MULTIPLICITY RESULTS TO A CLASS OF
VARIATIONAL-HEMIVARIATIONAL INEQUALITIES

GABRIELE BONANNO AND PATRICK WINKERT

ABSTRACT. This paper deals with variational-hemivariational inequalities in-
volving the p-Laplace operator and a nonlinear Neumann boundary condition.
Based on an abstract critical point result, which is developed at the beginning
of the paper, it is shown the existence of at least three solutions to such in-
equalities whereby the cases p > N and p < N are treated separately. The
applicability of these results is emphasized with suitable examples.

1. INTRODUCTION

Let © be a non-empty, bounded, open subset of the real Euclidian space R,
N > 1, with C'-boundary I' := 99 and let ¢ € L®°(Q) satisfying ¢ > 0,q Z 0. We
consider the following problem: Find v € K such that, for all v € K,

/Q V() P~2Vu(z) - V(o(z) — ulx))ds
+/QQ(~’E)|U(I)|%2U(I)(U($) —u(z))dz
Jr/ﬂ)\oz(x)Fo(u(x);v(x) — u(z))dzx

4 / 1B(2)G° (yu(z); v (z) — yu(x))do > 0,
I

where K is a closed convex subset of the usual Sobolev space W1P(Q),1 < p < oo,
containing the zero function while a € L'(Q), 8 € L}(T), fulfill a(x) > 0 for a.a.
x€Q, a#0and f(z) >0 for a.a. € I'. The values A and p are real parameters
with A > 0 and p > 0 specified later. By F° and G° we denote Clarke’s generalized
directional derivatives of the locally Lipschitz continuous functions F,G : R — R
given in the form

3 £
Fe) = [ rwn G - / g(t)dt,

with locally essentially bounded functions f,g : R — R. As usual, we denote by
v : WHP(Q) — LP(T) the well-known trace operator being linear and compact.
The aim of this paper is to provide multiplicity results to inequality (1.1). We
present different existence theorems showing the existence of at least three distinct
solutions of (1.1) provided the number A belongs to a specific interval and the
parameter p is sufficiently small. Since C(€) is compactly embedded into W1?(Q)
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when p > N, the various cases p < N and p > N are discussed separately with
different assumptions on the data f and g. Our main results are stated in Theorem
3.1 (p > N, see Section 3) and Theorem 4.1 (p < N, see Section 4). The main idea
in the proofs is the usage of an appropriate abstract three-critical-point-result for
non-smooth functionals which is proved in Section 2 based on results in [8].

Existence and multiplicity results for variational-hemivariational inequalities have
been obtained under different structure and regularity conditions on the nonlinear
functions by various authors. We refer, for example, to [1], [23], [24], [28] and [30]
as well as the references therein. It is clear that problem (1.1) becomes a hemivari-
ational inequality if K coincides with the whole space WP(£). Such inequalities
have been handled for example in [2], [3], [13], [15], [29], [34] and [35]. In the
context of infinitely many solutions to (1.1) we refer to the recent results stated in
[9] and [11] for p > N while existence results to (1.1) via the method of sub- and
supersolution can be found in [14] and [16].

Let us comment on some relevant special cases of (1.1).

(A) If K = W1P(Q) and F, G are smooth, problem (1.1) reduces to

l/|VuwMVQVu@»-V¢@MM+1/q@»m@mpﬂu@ndex

Q Q

+/Aauﬁ%mww@mx+/umwcwm@»wumUzm
Q I

for all o € W1P(Q) which means that u € WP(Q) is the weak solution of
the nonlinear boundary value problem

—Apu(z) + q(z)|u(@) [P~ ?u(z) + Aa(z) F' (u(z)) =0 in Q,

u (1.2)
O ) + wB@)G (u(a) =0 onT

where (Ou/0v)(z) = |VulP~2(0u/On)(z) with (Ou/0n)(z) being the outer
normal derivative of u at x € T'. Regarding existence and multiplicity
of solutions to (1.2) we point out (without guarantee of completeness) the
papers in [20], [21], [22], [30], [32], [37], [46], [48], and the references therein.
Referring to homogeneous Neumann problems, the existence of at least
three solutions in case p > N was shown with different methods for example
in [1], [5] and [6] (see also [7] for infinitely many solutions) while the more
complicated case p < N was recently studied in [19].
(B) In case f =g =0, (1.1) is a classical variational inequality of the form

weK: /Q V(@) P~2Vu(2) - V(o(z) — ulx))ds

—|—/ q(z)|u(x)|P2u(z)(v(z) — u(z))de >0, YveK,
Q

whose treatment is well-known (see for example the monograph of Kinder-
lehrer in [25]).

(C) As mentioned above, problem (1.1) reduces to a so-called hemivariational
inequality provided K = WYP(Q). This contains as a special case the
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subsequent elliptic inclusion
—Apu(z) + q(z)|u(@) [P~ ?u(z) + Aa(z)OF (u(z)) > 0 in Q,

" 1.3
O (#) + uB(@)G(u(x)) 20 onT, "

whereby the multivalued functions OF, dG stand for Clarke’s generalized
gradient (see Section 2 for more details). Concerning multiple solutions
such inclusions have been studied in [31] and [17]. Regarding the existence
of infinitely many solutions for homogeneous problems of type (1.3) we also
mention the paper of Candito [11] and the work of Kristdly-Motreanu (see
[27]) where in the second paper the authors do not require that W1P(Q)
is continuously embedded into C'(Q). Likewise, we draw attention to a pa-
per of Kristdly-Moroganu in which a new competition phenomena between
oscillatory and pure power terms has been described (cf. [20]).

It should be noted that our variational-hemivariational inequality is equivalent
to the multi-valued variational inequality
n(z) € OF (u(x)) a.e. in Q,&(x) € G (yu(z)) a.e. in T,
fQ [Vu(x)[P~2Vu(z) - V(v(z) — u(x))dr
uekK: + Jo (@) |u(@) P~ u(z) (v(@) — u(@))dz (1.4)
+ Jo d(@)n(z) (v(@) — u(x))dw
+ Jp uB(x)é(x) (yv(z) — yu(z))do >0, Yove K,
provided the elements of OF,0G fulfill a suitable growth condition and K has
lattice structure, which means, if u,v € K, then max{u,v}, min{u,v} € K. In
other words, u is a solution of (1.1) if and only if w is a solution of (1.4). This
interesting result was recently published in [12].
We also would like to mention the recent work in [44] and references therein
concerning three critical points theorems involving smooth functionals. For more

information about (variational-)hemivariational inequalities we refer the reader to
the monographs in [42] and [43].

2. PRELIMINARIES

Let us recall some basic facts on non-smooth analysis which we will need in later
considerations. Let (X, || -||) be a real Banach space and denote by X* its dual
space while the duality pairing between X and X* is denoted by (-,-). A function
f: X — R is said to be locally Lipschitz continuous if for every z € X there exist
a neighborhood U, of x and a constant L, > 0 such that

The term f°(z;y),z,y € X stands for the generalized directional derivative of f at
the point x along the direction y which is given by
t —
folasy) = Timsup fz+ty) f(Z)’
z—x,t—0t t

(see [18, Chapter 2]). Let f1, fo : X — R be locally Lipschitz continuous functions.
Then we have

(f1+ f2)°(x5y) < fi(wsy) + f3(w5y), Va,y e X. (2.1)
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The generalized gradient of a locally Lipschitz continuous function f at x, denoted
by 9f(x), is the set
of (z) :={a" € X*: (z",y) < f°(z;y),Vy € X}.
An element x € X is a (generalized) critical point of f if it satisfies the condition
fP(zy) 20, VyeX,

or equivalently, 0 € 9f(x) (see [17]).

Let I : X —] — 00,+00] be a non-smooth function represented as a sum of a
locally Lipschitz continuous function f : X — R and a convex, proper and lower
semicontinuous function j : X —] — 0o, +0o0], that is I := f + j. An element u € X
is a (generalized) critical point of I if

fPluv—u) +5(v) —j(u) 20, YveX

is satisfied (see [39, Chapter 3] and [10]).

Now, let us give the assumptions concerning our first result. For a reflexive
Banach space X, the functional ® : X — R is assumed to be sequentially weakly
lower semicontinuous and coercive while T : X — R is supposed to be sequentially
weakly upper semicontinuous. By A we denote a positive real parameter, j : X —
] — 00, +00] is a convex, proper and lower semicontinuous functional and D(j) stands
for the effective domain of j. Then we define

U:="T—j and Jy:=P -2V = (P —AT)+\j:=0,+ )\, (2.2)
while it is supposed that
D) N® (] —oo,r]) #0, forall r > i§ffb.

Now we define

(Supmequd—oo,rn ‘I’(fc)) ~ ¥y

r) = inf , forall r > inf @,
e1(r) yed=1(—o0,r)) r—o(y) X
respectively,
V(y) - (Supz€<1>*1(]foo,r]) ‘I’(fc)>
pa(r) = sup D) — , forall r <sup®.
yed—1(]r,+o0]) (y) r X

We have the following result.

Theorem 2.1. Assume that there is r €]infx ®,supy ®[ such that p1(r) < wa2(r).
Further suppose that the functional Jy is bounded from below and satisfies the (PS)-

condition for each X € A = }@%(T), cp%(r) [ Then, for each A € A, Jy has three

distinct critical points.

Proof. First, we observe that, thanks to [40, Corollary 1.3], J is coercive. Now,
we want to show that Jy has a local minima u; € ®7!(] — co,7[) and a local
minima uy € ®71(]r, +00[). Let A € A be fixed. We are going to show that there
is u; € D(j) N ®71(] — oo, 7) such that Jy(ui) < Jy(u) for all u € ®~1(] — o0, 7).
Taking into account § > ¢1(r), we find w € D(j) such that ®(u) < r and Jx(u) =
P(u) — AV (u) <7 — Asupg(y)<, ¥(z). Putting L := i;\(ﬁ) + U(u) yields

sup U(x) < L. (2.3)
P(z)<r
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Let us take
U (u) = min{¥(u), L}.

As j is sequentially weakly lower semicontinuous (see [10, Corollary II1.8]), we
can easily prove that ¥ is sequentially weakly upper semicontinuous. We take
J = & — AU and note that J is sequentially weakly lower semicontinuous and
coercive which guarantees that its global minimum, namely ug, exists (see [45,
Theorem 1.2]). If J(ug) = J(u), we put uy =%, so ug € (] — oo, 7[) is a local
minima of Jy. Let us consider the case J(ug) < J(@). Then, we obtain

D(ug) — AV (ug) < ®(w) — AV (1),
thus
D(ug) < AV (ug) + (@) — A (u) <AL+ ®(w) — A\ (u) =r.
Thanks to (2.3) we see at once that ¥(ug) < L. Hence, it follows
D(ug) — AU (ug) = P(ug) — AV (ug) < P(u) — AV (u), VueX. (2.4)
With the aid of (2.3), (2.4) results in
O(ug) — ANV (ug) < @(u) — A¥(u), Yue€ & (] —oo,r]).

Taking u; = ug proves the other case and hence, u; € ®71(] — oo, 7[) is a local
minima of J).

Now we prove the existence of a local minima uy € ®~1(]r,00[). Since A >
there exists T € D(j) such that ®(7) > r and

O(0) —AV(@) <r—AX sup U(x). (2.5)

P(x)<r

1
p2(r)’

Let us introduce a functional ®,. : X — R defined by
D, (z) := max {®(x),r}.

Clearly, @, is sequentially weakly lower semicontinuous and coercive. Then, J :=
®,. — AU has the same properties, so there exists a global minimum vy of .J, that is,

D, (vg) — AU(vg) < D, (x) — AN¥(z), VzeX. (2.6)
Let us show that vy € ®71(Jr,00[). We argue indirectly and assume that vy €
®~1(] — o0, r]). Then, due to (2.6) with the special choice z = v and the fact that
®(w) > r, it follows

r—AU(vg) < ®(0) — AU (D).
Applying (2.5) yields
r—AU(vg) < ®(0) — AV (D) < r — AV(vp),

which is a contradiction. Hence, ug := vy € ®~!(Jr,00[) is a local minima of Jy.

Now, we may apply Corollary 2.1 in [35] to obtain the existence of at least three
critical points of Jy. This completes the proof. (I

Now, we present a variant of Theorem 2.1 where the (PS)-condition and the
boundedness from below of Jy are not required. To this end, let K be a non-empty
closed convex subset of X containing the zero of X and let j : X —] — 0o, +00] be

defined as
() = 0, ifue K,
S\ = +o00, otherwise.
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Clearly, j is convex, proper and lower semicontinuous. So, we can consider the
functionals as defined in (2.2). Assume also that
1. infx ® = &(0) = ¥(0) = 0;
2. ® is convex.
Moreover, for fixed A > 0, suppose that
3. for all x1,x2 € X which are local minima of the functional ® — AW such
that U(x1) > 0 and ¥(x2) > 0, one has

inf U(tzy + (1 —1t)z2) > 0;

te[0,1]

4. there exist a real Banach space X and a locally Lipschitz function O, :
X — R such that X is compactly embedded in X and ©,|, = ©,.

We obtain the following result.

|x

Theorem 2.2. Assume that there are r1,79 > 0 and v € K, with 2r; < ®(v) <
r9/2, such that

SUPy g1 (]—o0,m [) T (W) 2T(17) (2.7)
rl <3 ®(v)’ ’

SupuE‘I)_l(]—OO,TQD T(u) E’r(l_)) (2 8)
To 30(v) '

Furthermore, suppose that ®(u) > ry for all u € OK. Then, for each X\ € A, where
A is given through

§(p( ) min 1 7”'2/2

2 T(’U)’ Supueé_l(]_oo7rl[) T(u) ’ Supue(b_l(]_oom[) T(U) ’

Jx has three distinct critical points u; € K (i = 1,2,3) such that ®(u;) < 1o for
i€ {1,2,3}.

Proof. Put p; = r1 and ps = r5/2. Because of 0 € K and the definition of j, one
has

< SUPyed—1(]—oc0,p1) \I’(’U,) < SUPyed—1(]—oc0,r1[) T(u)

p1(p1) < o < -
and
1 i o T
‘Pl(PQ) < SUPyed-1(]—o00,p2]) (u) < SUPyed—1(]—o0,rz[) (u)
P2 r2/2

On the other hand, since (2.7) implies sup,,cq-
to ®(u) > 0 for all u € X, we obtain

n ¥(u) < ¥(v) and thanks

t(]—o0,p1

inf sup Y(v) = U(u) 2
u€2~1(]~00,p1[) ved—1([p1,p2[) @(U) — ‘I)(u) 3 (I)(T})
Hence,
. Y(v) — ¥(u)
max , < inf sup —_— .
{901 (p1), %1 (p2)} wE®=T (200,01 1) e w1 ([p1.pa[) d(v) — ®(u)

Therefore, owing to [3, Theorem 3.1] the functional Jy admits two local minima
up,us € K such that ®(u1) < p1 and p1 < ®(uz) < po.

Now put Y, /o (u) = min{Y(u), r2/2A} and Fx(u) = ®(u) — AT, j2x(u) + Aj(u)
for all u € X. Since ® — AT, /2, is coercive, then [35, Proposition 2.3] ensures that
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S satisfies the (PS).-condition for all ¢ € R. Put ¢ = inf,cr max;e(o 1) S (7(1)),
where I' = {v € C([0,1]) : v(0) = u1,v(1) = uz}. It follows that

¢ < max Fa(tur + (1 —t)uz) < max (¢ (u1) + (1 — t)P(uz)) < pa.
t€[0,1] t€[0,1]

Since
Salu) = @(u) — AT, jox(u) > (u) — Ara/2X > 1y /2 > ¢, for all u € OK,

we have that §§ = {z € X : §x(x) > ¢} is closed (see [33, Lemma 2.1]). Therefore,
[33, Theorem 4.2] ensures the existence of a critical point ug of § such that ¢ =
Sa(uz). We claim that T(us) < ro/2A. Arguing by contradiction, we assume that
T (u3) > r9/2X. So, one has Fy(us) = ¢ < ro/2, that is

D(uz) — MYy, o0 (us) <12/2, P(uz) —ra/2 <r2/2, ®(uz) <72

Therefore, since A € A and, in particular,

7“2/2
SUPyed—1(]—oc0,r2[) T(u)’

A<

we conclude that Y(uz) < ro/2A. But this is a contradiction, so our claim is proved.
It follows that ug is also a critical point of Jy. This completes the proof. (]

In the following, we consider an equivalent norm on the space W1P(Q) given by

el sney = ( [ utare + q(fc)U(x)l”)dw> " (2.9)

(see for instance [38, Section 1.1.15]).

3. THE CASE p > N

In this section we prove the existence of multiple solutions to problem (1.1) if
p > N. We recall that if p > N, the space WP(Q) is compactly embedded in

C(9), that is, there exists a positive constant ¢ such that
lullo@) < cllullwe)-
First, we suppose there exist two constants a;,as > 0 such that

max; <oy (—F(1)) 1 (“F(a))

< (3.1)
ay llallpr)  aj
and take A € A, where A is given by
A |l ds : a (3.2)

I pllallni o) (—F(a2))” per||o| L1 o) maxjy<q, (—F(t))

Thanks to (3.1) we observe that the interval A is non-empty.
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Put
af — pc’Alal|p1 (o) max (—F(t))
0 := min -~ ,
pc?||Bll L1 (ry max (—G(2))
lt|<a:
pAllellz(o)(—F(a2)) — allallr (o) }
plIBl 21 (r) min{0, —G(a2)} 7
< 1
6 =

o400 €7

. -G
nnu«{o,prnax{nanLlan,|ﬁnLlaq}cp1nnsup ( <5>>}

6 := min {5, 5} . (3.3)
Since A € A, a simple computation shows that § > 0.
If lim supj¢| 4 oo % < 0 and max|y<q, (—G(t)) = 0 as well as G(az) > 0 we
read 6§ = +00.

Our main result in this section is the following.

Theorem 3.1. Let a € L), B € LY(T) be two non-negative and non-zero
functions. Let f : R — R be a locally essentially bounded function and put

§
F¢) = / ft)dt for every & € R. Assume that
0
max|¢|<q, (—F(t)) - 1 (—F(az))
ay Pl @y

. (=F(9))
H2) 1 ~— <,
(H2) limsup 2= <

(H1)

with positive constants ay,as satisfying a1 < as and as € K. Then, for each
A € A, where A is defined in (3.2), and for each locally essentially bounded function

13
g: R = R, whose potential G(§) = / g(t)dt for every £ € R satisfies
0

(H3) limsup%
lelo+oo €7

there exists & > 0 given by (3.3) such that, for each p € [0,68[, problem (1.1) has at
least three distinct solutions.

< 400,

Proof. Our aim is to apply Theorem 2.1. Let A, ¢ and p be fixed satisfying the
assumptions and let X be the space W' (2) equipped with the norm || - |ly1.0(q)-
We set, for any u € X,

1 . 0 ifue K
I D _ ) )
B0 = il d0={ G Mol
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Then
Jx(u)

- }Jnuuf;w,p(g) 5\ / () [~ F(u(2)))dz — p / B(2) [ G yul@))do + N (w).

Let r = %(%)p, then ®(ag) > 7, that means r €]infx ®,supy ®[=]0,supy P|.
Let v € ®71(] — 0o, 7[). Then due to %||v||€[,17p(m < r combined with ||v|[sq) <
cllvllwrp (), we have |v(z)| < a; for every x € Q. We obtain
e1(r)
SUP|up <pr (S (@) [=F (w(@))]dz + & [1. B(2)[=G(yw())]do — j(w))
r
]| 21 () maxs<a, (= F () + 5118 L1 (r) maxjy<,(=G(r))

r

maxy<a, (F(1) | p max <o, (~G(1))
= pel|af] g1 ) — =% + 9 LB oy —— 1= .
1 1

IN

On the other side we have
U(az) S pllallziy [=F(a2)]  11Bllorrypp min{0, —G(az2)}
®(az2) ~ gl ab Algllzr o) aj

As p < 0 (see (3.3)), it follows

a — pcP Ao 1 (o) max|y <4, (—F(t))

peP || B] L1 (ry max <4, (—G(1))

and

(3.4)
pAlledl (o) (—F(a2)) — abllallr (o)
plIBl 1) min{0, —G(a2)}
From (3.4) we obtain
pePl|e[ @) maxyy <o, (F(t) | ppc?||BllLr(r) maxy<q, (=G(1)) 1
; +E - <=,
ay A ay A
respectively,
plledlio) [~F(a1)] n 8]l L2 ¢y pp min{0, —G(az)} 1
lallzr (o ay Allgllzr ) ah A
Hence
1 \I/(G,Q)
< =< . 3.5
@1(7’) Y (I)(G,Q) ( )
In particular, we obtain from the calculations above that
SUPg(z)<r \IJ(:E) < SUPg (z)<r \II(‘I) < \I](a2)
r - r b (az)’
where 0 < r < ®(az). This leads to
] - \ T(as) — rilaz)
(az2) — suPg(zy <, V() S (a2) = 73ay  W(ag) (3.6)

> = .
eelr) 2 B(az) —r = d(az) - ®(as)
Combining (3.5) and (3.6) guarantees

v1(r) < % < pa(r).
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Let us now prove that .Jy is coercive. Since u < 0 and due to (H3), there exists a
constant k > 0 such that
max|s| <, (—G(t)) 1

lim sup <k and pk< .
In]—-+o0 Ul max{l|e]| L1 ), [|B]l L2 ) tpc?

Thus, we get an estimate of the form
—G(s) <ks?+b1 VseR, (3.7)

with a non-negative constant b;. Putting 7 fixed such that

1 1
0<r< — Mk> -
(maX{HO‘HLl(Q)a 18] vy ype? A
yields, with the aid of hypothesis (H2),
—F(s) <7sP+by, VseR, (3.8)

with be being non-negative. From (3.7) and (3.8) applied on the functional Jy it
follows, for w € D(j) (otherwise we are done),

Ia(u) = ®(u) — AU (u)
1

= Arc? max{{|e|| L1 (@), 1Bl ry } — phe? max{{|al 1), 18] L0y
X Nl ) — Ab2llell L) — pbil|BllLy(r),

where

1
i Arc? max{ ||y, 1By} — phe? max{||lal L1y, I8l @y} > 0.

This proves the coercivity of Jy. In order to prove the Palais-Smale condition for
Jx, we have to apply [35, Proposition 2.3]. Now we are able to apply Theorem 2.1
obtaining the existence of three distinct critical points of Jy denoted by w1, us and
uz. Let u := uy be the first critical point of .Jy, then one has

(@ = A7) (u;v —u) + Aj(v) — Aj(u) >0 forallve X. (3.9)

Clearly, from (3.9) we see at once that u € K (otherwise (3.9) fails). Hence it
follows

(@ —AT)°(u;v—u) >0 forallve K. (3.10)
The left-hand side of (3.10) can be estimated using (2.1)
& (u;v —u) + AM(=1)°(u;v —u) >0 forallve K,

which means

/ V(@) P~2Vu(z) - V(o(z) — ulz))ds
@ (3.11)

" / q(2)u(@) P~ ?u(z)(v(@) — u(z))dz + A(=T)° (u,v —u) >0,
Q
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for all v € K. Applying again (2.1) combined with the formula (2) in [18, p. 77]
leads to

AM=T)°(u;v —u) < )\/ a(z)F° (u(z);v(x) — u(x))dx
@ (3.12)
+ u/rﬁ(m)Go(Ayu(x);Ayv(x) — yu(z))do.

Finally, from (3.11) and (3.12) we have
A |Vu(z)|P~2Vu(z) - V(v(z) — u(x))dx
+/QQ($)|U(1E)|”7 u(z)(v(z) — u(x))d
+ A /Q a(x)F°(u(z);v(z) — u(x))de

+ ,u/ B(x)G° (yu(x); yv(z) — yu(z))do > 0 for all v € K.
o0

This proves that u = uy is a solution of our problem (1.1). The same calculations
can be done for ug, respectively ug, which completes the proof of the theorem. [J

Let us give a simple example to Theorem 3.1.

Example 3.2. Let N < p < 11, let K be a closed convex subset of WP (Q) with
2 € K and let g(z) = ﬁ for all x € Q. We define the function f: R — R by

2et’t ift<—1andt>2,
f) = —t2,17 2 :
=279 -t2) -1, if —1<t<2

Putting ay =1 and as = 2 we conclude

max —F(t T2 42 =
\t|§a;[ (t)] _ Inax[e’t2t18 +tl=el41< ‘ AL [ g?GQ)}'
a; [t|<1 2 “

Hence, condition (H1) of Theorem 5.1 is satisfied and (H2) is obviously true. Let
g:R — R be defined by

g(t) =

—t1  ft <0,
—2t7  ift>0

with ¢ < p—1. Then, assumption (H3) is also fulfilled. The application of Theorem
3.1 yields the existence of three nontrivial solutions to (1.1).

Let us now show a special version of Theorem 3.1 when K is a ball. First, we
show that every solution of (1.1) is non-negative provided the functions f and g are
non-positive along with the assumption that the closed convex set K has partially
lattice structure.

Proposition 3.3. Let p > N and assume that f(t) < 0 and g(t) < 0 for almost
allt € R. Let u € K be a solution of (1.1) such that u™ = max{u,0} € K. Then,
u(z) >0 for all z € Q.
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Proof. Let u € K C WHP() be a solution of (1.1). Since f and g are non-positive,
it is clear that F' and G are non-increasing. Hence, we have F°(§;n — &) < 0 and
G°(&n—€) <0 for all £, € R satisfying 7 — £ > 0. Therefore, for all v € K such
that v(x) — u(z) > 0 for all z € Q, it follows

/Q/\a(x)Fo(u(x); v(x) —u(x))dx <0,

/Fuﬁ(x)G°(VU($);vv(x) —yu(z))do < 0.

Applying this to (1.1) yields
/Q |Vu(z) P2 Vu(z) - V(v(z) — u(z))ds

+ /Q q(@)u(@) P~ u(z)(v(@) — u(x))d > 0,

for all v € K such that v(z) — u(z) > 0 for all z € Q.
Now, let A :={x € Q: u(z) < 0}. Since u™(z) > u(z) for all x € Q and thanks
to ut € K, we may choose v = u™ € K as test function to derive

- [ W@)pds - [ a@lu@prds o
A A
meaning
lullwrrca)y < 0.

This proves the non-negativity of u. O

Remark 3.4. Note that if K is the ball B(0, M) with center 0 and radius M > 0
it clearly holds u™ € K which can be easily seen from the estimate |u™(x)| < |u(z)
for all xz € Q.

Next, suppose the existence of three positive constants ay, as, and az such that

[—F(a1)] 2 [—F(a)] [—F(a3)] 1 [~ F(az)]
ab 3c|gllpi)  ab aj 3cP|lqllLi) @b
Taking

A:} 3llqll L1 (@) ab
2pllallLi o) [ F(a2)]’

| | . . 2 (3.13)
o {PC”HallLl(m [—F(a)]” pePlal (o) 2 F(as)] } {
we see that A is non-empty. Let A € A and put the number
5= i {0l )]
peP|| Bl Ly ry[—G(a1)] (3.14)

al — A2pcP||al| L1 o) [—F (a3)] }
2pc? || B L1y [—G (as)] ’

which is obviously positive. If K is the ball B(0, M), we have the following result.
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Theorem 3.5. Let K = B(0, M) and let o € L*(Q), 8 € L*(T') be two non-negative
and non-zero functions. Let f : R — R be a locally essentially bounded function

such that f(t) < 0 for a.a. t € R. Put F(§) = fo& f(@®)dt for every & € R and
suppose that

(Hl) [7F§Da1)] 2 [7ana2)] .
R S
— as — a9

) = <ol

with positive constants a1, as and az satisfying

1 1 1
2ra; < c||q||£1(ma2 < ;ag, (3.15)

1
with ax € K and az < c||q||EI(Q)M.

Then, for each A € A, where A is defined in (3.13), and for each locally essentially
bounded function g : R — R such that g(t) < 0 for a.a. x € R and with G(§) :=
fogg(t)dt for every & € R, there exists § > 0 given by (3.14) such that for each
w € [0,6], problem (1.1) has at least three distinct solutions u; (i = 1,2, 3) satisfying
0 <w;(x) < ag for allz € Q and all i € {1,2,3}.

Proof. The ideas of the proof are mainly based on the proof of Theorem 3.1 with
the difference that we want to apply Theorem 2.2 instead of Theorem 2.1. Let
®,5, T,V and Jy as in the proof of Theorem 3.1 and let r = (ﬂ)p. Then we

4 C
conclude

SUPyed-1(J—oo,m ) T (1) [—F(a1)] p [—G(a1)]
" - < pCpHO‘HLl(Q)T JFpCanﬂHLl(F) P
On the other side, for ro = % (%)p we obtain
SUPyep-1 —oo,r T(u) —F(a —Gl(a
€ a 2[) SpCpHCYHLl(Q)[ (p 3)] _i_pcpH”BHLl(F)[ Sn 3)]
T9 as A as

By assumption we have p < § which results in

af = Xpc? ||| o) [—F(a1)] af — X2pcP|lall L1 o) [~ F(a3)]

and p <
pe|| Bl L1 ry [~ G(ar)] 2pe?|| Bl prry [~ G as)]
Combining these estimates above yields
SUDed—1(1—oo ) L(U 1 SUDed—1(1—oo.raf) L (U 1
Pucd—1(]—c0,r1[) (u) <1 and Puco 1(]T r2) (u) <=. (3.16)
1 A ) A
We observe that
T(as)  pllallzo) [~F(a)
®(az2) ~ llallzro) aj
Furthermore, since A € A, we have
3llqllzr (o) ab <
2pllallz @) [-F(a2)]
Hence, it follows
2 T(CLQ) 1
z - 3.17
3P(as) ~ A (3.17)
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Now, we see that from (3.16) and (3.17) the estimates in (2.7) and (2.8), respectively,
are satisfied. Taking into account (3.15) a simple calculation leads to

2r < <I>(a2) < %

1
Let u € 0K, then, due to a3 < c||q||£1(Q)M, we have

_ Ly >1(%gp:
®(u) pM lallzr o) > o\ 2.
Now we may apply Theorem 2.2 obtaining the existence of three distinct critical
points u; € K (i = 1,2,3) of Jy satisfying ®(u;) < 7o for all z € Q and i = 1,2, 3.
Similar to the proof of Theorem 3.1 it can be easily shown that these critical points
are solutions of our original problem (1.1). Thanks to Proposition 3.3 and Remark
3.4 we conclude that these solutions are non-negative and owing to the embedding
WP(Q) — C(Q), we see that u;(x) < az is satisfied for all € Q and for i = 1,2, 3.
This completes the proof of the theorem. ([l

We close this section with an application of Theorem 3.5.

Example 3.6. Let p > N with p > 2 and denote by K = B(0, M) the ball with
center zero and radius M > 4 while q(x) = ﬁ for all x € Q. Further, let

g : R — R be a non-positive, locally essentially bounded function and let f : R — R
be defined through

—h(t) ift<0andt >4,
f)=4-1 if0<t<land2<t<A4,
—3-22P¢2 f1<t <2,
with a non-negative, locally essentially bounded function h : R — R. Put
ap =1, ay=2, a3z=4,

then we have

1 i 1 1
2rqay < c||qH£1(Q)a2 < 2—%(13, as < c||qH£1(Q)M and as € K.
A simple calculation shows
_Fla — [ —1dt
[ go 1)] — 0 - =q, = 1’
ay ay
[F(a2)] _ Jo" Mt [i73- 200t 1y 1) o, L,
2 L = —7.20 4277,
ag as 2p
[~F(ag)] Jo ldt+ [773-22P%dt + [7°1dt
ay al
— LH22%@ -+ (-2 =972 4 9
4p '
Hence, due to p > 2, it results in
“F(a)] 14, 2, 2[-Fla)
S LN o e i VY
al 37 73 3 db
[—F(as)] 1 [—F(az)]

7 1
=27 4 9< .2 4 2P = =
ab 37773 3 db
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Now we may apply Theorem 3.5 to obtain the existence of three distinct solutions u;
(i =1,2,3) to problem (1.1) which are bounded through 0 < w;(z) < 4 fori=1,2,3.
4. THE CASE p < N

In this section we study the case p < N. From now on it is supposed that
a € L>®(Q),8 € L>*(T') and there exist constants by, by > 0 such that

[F()] < by + bt (4.1)
» N—p

to the Sobolev embedding and the trace embedding there are positive constants c;
and C satisfying

for allteRWhilese}l e 1if p < N as well as s €]1, +oc[ if p = N. Thanks

llullzs ) < esllullwre(a),

4.2
llullzery < Cllullwrr ) (42)

for all u € W1P(Q). Applying the constants by, by from (4.1) along with the con-

stants ¢; and ¢4 in (4.2) we put

s

—~
r{k
w

~

1 pr
Kl = ||a||Loo(Q)b101pP, K2 = ||Oé||Loo(Q)bQCZ?.

1
HQHLl(Q) »
—_— a
P 2

Now we assume there are two constants ai,as > 0 fulfilling a; < (

with as € K such that
1 o « —F(a

K1 p71 + KQal P < p” ||L1(Q) [ (p 2)] .

ay lallz: o) D)

(4.4)

Due to (4.4) we see at once that

o gl () ab 1

pllallLy) [—F(a2)]’ K11 + Koay 7
1

is non-empty.
Furthermore, let g : R — R be a locally essentially bounded function and set
G(&) = f(f g(t)dt for £ € R. We suppose that

[=G(&)] < bsf¢l”

for all £ € R with b3 being a non-negative constant. Similar to the case p > N we
put

1= (K hr + Kool ™) 1 (Gt )
1

J := min ”qHLl(Q) a5
' Hﬂ”Loo(F)bgOpp 7 plBllLiry min{0,—G(az)} ’
lall1 gy aj
5— 1
max {[|a]| (o), [|Bll Lo (r) } Pcpbs”
6 := min {5, 5} ) (4.5)
with A € A.

Now we can formulate the main result in this section.
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Theorem 4.1. Let o« € L>=(Q), 5 € L>=(T) be two non-negative, non-zero functions
and let f : R —- R be a locally essentzally bounded function satisfying the subcritical

growth in (4.1). Put F(§ fo t)dt for all € € R and suppose that

1 o pllaf —F(a
(H1) Ky —— +Kzai P < ledlzi@ | i”]

with positive constants ay,as sat-
ay ||QHL1(Q) 5

isfying a1 < (”qHLl(Q)) az and az € K;

. [—F(&)]
H2) 1
( Mgﬁg (3L

Then, for each \ € X and for each locally essentially bounded function g : R — R
whose potential G(& fo t)dt, & € R, fulfills

(H3) [—G(&)] < bs|¢fP for all £ € R with bs being non-negative,

there exists § stated in (4.5) such that, for each uu € [0,8], problem (1.1) possesses
at least three distinct solutions.

Proof. Similar to the proof of Theorem 3.1 we are going to apply Theorem 2.1
getting the assertion. Let A, and g be fixed satisfying the assumptions and as
before, let X := W?(Q) be endowed with the norm || - |lyy1.0(q) given in (2.9).
Now, we set again, for any u € X,

1 . 0 ifue K
I D _ ) )
wmfpwmm@, H={ S e

/’ Plue)lds + & [ 8@)l-Glu()do,

= T() — (), Ja(u) = B(u) — A (u)
leading to
J/\(’u)
1 P
= iy = A [ @) =Flua)lde = [ B@)=GClualds + i)

First, we observe that

o1 (’f‘) < SUP® (u)<r T(U)
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With the aid of assumption (H3) along with the subcritical growth on f and the
embeddings in (4.2), we may estimate Y through

= [ a@-Fu@s+§ [ s@i-Gouwa

b s
< lladlzee@brllull oy + ol =@ llulze@) + 5 ||5|\L°°(F)b:3||7u\|m(p

ba oios
< lladlz=@bierllullwrr@) + lolli=@ < cllullivr s

I
+ 3Bl L= ) 03C” [T, 0

Kl K2 s 12
< “Hlullwis +—Zlulive o + S18lee@bC? lulfyrs -
br P

Since ®(u) < r is equivalent to ||u/|w1.rq) < (pr)%, we obtain, by setting r = a¥,

1 s
Kire + Kare + %”ﬂHLm(F)bgC’prp
r

p1(r) <

1
=K — +K2a1 p+ HﬂHLoo(p)bngp.

ay”
On the other hand, we have

U(az) _ plalrio) [=F(a2)] | pllBlleir) pmin{0, —G(az)}
®(az2) ~ gl o ab lallLroy A ah

Then, since p < §, there holds

L (p|a”L1(Q) [—F(ag)]>

_ 1 S—p
e Mg i) e lalero) b
18| o< (r)b3CPp pllBll L1y min{0, —G(a2)}
||QHL1(Q) af

This yields
Ky 4 Kol 4 B ey baCPp <
1af_1 207 \ Lee(I)03LTp N
and

plafzi@ [=F(az)] | plBlcr) pminf0, ~Glag)} 1
lalli)  ab lallzr@) A a; A

Finally, from the estimates above, we conclude

1 \I/(ag)
p1(r) < X < B(as)’

As already mentioned in the proof of Theorem 3.1, it holds, in particular,

SUPg (a)<r \I/(J}) < SuP@(w)gr\I’(l’) < \I/(CLQ)

P .
, < . B(az)’ 0<r<®(as)
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Thus, we derive

W(az) — Supg(py<, U(@) _ U(a2) =153 G(ay)
#2(r) = b(ag) — r = Plaz) —r  P(az)’

Combining these estimates yields

ar) < 5 < ealr).

Finally, we note that the functional .Jy is coercive and satisfies the Palais-Smale
condition (cf. the proof of Theorem 3.1). Hence, the assumptions of Theorem 2.1
are satisfied which ensures the existence of three distinct critical points of Jy. That
these critical points are solutions of (1.1) can be shown using the same arguments as
in the end of the proof of Theorem 3.1. That finishes the proof of the theorem. [

We conclude with an application of Theorem 4.1.

Example 4.2. Let m be a positive constant specified later and let s € }1, NN—_”p { if

p < N as well as s €]1,+o0[ if p = N. We define the functions f : R - R and
g: R — R through

—C ift <0,
ey =4 -1=ltt if0<t<m,
1+m?) (1 +ms~t)
_ I " th >m, (46)

—[|tjpt ift<1,
FOTS S
—2|t|P ift>1,

with C being a positive constant. Hence, for every constant m > 0, the mapping f
fulfills the subcritical growth in (4.1) with by = max{1l,C} and ba = 1. With the
aid of these constants we define the numbers K1 and K as in (4.3). Now, fit m

such that
1 1
P K+ K ) =
m > max (p) , (s 1+ 1 Jlalle (Q)> . (4.7
||CIHL1(Q) p ”aHLl(Q)

Thanks to condition (4.7) it is clear that inequality

1
1< (||Q||L1(Q)> -
p
holds true. Moreover, we have

—F(m) _m*" n 1 Ky + K ||qll o)
mP s mp—1 p Ha||L1(Q)'

Setting a1 = 1 and ap = m we see at once that condition (H1) in Theorem 4.1 is
satisfied. Additionally, for & > m and & < 0, we point out that

[_éﬁl)] — (1+m)( +ms—1)a“3|t;1|1£§1) 0 as & — 400,
[-F(&)] _ A&

=C
|E2|P 2P

— 0 as & — —o0
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ensuring that (H2) is fulfilled as well. Since assumption (H3) holds for by = %,
Theorem 4.1 can be applied to problem (1.1) with the special data in (4.6) which
yields the existence of three distinct solutions of (1.1).
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