ENTIRE EXTREMAL SOLUTIONS FOR ELLIPTIC INCLUSIONS
OF CLARKE’S GRADIENT TYPE

PATRICK WINKERT

ABSTRACT. We consider multivalued quasilinear elliptic problems of hemivari-
ational type in all of RY given by
—Apu+05(,u) 30 in D,

and show the existence of entire extremal solutions by applying the method
of sub- and supersolutions without imposing any condition at infinity. Due
to the unboundedness of the domain, standard variational methods cannot
be applied. The novelty of our approach is on the one hand to obtain entire
solutions and on the other hand that Clarke’s generalized gradient need only
satisfies a natural growth condition. In the last section conditions are provided
that ensure the existence of nontrivial positive solutions.

1. INTRODUCTION

This paper deals with quasilinear elliptic differential inclusions of Clarke’s gra-
dient type defined in all of RY in the form

—Apu+9j(-,u) 30 inD, (1.1)

where —A,u = —div(|[Vu[P72Vu),1 < p < oo, is the negative p-Laplacian and
the function j : RV x R — R is assumed to be measurable in z € RV for all
s € R, and locally Lipschitz continuous in s € R for almost all (a.a.) # € RY. The
multivalued function s — 9j(z, s) stands for Clarke’s generalized gradient of the
locally Lipschitz function s — j(x, s) and is given by

0j(x,s) ={£ eR: j°(z,s;7r) > &r,Vr € R},

for a.a. x € RV, where j°(x,s;7) is the generalized directional derivative of j at s
in the direction r defined by

. ) _
J(z,s37) = limsup](x’y+ r) J(%?J)j
y—>s,t10 t

(see [10, Chapter 2]). We denote by D = C§°(RY) the space of all infinitely
differentiable functions with compact support in RY and by D’ its dual space.
This type of hemivariational inequalities has been studied by various authors on
bounded domains. For Dirichlet boundary conditions under local growth conditions,
we refer, e.g., to [8] and for hemivariational inequalities with measure data on the
right-hand side see [6]. Single valued problems in the form (1.1) for Neumann
boundary conditions of Clarke’s gradient type are considered in [5]. In [4] the author
discussed our problem (1.1) with a multivalued term in form of a state-dependent
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subdifferential in all of RV which turns out to be a special case of problem (1.1).
Let & C RY be a bounded domain and consider problem (1.1) under Dirichlet
boundary values. Let f : Q2 xR — R be a Carathéodory function. If j is a primitive
of f, meaning that

Jjlx,s):= /OS Sz, t)dt,

then s — j(x,s) is continuously differentiable and hence, dj(z,s) = {%} =

{f(=z, s)} Thus, problem (1.1) is simplified to the elliptic boundary value problem
weWgP(Q): —Ayu+t f(u) =0 in (WyP(Q),

for which the method of sub- and supersolutions is well known (see [7, Chapter 3]).
Comparison principles for general elliptic operators A, in particular for the negative
p-Laplacian —A,, and Clarke’s gradient s — 0j(x, s) satisfying a one-sided growth
condition in the form

&1 <& +ei(s2—s1)P (1.2)

for all &; € j(x,s;),i = 1,2, for a.a. x € §, and for all 51, s5 with s; < s can also
be found in [7, Chapter 4]. Recently, a new comparison result for inclusions of the
form (1.1) for bounded domains without the condition (1.2) has been obtained in
[9].

The main goal of this paper is to prove the existence of entire extremal solutions
for the inclusion (1.1) within a sector of an ordered pair of sub- and supersolutions
u, W without assuming any conditions as in (1.2).

The paper is organized as follows. In Section 2 we formulate our notations
and hypotheses and in Section 3 we prove our main result about the existence of
extremal solutions. In the end of Section 3 we consider the relation to the problem
in [4] and finally, we give an example of the construction of sub- and supersolutions
in Section 4.

2. NOTATIONS AND HYPOTHESES

Let W = VVI})’S(RN) be the local Sobolev space of all functions u : RN — R,
which belong to the Sobolev space W1P(2) for every compact domain Q C RV,
The topology of the locally convex space W is described by the family of seminorms
{hi + k =1,2,...} given by hi(u) = |lullwrs(p,), where By C RN is the ball of
radius k. A sequence (u,) C W converges to u if and only if

hi(up, —u) =0, asn—oo0, forallk=1,2,....

Since the space W has a countable fundamental system of seminorms, there exists
a metric d on W for which (W, d) is a complete metric vector space. Such spaces
are called Frechét spaces (see [12, Theorem 25.1, Corollary 25.2]). For fixed k& we
denote Wy = WP(By) and by ij, : W — W the mapping defined by W > u
u|p, € Wi, where u|p, denotes the restriction of u to By. Analogously, we define
the local Lebesgue space £ := L{ (RN ), where ¢ satisfies the equation 1% + % =1.
Note that £? is equipped with the natural partial ordering < defined by u < v iff

v—u€ L =Ly, 4 (RY) which stands for the set of all nonnegative functions of
L9,
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Definition 2.1. A function uw € W is said to be a solution of (1.1), if there exists
a function v € L9 such that

(i) v(x) € 0j(z,u(x)), for a.a. z € RV,

(i) [on [VulP2VuVedz + [x yedz =0, for all ¢ € D.

Definition 2.2. A function u € W is said to be a subsolution of (1.1), if there
exists a function v € L9 such that

(i) v(z) € 9j(z,u(x)), for a.a. z € RV,

(i) fon [VuP"2VuVodz + [y ypde <0, for all p € Dy.
Definition 2.3. A function uw € W is said to be a supersolution of (1.1), if there
exists a function 5y € L9 such that

(i) F(x) € 0j(z,u(x)), for a.a. x € RV,

(i) [en [VTP2VuVedz + [on Fedz >0, for all o € Dy.

Here, D4 := {p € D : ¢ > 0} stands for all nonnegative functions of D. In order
to formulate our main results we suppose the following hypotheses for the function
j and its Clarke’s gradient dj(x,-) in problem (1.1).

(j1) The mapping = — j(x,s) is measurable for all s € R and s — j(z,s) is

locally Lipschitz continuous for a.a. z € RY.

(j2) There is a constant ¢ > 0 such that

§€dj(z,s): & <e(l+|sP),
for a.a. x € RN and for all s € R.

3. MAIN RESULTS

Now, we want to show that the assumptions (j1) and (j2) are sufficient to ensure
the existence of entire extremal solutions of (1.1) within the interval [u,u]. Our
main result in this paper is given in the following theorem.

Theorem 3.1. Let conditions (j1)—(j2) be satisfied and let uw,T be a pair of sub-
and supersolutions of problem (1.1) satisfying u < u. Then there exist extremal
solutions of (1.1) belonging to the interval [u, .

Proof. First we select a sequence of open balls (By) C RY k= 1,2,..., whose union
is equal to R, that is, J;—, Br = RY. We construct a sequence (Uy, I'y) C W x L4
as follows: By means of the given supersolution according to Definition 2.3, one
defines

_ ug () for x € By,
Uy ==, U, =
o= K@) {u(x) for x € RN\ By
(3.1)
_ Vi (x) for x € By,
Ty := Tr =
0= He {’y(m) for x € RN\ By,

where the pair (ug,vx) € WHP(By) x L4(By,) denotes the greatest solution of the
differential inclusion
—Apuk + (‘3](,uk) 50, in By

ur = u, on 0By (Py)

in the order interval [u|p, ,U|p,]. We recall that a pair (ug,vx) € WHP(By) x LY(By)
is a solution of (P) if the following holds:
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(1) up, = u on 0By,

(2) vi(x) € 0j(x, ug(x)), for a.a. x € By,

(3) ka |Vug |P~2Vu, Vodz + ka Yrpdr = 0, for all p € C5°(By).
Obviously, the functions u|p,,%|p, create an ordered pair of sub- and superso-
lutions to the auxiliary problem (F}) and the existence of a greatest solution
up € [ulp,,ul|p,] of (Py) follows directly from [9, Theorem 4.1, Corollary 4.1].
The extensions (Uy, Vi) of (ug,vy) are well-defined and belong to W x L1.

By the construction of Uy one sees immediately that U; < Uy is true. The
function uy € WHP(Bgy) is the greatest solution of (P) in the interval [u|p,,u|s,].
Furthermore, ug|p, is a subsolution of (P;) in Bi, and @|p, is a supersolution of
(P1) in By satisfying us|p, < u|p,. Since u; € WP(By) is the greatest solution
of (P1) in [u|g,,d|B,] D [uz2|B,,u|B,], we obtain us|p, < u; and therefore Uy < Uy.
In order to generalize this result, we argue per induction and have by definition
of Uy that ugi1|p, is a subsolution of (Py) and wy is the greatest solution in
[ulB,,T|B,] D [Uk+1|B,,T|B,]. This yields

u< - SUpp1 KU < <UL <0y =7,
and consequently,

lim Uy(z) = U*(z), for almost all 2 € RY.

k—oc0

To show that U* belongs to W, let © € RY be any compact set, which implies the
existence of an open ball By satisfying (2 C By. Due to the fact that u,w generate
lower and upper bounds for U;, we obtain the boundedness of U; with respect to
the norm in LP(By), that is,

||Ul||Lp(Bk) < Cl, for all [ = 1,2, ey (32)

where ¢ are some positive constants depending only on k. Now we are going to
prove the boundedness of VU, in LP(By,). One observes that each U; with | > k+1
fulfills in By41

_ApUl + aj<7 Ul) 50,
which by Definition 2.1 means
/ |VU,|P~2V U,V pdax Jr/ Tipdx =0, forall ¢ € C3°(Bi+1), (3.3)
Bri1

Bri1
where we have

Ti(z) € O(z,Up(x)), for almost all z € RV,

Since Wy * (B 1) is the closure of C§°(By11) in WP(Byy1) (see [1]), the validity
of (3.3) for all p € Wol’p(BkH) can be proven easily by using completion techniques.
With the aid of [11, Theorem 1.2.2] we introduce a function ¥ € D given by the
following properties:

1. 0 <Y(z) <1 forall z € RY,

2. 9(z) =0 for all z € RN \ By,

3. ¥(z) =1 for all x € By.
Additionally, it holds

max ( sup ¥, sup |V19|p> <cg, (3.4)

Bri1 Bri1
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where c is a positive constant. By using the special test function ¢ = U; - 9P €
Wol’p(B;H_l) in the left term of (3.3), one gets along with Young’s inequality

/ VU, P72V U,V (U9 ) da
Bry1

:/ 19p|VUl|pdx+p/ VUL VU Vdde
Byy1

Bpt1

z/ 19P|VUl|pda:fp/ s|VUl|p|19|pd;z:fp/ C()|ULP|Vo|Pdz
Biy1 Bit1

Bri1
> / (1 —pe)ﬁp|VUl|pdx—p/ C(e)|U)P|VI|Pdx,
Bk:+1 Bk+1

where ¢ is selected such that ¢ < 1%. Applying (j2) along with (3.4) and (3.2) yields

/ (1 — pe)d?|VU|Pda < p/ C() U V9P e +/ U7 da
B Bry1 B

k+1 k+1

<p Ce)|UP|VI|Pdx +/ (c+ c|U P~ Y Uy |9P da

Bj41 Br41

<¢,

where ¢ is a positive constant which depends only on k. The boundedness of the
gradient VU, in LP(By) follows directly by the estimate

/ VU |Pdz < / IP|VU |Pdx  for any | > k + 1,
By,

Bt
which implies along with (3.2) that [|U|lw1r(p,) < G for all I = 1,2,.... The
reflexivity of W1P(By),1 < p < oo, ensures the existence of a weakly convergent
subsequence of U;. Due to the compact imbedding W'P(By,) < LP(By) and the
monotony of U; we get, for the entire sequence Uy,

Ul |lp,— U* |, in W'P(By,) and U |g,— U* |p, in LP(By).

We have U* € WHP(By) and since 2 C By it follows U* € WLP(Q). As Qis a
freely selected compact domain in RY, we obtain U* € W. Our aim is to show that
U* is the greatest solution of (1.1) in [u,u]. Due to (3.1) it holds

Ty, € 9j(x,Ux(z)) a.a. in RY and for all k. (3.5)

Immediately, the boundedness of T', in £ is a consequence of condition (j2) and by
using the diagonal process of Cantor one shows the existence of a weakly convergent
subsequence of (T'y), still denoted by I'y. In fact, since £? is a reflexive Fréchet
space for 1 < ¢ < oo (see [12, Theorem 25.15]), we have

/ Trpdr — / IMpdr VYo € Dask — oco. (3.6)
RN RN

Due to (3.5) we get, for any ball By,
Iy(x) € 9j(x,Uj(x)), foraa. ze€ By l=12,...,

which implies

/ Iipde < / 3%z, Uy p)dz,  for all p € C§°(By).
By By
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Using Fatou’s Lemma and the upper semicontinuity of j° yields

limsup/ I‘lgodxg/ limsupjo(%Ul;go)de/ 3%z, U"; p)du,
By By By

l—o0 l—o00

which shows in view of (3.6)
/ I'pdr < / Jo(x, U";0)dx, Yo € C5°(By). (3.7
By By

We are going to show that (3.7) implies I'*(z) € Jj(x,U*(z)) for a.a. x € By. The
mapping r — j°(z,s;r) is positively homogeneous and inequality (3.7) holds, in
particular, for all ¢ € C§°(By)+. We obtain

/ Mpdz < / 3%, U™ Dpdz, Vo € C5°(By)+-
Bi By
By [10, Proposition 2.1.2] Clarke’s generalized directional derivative j° fulfills

(@, 57) = max{{r : £ € 9j(x, )},

and since 9j(x, s) is a nonempty, convex, and compact subset of R, there exists a
function I'T : By, — R such that

7%z, U*(x);1) =T3(x), for a.a. x € By, (3.8)
where
I (z) =max{£: £ € 9j(x,U"(x))}. (3.9

Applying the general approximation results in [3] for lower (respectively, upper)
semicontinuous functions in Hilbert spaces yields a sequence of locally Lipschitz
functions converging pointwise to j°. This implies that s — j°(z, s;1) is superposi-
tionally measurable, meaning that the mapping x — j°(z, u(x); 1) is measurable for
all measurable functions v : By — R. Due to (3.8) and (j2) we infer I'; € L9(By).
Using (3.7) proves

/ F*apdxg/ Iiedx, Yo e C(Bi)+,
By By

which implies
I'*(z) <Ty, fora.a. x€ By. (3.10)
Testing (3.7) with nonpositive functions ¢ = —1, where ¢ € C§°(By)+, we have

—/ F*wdxg/ 3O(x, U™ —1)pde, Vb € CS°(By) 4 (3.11)
By By

The same arguments as above yield the existence of a function 7 € L9(By) such
that

7(x) = max{—€: £ € 3j(z,U"(2))} = —min{¢ : £ € Ij(z,U"(2))}, (3.12)
which implies by setting 'y = —7 in (3.11) that
—/ IMypdx < —/ Iydx, Y € C3°(Bg)+,
By By

and therefore one gets

/ I pda 2/ Tipda, Vip € C°(By) .
By By
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From the last inequality we infer

I'*(z) > T35, fora.a. x € By. (3.13)
In view of (3.9), (3.10), (3.12), (3.13) and I'5 = —7 we see at once that
I'(z) € 9j(x,U*(x)) for a.a. x € By,. (3.14)

Let ¢ € D be arbitrary fixed. Then there exists an index k such that the support
of ¢ fulfills supp ¢ C Bj. The approximations above yield, for any [ > k

/ VU |P2V U Vpde + / Lipdr =0,
RN RN

or equivalently

/ VU P72V U, Vpda + / Typdr = 0. (3.15)
By By

It is well known that —A, : WhP(By) — (WHP(By))* is continuous, bounded, and
pseudomonotone for 1 < p < co. We have U, — U* in WP(By,) and due to the
pseudomonotonicity it holds —A,U; — —A,U* in (W1P(By))*. Along with the
weak convergence of T'; in L9(By,) we can pass to the limit in (3.15) and obtain

/ |VU*\p_2VU*V<pdm+/ I pdx = 0. (3.16)
RN RN

The statements in (3.14) and (3.16) show that the pair (U*,T*) is a solution
of problem (1.1) in [u,@]. In order to complete the proof we have to prove that
U* is the greatest solution of (1.1) in [u,@]. Let @ be any solution of (1.1) in the
order interval [u,u]. Obviously, the solution @ is also a subsolution of (1.1), which
implies by the construction in (3.1) that the inequality & < U; < @ is valid for

all [ = 1,2,.... This yields u < U;, which shows that U* must be the greatest
solution of (1.1) in [u,@]. In the same way one can show the existence of a smallest
solution. (]

Remark 3.2. Notice that Theorem 3.1 can be extended for problems of the form
Au+9j(,u)20 inD,
where

Au(x) = — i\’: ia-(x u(z), Vu(z)), with Vu = Ju Ou (3.17)
= s 8&31' i\<Ly ) ) - 81‘1’.”’81‘]\] .

is a general operator of Leray—Lions type. The proof in this case can be shown by
using stmilar arguments.

Remark 3.3. The elliptic inclusion problem with state-dependent subdifferentials
investigated by Carl in [4] has the form

Au+ B u,u) 30  in D,

where A is a general operator of Leray—Lions type like in (3.17) and

B(z,u,-) : R — 28\ () is a mazimal monotone graph in R? depending continuously
on the unknown u. The multifunction 8 is generated by f : RN x R x R — R which
satisfies the following conditions:

(f1) (z,7) — f(x,r,8) is a Carathéodory function uniformly with respect to s,
which means that f is measurable in x for all (r,s) € R xR and continuous
inr for a.a. € RN uniformly with respect to s.
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(f2) s — f(x,r,8) is nondecreasing (possibly discontinuous) for a.a. x € RN
and for each r € R, and it is related to the maximal monotone graph B by

ﬁ(x7r7s) = [f(x’/r’s _0)7f(m7r78+0):|7

where f(z,r,s £0) = lim. o f(z,r,s L ¢).

(f3) (x,8) = f(z,7,s) is measurable in RN x R for each r € R.

(f4) For a given pair of sub- and supersolutions u,w satisfying u < u, there
exists a function k € L% and a constant o > 0 such that

|f(z,r,5)| < k(=),
for a.a. x € RN and for all r € [u(z),u(z)] and s € [u(z) — o, u(z) + .
The function f is continuous in the second argument and nondecreasing (possibly

discontinuous) in the third argument. Thus, f € LS (RN x R x R) and we can set

i(,s) = /0 Fat,0)dr,

which yields that the function s — j(x,s) is locally Lipschitz and Clarke’s general-
ized gradient can be represented by 0j(x,s) = B(x,s,s) (for more details see, e.g.,
[9]). Hence, our paper extends the results in [4] for more general multifunction in
form of Clarke’s generalized gradients in all of R .

4. CONSTRUCTION OF SUB- AND SUPERSOLUTIONS

In this section we give some conditions to find a pair of sub- and supersolutions of
our problem (1.1). The main idea is to use the eigenvalues and the corresponding
eigenfunctions of the p-Laplacian on bounded domains with Dirichlet boundary
values. We denote by A; the first eigenvalue of the p-Laplacian on the ball B,
with radius r corresponding to its eigenfunction ¢;. This means, ¢; satisfies the
equation

—Apu = M|ulP~%u  in By,

u=0 on 0B,. (4.1)

In view of the results of Anane in [2], it is well known that A; is positive and
¢1 € int(C¢(B,)+), where the interior of the positive cone Cg(B,.); is given by

int(Cy(B,)4) = {u € C3(B,) : u(x) > 0,Vz € B,, and g—Z(x) <0,Vz € 8BT}.

Now we suppose the hypotheses on Clarke’s generalized gradient as follows:
(j3) There exists a Carathéodory function g : RY x R — R, which fulfills

€ <g(x,s), VsecR, foraa. xcRY, and forall £ € dj(x,s) (4.2)
and has the property

lim inf (—g(x’8)> > Al (4.3)

s——+0 sp—1

uniformly with respect to a.a. = € RY. Furthermore, there exists 5 > 0
such that

dj(x,3) >0, fora.a. zeRY. (4.4)
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Proposition 4.1. Let the conditions (j1)—(j3) be satisfied. Then there exists a
positive ordered pair of sub- and supersolutions

u(x) = {4(5)4,01(@ Zzz E g;\] \ B, w(xr) =3, for a.a. x € RN (4.5)

of problem (1.1) provided that € > 0 is sufficiently small.

Proof. The eigenfunction ¢; of (4.1) belongs to int(Cg(B, )4 ), that means in par-
ticular, the outer normal derivative % on 0B, has a negative sign. By applying
the Divergence Theorem we have for ¢ € D

[ 19ur 2 uTpds = [ (Vo) V) Veds
]RN

r

- / 1V (00) [P~ (0(e0r) /0w ) o + /
OB,

A1 (Egol)pflgadac
B.

< / A (ep1)P Hoda
B

:/ MuP Lod.
]RN

This calculation along with (4.2) and (4.3) yields for v € 9j(-,€01)

—Ap(epr) +7 < Alepr)P ™ + g 1) <0,

assumed ¢ is sufficiently small. Due to (4.4) it follows directly that @ = 5 is a
positive constant supersolution of (1.1). Choosing ¢ small enough such that u <@
completes the proof. O

Proposition 4.1 ensures under the additionally hypothesis (j3) the existence of
a positive nontrivial solution u of (1.1) belonging to the order interval of sub- and
supersolutions given in (4.5).

Example 4.2. Let A > A\ be fizred and let j(x,-) : R — R be a locally Lipschitz
function satisfying (j1) given by

+2
—/\6572—)\s—sgnsLSP, ifs <2
R EESTh
) 1., || + 2 )
jlx,8) =< —=As"+4As — 9\ — ———— P, if2<s<3
(s =173 Pl + 1)
) 2
e 753 f As — z)\ — &5”, if s > 3.
20 p(lz[+1)
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generalized Clarke’s gradient has the form

2
D A - :z: I T |s|P~1, if s <2
{—2 <A+ |x|+22”—2) 2 </\ _ =l +22P—2>} . ifs=2
lz] +1 |z] +1
2
dj(x,s) = —)\s—|—4)\—:z:::—_13p1, if2<s<3
2 2
{ :x:il?,ﬂ,n:x:ilspl}, ifs=3
X X
2
Ae 53 4\ — ] + sP=L if s > 3.
|x| +1

One easily verifies that 9j(x,-) satisfies the condition (j2) and is bounded above by
a Carathéodory function g : 2 X R — R defined as

—<)\+:i:13)51’_1, if0<s<1
9lo,8) = 3As—4A—:z:ﬁsP1, if1<s<2
s+2(A—1)— :z:ﬁsl’l, if s > 2.

Since g fulfills property (4.3), there exists a positive pair of sub- and supersolutions
given by (4.5) and thus, we obtain a nontrivial positive solution u € [u, ] of problem

(1.1).

Acknowledgement: The author gratefully acknowledges the helpful sugges-
tions of S. Carl during the preparation of the paper.
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