SIGN CHANGING SOLUTIONS FOR CRITICAL DOUBLE
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ABSTRACT. In this paper, we deal with a double phase problem with variable
exponent and a right-hand side consisting of a Carathéodory perturbation
defined only locally and of a critical term. We stress that the presence of
the critical term inhibits the possibility to apply results of the critical point
theory to the corresponding energy functional. Instead, we use suitable cut-off
functions and truncation techniques in order to work with a coercive functional.
Then, using variational tools and an appropriate auxiliary coercive problem,
we can produce a sequence of sign changing solutions to our main problem
converging to 0 in L*° and in the Musielak-Orlicz Sobolev space.

1. INTRODUCTION

Let © C RY (N > 2) be a bounded domain with Lipschitz boundary 9. In this
paper, we study the following critical double phase Dirichlet problem

—div (|Vu|p_2Vu + ,u(x)|Vu|q(I)_2Vu> = fx,u) + |ulP ~2u in £,
u=0 on 012,

(1.1)

where the exponents and the weight function satisfy the following condition:
(H1) ¢ € C(Q) is such that 1 < p < N, p < q(z) < p* := NN—_’; for all z € Q and
0 < p() € L>(Q).
For r € C(2), we put
4

r~ =minr(z) and r* = maxr(x).
€N z€

Then we assume the following hypotheses on f(-,-):

(H2) f: Q%x[—no,m0] — Ris a Carathéodory function for 79 > 0 with f(z,0) =0,
f(x,-) is odd for a.a.z € Q and
(i) there exists ag € L*°(f2) such that

|f(z,s)] <ap(x) fora.a.z e Q and for all |s| < no;
(ii) there exists 7 € (1, min {p, Np—jp + 1}) such that

li M =0 uniformly for a.a.z € ;
s—0 |5|T*25
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(iii)
f(z, )

550 [s[P—2s

= 400 uniformly for a.a.x € €.

Remark 1.1. Note that f is defined only locally. Therefore, according to
f(z,s)

s—0 ‘S‘p728

= +oo uniformly for a.a.x € €,

we can suppose, without any loss of generality, that

f(z,s)

|s[P=2s

>0 fora ax€Q and all|s| < no,

which implies

f(z,8) >0 forall0<s<mny and f(x,5)<0 forall —ny<s<O0.

We call a function u € Wy (€) a weak solution of problem (1.1) if

/ (IValP2Va + @) Va2V - Thdo = /
Q

A (f(a:,u) + |u\p*72u) hdzx

is satisfied for all h € W *(Q).
Our main result reads as follows.

Theorem 1.2. Let hypotheses (H1) and (H2) be satisfied. Then problem (1.1)
has a sequence {wy ynen € Wyt () N L>®°(Q) of sign-changing solutions such that
lwn] = 0 and ||wp|lo — 0 as n — co.

In the right-hand side of problem (1.1) we have the combined effects of a Cara-
théodory perturbation f(x,-) which is defined only locally and of a critical term
U — |u|p*’2u, where p* = NN—f;) is the critical exponent corresponding to p. We
note that the presence of the critical term inhibits the possibility to apply results
of the critical point theory to the corresponding energy functional. Consequently,
here we introduce suitable cut-off functions and truncation techniques to deal with
a coercive functional so that we can act by using variational tools. Thus, we work
on an auxiliary coercive problem and we show the existence of extremal constant
sign solutions for such a problem (see Section 3). Then, we apply these extremal
solutions and a generalized version of the symmetric mountain pass theorem due to
Kajikiya [18, Theorem 1] in order to produce a sequence of sign changing solutions
for problem (1.1). In this way, we extend the results of Liu-Papageorgiou [24] to
the double phase operator with one variable exponent and we were able to skip
condition H; (iii) in [24].

Recall that functionals of type

w»—>/ (IVw[P + p(z)|[Vw|?) dz, 1<p<g<N,
Q

were first considered by Zhikov [36] in order to describe strongly anisotropic materi-
als in the context of homogenization and elasticity, see Zhikov [36], we refer also to
applications in the study of duality theory and of the Lavrentiev gap phenomenon,
see Zhikov [37, 38]. A first mathematical framework for such type of functionals has
been done by Baroni-Colombo-Mingione [1], see also the related works by the same
authors in [5, 6] and of De Filippis-Mingione [10] about nonautonomous integrals.
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Even though double phase differential operators and corresponding energy func-
tionals appear in several physical applications, there are only few results involving
the variable exponent double phase operator. We refer to the recent results of
Abergi-Bennouna-Benslimane-Ragusa [1] for existence results in complete mani-
folds, Albalawi-Alharthi-Vetro [2] for convection problems with (p(+), ¢(-))-Laplace
type problems, Bahrouni-Radulescu-Winkert [3] for double phase problems of Baou-
endi-Grushin type operator, Crespo-Blanco-Gasiriski-Harjulehto-Winkert [3] for dou-
ble phase convection problems, Kim-Kim-Oh-Zeng [19] for concave-convex-type
double phase problems, Leonardi-Papageorgiou [21] for concave-convex problems,
Vetro-Winkert [33] for parametric problems involving superlinear nonlinearities
and Zeng-Radulescu-Winkert [35] for multivalued problems, see also the references
therein. In order to enlarge the literature on the topic, we refer to the papers
of Colasuonno-Squassina [7] for eigenvalue problems of double phase type, Farkas-
Winkert [12] for Finsler double phase problems, Gasinski-Papageorgiou [13] for
locally Lipschitz right-hand sides, Gasiniski-Winkert [15, 14] for convection prob-
lems and constant sign-solutions, Liu-Dai [23] for a Nehari manifold approach,
Papageorgiou-Vetro [27] for superlinear problems, Papageorgiou-Vetro-Vetro [28]
for parametric Robin problems, Perera-Squassina [30] for Morse theoretical ap-
proach, Vetro-Winkert [32] for parametric convective problems, Zeng-Bai-Gasiriski-
Winkert [34] for implicit obstacle problems with multivalued operators.

2. PRELIMINARIES

In this section we recall the main properties of the Musielak-Orlicz Sobolev
spaces and tools which we will need later. To this end, let M () be the set of all
measurable functions u: @ — R. For a given r € C(Q) with 7(z) > 1 for all z € ,
we denote by L"(") (Q) the usual variable exponent Lebesgue space defined by

L'O(Q) = {u €M) : op(u) = /Q u|"®) dz < +oo},

and equip it with the Luxemburg norm

lully() = inf {B >0: or (Z) < 1}.

Similarly, we can define the corresponding Sobolev spaces W () (Q) and Wol’r(') ()
endowed with the norms ||-||1 .y and ||V -[|,(.), respectively, see Diening-Harjulehto-
Hésto-Ruzicka [11] or Harjulehto-Héasto [16].

Now, under assumption (H1), we introduce the nonlinear function H: Qx[0, +00)
— [0, +00) defined by

H(z,t) =t + p(2)t?™  for all € Q and for all ¢ > 0.
Then we can introduce the Musielak-Orlicz space L (Q2) by
LH(Q) = {ue M(Q) : py(u) < +oo}

equipped with the Luxemburg norm

lulln = inf{ﬁ S0 pu (g) < 1},
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where the modular py(+) is given by

W= [ A lul)de = [ (1o + u@)fufr) .
Q

Using the Musielak-Orlicz space, we define the corresponding Musielak-Orlicz Sobo-
lev space W11 (Q) by

WhH(Q) = {ue L*(Q) : |Vu| € L*(Q)}
and endow it with the norm

[l = [[Vully + llulla,

where | Vull3 := |||Vu|||3. Furthermore, we denote by Wy7*(2) the completion
of C§°(Q2) in WHH(Q). We point out that the norm || - || defined on L*(Q) is
uniformly convex and hence the spaces L™(Q), WLH(Q) and W, 7 (Q) are reflex-
ive Banach spaces, see Crespo-Blanco-Gasiniski-Harjulehto-Winkert [3, Proposition
2.12]. In addition, based on Proposition 2.18 of Crespo-Blanco-Gasinski-Harjulehto-
Winkert [8, Proposition 2.12], we can equip the space I/VO1 () with the equivalent
norm

|ul| := || Vull3 for all u € Wy ™(Q).

The following proposition gives some important embedding results for the space
W) H(€), see Crespo-Blanco-Gasiniski-Harjulehto-Winkert [%, Proposition 2.16].

Proposition 2.1. Let hypotheses (H1) be satisfied. Then the following hold:
(i) Wy Q) in’r(')(Q) is continuous for all 1 € C(Q) with 1 < r(z) <p

for all x € Q;
(i) Wo(Q) < L™O(Q) is compact for all r € C(Q) with 1 < r(z) < p* for
all v € Q.
Now, we point out the relation between the modular py and the norm || - |5,

see Crespo-Blanco-Gasinski-Harjulehto-Winkert [8, Proposition 2.13].

Proposition 2.2. Let hypotheses (H1) be satisfied. Then the following hold:
(i) |lullg <1 (resp. > 1,=1) if and only if py(u) <1 (resp. > 1,=1);

(i) if ullae < 1 then [ullg, < prlu) < [|ullf,;

(if) if [[ullo > 1 then [Jully, < pae(w) < Jjullf; ;

(iv) |lull = 0 if and only if py(u) — 0;

(V) Jully = +o0 if and only if py(u) = +oo.

Let A: W)™ (Q) — Wy ™ (Q)* be the nonlinear operator defined by
(A(u), )3 = / (IVulP=2Vu + (@) [0l =2Vu) - Vo da,
Q

for all u,v € Wy (Q) with (-, - )2 being the duality pairing between W, '*(€) and
its dual space W, '™ (€2)*. The properties of the operator A: Wy 7t (Q) — W, " (Q)*
are summarized in the next proposition, see Crespo-Blanco-Gasinski-Harjulehto-
Winkert [8, Theorem 3.3].

Proposition 2.3. Let hypothesis (H1) be satisfied. Then, the operator A is bounded
(that is, it maps bounded sets into bounded sets), continuous, strictly monotone
(hence mazimal monotone), of type (S, ), coercive and a homeomorphism.
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As usual, we denote by C3(Q) the ordered Banach space
Co(Q) = {ueC' Q) : ul,, =0},
with positive cone
Co()y ={ueCi(Q):u(z) >0V e},

This cone has a nonempty interior given by

int (C5(Q)4) = {u € C(Q) : u(xr) >0 Ve cQand g—Z(z‘) <0Vze 8(2} ,

where n = n(z) is the outer unit normal at x € 9.
We complete this section with some known results on the spectrum of the r-
Laplacian with 1 < r < oo and homogeneous Dirichlet boundary condition given
by
—Ayu = )\|u|T72u in Q,
u=20 on 0f).

We call a number A € R an eigenvalue of (2.1) if problem (2.1) has a nontrivial
solution u € Wy (€2). Such a solution is called an eigenfunction corresponding to
the eigenvalue A. From Lé [20], we know that there exists a smallest eigenvalue Ay
of (2.1) which is positive, isolated, simple and it can be variationally characterized
through

(2.1)

T
ALy = inf { ”m'j Cue WEH(Q), u # o} . (2.2)
T

In what follows we denote by uj, the L"-normalized (i.e., |Ju1,|» = 1) positive
eigenfunction corresponding to A; . The nonlinear regularity theory and the non-
linear maximum principle imply that w1, € int (C}(Q)4 ), see Lieberman [22] and
Pucci-Serrin [31].

For any s € R we put si = max{+s,0}, that means s = sy —s_ and |s| =
st + s—. Also, for any function v: Q@ — R we put vy (-) = [v(-)]+.

Given a Banach space X and its dual space X*, we say that a functional
¢ € CY(X) satisfies the Palais-Smale condition (PS-condition for short), if every
sequence {Z,tneny € X such that {o(z,)}nen C R is bounded and

¢ (xn,) =0  in X* asn — oo,
admits a strongly convergent subsequence. Moreover, we denote by K, the set of
all critical points of ¢, that is,
K,={ueX : ¢ (u)=0}.
We also recall that a set S C X is said to be downward directed if for given
uy,us € S we can find u € § such that v < u; and u < ug. Analogously, S C X

is said to be upward directed if for given v1,v3 € S we can find v € S such that
v1 < v and vy < w.

3. AN AUXILIARY PROBLEM

In this section we consider an auxiliary problem in order to prove Theorem 1.2
in the next section. For this purpose, let # € C1(R) be an even cut-off function
satisfying the following conditions:

supp 6 C [—no, no], 0“_,,0 0] =1 and 0<6<1 on (—ny,no)- (3.1)
2

3
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Taking 6 into account, we define the Carathéodory function k: 2 x R — R by

Blw,s) = 0(s) | flw,s) + s 2] + (1= 0(s))|s s (3.2)

for all (z,s) € Q xR, where 7 is given in (H2)(ii). Note that from (3.1) and (H2)(ii)
we get that

[k, ) < e (1457 (3.3)

for a.a.z € 2 and for all s € R with some ¢ > 0.
Next, we study the following auxiliary double phase Dirichlet problem

—div (\Vu\p*QVu + ,u(x)|Vu|q($)*2Vu) = k(z,u) in Q,
u=20 on 0fL.

(3.4)

Our aim is to show the existence of extremal constant sign solutions for problem
(3.4). We are going to need these extremal solutions in order to produce sign
changing solutions for problem (1.1).

Let S4 and S_ be the sets of positive and negative solutions of problem (3.4),
respectively.

Proposition 3.1. Let hypotheses (H1) and (H2) be satisfied. Then S+ and S_ are
nonempty subsets in Wy 7t (2) N L>(£2).

Proof. We start by proving that S, # @ and denote by @, : WOI’H(Q) — R the
Cl-functional defined by

¢>+(u):/9 B|Vu|p+g((2|Vu|‘I(”’)] dx—/QK(x,u+)dx,

for all u € Wy (Q), where K (z,s) = Jy k(z,t)dt. First, we have

/ |Vu\pdx+—/ )| Vau|1@ dx—/ K(z,uy)dz

7PH(|VU| /K (z,uy)da.

Combining this and (3.3) along with 7 < p (see (H2)(ii)) and Proposition 2.2(iii),
it is clear that ®, is coercive. In addition, thanks to the compactness of the
embedding W, () — L™)(Q) for any r € C(Q) with 1 < r(z) < p* for all z € Q
(see Proposition 2.1(ii)), we conclude that the functional @ is sequentially weakly
lower semicontinuous. Then, there exists ug € WO1 # () such that

o, (uo) = inf [q>+(u) Cue W(}’%(Q)} .

Let us prove that ug is nontrivial. From hypothesis (H2)(iii) we can find for each
n >0 a number ¢ € (0, min{®, 1}) such that

F(z,s) :/ Flz,t)dt > L|s|P for all |s| < 6. (3.5)
0 p
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Further, we can take ¢ € (0,1) small enough so that tuj ,(z) € (0,6] for all z € Q,
where u; ;, € int (C& (§)+) is the LP-normalized positive eigenfunction correspond-
ing to A1, (see Section 2). Thus, we have using (2.2)

D (tuy,p)

/ [ |V(tu1,p)|p+((x))V(tu )|qz>] dx—/K z, tuy ) da

(3.6)
< —/ |Vug p|? d:ch—/ )| Vg 7@ da — /K x, tuyp) do
t
:—)\Lp—i——_/ ()| Vg 7@ dx—/K (x,tur p) de.
p a Ja
Since tu 4 € (0,6] and 6 € (0, min{,1}) from (3.1) we deduce that
E(z,tuyp) = f(x,tun p) + (tuy )P ~2tur, > f(, turp). (3.7)

Then, using (3.5) and (3.7) in (3.6) we obtain

P
4 (tug,p) S )\1,;, + 7/ )|V |1 dz — En

tP

S5 W S / (@) [ Vur |7 da.
p q Q

If we choose n > A1, then A, —n < 0 and thus, for ¢ > 0 sufficiently small, we
have

tP ta
" - n>+—_/ () [V, 1) dz < 0
p q Q

since p < ¢~. Hence, we have ®, (tu;,) < 0 = ®,(0) for ¢ € (0,1) sufficiently
small which implies that ug # 0.
Recall that ug is a global minimizer of ®. Hence ®/, (ug) = 0, that is,

/ (|Vuo|p_2Vuo + ,u(x)|Vu0|q(m)_2Vuo) -Vhdz = / k(x, (ug)+)hdx  (3.8)
Q Q

for all h € Wy (Q). Note that ur € Wy (Q) for any u € Wy ™(Q), see
Crespo-Blanco-Gasiriski-Harjulehto-Winkert [3, Proposition 2.17]. So, if we choose
h = —(ug)— in (3.8), then we obtain that (ug)_ = 0. This gives uy > 0. Taking
into account that uy # 0, we conclude that ug is a nontrivial positive weak solution
of problem (3.4). Hence, it follows that S # (). From Crespo-Blanco-Winkert [9,
Theorem 3.1] we know that ug € Wy " (Q) N L>®(Q).

In a similar way, we get the existence of a nontrivial negative weak solution of
problem (3.4). In this case, we work with the C'-functional ®_: Wy *(Q) — R
defined by

<1>_(u):/Q [;vuu;‘((gwuw(@} da:—/QK(x, —u_)de

for all u € WO1 (Q) and show that it has a global minimizer which turns out to be
nontrivial and nonpositive. Hence it must be a nontrivial negative weak solution

of problem (3.4). O
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Now, we are going to prove the existence of extremal solution of (3.4), that is,
the existence of a smallest positive solution u, € S; and the existence of a largest
negative solution v, € S_.

Proposition 3.2. Let hypotheses (H1) and (H2) be satisfied. Then there exists
Uy € Sy such that u, < wu for all u € Sy and there exists v, € S_ such that v, > v
forallveS_.

Proof. We start by proving the existence of a smallest positive solution of (3.4).
Similar to the proof of Proposition 7 in Papageorgiou-Radulescu-Repovs [25] we
can show that Sy is downward directed. Then, from Hu-Papageorgiou [17, Lemma
3.10, p. 178], we know that we can find a decreasing sequence {u, }nen C S+ such
that

inf u,, =inf Sy.
neN

Also, since u,, € Sy, we have
/ <|Vun|p*2Vun + u(cc)\VunVI(I)*QVun) -Vhdz = / k(x,uy)hdx (3.9)
Q Q

for all h € W)™ () and for all n € N. If we take h = u,, in (3.9), using (3.3) and
0 < u, < up, we get that

o1 (Vuy,) :/ |V, |? der/ ()| Vi, |77 da < ¢4
Q Q

for some ¢; > 0 and for all n € N. From this and Proposition 2.2, we deduce
that {up fnen C Wol’H(Q) is bounded. Moreover, due to hypothesis (H2), we have

T < 5= + 1 which implies that %(T — 1) < p*. Now, we choose s > % such that

s(T —1) < p*. Then, taking into account that {u, }nen € Wy 7*(Q) is bounded, we
can assume that

Uy = u, in WPH(Q) and w, —u, in L*0D(Q).
From (3.1), (3.2) and hypothesis (H2)(i) it follows that
|k(x,8)| < by|s|”! (3.10)

for a.a.z € Q, for all s € R and for some by > 0. Then, from (3.9) and (3.10) along
with a Moser-iteration type argument as it was explained by Colasuonno-Squassina
[7, Section 3.2], we obtain, as s > %, that

=1
Hun”oo < bQHun‘ Sp(;l_l)

for some by > 0 and for all n € N.
Suppose now wu, = 0, then ||up|lc — 0 as n — +o0o. This implies the existence
of ng € N such that

0 <up(x) <4

for a.a. 2 € Q and for all n > ng, where § € (0,min{’%,1}). Hence, in view of (3.1)
and (3.2), it follows that

ke, up () = f(z, (@) + up (@)~ (3.11)
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for a.a.x € Q and for all n > ng. Now, we put y, =

”ZZ” for all n € N, then

lynll = 1 and y,, > 0 for all n € N. We may assume that
Yo —y mWPH(Q) and y, =y in LP(Q)
with y > 0. From (3.9) and (3.11) we get

[l 195,872+ ) 2~ V329, ) -
= [t [ ot ] e thae
Q

—1
Un

for all h € W, (Q) and for all n > ny which can be equivalently written as

/ [Vyn[P~*Vyy, - Vhdz + / [t || 1) 7P| Vy,, |12V y,, - Vhda
Q Q

(3.12)
:/ |:f((E,’U/n) +ugr)l*—p:| yz—lhdx
Q

—1
ub,

for all h € WOI’H(Q) and for all n > ng. We point out that the left-hand side of
(3.12) is bounded for all h € Wy " (Q). From this, using hypothesis (H2)(ii), we
infer

Myz’*l — 0 fora.a.x e

1 n
ub

y=0 and
In addition, if we take h = y,, in (3.12) and pass to the limit as n — +o00, we obtain
: p_
Jim [ vl =0,

This implies, at least for a susequence, that Vy, () — 0 for a. a.z € Q and hence we

deduce that H(Vy,) — 0 for a.a.x € Q. Taking into account that {H(Vyy,)}nen C

LY(Q) is uniformly integrable by Vitali’s convergence theorem, we get that
pn(Vyn) = 0 in W H(Q). (3.13)

Now, we recall that ||y,| = 1 and this implies that py(Vy,) = 1 for all n € N,
see Proposition 2.2 (i). This gives a contradiction to (3.13). Therefore, u, # 0 and
50, Uux € St with u, being the smallest positive solution of (1.1) in S;. Proceeding
in a similar way, we can show that v, € S_ such that v, =supS_. (]

4. PROOF OF THEOREM 1.2

In this section, we give the proof of Theorem 1.2, that is, we prove the existence
of a sequence of sign changing solutions for problem (1.1), which converges to 0 in
Wol’H(Q) and in L*°(£2). Our strategy is to use the extremal constant sign solutions
us and v, obtained in Proposition 3.2 and focus on the order interval

[V, Us] == {u € Wol’H(Q) s vk (2) < u(x) <wuk(x) for a.a.x € Q}
For this purpose, we use truncations of k(z,) at v.(z) and wu.(z), that is, we
consider the function k,: Q@ x R — R defined by
k(z,ve(z)) if s < vi(x),
ki(x,s) == { k(x,s) if vi(r) <s <wu(x),
kE(x,us(z)) if ug(x) < s.
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Then, we introduce the C'-functional W, : W) *(€2) — R by

\II*(u):/Q [p|Vu|p |v |q(x>] dz — /QK*(x,u)dx

for all u € Wy (Q), where K. ( fo (x,t) dt.
First, we point out that K\p* = {u € WO1 H(Q) : (¥,) (u) = 0} is contained in
the order interval [v.,u.]. In fact, let u € Ky, \ {u«, v}, then we have

/ (|Vu|p_2Vu + ,u(a:)|Vu|q(m)_2Vu> -Vhdz
Q

(4.1)

k.(z,u)hdz  for all h € Wy TH(Q).
Q

Taking the function test h = (v — uy)+ in (4.1), we get

/ (IVul?29u + ()| 0l 2V) - V(0 ) da
Q
= / ko(z,u)(u — uy)y do
Q
= / k(z,us)(u — uy) 4 do
Q

= /Q (|vu*|P*2vu* + u(x)\w*\q@*zvu*) SV (u—uy)y dz
since uy, € Sy. This implies that

/ (IVul[P~2Vu — [Vu, P2V, ) - V(u — u,) 4 do
Q

+/ () <|Vu\q(””)*2Vu - |Vu*|q(‘””)*2Vu*) -V(u —uy)ydz =0.
Q

Hence, we deduce that u < u,. Similarly, if we choose the function test h = (v.—u)+
n (4.1), then we easily check that v, < u.

Let V C Wol’H ()N L>(9) be a finite dimensional subspace. Then we have the
following result.

Proposition 4.1. Let hypotheses (H1) and (H2) be satisfied. Then, we can find
rv > 0 such that

sup [¥.(v) : v eV, |v]| =rv] <O.

Proof. Since, V is finite dimensional, all the norms on V' are equivalent, see, for
example, Papageorgiou-Winkert [29, Proposition 3.1.17, p.183]. This allows us to
find 7y > 0 such that

v eV and ||v]| < ry imply |v(z)] < for a.a.x €

with 6 € (O,min{%“@}). In particular, we have § < 2, which implies that

O(v(z)) = 1 for a.a.z € Q, see (3.1). Taking this into account, for v € V with
|lv]| < ry, we have
fl@,0.(2)) + Jou(@) P Po(z) i o(z) < o),
ki@, v(x)) = ¢ fa,0(z)) + |v(@) [P ?o(z) if () <v(@) Su.(z), (4.2)
F (e (@) + (@ 2 (2) i az) < ().
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We denote by f.: 2 x R — R the function given by
flzyva(x))  if v(z) < ve(z),
fel@,o(@)) = ¢ flz,o(@)  if () <o(z) < u(),
fzyus(z))  if ue(z) < v(2)

and put Fi(z,s) := fos fx(z,t)dt. We point out that for v < v, we have

R = [ fsdss [ Lo

:/v* f(z,s)ds + vf(x,v*)ds
0 Vs

= F(z,v.) + f(z,0.) (v — vs).

We recall that f(z,v,) is negative, see Remark 1.1, hence, f(x,v.)(v — vi) > 0.
Using this we deduce

F(z,v) — Fi(z,v) = F(x,v) — F(a,v) + f(z,0.) (e — v)
< F(z,v) — F(z,v.),
where F(z, s) fo x,t) dt. Similarly, for u, < v we have
Fi(z,v) = F(x,u.) + f(x,us) (v — uy),
which implies
F(z,v) — Fi(z,v) = F(x,v) — F(x,us) + f(x,us) (ux —v)
< F(z,v) — F(z,uy)

since f(x,us)(us —v) <0, see Remark 1.1.
On account of this, we can write

\I/*(v)z/ [ [VolP + (( ;|Vv|q®”)} x—/QK*(x,v)dx
/|Vv\pdx+—/ (z)|Vo)2® dx/{v@*} [F*(x,v)+;k|v*|p*] dz

]. * 1 s
—/ [F(x,v)—i— —|vf? ] dx —/ [F*(x,v)+*|u*p } dzx
{vie<v<us} p {u.<v} p
/|vv\de+7/ ()| Vo|?® dz

7/ F*(x,v)dxf/ F(x,v) dxf/ Fy(z,v)dx,
{v<v.} {ve<v<u,} {ux<v}

where we used the abbreviations
{v<uv}={reQ v <v(x)},
{vs v <u}={z €N : v(x) <v(x) <udx)l}.
{us <v}i={r € Q : u.x) <

and the fact that the terms
1 « 1

Ew*lp ’
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are positive. Furthermore, we have

U, (v) < 1/ |Vv|pdm—|—i_/u(x)\VUP(”J)dx—/F(x,v)dm
pJa a Ja Q
—|—/ [F(z,v) — Fy(z,v)] dx—i—/ [F(z,v) — Fy(z,v)] dz
{v<v} {ux<v}
< 1/ |Vu|pdx+i_/p(:c)\Vv|q(z)dx f/F(x,v)da:
y2ke) 7 Ja Q

+ /{KU*} [F(z,v) — F(z,v.)] do + /{u*<v} [F(z,v) — F(z,u,)] dz.

Now, as f is odd and thanks to hypothesis (H2)(iii) we know that for each n > 0
it is possible to find § € (O, min{ %L, 1}) such that

F(x,s) > ﬂ|s|p for all |s| < 4.
p
Consequently, choosing 7y small enough so that

/ [F(z,v) — F(z,v,)] dz —|—/ [F(z,v) — F(z,u,)] dz < 6,
{o<v.} {u.<v}

we then get

1 1
U, (v) < f/ [VolP dz + i/ ()| Vo 1@ — Q/ [v|P dz + 6.
bJa 4 Ja pJa

Next, we remark that
/ ()| Vo|"®) da < (Vo) < max{|[v]?, [|v]|*" }
Q

due to Proposition 2.2 (ii), (iii). Also, we recall again that V is finite dimensional
and so all the norms on V' are equivalent. On account of this, we know that there
exist positive constants c1, ¢a, c3, independent of §, such that

.. (0) < er[vlB + o max{[vl[Z, 0]} = neslollZ + 67
Further, for v € V with ||v|| = rv, again using the equivalence of the norms, we get
U, (v) <16 + ¢ max{&p,é‘ﬁ} — nesd? + o
=107+ (c2 — ez +1) 6P
as 0 < 1. Therefore, if we choose n > %j“, then we have that ¥, (v) < 0 for all
v € V with ||v]| = ry. This gives the assertion of the proposition. O

Now, using Proposition 4.1, we can apply a generalized version of the symmetric
mountain pass theorem due to Kajikiya [18, Theorem 1], in order to give the proof
of Theorem 1.2.

Proof of Theorem 1.2. Tt is easy to see that the truncated functional ¥, : WOI’H Q) —
R is even and coercive. This implies, in particular, that ¥, is bounded from be-
low. In addition, we recall that W, satisfies the PS-condition, see Papageorgiou-
Radulescu-Repovs [26, Proposition 5.1.15]. On account of this and thanks to Propo-
sition 4.1, we can apply Theorem 1 of Kajikiya [18] which implies the existence of
a sequence {wy, }pen C WOH{(Q) N L*>(£2) satisfying the following properties

wy, € Ky, Clus,us], wn #0, Uyu(w,) <0 forallneN
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and
lwn]| =0 asn — +oo.

We point out that v, and u. are extremal solutions for problem (3.4). Thus,
from w, € Ky, C [vs,us] and w, # 0 for all n € N, we deduce that w,, is a nodal
solution of problem (3.4) for all n € N. In addition, we recall the following estimate
already mentioned in the proof of Proposition 3.2

T—1

lwalloe < d llwall 70,

for some d > 0 and for all n € N with s > % as well as s(7 — 1) < p*. Therefore,
since ||wy|| — 0 we can deduce that ||w,||ec — 0 as m — 4o00. Furthermore, we can
find ng € N such that |wy,(z)] < & for a.a.2z € Q and for all n > ng. This implies
that 6(wy(z)) =1 for a.a.z € Q and for all n > ng. Hence we conclude that w, is
a sign changing solution of problem (1.1) for all n > ny. O
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