SMALL PERTURBATIONS OF ROBIN PROBLEMS DRIVEN BY
THE p-LAPLACIAN PLUS A POSITIVE POTENTIAL
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ABSTRACT. We consider a quasilinear Robin problem driven by the p-Laplacian
plus a positive potential and with a small perturbation. We assume that the
main term in the equation has an Ekeland structure but we do not suppose any
growth condition for the perturbation term. Applying variational methods, we
prove the existence of at least one nontrivial weak solution.

1. INTRODUCTION

In this paper, we study the following quasilinear Robin p-Laplace problem with
small perturbation given by
~Apu+ V(2)u = a(@)ul? u+ \g(z,u) + f(x) in £,

1.1
|Vu|P~2Vu - v 4 B(2)|ulP~?u = 0 on 052, 1)

where Q C RY (N > 2) is a bounded domain with a C?-boundary 9, p > 2, X is
a real parameter, 0 < ¢ < p — 1 and v(x) denotes the outer unit normal of 2 at
x € 0f). This problem is driven by the p-Laplacian, which is defined by

Apu = div (|[Vul[P7>Vu)  for u e WHP(Q).

Our aim is to prove the existence of at least one weak solution of problem (1.1)
by applying variational methods like Ekeland’s variational principle. In order to
state our main result we need to give first the precise assumptions on the data of
problem (1.1).

H(a): a € L*(€2) and there exists a > 0 such that
a(z) < —a for all x € O

H(B): g€ L>*(09Q) and B(x) > 0 for all x € IQ with § # 0;

H(g): g: 2 x R — R is continuous;
H(V): V e L>*(Q) and
iggV(x) > 1,

H(f): f e L>(N) and there exist xp € Q and Ry > 0 such that
f(z) >0 forall z € B(xg, Rp).

Our main result reads as follows.
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Theorem 1.1. Assume that conditions H(a), H(B), H(f), H(g) and H(V ) hold.
Moreover, suppose that N < p and 0 < g < p — 1. Then there exists a positive
number Ao such that if |\ < Ao, problem (1.1) has at least one nontrivial weak
solution.

In order to treat problem (1.1), we first study the existence of solutions of the

following auxiliary problem
~Apu+ V(z)u = a(@)u|? u+ f(z) in Q, 1.2)
|Vu|P~2Vu - v+ B(2)|ulP~2u = 0 on Of). .

For V' we suppose a weaker condition in the following way.
H(V'): V € L>*(Q) and
Volly <8,
where V* = max {V*,0} and S denotes the best Sobolev constant of the

compact embedding D12(Q) into L™(Q2) for r € [1,2%), see Anello and
Cordaro [1, Lemma 2.1], that is,

2

[[ull3

u € DLQ(Q)},

where D12(Q) is the completion of the space of continuous functions on {2
with compact support with respect to the norm

</Q |Vu|2d:c)é.

Remark 1.2. It is clear that condition H(V ) implies assumption H(V').
For problem (1.2) we are going to prove the following result.

Theorem 1.3. Let H(a), H(B), H(f) and H(V') be satisfied and let 0 < g < p— 1.
Then there exists a positive number Ao such that if |A| < Ao, problem (1.2) admits
a nontrivial weak solution.

The main result in this paper establishes that problem (1.1) has a solution pro-
vided that a suitable perturbation of the second reaction term is sufficiently small.
This perturbation is described in terms of the real parameter A in relationship with
the small values of the first reaction term with respect to a certain topology.

Such existence type results have been investigated by Papageorgiou and Radulescu
[8], [10], [9] and Vetro [12] for nonlinear Robin problems and by Wang [13] for non-
linear Neumann problems. All the aforementioned results treat the superlinear
case and impose more restrictive conditions on the reaction g: Q x [0,00) — R.
Moreover, our work here complements the recent works by Bahrouni, Ounaies and
Rédulescu [2], [3], Bahrouni, Radulescu and Winkert [1] and Kajikiya [7] where the
authors prove for Dirichlet problems an existence theorem for small values of A > 0.

The paper is organized as follows. In Section 2 we state the main notations
and the main results which will be used later. The auxiliary problem (1.2) is then
considered in Section 3 by applying critical point theory and Ekeland’s variational
principle, see Theorem 2.2. Taking into account this result, we are going to prove
Theorem 1.1 in Section 4.
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2. PRELIMINARIES

In the whole paper we suppose that € is a bounded domain in R, N > 2. Given
1 <7 <oo, L"(Q) and L7 (£2;RY) stand for the usual Lebesgue spaces equipped
with the norm |- ||, while W17 (€2) and W, " () denote the Sobolev spaces endowed
with the norms || - ||1,» and || - ||1,50, respectively. By r/, we denote the conjugate of
r € (1,00), that is, L + L = 1.

On the boundary 02 we consider the (N — 1)-dimensional Hausdorff (surface)
measure o, by which we can define in the usual way the boundary Lebesgue space
L™(09), with norm ||- ||, aq. It is known that there exists a unique continuous linear
operator v: WL (Q) — L™(09Q), called trace map, such that

y(u) = uyaﬂ for all u € W (Q) N CY(Q).

Henceforth, although all restrictions of Sobolev functions to 0 are understood
in the sense of traces, we will avoid the usage of the trace operator v to simplify
notation.

In the following we will equip the space E = W1?(Q) with the norm

. :
lulle = (IVull + lal 5.00) " with ||u|p,ﬂ,m=( /8 Qﬁ(m)lul”da> :

which is equivalent to the standard one || - |1 ,, see Papageorgiou and Winkert [11].
Note that the critical Sobolev exponent to r € (1,00) is given by
Nr
if r < N,
=dN—r T (2.1)
+00 otherwise.

The following definition is important in our treatment.

Definition 2.1. Let X be a real Banach space, let ¢ € R and let F C X be a
closed subset. We say that I € C'(X,R) satisfies the Palais-Smale condition at
level ¢ € R on F ((PS)p,-condition for short), if any subsequence (un)nen C F
such that I(uy) — ¢ and I'(u,) — 0 in X*, has a convergent subsequence to some
ue F. If F =X we write (PS).. If F = X and I satisfies the (PS).-condition at
every level ¢ € R we say that I satisfies the (PS )-condition.

This compactness-type condition on [ is crucial in deriving the minimax theory
of the critical values.

Let us recall the following version of Ekeland’s variational principle established
by Ekeland [5] or Gongalves and Miyagaki [0].

Theorem 2.2. Let X be a real Banach space. If I € C*(X,R) is bounded from
below on a closed subset F C X with a nonempty interior and if

I(v) <0< i%fF I(u) for somewv € F°, (2.2)
ue
then
c:= ;gg I(u) (2.3)

is a critical value of I provided that I fulfills the (PS)p c-condition.
Definition 2.3. Let X be a real Banach space and let I € C*(X,R).
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(1) We say that u is a c-Ekeland solution of I if I(u) = 0 and I'(u) = ¢, where
c is given in (2.3).
(2) We say that I has the Ekeland geometry if I satisfies property (2.2).

3. STUDY OF THE AUXILIARY PROBLEM

Our aim in this section is the proof of Theorem 1.3. First we give the precise
definition of a weak solution of problem (1.2).

Definition 3.1. We call u € E' a weak solution of problem (1.1) if

/ |Vul[P~2Vu - Vo dr + / V(z)uvdx + B(x)|u|P~*uv do
Q Q 0

= / a(z)|u|? uw dx —|—/ f(z)vdx
Q Q
is satisfied for allv € E.

In order to find weak solutions we are going to study the corresponding energy
functional J: F — R of (1.2) given by

1 1 1
J(u):f/ |Vu|pdz+f/V(x)\u|2dx—|—f/ B(x)|ul? do
pJa 2 Jo P Joo
1

B Qa(a:)\u|q+1 dzf/gf(x)udx.

Lemma 3.2. Suppose that H(a), H(B), H(f) and H(V') are satisfied and let 0 <
q<p—1. Letd € R and let I C E be a closed subset. Then J satisfies the
(PS) F,q-condition.

Proof. Let (up)nen be a (PS)-sequence of J, then there exists ¢; > 0 such that
J(up) < c¢1. We claim that (u,)nen is bounded in E.
Case 1: p = 2. Note that in this case we have 2* = 1\2,—]_\[ since 2 < N by

2
assumption, see also (2.1).

Applying Holder’s inequality, hypotheses H(a), H(3), H(f) and H(V’) along with
the embedding W2(Q) < L2(2), we obtain

c1 > J(uy)
1 2 1 2 1 2
= [ Vuu|"dz+ 5 [ V(2)|un|"dre + 3 B(x)|un|” do
2 Jo 2 Jo 2 Jaq

1
qg+1Jq

1/ \Vun|2dx+1/V+(x)\un|2dx—1/V*(x)|un|2dx
2 Jo 2 Ja 2 Ja

1
+i/mﬂ(m)\un\2da—/ﬂf(m)undx

a(x)|u, |7 da 7/ f(@)uy, dx
Q

IV

(3.1)

1 IVllx 1
> | 2= 2 2 - 2
Z (2 95 [Vun |2 2/agﬁ(x)|un| do — || fll2llunll2

LIVl
> Z -
—\2 2S5

> lunllE = Cillfll2llunlle,
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with a positive constant Cy. Thus, there exists Cy > 0 such that
lunlle < Cy  for all m € N.

Case 2: p > 2. Note that in this case we do not need to know if N > p or
N <np.

Again, by applying Holder’s inequality, conditions H(a), H(3), H(f) and H(V")
and the embedding W1P(Q) < LP(Q) we have

e > J(uy)

1

> 1/ |Vun|pdx+l/ V+(x)|un|2dx—f/ V(@) |un|? dx
P Ja 2 Ja 2 Ja
1
+ - npd _/ nd
D aQB(x)|u P do Qf(m)u €z (3.2)

1 1 _
2 SIVunly + 2 /d B(2)tunl? do — Ca |V oclltm 12 = Cill ot Nl

hS!

1 _
2 Ellunll% = G5V llsolunllz = Coll flp lunll s

where C5, Cg are positive constants. Since p > 2 > 1, it is easy to see that (u,)nen
is also bounded in this case. The proof that the sequence (u,)pen is strongly
convergent in F is standard and is omitted. O

Lemma 3.3. Assume that the hypotheses of Theorem 1.5 are fulfilled. Then, prob-
lem (1.2) has the Ekeland geometry property.

Proof. First we are going to show that there exist p,v > 0 such that
J(u) >~ forall u € E with ||Ju|lg = p. (3.3)

Case 1: p=2.
Let w € E. From hypotheses H(a), H(8), H(f) and H(V’) and (3.1) it follows
that

1 1 1
J(u) > f/ \Vu|2dx+f/ V+(sc)|u|2dx—f/ V= (@) |uf? dz
2 Ja 2 Ja 2 Ja

1
+3 [ A@uP o= [ fauds (3.4)
1 IV7ollx
> (2 -5 ) lullZ = £ ll2llull =
We set
2| f1]2

P= 7 - N
1 IVl
2 25

Then, by (3.4), we derive that

vl
J(“)2<4 19 )—’Y

This proves (3.3) if p = 2. The case p > 2 works in the same way by using (3.2)
instead of (3.1).
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Now let ¢ € C§°(Q) be such that supp(¢) C B(xg, Rp). This yields, for ¢
sufficiently small enough,

tP tP tP
J(tp) = */ IVsolpder—/ V(x)lepdx+—/ B(@)|pl” do
P Ja P Ja P Jon

o [l =t [ p@ipa
— a(x T —t T T
q+1 /g v Q v
tp=1 Pt Pt .
(" [wepdes S [l T [ gwlrar O
p Ja P Ja P Jaq
A 1
———— [ a(x)|el" dm—/fxgpdx)
= [ ale [ fa)
< 0.
since ¢ < p — 1.
Combining (3.3) and (3.5), we obtain the desired conclusion. O

Proof of Theorem 1.3. Next, we consider the minimization problem

c= inf J(u).
uw€By(p)

It is clear that —oo < ¢ < 0. Then by Theorem 2.2 as well as Lemmas 3.2 and 3.3,
there exists ug € E such that ug is a nontrivial weak solution of problem (1.2). O

In the next step we are going to prove that every nontrivial weak solution of
problem (1.2) belongs to L>(2).

Lemma 3.4. Suppose that the hypotheses of Theorem 1.3 are fulfilled. Moreover,
assume that H(V ) holds. Then, for every weak solution u of problem (1.2), we have

M = —|flloe < ul@) < [|flo =M forallz e

Proof. Let u € E be a solution of problem (1.2). This leads to
/ |Vu|P~2Vu - Vo dx—i—/ V(z)uv dx
Q Q
+/ B(z)|ulP*uvdo — / a(x)u|? tuv dx (3.6)
o0 Q
< / Iflllv]dz for all v € E.
Q
Choosing v = (u — || f|leo) " € E in (3.6) gives
|9 E v = ) do [ V@ 1)) do
+ [ B@llutu =) do = [ a@ful (= 7)) da
o0 Q
< [ Ufloc = fll)* do
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Hence, by H(a) and H(V'), we obtain

[Vl 2V S = ) do+ [ ) (0 ) do
@ )
+ [ B@h Pt 1) do <0
o

From this we conclude that

IV (= 1 flloo) 11 + Nl (w = 1| flloc) *113
+ [ B@llutu = ) do <o,
oQ
which implies that
uw(r) < [|f]lee for all z € Q.
Similarly, choosing v = (—||f|lec — u)" € E, we obtain
=l flloo < .
The proof is now complete. O
4. PROOF OF THE MAIN RESULT
In this section we are going to prove Theorem 1.1.

Definition 4.1. We call u € E a weak solution of problem (1.1) if

/|Vu|p72Vu~Vvdx—|—/V(J:)uvdx—F/ B(x)ulP~?uv do
Q Q o0

= / a(x)|ul? tuw dz + /\/ g(z,u)v da:Jr/ f(z)vdx
Q Q Q
is satisfied for allv € E.

The corresponding energy functional Jy: E — R of (1.1) is given by
1 1 1
Ja(u) = 7/ |Vul|P dx + f/ V(2)|ul? de + 7/ B(x)|ul? do
PJa 2 Ja P Joq

b afx)|ult dm—)\/G(x,u) d:v—/ f(z)ude,
q+1Jg 0 Q

where G(z,s) = [ g(z,t) dt.

Now, we choose a function h € D(2,R) such that 0 < h < 1in Q, h(z) =1
for |z| < 2||f]leo and h(z) = 0 for |x| > 4||f|lcc, where D(Q,R) is the space of all
smooth functions with compact support. Then the function

_ €
G(z,u) == h(x)G(z,u(x)) = h(a:)/ g(x,s)ds

0
is of class C! in Q x R. Hence, by H(g), we see that G(z,u) and G, (z,u) are
bounded on © x R.

Next, we define Jy: E — R by

. 1 1 1
J,\(u)zf/ |Vu|pdx—|—f/ V(z)u?dx + = B(x)u? do
P Ja 2 Ja P Joa
1

T Qa(:z:)|u\‘1+ dx7)\/Qh(u(x))G(:z:,u(z))dx—/Qf(x)udz_
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It is easy to see that a critical point of Jy is a solution of the problem
~Apu+ V(2)u = a(x)u|? v+ H(x,u) + f(2) in £,
|VulP™2Vu - v+ B(z)|ulP~?u = 0 on 04,
with
H(z,u) = M(u)Gy(z,u) + A0 (u)G(x,u).
Consider the following minimization problem

C) = illf j,\(u),
u€Bo(p)

where p is as defined in the proof of Lemma 3.3.

Our idea is the following: First, we find an Ekeland solution vy of Jy. Then,
we prove that ||vy]|ec < 2M for |A| small enough. Then h/(vy) = 0, h(vy) =1 and
therefore vy becomes a solution of (1.1).

Lemma 4.2. Under assumptions of Theorem 1.1, for each A € R, Jx satisfies the
PS-condition.

Proof. Applying the hypotheses H(a), H(8), H(f), H(g) and H(V) and the fact
that G(z,u) and G, (x,u) are bounded on Q x R, the proof is similar to that one
of Lemma 3.2. O

Lemma 4.3. Suppose that the assumptions of Theorem 1.1 are satisfied. Then
there exists Ao > 0 such that Jy has the Fkeland geometry property when |A| < |Aol.

Proof. Due to the boundedness of G(x,u), we get

J(u) — CX < Jy(u) < J(u)+ CX for all u € E, (4.1)
where C' > 0 is independent of A\ and u. Let Bo(p) be as in the proof of Lemma
3.3. Applying (4.1) for |A| small enough yields

—oo < inf Jy(u) <0
wEBo(p)

and

0< inf Ju) —Cx< inf Jy(u).
u€dBy(p) u€dBy(p)

This completes the proof. ([
Lemma 4.4. Under conditions H(a), H(B), H(f), H(g) and H(V ), let A, € R be

a sequence converging to zero and let u, be an Fkeland solution of Jx, . Then, up
to a subsequence, (un)nen converges to an Ekeland solution v € E of J.

Proof. Using again (4.1), we have
J(u) — Chn < Jy, (u) < J(u)+CX, forallue E,

and so
inf  J(u)—CX\, < inf Jy (u)< inf J(u)+C\, forallue E.
u€Bo(p) u€Bo(p) u€Bo(p)
Therefore

cx, — ¢ asn — +oo. (4.2)
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Invoking condition H(g) and using the fact that G(z,u) and (G), (x,u) are bounded
on Q x R as well as A, — 0, we deduce that (u,)nen is a (PS)-sequence of J. So,
by Lemma 3.2, u,, — v in E. This fact along with (4.2) yield
v)

J(w)=c and J'(v)=0.
This completes the proof. ([l

Lemma 4.5. Assume that H(a), H(B), H(f), H(g) and H(V ) hold. Let A\, € R be

a sequence converging to zero and let u, be an Ekeland solution of j,\ Then, up

to a subsequence, u, converges to u in L>®(Q), where u is an Ekeland solution of
J.

Proof. Since N < p we know that E is continuously embedded into L (). It
follows, because of Lemma 4.4, up to a subsequence, that u, — w in L*(2). This
shows the assertion. ]

Lemma 4.6. Under the same assumptions of Theorem 1.1, there is a positive
constant Ao such that any Ekeland solution v € E of Jy with |\ < g satisfies

V)00 < 2M.

Proof. We argue by contradiction and suppose there exist A, € R, u,, € E such
that A, — 0, u, is an Ekeland solution of Jy, and |[ty]/ee > 2M. By Lemma 4.5,
(un)nen converges to an Ekeland solution w € L*>(f2) of J. Using Lemma 3.4, it
follows that ||w||ec < M. Then, by Lemma 4.5, ||un|lco < 2M for n large enough
which is a contradiction. O

Proof of Theorem 1.1. We choose Ay > 0 which satisfies Lemmas 4.3 and 4.6. Then,
by Lemmas 4.2, 4.3 and Theorem 2.2, there exists u)y € FE such that u) is a
critical point of Jy and ¢y = Jy(uy) with |A| < |A¢|. From Lemma 4.6, we have
lurlloo < 2M. Thus, h'(uy) = 0 and h(uy) = 1. Therefore, uy is a nontrivial weak
solution of problem (1.1). O
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