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BOUNDEDNESS OF WEAK SOLUTIONS TO
MULTIVALUED ANISOTROPIC DOUBLE PHASE PROBLEMS WITH
LOGARITHMIC PERTURBATION*

SHENGDA ZENG', YASI LU¥, VICENTIU D. RADULESCU$, AND PATRICK WINKERTY

Abstract. In this paper we consider multivalued mixed boundary value problems driven by the
variable exponent double phase operator with w-logarithmic perturbation of the form

—div A(z,u, Vu) € F(z,u, Vu) in Q,

—0
Jeg(a;u) onI'q,
v
u=0, on I's.

First, we prove new continuous and compact (trace) embedding results related to the considered
Musielak-Orlicz Sobolev space W1 *L . Based on these embedding results, we show the boundedness
of solutions to the multivalued mixed boundary problem above by applying De Giorgi’s method and
localization arguments. Finally, we consider several special cases of the problem above and establish
their boundedness results.

Keywords. Boundedness of solutions; De Giorgi iteration; double phase operator with variable
exponents; localization method; multivalued mixed boundary value; w-logarithmic perturbation.
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1. Introduction

Double phase problems are getting more and more attention these days due to
its wide range of applications, see, for example, the works of Arora—Crespo-Blanco—
Winkert [3], Cherfils-Il’yasov [12], Colombo-Mingione [16,17], Crespo-Blanco—Gasiriski—
Harjulehto-Winkert [18], Harjulehto-Hésté [29], Liu-Dai [40], Lu—Vetro—Zeng [43],
Zeng-Bai-Gasinski-Winkert [59], Zeng-Radulescu-Winkert [64,65] and the references
therein. Especially in [43], a series of useful properties related to a kind of variable
exponent double phase operator with w-logarithmic perturbation are established. This
operator is defined as

A A CANKD))
u— Ay, u=div (WVu (1.1)

for u€ WHHL(Q) (the precise definition is given in Section 2), where the function H,
is defined as the double phase function with a new w-logarithmic perturbation term of
the form

Hy(z,t) = [tP@ + pu(2)t 7] log (e +wt) (1.2)
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for all 2 € Q and for all £ >0, where w >0, p,q € C(Q) such that 1 <p(x) < N, p(z) <q(z)
for all z€Q, and 0 < p(-) € L*(Q) with Q1 :={z € Q: p(z) <q(2)} £ Qo:={z €Q: p(z)=
0}. A natural question is to ask how to get sharp embedding results for the related
Musielak-Orlicz Sobolev space W7z () similar to the results obtained by Cianchi
[13,14], Cianchi-Diening [15], and Ho—Winkert [33]. Indeed, a first main result of this
paper is the proof for the embedding

W (Q)— LB (Q), (1.3)
where
B(z,t) =t" @ log»@ (e+wt) + p(z) 1 t7®) log 1 (e +wt)

for all x€Q and for all t€[0,00) with 7,7€ C(Q) such that 1<7(z)<p*(x) and 1<
m(x) <g*(x) for all z €. Here we use the notation p*(-):= Iévfz()'()_) and ¢*(+):= ]\],Vfé'()_)
being the critical Sobolev exponents of p(-) and ¢(-), respectively. The proof of the
embedding (1.3) uses ideas of the work of Cianchi-Diening [15], who recently obtained
a sharp embedding theorem for Musielak-Orlicz Sobolev spaces into Musielak-Orlicz
spaces. Moreover, we also obtain a trace embedding of the form

WHHE(Q) — LPR(T), (1.4)
where
o(x) 9 (x) D (x)
Br(z,t) =t*@log»@ (e4wt) 4 p(x) 1 t7@ log e (e+wt)

for all x€Q and for all t€[0,00) with 8,9€C(Q) such that 1<68(z)<(p.)” and
1<¥(z) < (q.)~ for all z€Q with p.(-):= % and g.(-):= % denoting the
critical exponents on the boundary of p(-) and ¢(-), respectively. Note that for any
re€C(Q), we define r~ :=min_ g7 (x). The proof of the trace embedding (1.4) is mainly
based on the results taken from Cianchi [14], where a sharp trace embedding theorem
for Orlicz-Sobolev spaces into Orlicz spaces on the boundary is obtained. However, the
corresponding trace embedding for Musielak-Orlicz Sobolev spaces like W12 () into
suitable Musielak-Orlicz spaces has not been proved yet. So, for the trace embeddings
we take (p.)” and (g.)~ as the critical exponents instead of p.(-) and ¢.(-). Based on
these embedding results together with De Giorgi’s iteration technique, we are then go-
ing to prove the boundedness of weak solutions u € W12 (Q) of the multivalued mixed
boundary value problem given by

—div A(z,u,Vu) € F(x,u,Vu) in ©,

—0u
EEQ(&:,U) on Fl, (P)

u=0, on I'y,

where Q CRY(N >2) is a bounded domain with Lipschitz boundary 95, I'1,I's are
two disjoint parts of 9Q with Iy UTy =09, A: QxR xRN -RY is a Carathéodory
function and F: Q@ x Rx RN =28\ {0} as well as G: Q x R—2%\ {}} are two multi-
valued functions defined in the domain and on its boundary, respectively. Moreover,

S9u — A(z,u,Vu)-v with v being the outward unit normal at I'y.
A
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The variable exponent double phase operator with w-logarithmic perturbation given
in (1.1) is developed from the classical double phase operator

div (|[Vw|P?Vw+ p(z)|[Vw|I*Vw),

with its related energy functional
wH/ (IVl? 4+ u(2)|Veo|?) da. (1.5)
Q

Functionals of the form (1.5) have been first encountered in a work of Zhikov [67] in
order to describe models of strongly anisotropic materials. It has also applications in the
duality theory and the research of the Lavrentiev phenomenon, see Zhikov [68]. Also,
in elasticity theory, the modulating coefficient p(-) dictates the geometry of composites
made of two different materials with distinct power hardening exponents ¢ and p. From
the mathematical point of view, the modulating coefficient p(-) can change the behav-
ior of the integral functional (1.5). In particular, on the set Qsq:={z€Q:pu(x) >0},
it has ellipticity in the gradient of order ¢ and of order p on the points where p van-
ishes. Moreover, first regularity properties of local minimizers of functionals like (1.5)
have been proved in the papers by Baroni-Colombo-Mingione [6, 7] and Colombo—
Mingione [16,17]. We also mention the pioneering works of Marcellini [44, 45] for
integral functionals with nonstandard growth condition, see also the recent paper of
Beck—Mingione [8]. After these fundamental works, several papers for existence of solu-
tions related to double phase equations with different right-hand sides and various tech-
niques appeared. See for example, Crespo-Blanco—Gasinski-Harjulehto-Winkert [18],
Liu-Dai [40], Zeng-Bai-Gasifiski-Winkert [59], Zeng-Lu-Papageorgiou [61], and Zeng-
Radulescu-Winkert [64]. Especially, double phase problems involving logarithmic per-
turbation occur in the context of generalized Newtonian fluids and can be applied
in the theory of plasticity with logarithmic hardening law. For related papers we
refer to Arora—Crespo-Blanco-Winkert [3], Fuchs—Mingione [23], Lu—Vetro—Zeng [43]
Marcellini-Papi [46], Vetro-Winkert [55], and Vetro-Zeng [56]. We also point out that
there are several applications of the double phase operator, for example in, transonic
flow problems, nonlinear theory of composite materials, nonlinear Derrick’s problem as
well as image processing that can be found in [4,9, 65, 66].

Another main feature of problem (P) is the occurrence of the multivalued mixed
boundary value conditions. Such conditions do apply in several problems in engineering
and economics, such as fluid mechanics problems with nonmonotone friction, nons-
mooth contact mechanics problems and aeronautics. Related works studying various
multivalued problems with mixed boundary can be found in the papers by Han [28],
Kalita—Kowalski [34], Li-Huang [38], Liu—Zeng—Gasitiski-Kim [41], Migérski-Dudek
[48], Migérski-Khan—Zeng [49, 50], Zeng—Gasiriski-Winkert-Bai [60], Zeng—Migdrski—
Khan [62], Zeng-Migérski-Tarzia [63] and Zeng-Radulescu—Winkert [64].

In this paper, in order to show the boundedness of weak solutions of problem (P),
the main tool to be applied is the so-called De Giorgi—-Nash—Moser theory. Its early re-
search can be dated back to the works by De Giorgi [20], Nash [53] as well as Moser [51].
It is well known that the De Giorgi—-Nash—Moser theory is not only useful for showing
the local and global boundedness of weak solutions but also plays an important role in
proving the (weak) Harnack inequality and the Holder continuity for weak solutions,
see for example, the monographs of Gilbarg—Trudinger [27], Ladyzenskaja—Solonnikov—
Ural’ceva [36], Ladyzenskaja—Ural’ceva [37] and Lieberman [39]. Furthermore, we also
mention some recent results concerning the boundedness of weak solutions established
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with the De Giorgi iteration or the Moser iteration can be found in Alonso—Morimoto—
Sun—-Yang [1], Amoroso—Crespo-Blanco-Pucci-Winkert [2], Barletta—Cianchi-Marino
[5], Crespo-Blanco-Winkert [19], Frisch-Winkert [24], Gasiiski-Winkert [25, 26], Lo-
her [42], and Marino-Winkert [47].

In this paper, we extend boundedness results to the multivalued mixed boundary
problem (P) via a modified De Giorgi iteration, covering both subcritical and critical
growth. The method is mainly based on ideas of the works by Ho—Kim [31], Ho-Kim—
Winkert—Zhang [32], Ho-Winkert [33], and Winkert—Zacher [57,58]. It is worth to
mention that Ho-Winkert [33] considered the Dirichlet problem

—div A(z,u, Vu) = B(x,u, Vu) in Q, (1.6)

u=0 on 012, '
and Neumann problem

—div A(z,u, Vu) = B(x,u, Vu) in ©, (17)

A(z,u, Vu) - v=C(z,u) on 09, '

and obtained the L*-bounds for weak solutions u € W1 (Q) of problems (1.6) as well
as (1.7) where they allow general growth on the nonlinearity based on new embedding
results similar to (1.3) and (1.4) but without the log-term. On this basis, we extend
the boundedness results to the multivalued mixed boundary problem (P), where the
function space is the Musielak-Orlicz Sobolev space WL () generated by the function
Hy, given in (1.2) with p(+),q(:)-growth and w-logarithmic perturbation. To the best of
our knowledge, this is the first work dealing with boundedness results to this type of
multivalued mixed boundary value problems as given in (P).

Furthermore, we point out that there are many interesting special cases of problem

(P).
REMARK 1.1.

(1) If w=0in Hy, then H, equals to H without logarithmic perturbation, and problem
(P) becomes (P1);

(2) If u(-)=1 and w=0, then the operator related to H, is the p(-),q(-)-Laplacian, and
problem (P) becomes (P2);

(3) If u(-) =0, then H, exhibits the LP()log L growth, and problem (P) becomes (P3);

(4) If p,q are constant functions, that is 1 <p(z)=p and 1< g(z)=q for all €, then
Hy, is with constant exponents, and problem (P) becomes (P4);
(5) If |I'y| =0, then problem (P) becomes a Dirichlet boundary value problem (P5);

(6) If |T'y| =0, then problem (P) becomes a Neumann boundary value problem (P6);

(7) Let F or G be single-valued Carathéodory functions. In particular, let F and G be
two single-valued Carathéodory functions, and w=0, then, if [I'y]|=0 problem (P)
becomes the Dirichlet problem (1.6), denoted by (P7), and if |I's] =0 problem (P)
becomes the Neumann problem (1.7), denoted by (P8).

(8) If F is independent of the gradient of the unknown function, that is, 7: Q@ x R—RN
then we can choose F and G to be Clarke’s generalized gradient of two locally
Lipschitz continuous functions. So, problem (P) becomes problem (P9), which
leads to a generalized hemivariational inequality, see Section 5 for more information
on this.
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This paper is organized as follows. In Section 2, as the preliminaries of the remaining
sections, we introduce some basic definitions and results concerning the mapping Hj,
with unbalanced growth and w-logarithmic perturbation, as well as the related Musielak-
Orlicz Sobolev space W12 (Q). Section 3 concentrates on proving the new continuous
and compact embeddings with respect to the space W1*L(Q), see Propositions 3.2 and
3.3. In Section 4, based on the embedding results shown in Section 3, we will show our
main theorems, that is, the L>°-bounds of weak solutions to problem (P), by employing
De Giorgi’s iteration method in the subcritical case (see Subsection 4.1) and the critical
case (see Subsection 4.2). Moreover, in Section 5, we deal with the special cases of
problem (P) that are mentioned in Remark 1.1.

2. Preliminaries

In this section we recall some notations and results mainly taken from Lu-Vetro-
Zeng [43], where a type of w-logarithmic perturbed double phase operator with variable
exponents and its related Musielak-Orlicz spaces are studied, see also the work of Arora—
Crespo-Blanco-Winkert [3] for a different type of logarithmic double phase operator.
For more information with respect to Musielak-Orlicz spaces we refer to the contribu-
tions of Diening-Harjulehto-Hést6-Ruzicka [21], Fan-Zhao [22], Harjulehto-Hé&st6 [30],
Kovécik—Rédkosnik [35] and Radulescu—Repovs [54].

In the sequel, for any r € C(2) we define

r~:=minr(z) and 7" :=maxr(z),
€ zeQ

and introduce the conjugate variable exponent of 7> 1 denoted by " € C (Q) satisfying
L4 L —1foralzeQ.

r(z) ' r'(z)
Next, we give the definition of a N-function.

DEFINITION 2.1.

(1) A function ¢: [0,00) —[0,00) is said to be a N-function, if it is continuous, convet,
©(t)=0 if and only if t=0,

lim @:O and lim M

= +OO
t—0+ t t—+4oo ¢

(2) A function p: Qx[0,00) = [0,00) is said to be a generalized N-function, denoted
by o eN(Q), if ©(-,t) is measurable for all t>0 and ¢(x,-) is a N-function for
a.a.x €.

DEFINITION 2.2.

(1) A function ¢: Qx[0,00) = [0,00) is said to be locally integrable if o(-,t) € L*(Q) for
all t>0.

(2) Let o, €N(Q). Then ¢ is weaker than v, denoted by ¢ <, if there exist c1,c2 >0
satisfying

p(z,t) <ciyp(x,cot) +h(x)  for a.a.x € and for all t>0,
with h € L*() being a nonnegative function. In addition, p,7 are equivalent, de-
noted by p~1, if o<1 and P < p.

(3) Let ©,0p eN(Q). Then ¢ increases essentially slower than v near infinity, denoted
by p <, if for all k>0 it holds that

o(x,kt)
T )

=0 wuniformly for a.a.x €.
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Now, we are able to introduce the specific definition of a Musielak-Orlicz space. If
p€eN(Q), then

po(us) = /Q (. |ul) dz,

is the related modular function. In the sequel, we denote by M () the space of mea-
surable functions from 2 to R. The Musielak-Orlicz space of ¢ is then given by

L?(Q):={ueM(Q): there exists A>0 such that p,(Au)<+o0}

endowed with the Luxemburg norm

Jullp.=inf {A>0: p, (%) <1}.

For the convenience, we may write the norm for the domain Q as |ul|, instead of
llull,,0 in the rest of this paper. Moreover, the associated Musielak-Orlicz Sobolev
space is defined by

Whe(Q):={uec L¥(Q): |Vu|€ L?(Q)}
equipped with the norm
lull1,e =llullp +[[Vullp,

where ||Vull,:=|||Vul|,. Analogously, we write p,(Vu)=p,(|Vul|). The completion
Le
of C5°(Q) in W#(Q) is the space Wh¢(Q):=Coo () .
The following embedding result is due to Musielak [52, Theoreem 8.5] and will be

important for us to establish the continuous and compact embedding results in Section
3.

PROPOSITION 2.1.  If p€N(Q) and ¢ € N(Q) satisfying ¢ <1, then LY (Q) < L¥(Q).
Throughout this paper we will assume the following hypotheses:

(HO) p,qeC(Q) such that 1<p(z)<N and p(x)<q(z)<p*(z) for all x€Q with
O :={zeQ: p(z)<q(x)} £Qo:={z€Q: pu(z)=0} and 0 < p(-) € L>=(9).

Under hypotheses (HO), it is easy to check that Hy, given in (1.2) is a locally integrable
N-function. The modular function related to Hy, is given by

s ()= [ Moo ful) o
while the corresponding Musielak-Orlicz space is
LMo (Q)={ue M(Q): py, (u) < +oo},
endowed with the Luxemburg norm
. U
”uHHL :lnf{/\ >0: py, (X) < 1}-
Furthermore, W1z (Q) is defined as

WhHL(Q):={uec LT (Q): |Vu| e LT (Q)},
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and Wy " (Q) is the completion of C§°(Q) in WLHr(Q). Both Wy (Q) and
WhHe(Q) are endowed with the norm

ully s, = lulla, + Vel -

The following proposition can be found in the paper of Lu—Vetro—Zeng [43, Propo-
sition 2.13].

PROPOSITION 2.2.  Let hypotheses (HO) be satisfied, then the space L™t (Q) endowed
with the Luzemburg norm |- ||, is a separable and reflexive Banach space. In addition,
WLHL(Q) and Wy () are separable and reflexive Banach spaces.

Next, we introduce the function f,: QX [0,00) — [0,00) given as
to'

- with <w(-)e L=(Q).
Tog(e tw(@)) with 0 >0 and 0<w(-) € L*™(Q)

fo(z,t)
It was shown that there exists o* such that for o>o*, we have that f,(z,t)>0 is
increasing with respect to t. As for 0 <o <o*, we can find t1,%s satisfying the follow-
ing: if 0<t<t; and t>tq, then f,(z,-) is increasing, and if ¢t; <t <ty then f,(z,-) is
decreasing. Thus, f,(z,a) <C, - f,(2,b) for any 0<a<b where C, = ={&t) 5 1

T fo(z,t2)
The next proposition shows the relation between the norm and its modular, see

Theorem 2.21 in the work by Lu—Vetro—Zeng [43].

PROPOSITION 2.3.  Let hypotheses (HO) be satisfied, u€ LML (Q) and the modular is
defined by

pHL(u):/ [|u|p(x)+u(m)|u|Q(w)} log(e+wlu)dz  for all ue L™= ().
Q

Then the following hold:
1) lull, :Aﬁp}u(%)=1 with u##0;

(
(2) llulls, < L(resp.=1,> 1) p, (u) < Lresp.=1,> 1);
. _— + o -

(3) if lullae, <1 then C5 ullgy, " < pr, () < lully, ;
. - t 1o

(4) if llullse, >1 then [y, < pre, (w) < CorlJulld 7

(5) llullse, =0 pr, (w) = 0;

(6) llullze, — 00 ¢ pr, (u) = 00;

(7) llullse, =1 pr, () = 1;

(

8) if uy, —u in LML (Q) then py, (un) — pry (u).
The space W12 (Q) can be equipped with the equivalent norm

[P ::inf{)\>0: P, (%) §1}, (2.1)

where
P () = / (IVu7 4 ) ] ) log e+ 0| Ve
Q
[ (1l 4 @)l ) o+ o) o
Q

for ue WHHrL(Q).
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Similar to Proposition 2.3 we have the following relations between |[|-||5,,, and
Pu, (), see also Theorem 2.22 by Lu—Vetro-Zeng [43].

PROPOSITION 2.4.  Let hypotheses (HO) be satisfied and w€ WLHL(Q). Then the
following hold:

(1) [, =X s (3)=1 with u£0;

(2) [[ullpy, <l(resp.=1,>1) ¢ p3, (u) <1(resp.=1,>1);
(3) if llullpy, <1 then CZHull3,, +U<ﬁm( ) <|lullf,, ;
(4) if lullppe, >1 then |Jullf, <, (w) < Collull}, +”,

(5) Nlullpa, =0 pr, (u) = 0;

(6) llullp, =00 pay (u) = 00;

(7) N[ullpre, =1 prp (w) =15

(8) if up, —u in WHHL(Q) then pay, (un) = pr, (u).

For 1<reC(Q), we define H,. 1 : Qx[0,00) —[0,00) as
Hyp(z,t)= " @ og(e+wt)

for all z€Q, for all t>0, and w>0 is the same constant given in Hy. The following

embedding results are taken from Theorem 2.23 by Lu—Vetro—Zeng [43].

PROPOSITION 2.5.  Let hypotheses (HO) be satisfied. Then the following hold:

(1) L*(Q) = LHr2(Q) = L70(9), WHHL(Q) = WhHr2(Q) > W 0(Q),
WeHe(Q) s Wy H Q) s Wi (Q),  for all reC@Q) with 1<r(x)<p(z)
for all x €

(2) letpeC(Q)NC 0. MogeT (Q), then WHHL(Q) s L™O(Q) and Wy (Q) — L™O)(Q) for
all 7€ C(Q) with 1 <r(x) <p*(z) for all z€Q;

(3) WLHL(Q) e LHrr (Q) = L7O(Q), Wy T8 (Q) e LHr2 (Q) = L7O(Q)  for all
reC(Q) with 1 <r(x)<p*(z) for aller

(4) let peC(QNW™(Q) for some >N, then WhHr(Q)—L")(9Q) and
Wol’HL (Q) = L™ (0Q) for all 7€ C(Q) with 1 <r(x) <p.(x) for all z€Q;

(5) WhHL(Q) s LT (8Q), W M2 (Q) = L7O(8Q) for all r e C(Q) with 1 <r(z) <
pe(x) for all x €Q;

We point out that a function h: Q —R € CO’@(Q) is called log-Hélder continuous, if

[h(z) —h(y)| < Wg*yl\ for some C'>0 and for all z,y € Q with |z —y| < 1.

REMARK 2.1. If the domain Q C RY is bounded and v > N, then the following inclusions
hold
COL Q) c Wh(Q) c 0% s (7).

The next proposition and its proof can be found in Lu—Vetro—Zeng [43, Proposition
2.24].
PROPOSITION 2.6.  Let hypotheses (HO) be satisfied.
(1) WLHL(Q) s LR (Q);

(2) the Poincaré inequality holds, namely

llull2, <C||Vully, for all ueWol’HL(Q),
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where the constant C' >0 is independent of u.

In the sequel, for all t€R, we set ¢ty :=max{t,0} and ¢t_:=—min{¢,0}. Moreover, we
write uy (+) := [u(-)]+ for any function u: 2 —R. The following proposition is taken from
Lu—Vetro—Zeng [43, Proposition 2.25].
PROPOSITION 2.7. Let hypotheses (HO) be satisfied and let u€ WHHL(Q), ve
Wy (Q) and {un }nen CWHHE(Q) be a sequence.
(1) fusr e WHHL(Q), and V(£us)=Vul{i,s0};
(2) if up —u in WHHL(Q), then +(uy,)+ — Fus in WHHL(Q);
(3) +vr e WM ().

As we mentioned before, we can take the multivalued terms F and G as two Clarke’s
generalized gradients of locally Lipschitz functions. So, we recall the following defini-
tions and results about nonsmooth analysis. For a given real Banach space X and

corresponding dual space X*, a function F': X — R is locally Lipschitz continuous at
ue X, if

|F(u)— F ()| < Lyllu—v||x for all u,v€ N(u),

where L,, >0 is the Lipschitz constant and N(u) denotes the neighborhood of w.

DEFINITION 2.3.  For a locally Lipschitz continuous function F: X =R, let F°(u;v)
be Clarke’s generalized directional derivative of F at the point uwe X in the direction
ve X |, that is

F tv) - F
F°(u;v) = limsup (w+tv) (w)
w—u, tN\0 t

Moreover, Clarke’s generalized gradient OF : X — 2% of the locally Lipschitz function
F: X —R is given by

OF (u)={he X™: F°(u;v) > (h,v)x+xx for allve X} for allueX.

The next proposition summarizes the main properties of generalized directional
derivatives and generalized gradients in the sense of Clarke, see, for example Carl-
Le [11].

ProprosITION 2.8.  Let F': X =R be locally Lipschitz continuous at uwe X with L, >0
being the Lipschitz constant. Then the following hold:

(1) the function v F°(u;v) is positively homogeneous, subadditive, and satisfies
|F°(u;0)| < Ly|lvllx  for allve X;

(2) the function (u,v)— F°(u;v) is upper semicontinuous;

(3) OF (u) is a nonempty, convex, and weakly® compact subset of X* with ||&||x+ < Ly
for all £ € OF (u);

(4) F°(u;v) =max{(£,v)x+xx: E€OF (u)} for allve X;
(5) the multivalued function X > ur— OF (u) C X™* is upper semicontinuous.

The following lemma is taken from Ho-Winkert [33, Lemma 2.10] which is a necessary
tool to show the boundedness of weak solutions of problem (P).
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LEMMA 2.1. Let {Z,},n=0,1,2,..., be a sequence of positive numbers, satisfying the
recursion inequality

Zpir SME™ (ZEPM +Z0122) 0 n=0,1,2,...,
for some k>1, M >0 and Ao > X1 >0. If
Zo <min (17(2M)51/{A%)

or

I I DS b5 |
Zogmin<(2M)_hk Mo2M) ek M N )
then Z, <1 for some n€ NU{0}. Moreover,
1,
anmin<1,(2M);1k A%k:*l), for all n>ny,

where ng is the smallest n € NU{0} satisfying Z, <1. In particular, Z, —0 as n— oo.

3. New continuous and compact embedding results

In this section we are going to prove new continuous and compact embeddings
related to our Musielak-Orlicz Sobolev spaces W17z (). We use ideas from the works
of Cianchi [13,14] and Cianchi-Diening [15].

We start with the definition of a Young function.

DEFINITION 3.1. A function ¢: [0,00) — [0,00] is called a Young function if it is con-
vex, continuous, non-constant, p(0)=0 and go(t):fota(T)dT, where a: [0,00) — [0,00]
is a non-decreasing function. In addition, p: QX [0,00) — [0,00] is called a generalized
Young function if o(x,-) is a Young function for a.a.x €Q and o(-,t) is measurable for
all t>0.

Next, we introduce another function associated to the Young function ¢ (see also
Cianchi [13]):

200(x,t)—1  ift>1,
Pl.t)= limsuppg(z,t) f0<t<1,
|z| =00
where ¢o(z,t) =max{¢(z,p~ 1 (x,1)t),2t — 1} for all z € Q and for all ¢ >0. Furthermore,
the Sobolev conjugate ¢y of ¢ is given by

on (@) =72, Ty (2,))
for all x € and for all t>0 with T : Q% [0,00) —[0,00) defined as

Ty (z,t)= (/Ot <</)(;T)> — dT) s

for all x€Q and for all t>0. Indeed, ¢y is a generalized Young function.

Coming back to our N-function Hy, given in (1.2), we see that it is a generalized
Young function and since it satisfies (A0) and the Ag-condition (see Cianchi-Diening [15]
and Lu—Vetro—Zeng [43]), we deduce that H, is equivalent to Hy, for all z € and for
all t>0 since Q is a bounded domain in R¥.

The following hypotheses are required to guarantee our main embedding results.
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(H1) Let QCRY, N >2, be a bounded domain with Lipschitz boundary 9€). Assume
I 0

: Q—[0,00) is a k-Holder continuous function and p,q€ C%1(Q) such that
(1) 1<p(z)<N and p(z)<g(z) with Qq:={zeQ: p(z)<q(z)}£Qo:={z€
Q: p(z) =0}
q(z) K
2) —< <1+ —;
@ plz) N
for all z€ Q.

Next, we recall the conditions (A0) and (A1) for Young functions.
DEFINITION 3.2. A Young function ¢ is said to satisfy the condition:
(AQ) if there exists 0< B <1 satisfying

ﬁsw%x,l)s%

for a.a.x €. This implies, in particular, that one can find a constant B €[0,1]
satisfying o(x,5) <1< (x, %) for a.a.x €.

(A1) if there exists 0< S <1 satisfying
B~ (x,8) <™ (y,t)
for allte [l,ﬁ}, for a.a.x,y € BpNQ with |Br| <1.

According to Cianchi [13, Theorem 3.6, Theorem 3.7] along with Lu—Vetro-Zeng [43,
Theorem 2.17] we obtain the following proposition.

PROPOSITION 3.1.  Let hypotheses (H1) be satisfied. Then the following hold:

(1) W (0) < LY (0);

(2) If&: Qx[0,00) —[0,00) is a continuous function such that £ € N(Q) and € < (Hr)n,
then WHHL(Q) s LE(Q).

Based on the above proposition, we are ready to give the following embedding results
for the Musielak-Orlicz Sobolev space W12 () to suitable Musielak-Orlicz spaces.

PROPOSITION 3.2.  Let hypotheses (H1) be satisfied. If
(x) m(x) (@)
B(x,t) =t"® logv@ (e+wt) + pu(x) 1= t™@ log 1 (e+wt)

Jor all 2 €Y, for all t€[0,00) with 7,m € C(Q) such that 1 <7(x) <p*(z) and 1 <7(x)<
q*(x) for all x €KY, then the embedding

WhHe(Q)— LB(Q). (3.1)
is continuous. Additionally, if 1<7(z)<p*(z) and 1<7(z)<q*(z) for all z€Q, the
above embedding is compact.

Proof.  According to [43, Theorem 2.17] we know that if (H1) hold, then H, satisfies
(A0) and (A1). First, let w>0, since p(z,t) =t?*) log(e +wt) ~ @ log(1+1t) for t >
K >1. We see that there exists K > 1 large enough such that if ¢(z,t) = t?(®) log(e +wt)
then according to Example 1.2 of Cianchi [13], we have

(o p* ()
on (z,t) =17 @ log 7= (e4wt)
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for all z€Q and for all t> K. As for Hp (x,t) = [tP®) + u(z)t9®)]log(e +wt), note that
Hi(x,t) = o(x,t) = tP@ log(e +wt)
for (x,t)e({xeQ:u(z)=0}x {teRNDU{zeQ:u(x)#0} x{teR:t<1}), and
Hi(z,t) 7@ log(e+wt) for (x,t)e{xeQ:p(z)#0} x {teR:t>1}.
Therefore
(HL)N(x,t)mtp*(w)log%(e—l—wt)+u(x)stQ*(w)log%(e+wt) =:H"(z,t)

with $>0. Thus, employing Theorem 3.6 by Cianchi-Diening [15], we obtain
WHHL(Q)— LM (). Moreover, if 0<t<K, then we see that H*(z,t) <C(K,p,q) <
CHy(x,t) for all z€Q. Tt follows that W1HHEe(Q) < LHe(Q) — L7 (Q). Also, it is not
hard to verify that if w=0, the same embedding results hold true. Furthermore, since

* ™ () * a*(z)
B(z,t) <t? @ log 7 (e4wt)+ pu(x)*t? @ log @ (e+wt)+2

for all z€Q and all ¢t €[0,00), which implies B(z,t) < H*(,t), it follows the continuous
embedding (3.1).

On the other hand, to verify the compact embedding we only need to show that
B(z,t) <H*(z,t) under the assumption that 1<7(z)<p*(z) and 1<7(z)<q*(x) for
all x €. In fact, for all >0 and C'>1, we have

log(e+Ct) <Clog(e+1). (3.2)

Thus, for any k>0, for all x €€, and for all ¢ >0, employing (3.2) we have

B(z,t)  (kt)"®log Fo (e+wkt) +N(I’)% (kt)™ () log% (e+whkt)

" (@) & @
H* (z,t) tP* (@) log @ (e+wt) + p(x)5te" @) log a@ (e+wt)

T(x)

7 (x) 7w (x)
ot =\ 7@ og @ 2@ t7(®) |gp (@)
- <1+k7++r> +kﬂ++Q> t™ ") log ,,*(T,()E+Wt)+u($) t™ ) log @ (e4wt)

@) :
tP* (@) log 7@ (e+wt) + p(x)5te" @) log a@ (e+wt)

Applying Young’s inequality, we get
() . p*(2)
1@ og @ (e4wt) <et?” @ log 7@ (e+wt)+C(e),

analogously,

" (z)
q(z

7 () .
t™@ og e (e+wt) <et? ®log a@ (e4wt)+C(e).

Due to pe L>(Q), if £>0 small enough, it follows that lim;—, 55@% =0 uniformly

for a.e.z €. O

When it comes to the trace embedding, note that for ¢(x,t) =) log(e+wt) we
take

o~ (z,t) =17 log(e4wt) < p(z,t) =tP@ log(e+wt).
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And if w>0, invoking Example 3.3 and the embedding theorems given by Cianchi
[14], we see that there exists K7 >1 such that log(t) ~log(e+wt) for all ¢> K;, then
Whe(Q)—Whe (Q) — LeT(0Q) with

(P )«
=

or(z,t):=tP )*log (e+wt).

As done above in the proof of Proposition 3.2, we get W1z (Q) — L7 (9€)) where

- (). - (a7)e
Hp(z,t):=t® ) log = (e4wt)+pu(x)*t ) log « (e+wt).
However, if 0<t<K; then we see that Hr(x,t) <C(K1,p,q) <t" with r<p~. So, we
have WL HL (Q) — L™(0Q) — L7 (9Q). Similarly, for w =0, we get the same results.
Next, we prove the trace embedding results related to the space W1 #z (Q).

PROPOSITION 3.3.  Let hypotheses (H1) be satisfied. If

o). L) 26) g0py, 2@ =
Br(z,t) =t"""1og?® (e4+wt) + p(x) 1@tV oga® (e+wt) for all €, all t€]0,00),

with 6,9 € C(Q) such that 1<0(x) <(p.)~ and 1<9(x) <(gs)~ for all x €, then the
following continuous embedding holds true

whHe(Q)— LBr(Ty). (3.3)

Moreover, if 1 <8(x) < (p«)~ and 1<9(x) <(q.)~ for all z€Q, then the above embed-
ding is compact.

Proof.  First, one can observe that for r€C(Q2) with 1<r(z)<N for all z€,
there hold (r=)*=(r*)",(r")«=(r«)” and Br(z,t) < Hr(z,t)+2, thus WHHL(Q)—
LT (5) < LPr(912), which implies (3.3).

On the other hand, let 1<60(z) < (p.)~ and 1<¥(x)<(g.)~ for all z€Q. Due to
WEHL(Q) 5 WP (Q) <> LY(Ty), then {uy, fnen CWHHE(Q) is a bounded sequence,
we see that w, —wu in measure on I'; (in the sense of subsequence). For fixed €>0
and w; ::M with j,k €N, we know that {w;} is bounded in L5 (T';), i.e.
|lwj kllBr,r; <K, where K >0. Similar to the proof of Proposition 3.2 we can show that

4
lim Br(.t)

t—o00 HT(x,t) :0 uniformly fOI‘ a.e.xr e Fl-

Hence there exists ¢; >0 such that for all ¢t >, and z €, we get

1 t
<> —).
BF(zat)_4HT (17,K>

Let § >0 such that if |E| <d we have

1
Br(z,t1) < -.
[ Brie<;

Moreover, we choose T'j ;= {z €T : |w, (x)| > B! (ﬁ) }. Note that {u;} converges

in measure and according to the definition of w, we know that there exists N € N*
such that if j,k> N, then |T'; x| <J. We define

;’k:{xel—‘j}klle’k|>t1} and F;-”k:Fj’k\F;}k.
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Based on the above setting, for j,k> N we get

By (z, ij,k(x)l)dF/ Br(x; |wjr(z)[)ds + | Br(z, [wjr(2))ds

r i\ k r,

+ Br(z,|w; k(z)|)ds

L
Ta] 1 |wjk ()]

< - H —2— | d B t1)ds <1.

_2|F1|+4 ; Tl =z, K S+ - r(x,t1)ds <

This implies that |u; —uk|/s.,r, <& and therefore by the completeness of LPr(I'1) we
see that u, —u in LPr(Ty). O

’
J.k

4. Boundedness of weak solutions to problem (P)

In this section, we prove the boundedness of weak solutions of problem (P) by
employing De Giorgi’s method along with localization arguments. The proofs of our
main results use ideas from the papers by Ho—Kim [31], Ho-Kim—Winkert-Zhang [32],
Ho-Winkert [33], and Winkert—Zacher [57,58].

For any u€ M(Q) and y € [M(Q)]" we define

Flu)={£eM(Q): {(x) € f(z,u(z),y(z)) for a.a.z in O},

as the measurable selections of f(-,u,y), due to the hypotheses (A) and (B), which will
be introduced below, the above set is nonempty. Similarly, for any u€ M (Q) we define

Gu)={CeM((T1): {(z) € g(z,u(x)) for a.a.z in T'1 },
which is also nonempty.

4.1. Subcritical growth. We start with the subcritical case and suppose the
following assumptions:

(A) Let A: QxRxRY =R be a Carathéodory function satisfying

(1)
|A(z,t,y)|

p*(x) N-—1 N-—1 * (x) N-—1
<o [[t] 7@ log V=) (e+wlt]) + p(x) N1 [t] ) log N=a() (e +wlt])

+y|p<f>-1log<e+w|y|>+u<x>|y|q<z>—1log<e+w|y|>+1],

A(:c,t,y)y
>z [y og(e+wly]) + (@) y| og(e+wly]) |

m(

s [ 11610 5 e+t + () T [ Lo 56 (e-+alt) +1].

for a.a.z €9, for all t €R and for all y € RY with positive constants a1,as and
Qas.
(B) (1) Let f: QxRx RN =28\ {(} and g: I'; x R — 2%\ {0} be graph measurable
functions. Moreover, f(z,-,): RxRY —28\{(} is upper semicontinuous
for a.a. x € Qand g(z,-): R— 2%\ {0} is upper semicontinuous for a.a. z € T';.
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(2) Let ¢,m€C(Q) with p(z) <i(z) <p*(z) and q(x) <7(z) < ¢*(z) for all z€Q
and

sup{[¢: €€ f(x.t.y)}
<B 1114~ 1og 5 (e + wlt]) + pu(w) 7 [7@log i) (e+wlt])

px) _1
+Jy] 7 log 7 (e+wly])

Ly 1 a@) 1
_|_’u(x) q(z) ' w/(x) |y|7r'(w) logﬂ"(z) (e+w|y|)+1

for a.a.z €9, for all t€R and for all y € RN with a positive constant £3.
(3) Let 0,9 € C(Q) with p(x) <8(z) < (p.)~ and q(x) <V(z) < (q.)~ forall z €Q
and
sup{[¢|: C€g(z,t)}
< (1170 10g 7 (e + wlt]) + () 7 |11~ og T (e+wlt]) +1]

for a.a.z €T'; and for all £ €R with a positive constant ~.

According to the embedding results given by Propositions 3.2 and 3.3 we know that the
following definition of weak solutions to problem (P) are well defined under hypotheses
(A) and (B).

DEFINITION 4.1. A function u€ WYME(Q) is a weak solution to problem (P), if there
exist &(z) € f(z,u(z),Vu(z)) for a.a.x €Q and ((z) € g(z,u(x)) for a.a.x €Ty such that

/A(m,qu)-Vvdx:/gvdx—i— Cuds (4.1)
Q Q

Iy

is satisfied for all ve WHHL(Q).

Now, we are going to state and prove our main results concerning the boundedness
of weak solutions.

THEOREM 4.1. Let hypotheses (H1), (A) and (B) be satisfied. Then every weak
solution of problem (P) belongs to L= (Q)NL>®(T'1) and it holds

lulloo.0+ el r, < Cmax{ (lulls o+ ullse,r)™ (s o+ lellse )} (42)

with C,ry,m9 being positive constants independent of u.

Proof. Let u€ WML (Q) be a weak solution of problem (P). We divide the proof
into several steps.

Step 1. Construct the iteration sequence and make basic estimates.

First, for any n € Ny we define

Zom [ [tum g (et
Ay

m(x)
)

()T (=)™ og T (e w(u— )] do,
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with
Ay ={zecQ:u(z)>¢}, ek (4.3)
and
Voim [ a6 @logH (e wtu—,)
wn
() T (1= )" Tog T (e+w(u—vn))] de,
with
By:={xeli: u(z)>¢}, yYeR. (4.4)
For n € Ny, we define
Yn =1y (2 21n) (4.5)

where ¥, >0 will be specified later. It is easy to see that for all n € Ny, there hold

VY /20, and i <1hp, <214,
Awn+1 C Awn and Zn+1 < Zn7
Bwn+1 C B¢n and Yn+1 <Y.,. (46)

Furthermore, we have the following estimates

Yn u(z)
e =ontz 1 for a.a.x€ Ay, .,

o)~ 2u(o) 1

and

t(z)

u_w ()
Aol [ () log i (e +-w(u—,))do
A"/’n-f—l

Yng1—Yn

2L(:E)(TL+1) @) (@)
< ———— (u—1p)"ogr@® (e+w(u—1y,))dx.
()
A"/’n 1/}*

It follows that
u(z) < (2" —1) (u(z) —¢,) for a.a.z€ Ay, and for all n€N (4.7)
and
A < (05 490 ) 2007 2, <o (14T ) 200 2, for all ne Ny, (4.8)
Similarly, we get
u(z) < (2" —1) (u(z) —1p,) for a.a.x € By, ., and for all n€N (4.9)
and

By < (007 +0007) 204007y, <2 (144707 ) 20407y, for all ne N,
(4.10)
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In the sequel, for any fixed : €N, we denote by C; a positive constant independent of
u,n,1, and we set
Xn=Z,4+Y,. (4.11)
We claim that, for all n € Ny,
/ [|Vu|p(z)log(e+w\Vu|) —|—u(x)|Vu\q(I)log(e—i—w\VuD] dz
A

V41
5
<Cy (14¢p7o0)2" P x (4.12)
where ag:=max{t",0"} and By:=max{tT,7",07 9T}

First, we take ¢ = (u—1pn11), € WHHE(Q) as test function in (4.1) and obtain

/

Note that u>u—1,+1>0 and u<u“® +11in Ay, . Using this and applying (A) (2),
(B) (2) and Young’s inequality we get

A,V Vade= [ ¢umvpdos [ Cumdnde (@13)

B

Y41 Ynt1 Y41

/ A(z,u,Vu) - Vudz
A

Yn41

2042/ [\Vu|p(x) log (e +w|Vu|) + p(z)| Vu 1@ log(e+w|Vu|)} dz
A

Pnt1

—a3/ [u‘(w) log;(é ) (e+wu)+ p(z )ZW) u™(®) logw (e—i—wu)—i—l] dz
A

Y41

/ € () da
A

Yn41

and

wz) (@) m(x)
<p [ulm—l log 7@ (e4wu) + p(z) 7@ u™ @~ oga (e 4wu)

Awn+1

p@) 1
7@ Jog @ (e +w|Vul)

Ly 1 ax) 1
+u(z) @ T E | Vu| @ log ™ @ (e +w|Vu|)+1| ude

S% [|Vu|p("’”) log (e +w|Vu|) + p(z)| Vu| 7@ log(e+w|Vu|)} dz
A¢n+1
v(x) (x) m(x)
+02/ [ L(z)logf)(m (e+wu)+ p(x) @ u™ (@) log @ (e4wu)+ 1] dz.
A¢n+1

Similarly, taking (B) (3) into account, we get

/ ¢ (=) ds
B

Yn41

=) 9(x) 9 (=)
<[ [ 0gHE (e )+ ) HE O Tog T (e o) +1] wds
Bwn+1
o(x) 9 (x)
§27/ (1085 (e4-wu) + () 75w log T (e+wu) +1] de.
B

Yn41
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From the estimations above along with (4.7), (4.9) as well as (4.13), we obtain

/ [|Vu|p<z) log(e4w|Vu|) + ()| VT 10g(e+w|VuD} dz
A¢n+1

Sca/
Awn+1
+C4/
B.

Sca/
Awn+1

+,u(:v)% [(2"+2 -1) (ufwn)]ﬂ(z)log% [e+w (2"Jr2 -1) (u7¢n)}) dz+Cs ’A¢n+1 |

+C4/
B

(@) o). 2@
+M(x)% (272 = 1) (u—n)]"  Jog 1) [e—|—w(2n+2—1)(u—1/1n)]>d§+04|3¢"+1|

() () ()
{ub<z) log 7@ (e +wu) + p(x) 1@ u™ ™ log 1@ (e +wu) + 1} dx

9 (x)

o(z), oz) O(z); )
u " 1ogP@ (e4+wu) 4+ p(z) 1@ v log 1@ (e+wu)+ 1| dg

Yn41

([(2"+2 —1) (u—1pn)] " log 77 [e+w (2" —1) (u—yn)]

([(2n+2 —1) (u—1)n)] o) log% [e+w (2n+2 —1) (u—1hn)]

Y41
o

Hence, with (3.2) and (4.11), it follows, for ap:=max{tt,0T} and f[y:=
max{cT, 7+ 07 9T} that

/ [|vu|P<w> log(e +w|Vau|) + ()| V| 2@ 1og(e+w\vu|)] da
A

Y41

(8ot 20
<C52 (,30+p7 )Xn + C3|A1Z1n+1 | +C4‘B¢n+1 |§'

From this, with (4.8) and (4.10), we see that (4.12) is satisfied.

Step 2. Establish the iteration inequalities between X,,;; and X,,.
For this purpose, we are going to estimate Z,,+1 and Y;,+1 by X,, for n € Ny. To this end,
let B; CRY be open balls of radius R with i € Z:={1,---,m} and assume that {B;}",
is a finite open covering of Q such that Q; := B;NQ for i €T are Lipschitz domains and
also IA’z :=B;NT'1 #0. For i € Z, we take R small enough fulfilling

<1, [Tyl <1, (4.14)
S

p:r<L;§L:r<(p*); and qj<7r[ §7Ti+<(q*);, (4.15)

pi <0; <07 <(p.); and ¢ <97 <O <(q.); (4.16)

where for a function f€C(Q) and i €Z , we denote

[T i=maxf(r) and f; :=min f(z).
e x€EQ;

Next we take vy, := (u—1n11), for all n€Ny. Moreover, for any i € Z, & >0, and B>0,
we define

Tn,i(d,ﬁ)::/ {vﬁ‘logﬂdm)(e—i—wvn)—i—u(x)q&)vflogqa) (e4+wovy)| da.

3
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Note that

() n(x
Znt1 :/ { Ha) logp(m (e+wvp)+p(x) o) v”(l) log o) (e—i—wvn)} dz
Q

m (z) ()
SZ/ [v;(x)logm (e_|_wvn) +,U( ) q(l) Uw(x)log a(=) (e—‘,—wvn)} dz.

Utilizing the above estimate along with the following interpolation inequality

8 <t 147 for all t>0 and for all &,3,7 with 0<a< <7, (4.17)

we have
m
n+1§2 D)+ T (5,15 (4.18)

With view to (4.15), we can fix £ >0 satisfying

i i N () —w . 4.1
e < min min{(p"); ~1/.(¢"); ~77 } (4.19)

Let x€ {+,—} for i€ Z. Applying Holder’s inequality and (4.14) we obtain

T,i(e75m7)

/ |:’U7L: logfl@(e—l—o.wn)—&—,u(a:)#@v;rz logq(;)(e—i—wvn)} dz
Awn+1”Q

*
by

qe, dte e
< v | 1logP@ (e4wuy,)dx | Ay, ., N
Q

_e
%
Fte

¥

L *te ?:»5 *s
+ </ () 5@ oy mite log a@) T (e—i—wvn)dx) |Ay, ., NG| ™
Q;

X

B * e L:ﬁ
§|A1/)n+1 NQ;|FrrFte (/ vl +€long) (e-}—wq}n)dx)
Q1
+E + +€ #
+ / w(x) T vn' " “log Ay e (e4+wvy)dx . (4.20)
Q;

Next, we denote

B,(z,1) ::tLHslogf(%;(e+wt)+u(x)%t”:+slog%(e+wt),
and from (4.19) one can see that
y+e<(p); and w+e<(q"); -
This along with (p*); =(p~); and Propositions 2.5 and 3.2 indicates that
WEPO) () s WIPs (Q;) < L5 (5) (4.21)
and

WhHE (Q)) — LB () (4.22)
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continuously. Taking the embeddings (4.21), (4.22), Proposition 2.4 (for the case u=0
and Q=Q;) as well as (3.2) into account we see that there exist o > 0 such that

o <min{¢; —p;-",ﬂ'-_—q;",@i_ —pj,l?;—qj} foricZ

?

satisfying
i
L;‘FE W
(/ v¢g+€10gp<w>(e+wvn)d$)
Q;
i* oy
o u s
<lonlls, o, <Collonlling, 0, <Cr | S +87577 | -

where

[ iflelsaa <1,

a— * .

i v+ ;1 if [[vnlB, 0, > 1,
and

Sn’i:/ {\Von\p(z)log(e—s—MV%D+u(x)|an|q(z)log(e+w|an\)} dz

+/ {vﬁ(w) log(e4wuy )+ () vd™ log(e+wvn)] dz.

Q;

Furthermore, by using the continuous embedding (4.22) and Proposition 2.4 we find
that

*
™

wX4e * X te Tira
(/ () @@ vpt T log W@ (e+wvn)dx> '
Q;

Fr 7! pl
< ”vn”Bi,Qi <Cs ”vn”fﬂLQ1 <Cy Sn,z‘ +Sn,i ) (4.24)
with
ki if [|onllB..0, <1,
T = if oz > 1.
From the inequalities (4.20), (4.23) and (4.24), we get
. SR (- S e S
Tn,i (Li T ) <Cio ‘A'(/}n+1 NQ; | Ftnte Sn,lz + Snfz +Sn,lz +Snjz
Combining this and (4.17) we infer
T (1570) < O [ Ay, [ TF755 (S0 45772). (4.25)
with
Sn :/ [|an|p(w) log(e +w|Von|) + pu(z) | Vo, |1 log(e+w|an|)} dx
@ (4.26)

—l—/ [Uﬁ(x)log(e—&—wvn)+u(x)v%(x)log(e+wvn)} dz
Q
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and
+ +
- a7 q e s
0<~1:= min min{;, — }—1§72:= max Imax — — 5 —1.
1<i<m p; o q; + 1<i<m D; D;
Invoking (4.18) and (4.25) we obtain
Zpp1 < Cha | Ay, | FH e (SEH 45172 (4.27)

In addition, since hypotheses (B) ensure that p(z) < i(x) <p*(z) and ¢(x) <7 (x) < ¢*(x)
for all €€, there hold

[ [t s o(u )+ ) (4= ) o+ o(u =) da
Y41

e(x)
<[ [ @ g et utum i)
Awn+1

(x) m(x)
()T ()™ log 75 (e bw(u—ténsn)) +2] .

This along with (4.6), (4.8) and (4.11) implies

/ [vf’L(z) log(e+wvy, )+ p(z)vi® log(eervn)] dx
A

Yni1
<5 (149 ) 2007 7, <5 (14 ) 20T X,
for all neNy. The above inequality along with (4.12) leads to
S <Chs (149720 2" X for all ne N, (4.28)
Therefore, we get
S 4 g+ < o, <1+w;ao(1+72)> o(Bo+22) (142) (X1 X 402), (4.29)

In addition, (4.8) implies that

et

e — L — et PR S
Firtre < Oyp (w* Fhmtte +1h, L++«++a> QT e M gyt e

|Awn+1

et

— gL — 5L+ £
<C1s <z/)* TR Ly, ‘**’***5) 2t X TR (4.30)

Taking (4.17), (4.27), (4.29) and (4.30) into account, we arrive at
Zp1 < Chro (M + 712 k™ (XET=1 + XF72)  for all ne N, (4.31)

where

er~ et

0 TR — = 1 _
Spi= e St ao(lbe) 4 e
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1 < oo 2Bt PRI+ it

O<wmy:=m-+ =72+

—  <w _
St e 2 tF+7nt+e

Now, we estimate Y,,+1 by X,,. Foranyi€Z={1,---,m}, &>0, and >0, we define
Hn’i(d,ﬁ) ::/ [vﬁ‘log?fx)(e—i—wvn)—l—u(x)q(i)vglogq{i)(e—}—wvn)} dg.
r;

‘We have

9 (z)

()
Yii1= / e(x)logp(w (e4wup)+ () 5 v? @ logat=) (e—i—wvn)} d¢

9(x)

() log% (e—i—wvn)] ds.
Similarly, we obtain

n+1§§: 0;.9;) +Hni (07,97)]. (4.32)
From (4.16), we can fix € >0 such that

£< min min{(p*);—ej,(q*);—ﬁj}. (4.33)

1<i<m

Let x€ {+,—} for i € Z. We apply Holder’s inequality and (4.14) to obtain

Hy,i(07,97)

* oF 07 g o7
/ {vff log?@ (e 4wy, ) + p(z) 1@ 057 log T (e+wvn)] dg
Bwn+1mf
of
. 0f 4 7T .
< </ e +slogp<z)(e+wvn)d<> | By, ey |e £
r;

¥

19 +e ,19:+ R .
" (/ () 5 vl log i (€+wvn)dg> By, O3 -
T
ﬁ 6;(;{-5
<|Bwn+1 OF |0 HoTe (/ log P(* <6+W’Un)d§)
957
0F e 9% e 9 te BET
+ / w(z) 5@ vt log @@ (e4wvy,)ds . (4.34)
I

We set

9X +e

* 9;+E 0;+5 * i
B, r(x,t) :=t% T1log »®7 (e+wt) +p(zx) 9@ t%i Teloga@r (e+wt).
From (4.33) we conclude that

07 +e<(p.); and U;+e<(gi); -
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Using this with (ps); = (p; )« and Propositions 2.5 and 3.3 gives us
WO Q) s WP () < LI +2(T))
and

WhHL Q) — LBr (Ty).

1357

(4.35)

(4.36)

Then, from (3.2), (4.35), Propositions 2.4 and 2.5, Remark 2.1 and Proposition 3.3 we

have

07
o* of +e e
(/ v T dalog 7@ (e—i—wvn)dg)
r;

a* n*
i i

i i s
5. o0, SCllonlli, 0, <Cis | Sa’ +Sa° 77 |,

<||vn

where S, is given by (4.26) and

[0 il <1,
* or .
o i lenlls,p > 1

From the embedding (4.36) and Proposition 2.4 we derive that

9*

Uite gei.  Olte TFre
([ ’u(;];) i@y, log 9@ (e—|—wvn)d§>
T
dx e
0F 9F - Fio
<enl? 5, <Croloal o, 0, <o [ 527 437

with

9 .
19;‘—1—(1, if HU”HB*,r,f‘i>1'

i

- {ﬂ; if [Jonll 5, .5, <1,
191' = ’

Combining (4.34), (4.37) and (4.38) yields

5* 5* 3% 3%
0; 07 V3 97

- S— = Fio = Fio
H, ; (67 19*)§021’Bwn+1|<9++0++6 Syt 48T Sy 8t

177

From this and (4.17) it follows that

H,, i (07,97) <Coy |Bwn+1 |f++19++5 (S%f:“ + 5711+%)
with
+ 00 gt 0f
~ _ ) 0= 9= R 0; +os U] T
0<#41:= min min %,% —1<A;:= max max —t —
1<i<m pi ol q +o 1<i<m v v

(4.37)

(4.38)

(4.39)
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Invoking (4.32) and (4.39) we obtain
Vo1 <Cor|By,,, \W (ST 48472
which implies, along with (4.28), that
Sl+i 4 g9 < Cos <1+¢*—%(1+&2)) 2n(ﬁo+f—2)(1+ﬁ2) (Xlwl +X1”2) )

Furthermore, from (4.10), we conclude that

cot

ot —_
FroT 9++19++s ToFiotie SN, 0T o T fe
| B | 7075 <Oy (w + b 25 0% Y,

£ cot

ot e
ot +ot++ T etyott —=C—n o+ 4+o+4+
<024 <¢ c —‘r¢ ) 20F ot X)) c.

Combining (4.40), (4.41) and (4.42) leads to
Vg1 < Cos (i 71+, 72) k" (XpT= + X072)  for all neNy,

where
0<— eh~ - (1+7) + eht
_ & e h—a AN
TS e < Rz a0 (L) e
1<I%::2(5“+43>(1+72>+ﬁ,
0< )= L . —
9‘*‘-1—19“‘—&- 0+ +9t +¢

Then, employing (4.31) and (4.43) we have
Xng1 < Cog (V2 +00,2) ki (X TM +X2H22)  for all neN,
where
0< o1 :=min{p, i1} < o2 :=max{psa,fis},
1< ko :=max{k,k},

0 <A1 :=min{wi,@1 } <Ay :=max{ws, s}

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

Step 3. Show the boundedness of solutions. Finally, we are going to verify (4.2).

According to Lemma 2.1, the iteration inequalities (4.44) imply
X,—0 asn—o0,

provided that

1 _ 1 22—\
EYBY X2

Xogmin{(2027(w O ) gy (20 (0r ) e Ry

Next, we specify 1, in order to satisfy (4.46). Note that
Zo= [ [(w=.) 10855 (e tu—v2)-)
Q
7 (2)
()5 (=) T 1og T (e +w(u—y.)1)] da

S/QB(x, |ul)dz

(4.45)

}. (4.46)
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and
YOZ/ (=12 10g7® (et wlu—1p,))
1]
9(x) 9(z) I(x)
+u(x) 1@ (u—1i) log @ (e+w(u—1pi)+) | ds
< | Br(z,|ul)ds
I
Hence

We also see that

_ 1
() < (2C07) 31 (Y70 47 0)  F kg
1 Aa—XM
Y Y

I(w) < (2027)*%2 (pro _H/}*—gz)*%z k; PYpY

is equivalent to

BrO Y < (2007) Ty M (I(w) T,
YO YT < (2057) Tk N (I(w) T,
Moreover,
2070 <(200) Ty M min{ (1) N (1)
2070 <(200) Ty T min{ (1) (1) M,

is equivalent to

101 >\2 A1
Lo (R )

be > (ACH) kS mave { (1) %, (1) ¥ },

max { (I(u))*, (1(u)) % }.

Ao —A
1(% 2 1)

. > (4C7) 7 kg® 2

Hence, if we take

RS S S |
1+ A2 21

= max {(4Czn) &, (4C50) 3 a3t O

max { (I(u))*, (I(w))

1359

(4.47)

(4.48)

(4.49)

it follows (4.49), which implies (4.48). Invoking (4.47) and (4.48), one can get (4.46).
Thus we can employ (4.45) associating with Lebesgue’s dominated convergence theorem

to arrive at
X, / — ) 105 (ew(u— 1) 1)
() i

5 (u=) 1 10g T (e wlu—15,) )] da
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+ [w—zzfn)?é””log%(ew(u—wn)n
I

53

9 (x)

(@) (u=19) 5 10g T (e +eo(u— 1)) ds
%/ u— 21, )L(f)logp
() T (= 20,) T og T (e +w(u—2)1)] da

*/Fl [(u=202)5 1055 (e +w(u—204).)

5 (etwl(u—20.))

() T (= 20) 1 1og 7 (e+w(u—29.)1)| s,

as n— o00. This implies that the right-hand side of the above equals to zero, and then

esssupu(z) +esssupu(z) < 4.
€N el

Analogously, we get the following results by replacing u with —u

esssup (—u)(x) +esssup (—u)(x) <4y,.
€N z€el'y

Therefore,
[[ulloc, 2+ [[ulloc,r, < Cmax{l(u)™,I(u)"™}, (4.50)

with C, 71,75 being positive constants independent of v. Finally, through (4.50) applying
Proposition 2.3, we obtain (4.2). d

4.2. Critical growth. In Subsection 4.1 we discussed the case that the exponents
of the N-function possess subcritical growth, namely, p(z) <c(x) < p*(z), ¢(z) <w(z) <
q*(z) for all x€Q and p(z) <O(x) <p.«(z), q(x) <I(x) < g.(x) for all x €. However,
the critical case has not been considered, since among the proof of Theorem 4.1, if
we take (-)=p*("), 7(-)=¢*(-) and 0(-)=(p«)~, 9(-)=(g+)~, then we cannot apply
Holder’s inequality in (4.20) and (4.34). Thus the method for showing the boundedness
of weak solutions to problem (P) in Theorem 4.1 is not suitable for the critical case.
Therefore, in this subsection, we use a different way to prove the boundedness result
under critical growth assumptions. The proof is based on the ideas by Ho-Winkert [33].

Here and in the following, let hypotheses (A’) and (B’) to be (A) and (B) respec-
tively, with ¢(z) =p*(z), 7(z) =q¢*(x) for all z € Q and 8(z) = (p.)~, ¥(x) = (g.)~ for all
zely.

THEOREM 4.2.  Let hypotheses (H1), (A’) and (B)’ be satisfied. Then every weak
solution of problem (P) belongs to L (Q)NL>®(Ty).

Proof.  As before, let B; be open balls with radius R for i€Z:={1,...,m} and
{B;}:~, is a finite open covering of Q such that 2; :=B;NQ are Lipschitz domains and
I:=B,NI #( for i€ Z. In the sequel, we choose R sufficiently small satisfying

g <(p*); forallieZl. (4.51)
Recall that for a function f€C(Q) and i €Z , we denote

[T i=maxf(r) and f; :=min f(x).

€, z€Q;
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Also, Ay and T'y, are given by (4.3) and (4.4), respectively. Next, assume u € Wz (Q)
is a weak solution of problem (P) and choose ¢, >1 large enough such that

’HL(x,\VuDdx—l—/ H* (z,|u])dx+ Hry(x,|u|)ds < 1. (4.52)
A

Ay, . By,

Recall the definitions
Hy(x,t) :=tP® log(e+wt) + pu(z)t7™® log(e +wt),

N * () @) . * ()
H* (x,t) =1t (“")logprm (e—l—wt)+u(:1:)q0<f> t? (I)logqqm (e4wt),

(Px) (ax)— (ax)—
— o 4(

Hyp(z,t):=tP) log v~ (e4wt)+pu(x) « t%) log = (e+wt),
for all €@ and for all £€[0,00) and for each n€No, {¢n}, ey, are defined by (4.5).

Moreover, we take vy, :=(u—1n41), and set

L,:= ’HL(x,|Vu|)dx—|—/ H* (z,u—y,) de+ Hp(z,u—1,)ds.  (4.53)
Ay, Ay, By,

Similar to the proof of Theorem 4.1, it follows that

Lys1< L, (4.54)
u(z) < (2" —1) (u(z) —1py,) for aa. z€ Ay, ., (4.55)
u(z) < (272 —1) (u(z) —1py,) for a.a. x€By, |, (4.56)
o(n+1)(p*)* .
|A7/’ 1‘ S 7_-[177, S 2(n+1)(p )+Lna (457)
nt ,(/)ip*)

for all n € Ny. In the following, we assume again that C; for ¢ € N are positive constants
independent of uw,n and .. We prove the main result in several steps.

Step 1. We are going to prove that

()
/ H* (z,0,)dz<Cy-27 o (LT + L) for all n€Ng (4.58)
A

’P7L+1

with

*\ *\
0<my:= min (f ) —1<ny:= max (f )
1<ism q;" +0 1<i<m @' +0

%

_1’

where o > 0 satisfies
o<min{(p*); —q¢;",(p)” —q; } foriel.

?

For i €Z, it holds that

/

Furthermore, from (4.52) and Proposition 2.3 we see that

H* (z,v0n) dx:/’H* (x,vn)dxgz:/ H* (z,v,) dz. (4.59)
Q i=17%

'wn+1

/Q H* (x,v,) dz < anHg:?E;



1362 ANISOTROPIC DOUBLE PHASE PROBLEMS

This together with Proposition 3.2 implies

H* (2,00) A < Co [[|[Vonllag 00 + [vallaes 0] F 7

Based on this and employing the equivalent norm given in (2.1), Proposition 2.4 as well
as (4.52) we get

(P*)i

/ HT (z,v,)dz <Cj (/ Hi(z,|Vu,|) dx+/ Hip(x vn)dx) R

/ |an|)dx+/ H* (w,vn)dz+ Ay, 41|
Ad’1L+1 Ay +1

Then, from (4.53), (4.54) and (4.57) we obtain

("),
Q,j»+a

npHteHT PO

/7—[ (z,v,,) dz < C52 af +o L,Z’ﬂa.

Taking this and (4.59), (4.17) as well as (4.51) we obtain (4.58). Thus, Step 1 is
completed.

Step 2. There exist 13,74 >0 such that
n(p*) (g:)7F
/ Hrp(z,w,)ds<Cg2”  « (L™ +LyT™)  for all neNy, (4.60)
Bi/’n+1

with n3 and n4 to be specified later.
For ¢ €7 it holds that

/ Hy(z,v,)ds= Hyp (z,v,)ds < / Hyp (z,v,)d (4.61)
B

Yn41 Iy 1<i<m

Furthermore, invoking Propositions 2.3, 2.4 and 2.5, Remark 2.1, and Proposition 3.3
along with (4.52), we see that

(Px);

— (P*) o
/v,gp*> tog 7 (e av)ds < o 25 < Crllon| %50 g, <CRSE L (462)
and
(g2) ()= s
qx — qx q; +o
[ ) el 108 (e avn)de < o8, < Colloall5 0, <Cr0Si
I
(4.63)
where

Sh :/HL(x,|an|)dx+/’HL(m,vn)dm
Q Q
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From (4.62) and (4.63), we get

(p+)y (ax);

/ Hr (2,00)ds < Cy Sy 77 +Cro8
I

(px);
q; to

<Cn </ HL(x,\an\)der/ Hr(z,vn)dz+[Ay, 41|
Ay 41

Ay 41

(ax)y

a; +o
+C11 </ HL(%IVUnDdWr/ HT(xaUn)dxHAwﬁl) .
A +1 Ay 41

Now, by using (4.53), (4.54) and (4.57), we conclude that

n(p*)Jr(p*)i_ )y n(p*)+(q*)i_ lax);

/ Hr(xz,v,)do<Cp92 % *7 L7 1032 aite LEtT
I
Finally, taking this along with (4.61), (4.17) as well as (4.51), we infer that

/HT (xavn)d0§0142 q= (L71L+n3 _|_L71L+n4)’
r

where

(p);  (g2); }

g +0'q; o

(p); (a7 }_1_

—1<7n4:= max max{ — ,——
i q, +o q; +o

0<m3:= min min
1<i<m 1<i<m

Hence, we have finished Step 2.
Step 3. We show that

/ Hi(z,|Vul)dx
Appt1

*\+) 2
n ((p ) ) _~_<10*)+(q»«)+_~_(q*)+_i_(q*)+
= = =

30152{ : (L}LtqurLl*W) for all nEN,  (4.64)

n—1

where 0 <y :=minj<;<47; <2 :=maxi<i<ani.
Taking ¢ =v,, € WH2(Q) as test function in (4.1) yields

/

Note that u>u—1,11>0 and u>1%,11>1 on Ay, ,,. Applying the assumptions on
(A”)(2) and (B’), we obtain

/

A(x,u, Vu)-Vudz :/
A

f(u—wn+1>dx+/ C (= 1) d.

Yn41 Yng1 B’l’n+1

A(z,u, Vu)Vudz > ag/
A

2062/
A

'HL(x,\Vu\)dx—ag/ [(H*(x,u)+1] dz

A

Yn41 Yn41 Yn41

’HL(JJ,\Vu\)dx—2oz3/ H* (x,u)dz,

A

Y41 Y41
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and
[ twvids
A¢n+1
(@)1 og 5T TE g (@)1 oD
<p u? log 7@ (e+wu)+ p(x) 9@ ul log @@ (e4wu)
Awn+1
p(x) q(x)
+|Vu| @@ logN;’rl (e+w|Vul|) —Hz(a:)% |Vu| @@ log%(e—#quD +1} udzx
S% ’HL(J:,|VuDdx+C'16/ H* (x,u)dz,
Apppa Ay
as well as
/ Cu—tp41)ds
Bwn+1
px (@) 2= (z) ax(x)
gy/ [up*(w)_llog 2@ (e+wu)+ p(x) @ ul @~ og at (e—i—wu)—i—l] udg
B’¢n+1

§27/ Hp(z,u)ds.
Bw

n+1

Combining the three estimates above, we get

/

From this, (4.55) and (4.56) we arrive at

H*($,U)dx+cls/ HT(SC,U)Ck.

’HL(a:,|Vu|)dz§017/
B

A

Yn41 Y1 Y41

nl(e )t @Ot
/ Hi(z,|Vul)dz < Cre2 {(q )y a } [ H (x,vn—1)dz+
Ay =

Hr (m7vn1)d<:| .
n41

By,

Combining this and the results given by Step 1 and Step 2 we show (4.64). Therefore,
(4.54), (4.58) and (4.60) indicate

Lyy1 <Cok™ (L,lltﬂ{l —|—Li:’{2> for all n€N

where

*\+)2
D[ LE) ettt | eyt @
- = =

k:=2 [ ‘ >1.

It follows that
Logna1) < Cor k2" (L%,T“ n L;:W) for all n€ Ny.
Now, we set En := Loy, and k:=k2 and obtain
En+1 < kCQlifn (z}ijl +E}L+”2) for all ne No. (465)

Invoking Lemma 2.1 we see that if

_ 1

Lo <min { (2kCo1)~ 71 k (4.66)

S
—~
©
3
[\v]
-
=
2~
T
|
Q‘
= =
2
V)
|
3
ol
NN
2
2
—
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then
Lgnzfnﬁo as n— oo. (4.67)

Note that (4.65) implies

Lony1y41 < Cork?+D) (Lézrl +L;Zfl) for all n €Ny
and if we take L, :=Lop11 as well as k:=k2 the former inequality equals to
14+ | 7l

fnﬂ < ]2;021]%” (Ln +Ln ) for all n € Np.

This combined with Lemma 2.1 means that if

o - -1 ~ -1l 1 ye-m
Logmin{(Zk’Cgl) R, <2k021) P mE 3 } (4.68)
then
Lopi1=L,—0 asn—oco. (4.69)
Note that

fO:ngLozzOS/ Hi(x,|Vul)dr+ H* (x,u)dz+ Hyp(z,u)ds.
Ay, Ay By,

Then, if we take 1, >1 large enough, it holds that

Hi(z,|Vul)dz+ H* (x,u)dz+ Hy(z,u)ds
AUJ* AV’* By,

- 3L - ool J2-m
gmin{l,(%(]gl) 1kvf7(2]g021> 2z 43 },

where k:=k?. Therefore, (4.52), (4.66) and (4.68) hold and thus (4.67) and (4.69) hold
true as well. Hence

L,= HL(x,|Vu|)dx+/ H* (z,u—1),) dz+ Hr(z,u—1n)ds—0 asn— oco.
Ay, Ay By,

We deduce that

/(u—2w*)i(z)dw+/ (u—Qw*)f*)_dg:O.
Q

Iy

So, (u—2t,); =0 a.e.in Q and (u—2¢,); =0 a.e.on I';. This means

esssupu(z) +esssupu(z) < 4.

zeQ zely

Replacing u by —u in the above arguments we obtain

esssup (—u)(x) +esssup (—u)(z) <4,.
e xzely

Hence
[wlloo,@ +[[ullso,ry <4ty

where ¥, € R, which completes the proof. ]
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5. Special cases

In this section, by applying Theorem 4.1 and Theorem 4.2, we establish the bound-
edness of weak solutions to the problems mentioned in Remark 1.1. As we discussed in
Remark 1.1, problem (Pi) (1<¢<9,i€N) are special cases to (P). Thus, under suit-
able assumptions, we obtain the following corollaries directly. We focus on Dirichlet
boundary value problem (P5), Neumann boundary value problem (P6), and generalized
hemivariational inequality (P9). In this section, we denote by C, 711,72 positive constants
independent of u.

DEFINITION 5.1. A function uEWOLHL (Q) is a weak solution to problem (P5), if
there exist {(x) € f(x,u(x),Vu(x)) for a.a.x €Q such that

/A(x,u,Vu)~Vvdx:/£vdx
Q Q

is satisfied for all v e Wol’HL ().

COROLLARY 5.1.  Let hypotheses (H1), (A) and (B) be satisfied. Then every weak
solution of problem (P5) in the sense of Definition 5.1 belongs to L>°(Q2) and it holds

[t]|oc,00 < Cmax{{lul| 5., lull 5o}

Moreover, if hypotheses (H1), (A’) and (B’) hold, then any weak solution of problem
(P5) belongs to L ().

DEFINITION 5.2. A function u € WYL (Q) is a weak solution to problem (P6), if there
exist £(x) € f(z,u(x), Vu(x)) for a.a.x €Q and ((z) € g(z,u(x)) for a.a.x €T such that

/A(w,u,Vu)-Vvdx:/fvdm—i- Cvdg
Q Q a0

is satisfied for all ve WIHL((Q).

COROLLARY 5.2.  Let hypotheses (H1), (A) and (B) be satisfied. Then every weak
solution of problem (P6) in the sense of Definition 5.2 belongs to L (Q)NL>®(9N) and
it holds

[ulloo.0 4 11l 0,00 < Cmax{([[ulls.a+ vl sr00) ™ ([ulls.o+ uls:00) 7}

Moreover, if hypotheses (H1), (A’) and (B’) hold, then any weak solution of problem
(P6) belongs to L>®(2)NL>®(0Q).

For problem (P9), we consider F and G as Clarke’s generalized gradients of two
locally Lipschitz functions

J: QxR—=R with (z,s)—j(z,s),
jr:I'xR—=R with (z,8)—jr(z,s),
namely, f(z,u):=0j(x,u) and g(z,u):=9djr(x,u).

DEFINITION 5.3. A function u € WHL(Q) is a weak solution to problem (P9), if there
exist {(x) € 0 (z,u(x)) for a.a.x €Q and ((z) € djr(z,u(z)) for a.a.x €Ty such that

/ A(Jc,u,Vu)-Vvdx:/ évde+ [ Cvds (5.1)
Q Q I
is satisfied for all ve WHHL(Q).

Now, we suppose the following assumptions on j and jr as follows:
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(J) (1) For all seR, the mappings x+ j(z,s) and x+ jr(z,s) are measurable in
Q) and on I'y, respectively. In addition, for a.a.x € Q and for a.a.x €'y the
functions s~ j(z,s) and s+ jr(x,s) are locally Lipschitz on R.

(2) Let ¢,meC(Q) with p(z) <u(z) <p*(z) and q(z) <7(z) < ¢*(z) for all z € Q
such that
sup{|y|: y € f(z,t)}
<B (1149~ 10g 5 (et + () 75 [t~ log 3 (e+wlt]) +1]

for a.a.z € and for all t € R with a positive constant 3.
(3) Let 0,9 € C(Q) with p(z) <0(z) < (p.)~ and q(z) <I(z) < (q.)~ forallz €Q
such that
sup{ly|: y € f(x,t)}
o(z)—17. 22 2w a1y )
< 117" 1og 7 (e wlt]) + () 53 1] og 35 (e+wltl) +1]

for a.a. x €T’y and for all £ €R with a positive constant ~.
Moreover, assume hypotheses (J’) to be (J) with «(z) =p*(z),7(x) =q¢*(z) for all z€Q
and 0(x) = (p.)~,9(x)=(q.)” for all z€T;. As done by Carl [10, Proof of Lemma 2.5],
we deduce that hypotheses (J) implies (B) (1), also, hypotheses (J’) implies (B’) (1).

Next, we are going to verify that ue W1 %L (Q) is a solution to problem (P9) in
the sense of Definition 5.3 if and only if w is a solution to the following generalized
hemivariational inequality

AA(I,U,VU)~V(v—u)dx+/

jo(:c,u;vfu)dsc+/ Jp(zu;v—u)ds>0 (5.2)
Q

I
for all ve WHHL(Q).

First, we give the notion of sub- and supersolution to problem (P9).

DEFINITION 5.4. A function w€ WHHL(Q) is a subsolution to problem (P9) provided
the following conditions are satisfied:
(1) u<0 onTy;
(2) £(x) €dj(z,u(x)) for a.a. x€Q and ((x) € djr(z,u(x)) for a.a. xely;
(3)
/A(wm,Vu)Vvdx—}-/&)dx—l— Cvde <0
Q Q" r
holds for all ve WL HL(Q) with v(z) >0 for all x € Q.
DEFINITION 5.5. A functionwe WML (Q) is a supersolution to problem (P9) provided
the following conditions are satisfied:
(1) w>0 onTy;
(2) &(x)€dj(z,u(x)) for a.a.x€Q and {(x) € Ojr(x,u(z)) for a.a.x€Ty;
(3)
/A(%u,Vu)-Vvdx—}—/gvdx—l— Cvds>0
Q Q '

holds for all ve WHHL(Q) with v(z) >0 for all x € Q.
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LEMMA 5.1.  Let hypotheses (H1), (A) and (J) be satisfied. Then u is solution to
the generalized hemivariational inequality (5.2) if and only if it is a solution to problem
(P9).

Proof.  Let u be a solution of problem (P9). Then, we can find {(z) € f(z,u(x)) =
0j(z,u(x)) for a.a.x€Q and ((x)€g(z,u(z))=0jr(x,u(z)) for a.a.z e’y satisfying
(5.1). Recalling the definitions of 95 and 9djr, we have

jo(x,u;v—u)Zf(x)(v—u) in Qv
Jp(zuv—u) >((z)(v—u) onTy, (5.3)

for all ve W1H2 (). Since 95 and 9jr fulfill hypotheses (J), we infer that j°(z,u;v —u)
belongs to L'(Q) and j2(x,u;v—u) belongs to L'(Ty). Taking (5.1) and (5.3) into
account, we see that (5.2) holds true.

On the other hand, assume w is a solution of (5.2). As done by Carl-Le [11, Proof
of Theorem 3.2], we only need to show that w is a subsolution and also a supersolution
of problem (P9), since it indicates that u is solution of problem (P9). So, we first prove
that u is a subsolution to problem (P9). Taking the test function v=uA¢=u— (u—¢@)T
for any ¢ € W2 (Q) we have

—/.A(a:,u,Vu)-V(u—¢)+dm+/jo(m7u;—(u—¢)+)dx+/ G2 (z,u;—(u—¢)T)ds >0,
Q Q

Iy
for any ¢ € WHHL(Q). Applying the positive homogeneity (see Proposition 2.8) of
0—j°(z,t;0) (resp. o jp(z,t;0)), we get from the above inequality
- [ A0 V(u-o) ot [ (oD ¢)tds
Q Q
+ [ a1 w-0) dezo (5.4)
ry

for all ¢ € WML (Q). Invoking Proposition 2.8 (4) we see that

J3°(@,u(x); —1) =max{—n(z) :n(x) € 0j (z,u(x))}
=—min{n(z) :n(z) € 0j(z,u(x))}
:_§($)7 (5.5)

for a.a.r € and
Jr(z,u(z);—1) =max{—nr(z) :nr(z) € djr(z,u(z))}

=—min{nr(z) :9r(z) € djr(z,u(x))}
——((x), (5.6)

for a.a.z €T';. Taking (5.4), (5.5) and (5.6) into account we obtain

—/A(Jc,u,Vu)~V(u—¢)+dx+/—§(u—q§)+dx+ —C(u—¢)tds>0
Q Q

r

for all g€ WHL(Q). The above inequality equals to

/A(x,u,Vu)-Vvdx+/§vdx+ Cvds<0
Q o -

Iy
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for all v€ WHHL(Q) with v(z) >0 for all z€Q. Thus, u is a subsolution of problem
(P9). In a similar way, we can show that u is also a supersolution of problem (P9),
hence a weak solution of (P9). ad

Then, utilizing Lemma 5.1, as done in the proof of Theorems 4.1 and 4.2, we have
the following corollary.

COROLLARY 5.3.  Let hypotheses (H1), (A) and (J) be satisfied. Then every weak
solution of the generalized hemivariational inequality (5.2) belongs to L>°(Q)NL>(Ty)
and it holds

[ulloc,0+ [ulloo,ry < Cmax{([ulls.o+ lullser,)™ ([ulls.o+ [ulser,) ™}

with positive constants C,71,72 of u. Moreover, if hypotheses (H1), (A’) and (J’) hold,
then any weak solution of (5.2) belongs to L (Q)NL>(Ty).
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