf,;
(v) |lull5 = 0 if and only if pp(u) — 0.
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Since problem (1.1) also involves the fractional Laplacian together with a double phase operator,
we introduce the function space
W ::WIH\L&, (2.2)
where the Luxemburg type norm is defined by
lu|| e := inf {7’ > 0: 5(%) < 1} ,

and the corresponding modular is given by

/RN /RN ‘.’E— |N+5p| dz dy+/ ('Vu|p+a(.%')‘Vu|q)dgj

For simplicity, in the sequel we denote || - ||z¢ by || - [|w-
The proof of the following lemma follows along the same lines as in Liu-Dai [411, Proposition 2.1].
Lemma 2.3. Let u € W and ¢ > 0. Then the following assertions hold:
(i) for w # 0 one has ||u||re = ¢ if and only if £E(u/c) = 1;
(ii) ||ullpe <1 (resp.=1,> 1) if and only if £(u) <1 (resp.=1,>1);
(iil) if lulle <1, then [lull7e < &(u) < lull7e;
(iv) if flullpe > 1, then [Jullfe < &(u) < [lulle:
() flullse = 0 if and only Zfé“( ) —

Here and in the sequel, every function u € VVO1 Q) is identified with its zero extension to RV,
Moreover, we extend the coefficient a: Q — [0,00) by setting

a(z):=0 forz e RV \Q,

and we continue to denote this extension by a. Accordingly, the generalized N-function H: 2x[0, c0) —
[0,00) is extended to RY x [0,00) by defining

H(x,t), i (2,t) € Q x [0,00),
Hie,1) = {o, if (z,t) € (RN \ Q) x [0,00).

With this convention, both a and #H are understood as functions defined on the whole space RY.
We now establish the following result.

Proposition 2.4. Let Q C RY be a bounded domain. Then the norms ||-|| e and ||-||13 are equivalent
on C(Q). In particular,

W =cs(q) = {ue WHHERN): ulo € Wi H(9),u =0 in RY \ 2} (2.3)

Moreover, W is a reflexive Banach space, and the embedding W < L"(Q) is continuous for any
r € [1,p*] and compact for any r € [1,p*).

Proof of Proposition 2.4. Let u € C2°(Q). By Liu-Dai [12, Lemma 2.7], the embedding W1 #(RY) —

WLP(RY) is continuous. Furthermore, from Di Nezza-Palatucci-Valdinoci [27, Proposition 2.2],
WLP(RY) embeds continuously into WP (RY). Hence, there exist constants c;,cy > 0 such that
[Wlsp < er(llully + 1Vulp) < ca(llull + [ Vulla). (24)
Set 71 = [ul]s,p and 7o = || Vul|. Using the definition of the modular &, we compute
) p
dxzd
5( 3(m1 + 12) ) /RN /RN 3(m +TQ |x — y|N+sp Y
Vu P Vu |?
+ — | ta@)|s———| | dz
/]RN<3(T1—|—T2 ( )‘3(7'14-7'2) )

1 T1 P 1 1 To 1 2
B 1 < Z <,
3 T+ T2 3 T1 +T2 3q Tn+T2) T 3T
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which implies
[ullze < 3(m1 + 72) = 3([u]s p + [[Vulln).
Combining this with (2.4), we obtain
lullze < e(llully + [IVull).- (2.5)
Since C°(Q) c W™ (), the Poincaré inequality gives
[ulla < el Vulla,

see Crespo-Blanco—Gasinski-Harjulehto-Winkert [22, Proposition 2.18]. Moreover, by definition of the
norms, ||Vully < ||ullze. Therefore,

lulla + [[Vulla < cllull e (2.6)
From (2.5) and (2.6), the equivalence of the norms || - |ze and || - [|1,% on C2°(Q) follows. Since € is

bounded and the norms are equivalent on CS°(€2), the characterization of W in (2.3) follows. Because
WEH(RY) is separable and reflexive and W is a closed subspace, W is also reflexive.

Finally, the embedding Wol’H(Q) — L"(2) is continuous for r € [1,p*] and compact for r € [1,p*),
see Liu-Dai [41]. Consequently, the same embedding properties hold for W. O

Since W — L¥(Q) for every £ € [1, p*], there exists a constant Cy > 0 such that
[ulle < Cellullw  for all u € W.

For any generalized N-function G: Qx QxR — [0, 00), we define the function g, : 2x[0, 00) — [0, 00)
such that

[t]
gz (x,t) = g(x,2,t) and gz(x,t):/ g (2, 7)7 dT.
0

For a given generalized N-function G and s € (0, 1), the fractional Musielak-Orlicz Sobolev space is
defined by

W=9(Q) = {u e L9 (Q): /Q/Qg (xy Tutw) = “(y”) dzdy o for some 7 > o} .

lz —y|* |z —y|NV

The space W*9(Q) is equipped with the norm

llullweg @) = lull Low () + [u]s,6.0,

[u]sgg—inf{T>0://g<x7y’ |u(x)—u(y)|) dx dy §1}.
B o /o eyl ) e —yl¥

Recall that if G is a generalized N-function satisfying the A,-condition, then W*9(Q) is a separable
and reflexive Banach space, see Azroul-Benkirane-Shimi-Srati [7].
Since problem (1.3) involves the fractional double phase structure, we introduce the generalized
N-function G: Q x © x [0,00) — [0, 00) by
G(@,y,t) = 1" + b(x, y)t?,
under hypothesis (Hs)(i). It is straightforward to verify that the generalized N-function G(z,y,t) =
t? + b(x, y)t? satisfies the Ay-condition and is locally integrable. Because problem (1.3) involves the

nonlocal operator under Dirichlet boundary conditions, we define the associated fractional Sobolev
type space

where

X(Q) = {u: RY S R: ulg € ng(Q),/ g (SL‘,y7 Tlu(z) —us(y)I) dxdyN
Q |z =yl |z — y|

where Q = R?V \ (¢ x Q°). The space X () is equipped with the norm

<ooforsome7’>0},

lull x ) = llull o= () + [u]x,
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a9 M) 1)

We define the subspace

where

W9(Q) ={ue X(Q): u=0aein RV \Q},
which is a normed space with norm
ety gy = lalzow oy + [l

If u € W39(5), then

[0 (s M) Sty [ g, b)) dey
Q Tl —yl* |z — 9| . T ]

since the integrand vanishes whenever both points lie outside Q2. Consequently,
W9 ) = {ue WH9RY): u=0 aein RV \Q},

which is a well-known space studied by Azroul-Benkirane-Shimi-Srati [6].
Next, we state the generalized Poincaré’s inequality, see Azroul-Benkirane—Shimi-Srati.

Theorem 2.5. Let Q be a bounded domain of RY with smooth boundary and 0 < s < 1. Then there
exists a positive constant ¢ such that

g
ullLex () < clulsgry  for allu e WS (Q).
As a consequence, the seminorm [-]; g gy defines a norm on W ’g(Q), which is equivalent to the
norm || - [|ys.9(q)-
From now on, we assume that  is a smooth bounded domain in RY.

Taking into account the interplay between the local p-Laplacian and the fractional double phase
operator in problem (1.3), we introduce the space

E = WyP(Q) nWe9(Q), (2.7)
which is a Banach space endowed with the norm,
lulle = llullwr ) + lullyse o) = IVullp + [uls,grv (2.8)

This choice is natural, since in general there is no continuous embedding between Wg P(Q) and Wy g(Q)
Hence neither space alone captures the full structure of the operator in (1.3). The intersection space
FE therefore provides the appropriate functional framework for the variational analysis of the problem.
By definition, there is a continuous embedding E < WyP(Q). Since W,P(Q) is continuously
embedded in L"(Q2) for 1 < r < p* and compactly embedded for 1 < r < p*, we deduce that
E — L"(Q) continuously for 1 <r <p*, FE < L"(2) compactly for 1 <r < p*. (2.9)
Hence, for every r € [1,p*], there exists a constant S, > 0 such that
llu|lr < Sp|lul|lg  for all uw € E.

Define the modular functional
() ;:/ |Vu|pdw+/ \Ds(u)|pdu+/ bz, )| D (u)]? dv,
Q Q Q

where we used the notation introduced in (1.4).
The proof of the following lemma is analogous to that of Liu-Dai [41, Proposition 2.1] and is
therefore omitted.

Lemma 2.6. Let u € E and ¢ > 0. Then the following assertions hold:
(i) for u # 0 one has ||u||g = ¢ if and only if n(u/c) = 1;
(ii) ||ul|lg <1 (resp.=1,> 1) if and only if n(u) <1 (resp.=1,>1);



MIXED DOUBLE PHASE EQUATIONS WITH LOCAL AND NONLOCAL OPERATORS 11

(ii)) if ulle <1, then |ullf < n(u) < |Jullg;
(iv) if ullz > 1, then [Jullp < n(u) < [Jullg;
(v) |lullg = 0 if and only if n(u) — 0.

Remark 2.7. Define the Luxemburg-type norm associated with the modular functional n by

ull, == 1nf{T>0 n( )<1}

Then || - ||p is @ norm on E, and it is equivalent to the norm (2.8). Moreover, the norm-modular
relations stated in Lemma 2.6 hold with respect to the Luzemburg norm || -||,. Since equivalent norms
generate the same topology on E, we may use || - ||g and || - ||, interchangeably in the sequel.

Next, we recall several notions that will be used in the variational analysis. We begin with the
definition of the genus and the related topological preliminaries, see Rabinowitz [48].

Definition 2.8. Let X be a Banach space and A C X \ {0}. The set A is said to be symmetric with
respect to the origin if u € A implies —u € A. The genus v(A) of A is defined as the least positive
integer n such that there exists an odd mapping ¢ € C(A,R"\{0}). If no such n exists, then y(A) = co.

Define
X ={U c X\ {0}: U is closed in X and symmetric with respect to the origin} .

Proposition 2.9. Let A, B € 3. Then the following assertions hold:

(i) If there exists an odd continuous mapping from A to B, then y(A) < v(B).
(i) If there exists an odd homeomorphism from A to B, then v(A) = ~(B).
(iii) If v(B) < o0, then y(A\ B) = 7(A) —y(B).
(iv) The n-dimensional sphere S™ has genus n + 1 by the Borsuk-Ulam theorem.
(v) If A is compact, then v(A) < oo and there exists 6 > 0 such that
Ns(A) :={z € X: dist(z,A) <6} €3 and ~(Ns(A)) =~(4).

Definition 2.10. Let X be a Banach space and I: X — R a C'-functional.
(i) A sequence {up}nen C X is called a Cerami sequence at level ¢ ((C).-sequence for short), if

I(up) = ¢ and (14 ||up|)|I' (un)]]+ — 0.

We say that I satisfies the Cerami condition at level ¢ ((C).-condition for short) if every
(C)c-sequence has a convergent subsequence. Moreover, I satisfies the Cerami condition ((C)-
condition for short) if it satisfies the (C).-condition for every ¢ € R.

(ii) A sequence {un}nen C X is called a Palais-Smale sequence at level ¢ ((PS).-sequence for

short) if it satisfies
I(up) = ¢ and ||[I'(uy)]|« — 0.
We say that I satisfies the Palais-Smale condition at level ¢ ((PS).-condition for short) if
every (PS).-sequence admits a convergent subsequence. Moreover, the functional I satisfies
the Palais-Smale condition ((PS)-condition for short) if it satisfies the (PS).-condition for
every ¢ € R.
We recall the following versions of the mountain pass theorem, see Ambrosetti-Rabinowitz [1] and
Cerami [15, 16].
Theorem 2.11. Let X be a Banach space and let I: X — R be a C'-functional satisfying 1(0) =
Suppose that there exist constants p,a > 0 such that
(i) I(u) > « whenever ||u|| = p;
(i) there exists v € X with ||v]| > p such that I(v) < 0.
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Then I admits a (C).-sequence at the level

— inf I(~(t 2.10
¢ = Inf max (v(t)), (2.10)

where I' = { € C([0,1], X): v(0) = 0,~(1) = v}.
Theorem 2.12. Let X be a Banach space and let I: X — R be a C'-functional such that I1(0) = 0
and I satisfies the (C).-condition with ¢ as in (2.10). Suppose that there exist p,a > 0 such that
(i) I(u) > « whenever ||u|| = p;
(i) there exists v € X with ||v]| > p such that I(v) < 0.
Then

= inf 1
¢ R 0w = e

1s a critical value of I with T' as in Theorem 2.11.
Next, we recall the quantitative deformation lemma and the Poincaré-Miranda existence theorem,

which will be employed to obtain a least energy sign-changing solution for the problem (1.3), see
Willem [51, Lemma 2.7] and Dinca-Mawhin [28, Corollary 2.2.15], respectively.

Lemma 2.13. Let X be a Banach space, ¢ € C*(X;R), 0 # M C X, c € R, &,80 > 0 such that for
all u € o= ([c — 2¢,¢ + 2¢]) N Mas,, there holds ||¢'(u)||« > 8¢/d0, where M, = {y € X:d(y, M) =
inf,en [Ju—yl|| <r} for any r > 0. Then there exists II € C([0,1] x X; X) such that
() H(t,u) =u, ift =0 or if u ¢ o~ ([c — 2¢, ¢ + 2¢]) N Mas, ;
o(II(1,u)) < c—e€ for allu € = ((—o0,c+€]) N M;
II(¢,-) is a homeomorphism of X for all t € [0,1];
ITI(¢, u) — u|| < g for allu € X and t € [0,1];
v) @(II(-,u)) is decreasing for all u € X;
(vi) o(II(t,u)) < ¢ for allu € <p_1((—oo,c]) N Ms, and t € [0,1].

Theorem 2.14. Let P = [—aj,a1] X - -+ X [—an,an]| with a; >0 fori=1,...,N and let d: P — RN
be continuous. If for each i € {1,..., N} one has

di(t) <0 whent € P andt; = —ay,
di(t) >0 whent € P andt; = a;.
Then d has at least one zero point in P.
We also recall the following known estimates, see Crespo-Blanco [21, Lemma 1.1].
Lemma 2.15. Let r > 1, for any £,n € RN
(2 = nl"n) - € =n) = Crle =n[", ifr>2,

(1l + D> (126 = nl"2n) - (—m) > Crle —n* ifl<r <2
where

o min{22-", 271} ifr > 2
" lr—1 ifl<r<2.

The constant C,. is not necessarily optimal.

3. p-FRACTIONAL LAPLACIAN WITH DOUBLE PHASE

In this section, we study problem (1.1) and prove Theorems 1.1-1.3. Throughout this section, we
assume that (H;) holds. The associated energy functional I : W — R corresponding to (1.1) is defined

by
|u(z) —uly) [P /(IVulp IVUI">
dxdy + — +a(x dx
/]RN/RN Ix—y|N+S” YT\ (@) q
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—)\/Q <w1é$)|u|k+ w"’:xﬂw) dz.

To prove Theorem 1.1, we apply the Nehari manifold approach. First, we define

_ [u(@) — u(y)|"~* (u(@) — u(y))(v(z) —v(y)
Ap(u,v) 7/RN /]RN dz dy,

|z —y|VHPe

B(a(x),u,v) = / a(z)|Vul|*2Vu - Vo daz.
Q

Next, we fix the constants
(p—k)

/11 (1 1\ /1 1\\7"
<k) (k (p) <k) ) [y —

The Nehari manifold associated with I is defined by
Ny = {u€ W {0} (I} (u), u) = 0}

which is equivalent to

Ny = {u € WA{0}: [ulf, + [Vullp + [[Vull§, = A/Q(wl(x)\ulk + wa (@) ul") dx} :

13

(3.1)

For each u € W, we introduce the fibering map o,: [0,00) — R defined by o, (t) := I\(tu). A direct

computation gives
0 ="ty + [ (S1var+a@E ) o
oyu(t) = —luls , + —|Vul" +a(x)—|Vu T
! p P Jo\p q
tho o
— A w (2) —|ul® + we () —|u|" | dz,
O k T
ol (t) = tpfl[u]f’;p Jr/ (tp71|Vu\p + a(x)tq71|Vu|q) dz
Q
- )\/ (wl(x)tk*1|u\k +t“1w2(x)\u|r) dzx,
Q
an(t) = (p— D 2([w]t, + [ Vullh) + (¢ — )t 2| Vul|,
— /\/ <(k — Dt* 2wy () |ul® + (r - 1)tr2w2(x)|u|r> dx.
Q

By the definition of the fibering map, it follows that tu € Ny if and only if o/,(¢) = 0.

Lemma 3.1. The functional I is coercive and bounded from below on the Nehari manifold Ny.

Proof. Let u € Ny. Then, by applying Lemma 2.3 and Hélder’s inequality, we have

B = (5= ) @, +19u+ (5= 1) 190l A (- 1) [ w@ias

P T

11 I 1
> <q — 7‘) E(u) — A (]4} — T) [|w | . Hu”}:«C

1 1 1

1
> - = 3 P q N _ B\ - . k k )
> (5= 7 ) minClulfy. Bl < 3 (5 = 3 ) Boall oz Gl
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Since 1 < k < p < g, it follows that I\ (u) — oo as ||u||y;, — oo. Therefore, the functional I is coercive
and bounded from below on the Nehari manifold Ny. O

We now decompose the Nehari manifold Ny into three disjoint subsets according to the sign of the
second derivative of the associated fibering map o,. Specifically, we define

N = {ue Ny: al/(1) > 0},
Ny :={u€ Ny:0,(1) <0},
NY :={u € Ny: o/(1) = 0}.
Clearly, we have the decomposition
Ny =N UN; UNY.
We also define the corresponding infimum levels of the energy functional on these subsets by

my = 1nf In(u) and mf: infib\(u).
ue

u€N, I

We now establish the following structural property of the Nehari manifold. The first result is
standard and can be proved as in the paper by Drdbek—Pohozaev [31].

Lemma 3.2. If u is a minimizer of Iy on Ny and u & NY, then u is a critical point of Iy.
Lemma 3.3. Let A € (0, \.), where A, is defined in (3.2). Then the set NY is empty.

Proof. Assume by contradiction that N9 # (). Then there exists u € NY. By the definition of NY, we
have

[u]g ) + [IVull}

o= [ @l + wa(o)lal") da. (3.5)

(P = D([uls, + IVullp) + (¢ = DIVullg. = A/ — D (@)|ul* + (r = Dwz(2)|ul") dz.  (3.6)
Subtracting suitable multiples of equation (3.5) from equation (3.6), we obtain
(=B, + (0= WIVal} + (= RITulfe = A [ ¢ =Bl dz, 37
(r =P, + (r =)Vl + (r = 9 Vullg, —A/ r = kyw (2)[ul* da. (3.8)
Now, define the auxiliary functional
Latw) = "= Ppuge, 4 AVl = A [ (el de

Using (3.8), we see that Ly(u) = 0 for all u € Nf\). On the other hand, by (3.7) and the Sobolev
embedding, we estimate

0= (p = B)[Vuly = Alr = k) [wa]| oo STVl

which implies

p—k T
Vull,, > .
Vel = (A<rk>w2|oos::>

Substituting this lower bound into the expression of Ly (u), and using Holder’s inequality together with
the Sobolev embedding once again, we obtain

- )\/ wy () |u)® dz
Q
-

—Pp k
T IVulip - = Syl Vallp

L)\(’U,)

Y
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p—k
_ —k T—p
> |Vt [ Z=2. P —A . Sk
—|| qu (T‘—k <)\(r_k)|w2005: ||w1||r_1¢ T

Therefore, for every A € (0, A.), where A, is defined in (3.2), the term in brackets is positive. This
implies that Ly(u) > 0, which contradicts the fact that Ly(u) = 0 for all u € NY. Hence, NY = () for
all A € (0,\,). O

Lemma 3.4. Let A € (0,)\,), where X\, is defined in (3.2). For each uw € W \ {0}, there exists a
unique number ty, = tm(u, A) > 0 such that ol (t,) = 0. Furthermore, there exist constants t1 and
to satisfying t1 < t,, < to such that tyu € N;\" and tou € Ny . In addition, the first derivative of the
fibering map satisfies

o,(t) <0 forallt €[0,t;) and o, (t)>0 forallte (t1,ts2).

Proof. Define the auxiliary function v, : (0,00) — R by
Yult) =7 WL, + [ Vulp 4 Vg, - AWk/ wa(@)[ul” dz.
Q

From the structure of the Nehari manifold, tu € Ny if and only if v, (t) = A [, w1 (x)[u[* dz. Moreover,
if tu € Ny, then o}, (1) = tF+14/ ().

Claim: There exists a unique t,, > 0 such that +, (¢,,) = 0.

To verify this, we compute

0= 07 (0= L, + 0= DIVl + (0 = DIl =2 = 1) [ walolal ao)
=P 1, (1),
where we define
ha(t) 1= (p — B)[ulZ, + (p — K|Vl — gu(0).
9u(0) = ~(a = WYVl + 3 =) [ (o)l do.

Observe that for small ¢ > 0, we have g,(t) < 0, while g, (t) — 0o as t — oco. Therefore, g, crosses
zero exactly once, and hence there exists a unique Tj such that g,(7p) = 0. Consequently, there exists
a unique t,, > Tp such that g,(tm) = (p — k)[u]}, + (p — k)||Vu||b, and thus v, (t,,) = 0. Moreover,
i (t) > 0 for t € (0,t,,) and 7,,(¢t) < 0 for t € (t,,00). To estimate t,,, we use v,,(¢tm) = 0 and Holder’s
inequality to obtain

(0= R)IVullf < A7, 7 (r — /f)/ wa(2)|u|” do < Aty P (r — k) [|[wel| oo Sy [Vl
Q
This implies

t

1 (p—Fk) )Ti”
m > = tp. 3.9
nvmu(xwv—kﬂwmm 0 (3.9)

From (3.9), we obtain

—k —
Yultm) = Yulto) 2t [ Vulll — MG [lwa oo S5 Vully

p—Fk r—k

k p—k T k r p—k o
— - >\ o0
|Vl (AST(T — k)||w2||oo> [Vl Allws oSy (AS:(T . k)w2|oo>

r

1 p=k p—k %r—p
> M~ .
_uvmu(A> (Sﬂrkmwﬂm> r—k

If A < A\, then

r—k

0< [ wila)lul* do < A Jun]| 2 SHITull < 7t
Q
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Hence, the equation 7, (t) = X [, wi(2)|u|* dz admits exactly two distinct solutions. Therefore, there
exist t1,te with t1 < ¢, < tg such that v, (t1) = yu(t2) = /\fQ wy(z)|ulF dz, that is, tju,tou € Ny.
Moreover, since 7, (t) is increasing on (0,t,,) and decreasing on (,,,00), we have 7, (¢;) > 0 and
., (t2) < 0. Hence tju € Ny and tou € N, . O

Lemma 3.5. The quantity m;\r = inf+ I\ (u) is strictly negative, that is, mj\r < 0.
uENY

Proof. Let u € Ny. Then o/,(1) = 0 and o//(1) > 0. From o//(1) > 0 we get

r—p
r—k
Using o7,(1) = 0 together with (3.10), we compute

B = (5= ) 2, +19u+ (5= ) 19ulga A (7 1) [ o as

([u]’s”p + HVUHZ) + %HVuHZ@ < )\/ wl(ac)|u|’C dx. (3.10)
- Q

p
1 1 7r—p 1 1 r—gq
<(z2_2_"'—F P P S q
<(3-2-T2) e, +1vup + (G- 2= 20 vy,
r—p /(1 1 r—q (1 1
=T (S ), 1+ T (5 - ) IVl <0
since k < p < ¢. It follows that m{ = inf+ I\(u) <0. O
uENY

Lemma 3.6. Let A € (0,)\,), where \. is defined in (3.2), and let u € Ny. Then there exist € > 0
and a differentiable function g: B:(0) — (—00,00) such that g(0) = 1 and g(z)(u — z) € Ny for all
z € B.(0). Moreover,

(9'(0),2)
B pBy(1,u, z) + gBg(a(z),u, z) + pAy(u, z) — )\fQ(kwl(:c)|u|k72 + rwa(z)|u|""?)uz dz (3.11)
a (p = B)([ulfp + IVullp) + (¢ = B)[[Vulld.a — A(r — k) Jq w2 (@) |ul" dz ’

where A, and By are defined in (3.1).

Proof. Fix u € Ny and define G,,: W x R — R by

Gu(z,t) = (I\(t(u — 2)), t(u — 2)),

that is,
Gu(z,t) = tP([u — 2], + [[Vu = Vz|[]) + 19 Vu — V2|7 ,

- A/ (wi(2)t*u — 2|* + wa(x)t"|u — 2[") da.
Q

Since u € Ny, it holds (I} (u),u) = G,(0,1) = 0.
Next, we compute the partial derivative of G,, with respect to ¢ at (0,1). We have

5 Go(0.1) = (o= B[, + IVal}) + (a = DIVl = X = b) [ wn(olul do #0,

where the inequality follows from Lemma 3.3.

Therefore, the assumptions of the Implicit Function Theorem are satisfied at (z,t) = (0,1). Hence
there exist ¢ > 0 and a C'-function g: B.(0) — R such that g(0) = 1 and g(2)(u — z) € Ny for all
z € B.(0). Since both u and g(z)(u — z) belong to Ny, we obtain

[u]g p + IVully + IVulf. - /\/ (wi(@)[ul” + w2(z)[ul") dz = 0 (3.12)
Q
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and
9P (2)[u— 2[5, + g7 (2)[|[Vu — Vz[|) + g%(2)|Vu — V(|7 ,

— A" (2) / w (z)|u — 2|F dz — Ag"(2) / wa(z)|u — z|" dx = 0.
Q Q
Moreover, the following limits hold as z — 0 in W:
P Vu - Vel — [Vl

(3.13)

plg'(0), 2)|[VulZ — p /Q VulP-2Vu - Ve da,

z—0 z

1(2)|[|[Vu —Vz|1, — [Vul||d
i Y= T =Vl o110 2wy, — g [ atwlvuls2vu- v
Z Q

9P () u—2]f, — [u]?
lim = :
z—0

L =p(g'(0), 2)[u]? , — pAy(u, 2),

k k k
. 9" (2)|u— 2" — [u] / /
lim dr =k
lim le(m) 2 x (9'(0), 2) o

N

wy () |ul® dz — k‘/ wy () [u|*~2uz dz,
Q

lim wg(x)g (@)= 2" = Jul dx = r(g’(O),z)/ wa () |u|” dx—r/ wo () |u|" " 2uz dz.
z=0Jq z Q Q

Substituting these limits into the difference of (3.13) and (3.12) and simplifying yields (3.11). This
completes the proof. d

Lemma 3.7. Let A € (0, ), where A, is defined in (3.2). Then there exists a minimizing sequence
{tn}nen C Ny such that

Ii(up) =mx+o0,(1) and I5(u,) = 0,(1).

Proof. From Lemma 3.1, the functional Iy is coercive and bounded from below on N). Hence, by
Ekeland’s variational principle, there exists a sequence {uy}neny C Ny such that

1 1
In(uy) <my+ - and  I(up) < In(v) + EHU — Up|lw for all v € Ny. (3.14)
Since m;\r < 0 by Lemma 3.5, it follows that for large n
1 1
I(up) <my+— <mi + =<0,
n n

so u, # 0. Using Hoélder’s inequality, Lemma 2.3 and the embedding estimate ||u, |, < Cy|lun||w, we
obtain

0> In(un) = ( - T) ([unl?p + IVuallp) + (; —~ 1) V2,

r
11 i
—)\(k—T>/Qw1(x)|un| dx

11 11 .
> (22 — - _Z -
= <q T>€(un) A<k T) lwi ]l = l[unll;

1 1 . 1 1
> (5= 2 ) minthua B Huali) = A (5 = 1) ol Ol

Hence,

(r—k)q k =%
n < AT—= - )
lunt < (M= ], !

where a = p if ||un||lw > 1 and o = g otherwise. Thus, {uy, }nen is bounded in W.
To prove I} (u,) — 0 as n — oo, we use Lemma 3.6. For each w,,, there exists ¢, > 0 and a C'-map
gn: Be, (0) — (0,00) such that g, (z)(u, — 2z) € Ni.
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Fix n large enough so that w, # 0, and let k € (0,¢,,). For a given u € W, we define
Ku

 ullw

Uyt and 1, = gn(Vs)(Un — vg).

From (3.14), we get

1
I,\(Un) - I)\(un) > _EHT]R - unHW

Using Taylor’s expansion at u,,,

1
<I§\(un)777n = un) + on(|Ins — unllw) > _E”nn — Un|lw

Substituting 7, — u, = —vx + (gn(¥s) — 1)(uy — v4), we deduce

(gn(l/n) — 1)

U 1 1
II n)y o < k — Un I/ n *I/ K/)yUn T VK “Yn k — Un .
< ), ||U|W> < = lne = unllw + (13 () = 13 (10), = ) + —0u(lIne = unlw)

Letting k — 0 for fixed n, we deduce

<I;<un>, “> < S+ 1gh Ollw). (3.15)
Talw /) <w

for some ¢ > 0.
It remains to show that ||g},(0)||w is bounded. From Lemma 3.6 and Holder’s inequality, we have

o Ozl
n(0)2) < S T ¥ TV unl) + (@ = B [Venloe — A = F) [,y wa(@) ] d

where C is a positive constant. Suppose ||g/,(0)||w is not bounded. Then, along a subsequence, the
denominator goes to 0. However, since u,, € Ny, it follows that Ly (u,) = 0,(1) and

(P = B)IVunlly < (0 = B)([unlS ), + [Vunllp) + (g = ) Vunllg .
< A1 = B)[walloo Sy [ Vun][}, + 0n (1),

which leads to
1
-k \™
\% n >\ —— = 1).
vl > (7 2s) o)
Thus, for n sufficiently large, we have ||Vuy,]||, > ¢ > 0. Then we get

La(up) > -

—p
IV unlf = Allws || SV un|l

r— r—k

r—p p—k =
>”V%%<rk(v@m9) —Amwm;gﬁ>:a

which is a contradiction to Ly (u,) = 0,(1). Hence, ||g},(0)|lw is bounded, and from (3.15) we conclude
that I} (un) = o, (1). O

Lemma 3.8. Let A > 0 and {uy }nen C W be a bounded (PS).-sequence for some ¢ € R. Then, up to
a subsequence, we have

Vup(x) = Vu(z) a.e.in Q asn — oo.

Proof. The proof follows from Farkas—Fiscella—Winkert [33, Lemma 3.1] and da Silva—Fiscella—Viloria
[24, Lemma 2.2]. For the sake of brevity, we omit the details. O

Lemma 3.9. Suppose that {un }nen C Ny is a (PS)c-sequence for the functional I at the level ¢, and
that u, — u weakly in W. Then u is a critical point of In. Moreover, the energy of the weak limit
satisfies

INOEEI
where ¢ is defined in (3.4).
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Proof. Since {un }nen is a (PS)c-sequence for I, we have

(I (un), tn) = [un]? ) + [ Vunlp + [ Vunll§ o A/ w1 (2)[un|* + w2 (2)|un|") dz = 0n (1),

1 I
) = Slunlly + SV} + 21Vl = 3 [ 1@l de =2 [ wn(o)la " da
=c+on(1).

Using Lemma 2.3 and the Sobolev embedding theorem, we estimate

1
cr + collunlw = In(un) = — {3 (un), un)

(- Dtz + (- 1) 10wl + (5 - 1) 190l

11 L1
> (57 7) =2 (5= ) bl
11 1
2<q—r>min{||un||€v,||un” b= /\( )

for some ¢y, co > 0. Hence,

1 1 1 1
> -0 - i n n >\ nka
o2 (3= 1) minflun ) = dea (5 = 7 )

for some c3,cq > 0. Since k < p < g < r, the last inequality implies that {u, },en is bounded in W.
From this and the reflexivity of W, there exists u € W such that u,, — u weakly in W, up to a
subsequence not relabeled. Therefore, we have the compactness properties

= Ol llun

Up —> U, strongly in L2(Q) for § € [1,p*),
Uy — U, a.a.in €,
5—2 5—2 s (3.16)
[un]® 2wy — |ul®"2u, weakly in L° (Q2) for § € (1, p*]
|V |* =2 Vu, is bounded in L° (Q) for § € {p,q}.
By Lemma 2.2 of Chen-Mosconi-Squassina [17] and (3.16), we have
hm Ap(up,v) = Ap(u,v), forallveW,
(3.17)
hm B o (1, un,v) = Bp(1,u,v), forallveW.
n—oo
Let
K :={z € Q: a(z) =0}. (3.18)

Since a(-) is Lipschitz continuous, the set Q\ K is an open subset of RY. Moreover, {|Vu, |7 2Vu, }nen
is bounded in L9 (Q\ K, a(x)). Using (3.16), Lemma 3.8 and Proposition A.8 of Autuori-Pucci [5], we
obtain

lim By(a(x),un,u) = lim a(z)|Vu, |72 Vu, - Vudr = By(a(z),u,u).

Moreover, from (3.16), we deduce
/ wy () |un| "2 unv de — / w (z)|[u)*2uvdz, for all v e W,
Q Q

(3.19)
/ wa () [un | 2uyvde — / wo(x)|u]" " 2uvder, for allv € W.
Q Q
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Combining (3.17) and (3.19) gives
(Ix(un), v) = (I3 (u), v)
= (Ap(un, v) = Ap(u,v)) + (Bp(1, un, v) = By(1,u,v))

+ (By(a(z), up,v) — Bgla(z),u,v)) — )\/le(x)(|un|k72un — |u|k72u)v dx

- )\/ wo () (|tn|" "2 un — |u|""2u)vdz = 0,(1).
Q

Since I} (u,,) — 0 in W, it follows that (I} (u),v) = 0 for all v € W. Hence, u is a critical point of Iy.
Finally, since u is a critical point of I, we may write

= (5= )Ivap=a(; - 1) [mi .

Using Holder’s inequality, the Sobolev embedding theorem, and Young’s inequality, we obtain the
estimate

—k
1 o1\ /1 1\ *'\"
(p - r) <k - r> ) ||w1||7“/(r—k)svlf

where

p
—k —F

p (1 1\ (1 1\ "\
A= (k (p — r) <k - T‘> > ||w1||7"/7“_k57]f

Thus, we deduce

which completes the proof. O

Lemma 3.10. Suppose that {u,}nen C Ny is a (PS)c-sequence for the functional I at the level c.
Then {unnen has a convergent subsequence in W provided that

N

1 1 Sy

—x<c<c = ( — *) % — é)\ﬁ7 (320)
¢ P/ (Mwsllee) 7

where ¢ is defined in (3.4).

Proof. Since {un}nen is a (PS).-sequence, Lemma 3.9 implies that {u,}nen is bounded in W. By
reflexivity, there exists u € W such that, up to a subsequence, u,, — u weakly in W. By Lemma
3.9, the weak limit u is a critical point of I). Moreover, since u, — u strongly in L°(€2) for every
0 € [1,p*), we have

/wl(x)\un|kdx — / wy () |ul* de.
Q Q
Applying the Brezis-Lieb lemma, we obtain the decompositions
1 1 1 A .
= ulZy 2 Vi = Vall + [V = Vo = S =l + a0) = 4 0,1, (32)

[y —ulf , + [[Vun — Vull) + [Vun, = Vaulld , — Mlu, —ull7 ., = on(1). (3.22)
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Define,
k= lim ([up, —ult )+ [[Vu, — Vull) + [|Vu, — Vull ) > 0.

n—oo

From (3.22), it follows that

Jim N, = [, =

If Kk =0, then
lim ([un —ulf, + [[Vun — Vull] + [[Vu, = Vul[,) =0

n—oo
and Lemma 2.3 yields u,, — u strongly in W, completing the proof.
If r < p*, then u, — wu strongly in L"(Q2) for all r € [1,p*). Hence,

r

lim Al|luy, —ulf;,, =+ =0.

n—oo
It remains to consider the case r = p*. Using (2.1), we obtain
. -

* —_—
5*7102 < /\”wQ”ooSp P nh~>nolo HVun —Vu

5

P < MwalleeSy T ET

k= lm A||u, —u
n— oo
This yields
N
Sy

oy ez <R
(Allwalloo) ™

Now (3.21) gives

. 1 1 1 A *
c—Iy(u) = nh_)rr;C [p[un —ulb , + EHVun — Vaul[p + 5||Vun = V|2, - EHun = ullpe
1 1
G2
q p
N
-4
¢ P (Mwllee)
Hence,
N N
1 1 S 1 1 Sy »
> ( *> %JFIA(U) = <*) % — CAPF,
¢ P/ (Nwsllos)™™ b P/ (Muwzlleo) ™
contradicting (3.20). Therefore, k = 0, and hence u,, — u strongly in W. g

Proof of Theorem 1.1. Let A > 0 be chosen so that, for every A € (0, A..), the inequality
N
1 1 Sy »
¢ P/ (Nwslos)™™

holds. Define Ao = min{A., A\ }. For all A € (0, Ag), by Lemma 3.7, there exists a minimizing sequence
{tn}tnen C Nyx. Moreover, {un}tnen is a (PS)y,,-sequence for I at the level my. By Lemma 3.10,
there exists uy € W such that, up to a subsequence,

U, —> wy  strongly in W.

Consequently, for these values of A, the function uy satisfies (I} (uy),v) = 0 for all v € W, that is, uy
is a critical point of I. In particular,

11 11 i
<pT> ||Vu>\||§/\<kT>/Szw1(x)|u>\| dz

I (ux)

v

Y
|
>
7N
el e
|
<=
N——
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Therefore, since I (uy) = my, it follows that

/w(az)|u Faes ™ (1Y
0 1 A \ A r ’

implying uy #Z 0. Hence, uy € Ny and Iy (uy) = m,.

Next, we prove that uy € N;\". Suppose, by contradiction, that uy € Ny . Then, by Lemma 3.4,
there exist numbers t; < to = 1 such that tjuy € N; and touy € N, . Since the map ¢ — I)(tuy) is
increasing on [t1,t3), we obtain

my < I(truy) < In(tuy) < In(uy) =my, forallt e (#1,1),

which is a contradiction. Hence, uy € N/\+, and therefore my = I\(uy) = mj\r. If uy > 0, then u) itself
is a nonnegative weak solution of (1.1) and minimizes I) on N; . Otherwise, assume that u, changes
sign. By Lemma 3.4, there exists a unique ¢; > 0 such that ¢;|uy| € N;r. Moreover,

Yur (1) < Yur (1) = X A wy (@) [url® dz = Y4, (£1) < Yuy (B1)-

Since uy € N,, we have Yuy (1) > 0, which implies ¢; > 1. Consequently,
my < Oy (t) < 0wy (t) < 0wy (1) =my.
Therefore equality holds throughout, and we obtain
Ix(ty [unl) = oy (t) = mY,
with ¢1|uy| € N;. Hence, t1]u,| is a nonnegative weak solution of (1.1) lying in N O

In the second part of this section, we prove Theorems 1.2 and 1.3. Recall that wy = % and r = p*

while still (Hy) (i) and (ii) are assumed. The energy functional Jy: W — R associated with problem

(1.2) is defined by
u(y)[? /(|Vu|1’ Vu|q>
drdy + — +a(x)—— | d
L L |x— oy vt [ (S e

—A/“’l ful da / L ax.

As in Section 3, we define the Nehari manifold by

Ny = {ue W\ {0}: (3 (u),u) =0}.
For each u € W\ {0}, we define the fibering map ¢, (¢) := J(tu). Furthermore, we decompose the set
I, into three disjoint subsets, namely ‘ﬁf and ‘T(()J\ in the same way as in Section 3. We also define
the quantities my and mj\' analogously.

Note that Jy is coercive and bounded from below on 91, by Lemma 3.1. Moreover, arguing as in
Lemma 3.3, one has M3 = ) for A € (0, \.), where A, is defined in (3.3). Proceeding as in Lemma 3.4,
one can show that for A € (0, \,) and every u € W \ {0}, there exist unique t,, > 0 and numbers 1, t
with t; < t,, < tg such that ¢/ (¢,,) =0, t1u € ‘ﬁ/\ , and tou € 91, . Repeating the argument of Lemma
3.5, we deduce m)\ < 0.

Next, proceeding as in Lemmas 3.6, 3.7 and 3.10, we obtain the following auxiliary results.

Lemma 3.11. Let X € (0, \,), where X, is defined in (3.3), and let u € Ny. Then there existe > 0 and
a differentiable function &: B.(0) — (—o0,00) such that (0) =1 and &(z)(u — z) € Nx. Moreover,

<Q5/(0) Z) = po(l,u,z) +qu(a( x),u,2) erA (u, 2) fQ (Mew ( )|u|k*2 +p*|u|p*72)uzdz
; (0 — k) ([l + [Vulb) + (¢ — B)[Vulfa — (0" — k) [,

Lemma 3.12. For A € (0,)\.), where X, is defined in (3.3), there exists a minimizing sequence
{un}neN C m)\ such that

Ia(up) =my +0,(1) and T\ (u,) = o,(1).
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Lemma 3.13. Suppose that {u,}nen C N is a (PS).-sequence of Ty at the level c. Then {uy}tnen
has a convergent subsequence in W provided that

1 1 o
—o0 < c<cyi= (—*)Sp” =
q P
where ¢ is defined in (3.4).
Proof of Theorem 1.2. Let A > 0 be chosen so that, for all A € (0, \..), the inequality
1 1 o
(—*>s,f — EATE >0
qg p
is satisfied. We define A; = min{A,, \.. }. For all A € (0, \;), by Lemma 3.12, there exists a minimizing

sequence {uy, nen C 9y, which is also a Palais-Smale sequence for Jy at the level my. Applying Lemma
3.13, we find a function uy € W such that, up to a subsequence,

Uy — uy strongly in W.
Proceeding exactly as in the proof of Theorem 1.1 yields the conclusion. O

Next, we additionally assume that w; = 1. Consider A > 0 such that

p* -k B
e S (Lo Ly (11T (3.23)
o5 \¢ ) \k q) '

Lemma 3.14. Let A € (0,)). Then Jy satisfies the (PS).-condition at level ¢ for every ¢ < 0.

Proof. Let {uy}nen be a (PS).-sequence for Jy. Proceeding as in Lemma 3.9, we see that {up }nen is
bounded in W. Since W is reflexive, there exists u € W and a subsequence, not relabeled, such that
u, — u weakly in W. Consequently, up to a subsequence,

Uy —> U, strongly in L2(2) for § € [1,p*),

Uy, — U, a.a.in £,

[t |22, — |ul~2u, weakly in L9 (Q) for § € (1,p*], (3.24)
Vuy(x) = Vu(x) a.a.in €,

lun, — wllpe — 1, where [ > 0.

Let K :={x € Q: a(z) = 0} as in (3.18). Since a(-) is Lipschitz, Q \ K is open. From (3.24), we get

lim / |V, |P~*Vu, - Vudr = [Vullb.
Q

n—oo

Further, {|Vuy,|9 2V, bnen is bounded in L9 (2 \ K, a(x)). Using (3.24) and Proposition A.8 of
Autuori-Pucci [5], we arrive at

lim By(a(x),up,u) = lim a(@)|Vu,|"*Vu, - Vudz = || Vul|Z,.

In addition, by (3.24) and Lemma 2.2 of Chen—Mosconi-Squassina [17],
nlgrgo Ap(up,u) = Ap(u,u) = [uff . (3.25)
Therefore, using (3.24), (3.25), and the Brezis-Lieb Lemma, we compute
on(1) = () (un), up — u)

= By(1, tn, up, — u) + Bgla(x), upn, un —u) + Ap(tpn, up —u) — )\/ |t |* ™ 20 (1, — w)
Q

—/|un|p*_2un(un —u)dz
Q

= [IVunlly = [IVullj + IVunllgo = 1Vl + lunls, = [ulf, = llun

s,p

p* p*
o llullpe 4 on (1)
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= [Vun — Vully + [Vtn — Vulld + fon — w2, ~ lam — ully- + 0n(1).

5.p
Hence,
LA (3.26)

nh_)rr;o (IVur, — Vulp + [|[Vuy — Vaul|, + [, —ul? ) = b

im ||u, —u
n—oo

If I =0, then Lemma 2.3 yields u,, — u strongly in W, and we are done. Suppose, for contradiction,
that [ > 0. From (3.26) and (2.1), we obtain

Spl? < || Vuy — Vullb <7,

and therefore

1
1>8y . (3.27)
Next, observe that

HWMUZ%WH—$%WHWM

1 1 1 1 1 1
> —-—- Vup|? + [un)? ) — A — — - unk+<> Up,
> (p q) (IVunll5 + [un]f ;) (k q> lenlli+ {5 =2 )l

Letting n — oo and using (3.24), the Brezis-Lieb Lemma, Holder’s inequality, Young’s inequality and

(3.27), we deduce
1 1 . * 1 1
c> === +|u|b. /\<>uk
<q p*>( [[ll-) r )

11 . . 11 Pk
> (- 1P Py = =2 )05 k.
> (2= )@l - a (- ) 19l

k D

. 11 . 1 1\ 7= 1 1\\7F
q v (q p*)” o q p* kg

11 11\ T (1 1)\

q p q p k q

For every A\ € (0,5\) with A satisfying (3.23), the right-hand side is strictly positive, hence ¢ > 0,
contradicting the assumption ¢ < 0. Hence, [ = 0, and thus w,, = u strongly in W. This completes
the proof. 0

Since the energy functional J, involves the critical Sobolev exponent, it is not bounded from below
on W. To address this, following the approach of Farkas-Fiscella—Winkert [33] and Garcia Azorero—
Peral Alonso [36], we introduce the auxiliary function gy: [0,00) — R defined by

g (t) = gtq - EC’kt - Ecg* .

Since k < ¢ < p*, we have g, (t) < 0 for ¢ > 0 sufficiently small and g (¢t) = —oco as t — co. Moreover,
because 1 < k < p < g < p*, there exists A1 > 0 such that g attains its positive maximum for every
A€ (0,A1). Let ap()) and o () be the two positive zeros of gy such that 0 < ag < o.

We now show that ag(A) = 0 as A — 0. Since gx(ap) = 0 and g4 (ap) > 0, we have, for A € (0, \;),

1 1 * *
Zaf(3) = §Chaf () + -Cllaf (), (3.28)
adT () > ACEakTI () + OBl T (). (3.29)

From (3.28) it follows that ag(A) is bounded. Suppose, for contradiction, that ag(\) = « # 0 as
A — 0. Passing to the limit in (3.28) and (3.29) yields

1,1

—CP. o and a?!'>CP.oP !
q p* p p ?
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which is impossible because~q < p*. Therefore, ag(A) — 0 as A — 0. Hence, there exists A2 such that
ag(A) <1 for every A € (0, A2), and consequently ap(A) < min{ai(A),1}.
Next, for A € (0, min{\, A2}), we fix a C°°-function 6: [0, 00) — [0, 1] such that

1 ifte[0,a0(N)]
0(t) := {0 if t € [min{ay (A), 1}, 00).

We then define the truncated energy functional Jy: W — R by

)P /(IVUI” IVUIq>
dx dy + —— +a(x dx
/]RN /]RN \ﬂf—y|N+“”’ YT\ @) q

1
IUIkdw - ;\IUII” O(llullw)-

Q

It is immediate that
j,\(u) =TJx\(u) for any |jullw € [0, ag(N)]

and that ﬁA is coercive and bounded from below.
Finally, choose A > 0 such that

A < min{, A1, Ao, A},

where \ is defined in (3.23), A1, Ay are as above and A3 = q%.
k

Lemma 3.15. Let A € (0,A). If Jx(u) < 0, then |lullw < ao(A) and Jx(2) = Tn(2) for every z in

a sufficiently small neighborhood of u. Moreover, Ty satisfies the (PS).-condition at level ¢ for every

c<0.

Proof. Fix A € (0,A) and suppose that J(u) < 0. We consider two cases.
Case 1: |jullw >1
In this case, 6(]|ullw) = 0. Hence
1 1 A
Aw) = S ([ufs, + [Vullp) + —lIVullgq -+ / Jul* da
p q Q

A
2wl - ZCillulliy = ox(llullw),

(SR 3}

where 0 (t) := t? — $ Cft* for all t € [1,00). The function o is minimized at

= <AC§Q>H
p )

and

N
since k < p. Moreover, o)(t) > 0 if and only if ¢t > (%)p R (D < )\3 = C’” we deduce

that minyep; ooy oa(t) > 0, which further implies Jx(u) > 0 for ||lullw > 1, contradicting J(u) < 0.
Therefore, ||ulw > 1 is impossible.

Case 2: |jullw <1

We estimate

~ 1 A 1 *
J > Zu||% — ZCF |||k, — —CP.
A(U)_QIIUIIW A i 1wl e

v 0(lullw) =: ga(llullw),

where g (t) := %tq — %C}:tk — p%Cg:tp*Q(t). Since 0 < 0 < 1, we have
gx(t) = gx(t) >0 forall t € [ap(A), min{ai(A),1}]. (3.30)
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Thus, if min{a;()\),1} = 1, then Jy(u) < 0 together with (3.30) implies |lullw < ao(A).

If min{a1(A),1} = a1(N), then a3 (A) < 1. For ay(A) < |lu]lw < 1, we estimate as in Case 1 by
dropping the critical term (it is truncated, hence nonnegative in the energy with a minus sign removed
when 6 = 0) and obtain

- 1 A
Ia(u) = ax(JJullw), where ax(t) = gtq -3

which yields again a contradiction for A < As, exactly as in Case 1. If instead ao(N) < |Jullw < a1(N),
then (3.30) implies Jx(u) > 0, contradicting Jx(u) < 0. Hence in all cases, |lullw < ao()). Since Ty

is continuous, there exists a sufficiently small neighborhood B C Bs(ag) of u such that Jy(z) < 0 for
all z € B and J)(z) = Jx(z) follows from above. Furthermore, for ¢ < 0, we have Jy = Jy. Thanks to

Crtk,

Lemma 3.14, Jy satisfies (PS).-condition. This completes the proof. O
Lemma 3.16. Let A € (0,min{\;, X\2}). Then, for every m € N, there exists & = (A, m) > 0 such
that ~v (5;\5> > m, where

370 = {u e W:3y(u) < -8}

Proof. Fix A € (0, min{j\l, 5\2}) and m € N. Let W,,, C W be an m-dimensional subspace. Since W,
is finite dimensional, all norms are equivalent. In particular, there exists a constant C'(m) > 0 such
that

lullE > Cm)||ullty, for all u € Wiy, (3.31)

Let u € W,, with [Jul|w < ao < 1. Using the definition of Jy, the truncation property, and (3.31), we
obtain

~ 1 )\
Ia(w) < “lluliy — ZCm)|[ullyy (3.32)

Choose 1y > 0 such that

<o (. (24227, 539

Next, define S,, = {v € Wy, ||ullw = ro}. Since Wy, is m-dimensional, S,, is homeomorphic to the
(m — 1)-dimensional sphere. Moreover, from (3.32) and (3.33), we obtain

Ja(u) <0, foralluesS,,.
Therefore, by continuity of Jy and compactness of S,.,, there exists § = §(\,m) > 0 such that Jy(u) <
—§ for every u € S,,. Hence, S,, € 35°\ {0} and by Proposition 2.9, we get

Y (5;6) = 7(Sr,) = m.

Proof of Theorem 1.3. Define
P.={uecW:J3\(u) =c,3)\(u) =0}. (3.34)
For each m € N, set

e = inf sup Jx(u
m Aexmueg A();

where
Ym={ACW\{0}: Ais closed, symmetric, and v(A) > m}.
By Lemma 3.16, for every m € N, there exists d,, > 0 such that
Y3y >m, 37 = {u € W:Tx(u) < —6m}
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Hence, :7;6“"” € ¥,,. Since Jy is bounded from below, it follows that

—00 < ¢y < sup ﬁA(u) < =6, < 0.
ueﬁ;ém
Thus each ¢, is finite and negative.

Let P, be as defined in (3.34). We claim that P, is compact. To this end, let {un}nen C P,
be a bounded sequence. Then jA(un) = ¢, and Ji\(um) = 0. By Lemma 3.15, J, satisfies the
(PS).,, condition, i.e., there exist u € W such that {u,}nen converges to u strongly in W, up to a
subsequence if necessary. This implies Jy(u) = ¢, and 34 (u) = 0, hence u € P,,. Thus, {u,}nen
admits a convergent subsequence in P, . consequently P. is compact. Moreover, by Proposition 2.9,
we have y(P,, ) < 0.

Since ¥, 41 C Xy, we have ¢, < ¢1. If all ¢, are distinct, then we obtain an infinite sequence of
distinct critical values ¢,, < 0, hence infinitely many distinct critical points of J, with negative energy.

Suppose instead that for some m € N and some j > 1,

m 7 m

C=Cm =Cnyl =" "= Cmtj-

Then, by Lemma 3.6 of da Silva—Fiscella—Viloria [24], we have v(P., ) > j+ 1. Following the classical
argument presented by Rabinowitz [18, Remark 7.3], it follows that P, contains infinitely many
distinct elements. Hence J possesses infinitely many distinct critical points with negative energy.
Finally, by Lemma 3.15, on negative levels the truncated functional I coincides locally with the
original functional Jy. Therefore, Jy also has infinitely many distinct critical points with negative
energy. This completes the proof. O

4. LOCAL p-LAPLACIAN WITH FRACTIONAL DOUBLE PHASE

In this section, we study problem (1.3) and prove Theorems 1.4 and 1.5. We show that problem (1.3)
admits at least two nontrivial constant sign solutions by employing the Mountain Pass Theorem, and
we obtain a least energy sign-changing solution by means of the Poincaré-Miranda existence theorem
and the quantitative deformation lemma. Throughout this section we suppose that (Hsy) holds.

The energy functional J: F — R associated with (1.3) is

zl/ |Vu|pdx+l/ |Ds(u)|pdl/+l/ b(x7y)\DS(u)|qu—/F(aau)dx
p qJqQ Q

where F'(z,t) fo x,7)dr, and Dy(u) as well as dv are defined in (1.4). By Lemma 3.10 of de
Albuquerque de Assis—Carvalho-Salort [25] we have J € C'(E,R), and its derivative is given by

<J’(u),v)—/ﬂ|Vu|pQVUonder/Q|Ds(u)|pQDS(u)DS(v)dV

+ /Q b(x,y)|Ds(u)|? 2Dy (u)Ds(v) dv — /Q f(z,uw)vdx
for u,v € E. We also note that if v € F satisfies ut # 0 # u~, then
J(u) > J() +J(=u”), (J'(u),u’) > (W), w’), (J'(u),—u") > (-u),—u).

Remark 4.1. The following properties are immediate consequences of (Ha):
(i) By (Ho)(ii) and (iii), for every € > 0 there exists ¢, > 0 such that

F(z,t) <elt]P 4+ clt]”,  for a.a.x € Q and for all t € R.
(ii) By (H)(ii) and (iv), for every M > 0, there exists cps > 0 such that

M
F(x,t) > —|t|" —cp,  for a.a.x € Q and for all t € R.
q
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(iii) From (Hz)(ii) and (iv) we infer that ¢ < r. Moreover,
F
 F(.t)
t—doo  |¢|2

(iv) From (Hs)(iii) it follows that f(x,0) =0 for a.a.x € Q.

= oo uniformly for a.a.x € .

To obtain constant sign solutions of problem (1.3), we introduce the truncated functionals Jy : E —
R defined by

1 1 1
= 7/ \Vu|pdx+f/ \Ds(u)|pd1/+f/ b(x,y)|Ds(u)|qu—/F(x,iui)dx.
PJa P Jq q.Jq Q

Next, we define the operator A: E — E* corresponding to the principal part of the energy functional
by

(A(u), v) = /Q|vu|P*2vu.wdx+ /Q D () P=2D, (1) D (v) dv

+ [ b )IDuw)* DD, (0) .
Q

where (-, ) denotes the duality pairing between F and E*.
The following lemma establishes the key compactness property of the operator A, which will be
crucial in proving the existence of constant sign solutions.

Lemma 4.2. The operator A satisfies the (Sy.)-property. More precisely, if {un}neny C E is such that
Uy — u weakly in E and

limsup (A(up), un, —u) <0,

n—oo

then u, — u strongly in E.
Proof. Let {un}neny C E satisfy u, — v in F and
lim sup (A(uy,), un —u) < 0. (4.1)

n—oo

Since the space F is continuously embedded into both VVO1 P(Q) and W ’g(Q)7 the weak convergence
in E implies

U, = u  in WyP(), (4.2)
U, —u in WS9(Q). (4.3)

Moreover, the weak convergence in E yields
JLHéO<.A(u), Uy, —u) = 0. (4.4)

Combining (4.4), (4.1) and Lemma 2.15, we obtain
li_)m (A(un) — A(u), up —u) = 0.
Using the definition of A, we have
(A(un) — A(u), un — u)
(IVu, [P~*Vu,, — |VulP~?Vu) - V(u, — u)dz

‘D un|P~ 2D, — |Dsu|p_2DSu)Ds(un —u)dv

b(x |D Up |9 2Dy — |Dsu|q72Dsu)Ds(un —u)dv.

@\@\:’
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By the standard monotonicity inequalities for the p-Laplace operator and the fractional p- and ¢-
Laplace operators, each term in the above expression is nonnegative, see Lemma 2.15. Therefore, since
their sum converges to zero, each term must converge to zero separately. In particular,

li_)m (IVun [P~?Vu,, — |VulP~*Vu) - V(u, —u)dz =0, (4.5)
and
ILm (/ (|Ds(un)|P~? Dy (un) — | Ds(w) [P 2Dy (1)) Dy (ur, — u) dv
N (4.6)
+/ b(@, y) (|1 Ds(un)|"* Dy(un) — [Ds ()| Ds(w)) Ds (u — ) dV) =0.
Q
From (4.2), (4.5) and Lemma 2.5 by Colasuonno—Pucci-Varga [19], it follows that u, — u strongly in

VVO1 P(Q). Similarly, using (4.3), (4.6) and Theorem 3.14 of de Albuquerque—de Assis—Carvalho—Salort
[25], we deduce u,, — u strongly in W 9(Q). Combining these two strong convergences yields u, — u
strongly in E. This completes the proof. O

Lemma 4.3. The functionals Jy satisfy the (C)-condition.

Proof. We prove the result for J,. The proof for J_ is analogous.
Let {un}nen C E be a sequence such that, for some ¢; > 0,

|4 (un)] < e, 1+ lunll )y (ur) = 0 in E*.

Thus,
’ /|Vun\pdx+ / | Ds(un)|P dv
(4.7)
+f/ bz, )| D (un)|qdu—/F( Y da| < e
q.JqQ Q
and, for all v € F,
‘ / VP2V, - Vods + / D, (1) [P~ Dy (1) Da(v) i
Q
+/ b(x,y)|Ds(un)|? 2Dy (uy, duf/ f(z,u)vde (4.8)
Q
ol
= (A [lunlle)
Taking v = —u,, as a test function in (4.8), we obtain
[ v |pdm+/ 1Dy(u;) P du+/ bz, )| D ()11 dv| < 0, (1),
Therefore, using Lemma 2.6, we have ||u,, ||z — 0, and consequently
u, -0 inFE. (4.9)

Next, taking v = u,, as a test function in (4.8) and subtracting it from (4.7) after multiplying with g,
we obtain

(Z—l)/QVunV’dx—l— <;1)_1>/Q|Ds(un)|de+/Q(u,+Lf(x,u;)—qF(x,u,t))dx<eg (4.10)

for some ¢o > 0.
We claim that {u, } ey is bounded in E. Suppose by contradiction that

lul|lg — oo. (4.11)
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Define y,, = W then ||y, ||z = 1, which implies the boundedness of {y, }nen in E. By reflexivity
of F, there exists y € F such that y > 0 and up to a subsequence, we have
Yn — Y in F,
yn(z) = y(z) for a.a.x € Q, (4.12)
Yn =Y in L"(Q) for r € [1,p*).

We show that y = 0. Suppose that QT = {z € Q: y*(z) > 0} has positive measure. Then
lim wf(z) = lim y,(z)||u} ||z — o0 in QF.
n—oQ n—oo

By Remark 4.1 (iii), one gets

F +
lim M =00 inQT.
noelun [l
Fatou’s lemma yields
F +
lim inf/ Flo (@) g, _ o, (4.13)
n=oo Jor o flun |
Using (Hs) (ii) and (iv) gives
F(x,8) > —co for a.a.z € Q and for all s € R, (4.14)
for some ¢z > 0. From (4. 13) and (4.14), we obtain
F(x F F +
[Hoae),, [ o), [ Fee),
(s HE o Juil% aer lunllg
+
> / F(z,u}f sx)) do — 2 Q.
ar  lutllg s |I%
Thus, from (4.11) and (4.13), we have
F(x
lim / dx— (4.15)
n—oo IUn HE

By using (4.7) and Lemma 2.6, for sufﬁaently large n, we have, for some c3 > 0,

/Fuww»d< + W%mwm+1/ @) =@
Q Q

[l 1% it || % ud || P — y|N+ep
1/ [yn () — yn(y)|?
+ =/ b(z,y —d dy
q.Jq ( ) |z — ll|N+€q
< s+ n(Yn)
p
1
=c3+ —,
p

which is a contradiction to (4.15). Hence, y = 0 a.a.in Q.
Let 0 <t, <1 be such that

+
Ji(tnuy) = max, T (tury).

For any fixed A\ > 1 there exists ng > 0 such that 0 < | <1 for all n > ng. Hence

w2 H
A
Ty (tauy) > Ty <||U||E ) = J+(Ayn),

for all n > ng. By (4.12), we have
yn — 0 in L7(Q) for r € [1,p")
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which implies
/ F(x, \yp)dx — 0. (4.16)
Q

By using norm-modular relation and (4.16), we get, for some ¢4 > 0,

1 1 1
T Oam) = / IV Ay [P da 4+ / DO dv + - / b(r, )| D () |7 o
P Ja pJg q4Jq

- / F(z, \yp) dz
Q

)\p

> —n(yn) 7/ F(z, \yy,) dx
q Q
AZD

> — -

for all n > ng. Because A\ > 1 is arbitrarily chosen, we see that
Jy(tyuf) — +o0  asn — oo. (4.17)
Taking (4.7) into account gives
Ji(0)=0 and Jy(ul)<ecs forallneN, (4.18)
for some c¢5 > 0. From (4.17) and (4.18) there exists na € N such that
t, € (0,1) for all n > no.

Therefore, we have

d
0= &Lh(tu:{)

— / V()P de + 21 / D4 ()P o 4 01 / b(ar, )| Da(u) |7 dv
t=t, Q Q Q

—/Qf(x,tnuf{)uj{ dx
= (J' (tou)

,ufy,  for all n > na.

By (4.10), it follows

G (tnt) = 4 / IV (bt P + / IDa(t) P du + / b(r, )| D (tai) |7 dv
pJa pPJqg Q

fq/ F(x,t,ul) de
Q

- (Z - 1) /Q IV (tau)IP dz + (Z - 1> /Q | Dy (tu,)|P dv

+ / (tutif f (@, tuud) — F (2, tyud)) de
Q

< <§—1>/Q|V(un)pdx+(Z—l)/@ws(un)pdy

+ /Q (ut f(,ut) — qF(z,u})) do

SCQ,

which is a contradiction to (4.17). Hence, (4.11) cannot be true. Therefore, {u, },en is bounded in
E. Further from (4.9), we conclude that {u,}nen is bounded in E as well. By reflexivity of E, there
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exists u € F such that up to a subsequence, we have
Up — U in F,
un(z) = u(z) for a.a.x € Q,
Up —> U in L™(2) for r € [1, p*).

Taking v = u,, — u as a test function in (4.8), we obtain

/ (V[P Vi, - V(up —u) de + / | D (un) P2 Dy () Dy (ty, — ) dv
Q

(4.19)

< on(Dlun — ulle-

92 U v — n—u)dr
+/Qb<x,y>|Ds<un>| Di(tn) Ds(utn — ) d /f )d

On the other hand, from (Hsy) (ii) and Holder’s inequality, we get

—u)dz <c¢ [ (u, —u)dx+c wh|" Y (u, — ) dz
[ pe e —wde <c [ = wdese [t e, -0 o

< cllun —ully + clluf 1177 fun — ull, — 0.

By passing to the limsup as n — oo in (4.19) and using (4.20), we have

hmsup(/ |V, |P "V, - V(u, — u) de +/ |Ds(un) P2 Dy () Dy (ty, — ) dv
Q Q

n— oo

n /Q bz, )| D (1) |"2 Dy (1) Do 11, — 1) du) <0,

that is,
lim sup(A(uy,), un — u) < 0.
n—r oo
By Lemma 4.2, we have u,, — u in E. This completes the proof. O

Lemma 4.4. There exist positive real numbers 6 and 5 such that
Jw)>p>0 and Ji(u)>pF>0 forall 0< |ulg <3

Proof. We demonstrate the claim for the functional J, as the same reasoning applies to J1. By Remark
4.1, for every € > 0 there exists a constant ¢, > 0 such that

F(z,t) <cel|t]P +ct|", for a.a.x € Q and for all t € R. (4.21)
Let |Ju||g < 1. Using (4.21), the Sobolev embedding (2.9) and Lemma 2.6, we estimate

/|Vu|pdx+ /|D )P dv + — / (x,y)|D5(u)|qufs/Q\u|pdx—c*/ﬂ|u|rdx

>||w||§+< [ip.opavs [ b(x,ynDs(quu) - eSplIVulfy - .7 ull
p a\JQ Q
> [Vl - =5}) ( s ars [ <x,y>|Ds<u>|qdu)—c*s:nung
1 1
> mi - p\ = _ r r
> min { (5 - e5p). 2 o) - 87l
>min{ (- —eS? ully — eSSy |ju
> win { (3 - esp). Ll - el

Now choose € > 0 small such that % — &SP >0, and take § > 0 sufficiently small so that

1 1
£ := min { ( - 85’5) ,} 07 — ¢, S;0" > 0,
p q
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which is possible since ¢ < r by Remark 4.1. It follows that J(u) > 8 > 0 for all 0 < |lu|]|g < § and
for some 6 > 0. O
Lemma 4.5. If u >0 a.e.in Q, then Ji(tu) = —o0 as t — +oo.

Proof. We prove the statement for J;. The case of J_ follows analogously. By Remark 4.1, for every
M > 0 there exists a constant ¢p; > 0 such that

M
F(z,t) > ?|t|q —cy, foraa.z e Qand forall t € R. (4.22)

Let u € E with u > 0 a.e.in Q. For ¢ > 1, using (4.22) and Lemma 2.6, we obtain

tP tP td M
Ji(tu) < — [ |VulPde + — | |Ds(u)|Pdv+ — | b(x,y)|Ds(uw)|?dv — — [ [tu]? da + cpr]€)
D Ja P Jqg qa Jg q Jo

ta [ Mt
U /\Vu\pdx—&-/ |Ds(u)\pdu+/ b(x,y)|Ds(u)|qd1/] ——/ ul? dz + x|
P LJa Q Q q Q
e [ M
< 2o - 2 [ulra] + cuel
p L q Ja
e[ M
< = fmac{ull ul) - = [ |u|de} )
p L q Jo
Choosing M > 0 sufficiently large so that
M
mase{Julfp a5} = 5 [ fuftdz <o
we conclude that J, (tu) — —oo as t — 0. O

Proof of Theorem 1.4. By Lemmas 4.4 and 4.5, the functionals J. satisfy the geometric assumptions
of the mountain pass theorem stated in Theorem 2.11. Hence, by Theorem 2.11, for each functional
Ji there exists a (C)-sequence at the level
= inf J. t)) >0,
cx = inf max +(v(t))

where
I':={y € C([0,1], E): 7(0) = 0, J=(y(1)) < 0}.

Furthermore, by Lemma 4.3, each functional Jy satisfies the (C)-condition. Therefore, by Theorem
2.12, there exist critical points wu.,v. € E of J; and J_ at the corresponding levels c; and c_,
respectively. Precisely,

Jo(ue) =0, Jp(u) =cqy >0, J_(vi) =0, J_(vi)=c_>0.

Since ¢y > 0, the critical points w, and v, are nontrivial solutions of J; and J_, respectively. As
(J (uy),v) = 0 for all v € E, testing with v = —u; gives

i) =) = = [ 190290 Vuz do = [ Duu)l D) Dt dv
Q Q

~ [ bl Dufw D)D) v+ [ o ) do =0,
Q Q
Since ufu; = 0 a.e.in Q, we have f(x, (u}))uy = 0 a.e.in Q. Hence the last integral vanishes. Using
the standard identities for positive and negative parts and the monotonicity inequalities, the remaining
terms give n(—u; ) < 0. Then by Lemma 2.6, we deduce that u; = 0 a.e.in Q. Hence, u, > 0 a.e.in
Q. Similarly, by testing the equation for J’ (v.) = 0 with v = v}, we obtain v, < 0 a.e.in . This

completes the proof. O
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In the second part, we are interested in the existence of a least energy sign-changing solution of
problem (1.3), which proves Theorem 1.5. For this purpose, we introduce the set

S = {uGE:uﬂE #0,(J (u),u) = (J'(u),—u") =0},

which will serve as a natural constraint for sign-changing solutions. Before carrying out the variational
analysis on S, we derive several estimates that will be used later. For convenience, we set

={zeR:u(x) >0} and RY ={zeR":u(z)<0}.
Let 7,7 > 0. We compute

Y R T L N T X
RN JRN

:/ / |Dg(Tu™) P dv
RY JRY

dv
—yu~ (z) — Tut P=2(—yu~ (x) — Tut —rut —_
+/RN/RN\ @) = rut ) (@) = ) () o
/ / frut (@) + u (y >|P-2<m+<x>+w-<y>><m+<x>>—f” -
» P11y, dv
/RN/]RNlD Tut)| du-i-/ /RN yu~ (z) + Tut (y))P +(y))7|x—y|51’

dv
Tut U =Lyt (z) ———
// )+ ) (@)

d d
> / / Dy (rut )P dv + / / (rut ()P — 4 / / (rut (2)p —
RY JRY RY JRY [z =y Jev Jry |z —yl|*®
:/ / Dy (rut) P dv,
RN JRN

where we have used the basic estimate (a + b)?~ta > a? with a,b > 0 in the last inequality. Also, we
have

Dy(tut —yu™)Ds(tu™) < D2 (tut — yu™).

Following similar steps, one can get the following estimates:

/ / |D,(tut — yu™)|P2Dy(tut — yuT)Dy(ruT) dv > / / |Ds(Tu™)|P dv,

RN JRN RN JRN

/ / |D,(tut — yu™)|P 2Dy (tut — yuT ) Dy(—yu~) dv > / / )P dy,

RN JRN RN RN

/ / |D,(tut — yu™)|P 2Dy (tut — yu”)Dy(ruT) dv < / / |Ds(tut —~yu™)|P dv,
RN JRN RN JRN

/RN /]RN|DS(TU+ —yu) P2 Dy (tut — yu”)Dy(—yu") dv < /RN /RN|DS(Tu+ —yu”) [P dw.

Analogous estimates hold when p is replaced by gq.
Next, we prove several propositions that will be used in the proof of Theorem 1.5.

(4.23)

Proposition 4.6. Let u € E with u™ # 0. Then there exists a unique pair of positive numbers (Ty,Yu)
such that T,ut™ —y,u~ € S. In addition, if u € S, then
Jlaut —Bu™) < J(ut —u) = J(u),
for all a, 8 > 0 and equality holds if and only if (o, 8) = (1,1). Moreover, for every u € S, the
following properties hold:
(i) if T>1and 0 <~ <7, then (J'(tut —yu™),7ut) < 0;
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(i) f 7 <1 and 0 <7 <~, then (J'(tut —~yu~),7u™) > 0;
(iii) ify>1 and 0 <7 <+, then {(J'(Tut —yu™), —yu~) < 0;
(iv) if y<1land 0 <~ <7, then (J'(tut —yu™),—yu~) >0

Proof. We will establish this proposition in four steps.
Step I: Existence of the pair (7, v4).
For u € E with u® # 0, we have |u(x)| > 0 for a.a.2 € Q. For s € (0,1), by hypothesis (Hs) (vi),
we have
f(z, su)su < flz,u)u

Fsufa S T for a.a.z € Q,

which implies
flz,su)su < s?f(x,u)u for a.a.z € Q. (4.24)
For every v > 0 and 7 > 0 sufficiently small, using (4.23) and (4.24), we obtain

(J'(tut —qu), rut) = /Q|V(7'uJr —yu )PV (rut — yu)V(rut) de
+ / |Ds(tu™ — yu7) P2 Dy (tut — yu")Dy(TuT) dv
Q

+ / b(z,y)|Ds(tu™ — yu™) |72 Dy(rut — yu")Dy(Tu™) dv
Q

— / fla,7ut —yu™)Tut da
Q

> ||V(Tu+)||£+/Q (|D5(Tu+)|p+b(x,y)|Ds(Tu+)|q) dv

— / fle,7u™)rut do
Q
> 7P| Vu b — Tq/ flx,um)u dx > 0.
Q
For every 7 > 0 and v > 0 sufficiently small, using (4.23) and (4.24), we obtain

(T (rut = yu), —qu) 2 [V (—yu | + /Q (IDa(=yu™)IP + b )| Da(—yu)|) du
- / f (@, —yu) (—yu) da
Q

> VI =yt [ Fla ) ) do > o
Q
Thus, there exists a positive number a > 0 such that
(J(cut —~yu™),cu™) >0 and (J'(ru™ —au™),—au) >0 (4.25)

for all 7, > 0. Further, choose a number § > max{1,a}. For v € [0, 5], using (4.23) and (Hs) (iv),
we get

(J'(But —yu”), But
Bq

- % /Q|V(ﬂu+ —u )PV (But —yuT)V(Bu’) de

+ % /QDS(&LL* —yuT) P72 Dy (But —yuT)Dy(Bu) dv

+ % / b(a,y)|Ds(Bu™ —yu™)[T2Dy(Bu’ —yu™)Dy(Bu') dv
Q

- Bi /Q f(@, u* — yu~)But da
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||V(ﬂu+ ||p
34

1 W dy — — 3+
+ 7 /Q b ) DBt — )7 = /Q f (@, ut)Bu* du

/|D (Bu™ —yu")|Pdv

< IV@IE+ /(ID( —uT)[” + (@, y)| Ds(u” —u7)|7) dv

) (ut
/f ;u"j q“l I 4z <0
for 8 > 0 large enough. Following similar steps for 7 € [0, 8] and for § large enough, one can get
ot =) )
Hence, for 7, € [0, §] and 3 large enough, we have
(J'(But —yu™),put) <0 and (J'(tut —pBu”),—Bu") <0. (4.26)

Define the map I',: [0,00)? — R? by
Lou(r,7) = ((J'(ru™ —qu™), 7u®) (S (Tu® = yu7), —yu7)).
From (4.25), (4.26) and Theorem 2.14, we can find a pair (7, V) € [, 8] X [a, 8] such that Ty (7, Yu) =
(0,0). Thus, we get the existence of a pair (7,,7,) such that T,u™ —y,u~ € S.
Step II: Sign of (J'(tu™ —yu™),7u*) and (J'(tut — yu™), —yu~).
Let w € §. Then by definition of S,

0= (J'(w),u") = [ Vu" [} + /Q (1Ds(u) P~ + b(x, )| Ds(u)|*~?) Ds(u) Ds(ut) dv

(4.27)
— / flz,u)ut da
Q
and
0= (), —u7) = [Vu [+ [ (el + b ) D)) D)D)
@ (4.28)
- / flz,—u™)(—u")dx.
Q
We prove the four sign properties by contradiction.
Case I1.1: Let 7 > 1 and 0 < v < 7. Assume that (J'(rut —~yu~),7ut) > 0. Then
0< (J'(rut —~vyu"),7u™)
= ||V(Tu+)||£ + / |1)s(7"u,+ _ fyuf)‘P*QDs(Tu+ _ fyui)Ds(Tqu) dv
Q
+/ b(x,y)|Ds(tu — yu) |7 2Dy (tut — yu")Dy(tut) dv — / flo,rut)rut dz
Q Q
and
0< 70 (19w + [ (PP o)D)l D)D) v
@ (4.29)

—/ flz,rut)rut da.
Q
Divide (4.29) by 79 and use (4.27), we deduce

f(z, Tut) B flx,ut) i
/ﬂ<(7u+)‘1‘1 (u+)q1>( )¥dz <0,
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which is a contradiction because of (Hg) (vi). Thus,
(J'(rut —~yu™), Tut) < 0.

Case I1.2: For 7 < 1 and 0 < 7 < =, assume that (J'(tu™ — yu™),7u™) < 0. Repeating a similar
argument to that in Case II.1, we again obtain a contradiction. Therefore, (J'(tu®™ —yu™),7ut) > 0.
Case I1.3: For v > 1 and 0 < 7 <+, assume (J'(Tu™ —yu™), —yu~) > 0. Then

0 < (J'(ru’ —qu”), —yu”) = [[V(yu7)|}

+/Q (IDs(ru = yu™) P72 + bla, y)| Ds(ru™ = yu”)|*"%) Dy(ru™ — yu™) Dy(—yu”) dv

- / F(, —yu™ ) (—yu”) da
Q
and

0< 4 (nwn; + [ (D@P + 4Dy wI) DDy (—u7) du)
Q (4.30)

- [ 1= de
Divide (4.30) by 79 and use (4.28), we deduce

| (s - At yan <o
o\ (u7)r! (yum)ot
Again this contradicts (Hs) (vi), since vy > 1. Thus, (J'(tut —yu™), —yu~) < 0.
Case I1.4: If v < 1 and 0 < v < 7, the same argument as in Case I1.3 gives the opposite sign, and we
omit the repeated details.
Step III: The pair (7,,7v,) is unique.

We prove uniqueness in two cases.
Case IIl.1: ue S

We claim that (7,,7,) = (1,1) is the unique pair such that 7,u* —y,u~ € S. Assume that there
exists another pair (7,7) # (1,1) such that Tu™ —~yu~™ € S. If 0 < 7 < «, then Case I1.2 and Case 11.3
from Step II give 1 <7 < < 1. On the other hand, if 0 < v < 7, then Case II.1 and Case I1.4 from
Step IT imply 1 < < 7 < 1. In both situations we conclude 7 = v = 1. Therefore, if u € S the only
pair producing an element of S is (1,1).
Case I11.2: w ¢ S

Assume there exist two pairs (71,71) and (72,72) such that

wy = nut — yu~ €S and wy = mut — Yyou~ € S.

Then we obtain
Wy = Bﬁu"’ — B’ylu_ = Bwfr — Ew{ €S. (4.31)
71 st 71 st
Since w; € S, Case IIL.1 implies that (1,1) is the unique pair such that 1-wj{ —1-w; € S. Thus,
from (4.31), we get
2_70
1 B Y1

= 17
which leads to 71 = 7 and 1 = 7.
Step I'V: Unique maximum point

Define T, : [0,00) X [0,00) — R by

Tu(Ta ’7) = J(Tqu - ’Yui)'

We claim that the unique pair (7,,7,) obtained in Step III is the unique maximum of T;, in [0, c0) X
[0,00). We will prove that T, has a maximum which cannot be achieved at the boundary of [0, c0) X
[0, 00).
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For 7 > v > 1, we have
Tu (T7 7) J(Tu+ B Pyu_)

T4 T4

1 1
— + _ —\||P = + _ —\|p
_quHV(Tu Yu )Hp—&—qu /Q|Ds(7'u yu )P dv

1 P L
+ 7/ b(xay)|Ds(TU+ — 'yu_)‘q dv — / (x,Tu Yu ) du
qr Q

Q T4

1 F(z,Tu™) g1 [ Flo,—yu")(u)74? .
< il = [ SR e [ SRR L

By Remark 4.1 and the above estimate, it follows that
lim T,(r,v) = —o0,

[(7:7)| =00

implying that T, admits a maximum. Further, assume that (0,~,) is a maximum point of T, with
Y« > 0. For 7 < 1, we compute

OTy(1,v)  OJ(rut —~yu™)
or N or

= TP—1|\V(u+)H§ + / |Dy(tu™ — vou") P2 Dg(tut — youT)Dg(u™) dv
Q

+/ b(z,y)|Ds(Tu™ — vuu™ )| 2Dy (tu — you” ) Dg(uT) dv
Q
- / flo,mut — o )ut de

Q

> T”_ll\V(uJ”)HiJr/ (7" Ds ()P + 797Dy (uh)]7) dv
Q
*/f($,7u+*")/*u7)u+dl‘
Q

-1 fla,mu)
>t (9ol - [ FER ) wora).
For 7 > 0 sufficiently small, the above estimate together with (H,) (iii) yields % > 0. Thus,
(0,7s) cannot be a maximum point since Ty, is increasing for 7 € (0,¢) with € > 0 small.
A completely analogous argument shows that a point of the form (7,0) cannot be the maximum
point of T,,. Hence, the global maximum (7, ) lies in (0, L) x (0, L) for some L > 0. From Step I and
Step III, we conclude that (7y,,) is the only point of maximum. O

Proposition 4.7. Let u € E with u* # 0 such that (J'(u),ut) < 0 and (J'(u),—u~) < 0. Then
0 < Tu,Yu < 1, where 7, and 7, are obtained in Proposition 4.6. In addition, if (J'(u),u™) > 0 and
(J'(u),—u~) >0, then Ty, yu > 1.

Proof. From Proposition 4.6, for each u € F with u™ # 0, there exists a unique pair (7., ¥, ) such that
Tt —vuu~ € S. Assume 0 < vy, < 7, with 7, > 1. Then we have

0=(J'(reu" — yuu™), muu’) = | V(rau ")}

+/ |Dy(Tyut — ’yuqf)|”*2DS(Tour — o )Dy(Tyu™) dv
Q

+ / b(x’ y)|DS(Tuu+ - Vuu_)|q_2DS<Tuu+ - 'Vuu_)Ds(Tuu+) dv — / f(x, 7'z¢15—~_>7'1tlb—"_ dx
Q Q
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and

0 <l (IVu™llp+ | (IDs(u)P=2 + b, y)|Ds(u)|*7?) Ds(u) Dy (u) dv
(1wte | )

—/f(x,nu*)mu+ dz.
Q

From the assumption {J'(u),u™) < 0, we have
Va5 +/ (IDs(u) [P~ + b(z, y)|Ds(u)|*~?) Ds(u) Ds(u™) dv — / fla,ut)ude <0, (4.33)
Q Q

Dividing (4.32) by 72 and using (4.33) gives
+ +
/ (f(l',Tuu ) _ f(xau )) (u—i-)qu S 0
Q

(rart )= ()it
But from (Hs) (vi), we have that the left-hand side of the above estimate is strictly positive. Hence,
we get a contradiction and deduce 7, < 1.
Now assume 0 < 7, < 7, with v, > 1. Then, using (J'(u),—u~) < 0 and 0 = (J'(rut —
Yt ), Yuu ) and following as in (4.32) and (4.33), we can deduce
/ f(xa 7’[1,7) . f(xa 77uu7) (uf)qfl dx < 0’
o\ (W)=t (pum)r!
which is again a contradiction because of (Hs) (vi). Thus, for 0 < 7, < 7., we get v, < 1. Combining
both parts, we conclude 0 < 7,7, < 1. The second statement, corresponding to the case (J'(u),u™) >

0 and (J'(u), —u~) > 0, follows by the same argument with reversed inequalities. This completes the
proof. O

Proposition 4.8. The quantity k := ing J(u) is strictly positive. Moreover, J is coercive on S.
ue

Proof. From Lemma 4.4, we have
J(u) =B >0, (4.34)
with 0 < |lul|g < 6 < 1, where § is defined in Lemma 4.4. For u € S, choose 7,7 > 0 such that
|[Tut —yu~||g = 61 < §. Such a choice is always possible by scaling. Using Proposition 4.6 and (4.34),
we obtain
J(u) > J(rut —yu") > B> 0.

Hence, it follows that & > 0.

Let us now show that J is coercive on S. We need to show that for every sequence {up tneny C S,
J(un) — oo whenever ||u,llg — 00. Let {un}nen C S be a sequence with lim, ,o||unl|z = oo.
Without loss of generality, we may assume that [un[|lz > 1. Define v, = 4, then we have

|lvn|le = 1. Since the space E is reflexive, up to a subsequence, we have
Vp =V in B,

v, v in L*(Q) for s € [1,p*),

Up — U a.a.in €2,

4.35
v,ﬁf —v* inE, ( )
vE ot in L3(Q) for s € [1,p*),
vE =0t aain Q,
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for some v € E. We first suppose that v # 0. From Lemma 2.6, we have

J(up) = ;1)||Vun||§ +/ <;|Ds(un)|p i b(x,y) |Ds(un)Q) dv

Q
—/F(x,un)dx (4.36)
Q

1
< Llunlte, - / F(z,uy) da.
p Q

Dividing (4.36) by ||u,||%, passing to the limit as n — co, and using Remark 4.1, we deduce

R ) B

n=oe [Jun g ’

which is a contradiction as we have J(uy,) > k > 0. Thus, v = 0 implying v~ = v = 0. As {uy, fnen C
S, by applying Proposition 4.6, Lemma 2.6 and (4.35), for every pair (11,72) € (0,00) X (0,00) with
0 <7 <7y, we have

J(un) > J(mv) — ;)
1 1 b(x, _
— IV (o = o)+ [ (|Ds<m: S L LA e g >|q) v
p o \p q
—/ F(z, v} — mv, ) da
Q

1
> —min(7y, 7{)7(vn) —/
q

F(acﬂ'lv;'[)dm—/F(:L—Tgv;)dx
Q

Q

1
> *miH(T{),T{I)—/ F(:U,Tlv;'[)dx—/ F(z,—mv,;)dx
q Q Q

— —min(7}, 7{).
q

Hence, for any given M > 0, we can choose 71 large enough such that for all n > m = m(m), we have
J(up) > M. Thus, J is coercive on S. O

Proposition 4.9. For every uw € S, there exists a constant L > 0, independent of w, such that
lu*|lp > L.

Proof. Let u € S with ||u®| g < 1. By definition of S, we have (J'(u),u") = 0, that is,

0= ||v“+H§ + / (lDS(“)‘p_Q + b(%y)‘DS(qu_Q) Ds(u)Ds(u+) dv
Q
— | flz,u)ut de (4.37)
Q

> Va2 + /Q (IDa ()P + b, )| D (u)]) dos /Q f(a, Yt de.

From (H,) (ii) and (iii), for a given § > 0, there exists a positive constant Cs > 0 such that
|f(z, )] < S|P~ 4+ Cs|t|"™", for a.a.z € Q and for all ¢t € R. (4.38)

Combining (4.37) and (4.38) and using the embeddings W, * () < LP(Q) and E < L"(), we obtain
IVutip +/Q (IDs(u )P + b, y)[Ds (u™)|7) dv < 8SH[ V™ |} + CoSylu™ |5

For 0 < § < ?, by using Lemma 2.6, we have
p

St = (1 — 65) <||Vu*||£ + [ (DO + a0y du)
Q
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and

[t = en(u®) > cllu™||%
Since ¢ < r, there exists L > 0 such that ||u*||g > L. An analogous argument applies to the case
u”. g
Proposition 4.10. There exists vg € S such that J(vy) = k.

Proof. Let {v,}tneny C S be a minimizing sequence, that is, J(v,) — k. By Proposition 4.8, the
sequence {vp, }nen is bounded in E. Consequently, {v;} },en and {v;, }nen are bounded in E as well.
Thus, up to a subsequence,

vE o i E, v >0, (4.39)
vE = vf in L3(Q) for s € [1,p*) and a.a.in Q '
From (4.39), (Hs) (ii) and the dominated convergence theorem, it follows that
lim [ f(z, 7))o} dz = / f(z, o) Tof da,
Jim [ o) o) do = [ flo =) (-0) de,
@ @ (4.40)
lim [ F(z,7v})dr = / F(x, o)) da,
lim [ F(z,—vyv, )dz = / F(z,—yvy ) dx

for every 7,v > 0.
We claim that vy # 0 and vy # 0. Assume that vj = 0. Since v, € S, we have

0= (J'"(vn),vy)

= HV%TH? + / (|D8(vn)|p72 + b(m,y)|Ds(vn)|q’2) DS(Un)DS(UrJLF) dv
Q

—/f(x,v:)v;fdx
Q

+\ ot de.
> o) = [ fai)or da

Passing the limit as n — oo in the above estimate and using (4.40), we get lim,,—,oc 7(v;7) = 0 which
is, by Lemma 2.6 (v), equivalent to ||Jv,;} ||z — 0. But this is a contradiction as, by Proposition 4.9, we
have |[v;f||z > L > 0. Hence, vy # 0. By employing a similar argument, one can show that vy # 0.

Since voi # 0, by Proposition 4.6, there exists a unique pair (7, Vv, ) satisfying 7,,vg —Yu,vy € S.
By weak lower semicontinuity of norms and by (4.40), we obtain

(J' (v), 2vp) = IV |17 +/Q (1D (v0) P2 + b(a, y) | Ds (v0)|*~*) D () Ds(vg) dv
—/ f (@, vo)vE da
Q
< lim inf (lleffllﬁ +/ (1Ds(0a) P72 4 b, )| Ds (v2)|7~2) Ds(vn) Ds (v37) dV)
n—oo Q
— lim [ f(z,v,)vF de

n—oo Q

= liminf(J'(v,), £v5) = 0,

n—oo
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as v, € S. Taking Proposition 4.7 into account yields 7,,, Vv, € (0,1]. From (Hs) (v), for a.a.z € €,
it follows that

1 1
7f(a:77—vov(-)i_)7—vov(—]~_ - F(l‘ Tvo Vg ) < f( ) A F(xava_)a
e d (4.41)
1 _ _ _ 1 _ _ _ ’
5f($, ~YwoVo )(—YuoVg ) — F (2, =0,v9 ) < gf(xa vy )(=vg ) — F(z, vy ).
Then, from TUO’UO YooUy €S, 0 < Ty, Yoo < 1, (4.40), (4.41) and v, € S, we have
1 _
k < J(Tvovo ’Y'UOUO ) §<J (TUOUO 7U0U0 ) Tvov(;r — Yo Vo >
1 1
=|-—=) V(T v U
¢ Jn<oo T )
P b( ) + — q
- |D (Tvovo Yoo Vo WP+ —=|Dj (TUUUO Yvo Vg )l dv
Q\P q
- / F(2,Tyyvg ) do — / F(xz, —yp,vg ) dz
Q Q
1
o L (DAt 30t b D (tid = )I) b
/ flx TvO’UO ) Two Vo Tdr+ = / F(x, =Yoo Vo ) (Yoo ) dz
1
< (2-2) (19eg - vuglp + /w £ - o)
/ = f(z,vf vy doz — / F(z
7f(xa —U()_)(—U()_)dx— F(JZ, _U()_)daj
a4 Q
1
< liminf <J(vrf —v) = ~{J (v}f —v;), v} — vn>> =k.
n— oo q
Thus, we conclude that 7,, = v, = 1 and J(vg) = k. d

Proof of Theorem 1.5. We prove that the function vy, obtained in Proposition 4.10, is a least energy
sign-changing solution of problem (1.3).
Suppose by contradiction that J'(vg) # 0. Then there exists 8 > 0 and d; > 0 such that
|7/ (v)]|« > B for all v € E with [|[v —vg||g < 36;.
Recall that v(jf # 0. Then, for any v € E, using (2.9), we obtain

o g llp, if v =0,

vo —vl|lg > ST |ve — vl|, >
0 =l 2 ;o |b_{1wﬂmim+:&

Choose 5 > O such that d; < min{S,*||vg Ilp. S, lvg l|p}- Then, every v € E satisfying |lvg —v||p < d2
must fulfill v* # 0.

Let 6o = min{d1, 62/2} and note that the map (7,v) — Tvg —yvy from [0, 00)? into E is continuous.
Thus, we find £ € (0, 1) such that for all 7,4 > 0 with ¢ > max{|r — 1|, |y — 1|} it holds ||7vy —yvy —
UOHE < dp.

Let L=(1-4¢,14¢)x (1—2¢,1+¢). By Proposition 4.6, for every 7,7 > 0 with (r,7v) # (1,1), we
obtain

J(rog —vy) < J(vf —vy) = k. (4.42)
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Thus, we have

= J(rvg —yvy) < J(vg — vy ) = k.
m (r,rfylfagém (Tvg — vy ) (vg — vy )

Now we are able to apply the quantitative deformation lemma, stated in Lemma 2.13, with

k— 0
M = B(vo,0), c=k, e—mindF="" B0l
4 8
where Jy is defined as above. Note that Msys, = B(vg, 3dp). From the construction of ¢, it follows that
for every pair (7,7v) € OL we have

(k—m)

J(rog —yvg)<m=m+k—k<k-— <k-—2e. (4.43)

Further, let ©: [0,00) x [0,00) — E and ¥: [0,00) x [0,00) — R? be defined by
O(r,7) = II(1,7vg — vy ),

\IJ(T’ ’Y) = (\Ijla \112) = (<Jl(@(7-7 ’Y))a ®+(7-v 7)>7 <']I(@(T’ ’Y))? _@7(7-7 ’Y)>) 5
where IT is the map as in Lemma 2.13. The continuity of the maps © and W follows from the continuity
of I and the differentiability of J, respectively. Then (4.43) together with Lemma 2.13 (i) gives
O(r,7) = Tod — vy for all (r,7) € OL. From Step II of Proposition 4.6, for ¢ € [I — £,1 + {] we
deduce that

\Ill(]- _‘€7C) >0> \Ijl(l +€7C)7
Us(C,1—0) > 0> Uy(C,140).

From the Poincaré—Miranda existence theorem stated in Theorem 2.14, it follows that there exists a
pair (79,7v0) € L with ¥(7p,70) = 0, which means

(J'(©7(10,%)), ©F(10,7%)) = 0= (J' (=07 (10,%)). —O~ (70, %0))- (4.44)
In view of our choice of ¢, Lemma 2.13 (iv) yields
1©(70,70) — vollz < 200 < 2.

Using the above inequality and the definition of ds, we get ©%F(79,79) # 0 which together with (4.44)
gives ©(79,v) € S. By our choice of ¢, (4.42), and Lemma 2.13 (ii), we get J(O(70,70)) < k —e. This
is a contradiction since k is the infimum of J over §. Hence, vg is a least energy sign-changing solution
of problem (1.3). O
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