NONLINEAR NONHOMOGENEOUS DIRICHLET EQUATIONS
INVOLVING A SUPERLINEAR NONLINEARITY
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ABSTRACT. We consider a nonlinear elliptic Dirichlet equation driven by a non-
linear nonhomogeneous differential operator involving a Carathéodory function
which is (p — 1)-superlinear but does not satisfy the Ambrosetti-Rabinowitz
condition. First we prove a three-solutions-theorem extending an earlier clas-
sical result of Wang (Ann. Inst. H. Poincaré Anal. Non Linéaire 8 (1991), no.
1, 43-57). Subsequently, by imposing additional conditions on the nonlinearity
f(z,-), we produce two more nontrivial constant sign solutions and a nodal
solution for a total of five nontrivial solutions. In the special case of (p,2)-
equations we prove the existence of a second nodal solution for a total of six
nontrivial solutions given with complete sign information. Finally, we study a
nonlinear eigenvalue problem and we show that the problem has at least two
nontrivial positive solutions for all parameters A > 0 sufficiently small where
one solution vanishes in the Sobolev norm as A — 01 and the other one blows
up (again in the Sobolev norm) as A — 0F.

1. INTRODUCTION

Let © C RY be a bounded domain with a C?-boundary 9§ and let 1 < p < oo.
In this paper, we study the following nonlinear nonhomogeneous Dirichlet problem

—diva(Vu) = f(z,u) in Q,

u=0 on 09, (1.1)

where a: RV — R¥ is a continuous, strictly monotone map which is C* on RV \
{0}. The precise conditions on a(-) are given in hypotheses H(a) below. These
conditions are general enough to incorporate some differential operators of interest
in our framework like the p-Laplacian (1 < p < 00), the (p, ¢)-Laplacian (1 < g <
p < oo) and the generalized p-mean curvature differential operator (1 < p < o0).
The nonlinearity f: £ x R — R is assumed to be a Carathéodory function (i.e.,
x — f(z,s) is measurable for all s € R and s — f(z,s) is continuous for a.a.
x € ) which exhibits (p — 1)-superlinear growth near oo but without satisfying
the usual in such cases Ambrosetti-Rabinowitz condition. Our goal is to prove
multiplicity theorems for such problems. For equations driven by the p-Laplacian,
such multiplicity results were proved by Bartsch-Liu [6], Bartsch-Liu-Weth [7], Liu
[28], Papageorgiou-Rocha-Staicu [35] and Sun [38].

Recall that, if f: QxR — Ris a Carathéodory function and F'(z, s) = fos f(z, t)de,
we say that f(z,-) satisfies the Ambrosetti-Rabinowitz condition if there exist p > p
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and M > 0 such that
0 < pF(z,s) < f(z,s)s fora.a. x € Qand for all |s| > M, (1.2)
0< esséanC;I:M), (1.3)
(see Ambrosetti-Rabinowitz [1]). Integrating (1.2) and using (1.3), we obtain the
following growth conditions for the primitive F'(x;,-)
nls|* < F(z,s) for a.a. z € Q, for all |s| > M, and some 7 > 0. (1.4)
Thanks to (1.4) we have the much weaker condition

F
lim (2,9)
s—too ‘3‘/‘

= +oo uniformly for a.a. x € Q. (1.5)

This means that the primitive F(z,-) is (p — 1)-superlinear for a.a. x € Q. In this
paper we employ (1.5) combined with another asymptotic condition (see H(f) (iii)),
which together are weaker than the Ambrosetti-Rabinowitz condition (see (1.2),
(1.3)) and fit in our analysis superlinear nonlinearities with slower growth near
+o0.

The Ambrosetti-Rabinowitz condition, although very convenient in checking the
Palais-Smale condition for the energy functional, is rather restrictive as revealed
in the discussion above. So there have been efforts to relax it. For an overview of
the relevant literature we refer to the recent works of Liu [28], Li-Yang [29], and
Miyagaki-Souto [30].

Our tools come from critical point theory and from Morse theory (critical groups)
and involve also truncation and comparison techniques. In the next section, for the
reader’s convenience, we review the main definitions and facts which will employ in
this work. We also introduce the hypotheses on the map a(-) and establish some
useful consequences of these conditions.

2. PRELIMINARIES AND HYPOTHESES

Let X be a Banach space and X* its topological dual while (-,-) denotes the
duality brackets to the pair (X*, X). We have the following definition.

Definition 2.1. The functional ¢ € C*(X) fulfills the Cerami condition (the C-
condition for short) if the following holds: every sequence (un)n>1 C X such that
(p(un))n>1 is bounded in R and (1 + ||up | x)¢ (un) — 0 in X* as n — oo, admits
a strongly convergent subsequence.

This compactness type condition on ¢ is more general than the well-known
Palais-Smale condition which we encounter more often in the literature. Never-
theless, the C-condition suffices to have a deformation theorem from which one
derives the minimax theory of certain critical values of ¢. One result of this theory
is the so-called mountain pass theorem.

Theorem 2.2. Let ¢ € CY(X) be a functional satisfying the C-condition and let
up,ug € X, |lug —ug|| > p >0,
max{p(u1), p(uz)} <inf{p(u): [u—wx = p} =1,

and ¢ = infyer maxo<i<1 @(y(t)) with I' = {y € C([0,1}, X) : 7(0) = u1,7(1) =
ug}. Then ¢ > n, with ¢ being a critical value of ¢.
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By LP(Q) (or L (;RY)) and Wy*(Q) we denote the usual Lebesgue and
Sobolev spaces with their norms || - ||, and || - ||W01’P(Q). Thanks to the Poincaré
inequality we have

Julhyg riy = IVl for all u e Wo ().

The norm of RY is denoted by || - || and (-, -)g~ stands for the inner product in RV,
For s € R, we set s= = max{=s,0} and for u € Wy"*() we define u*(-) = u(-)*.
It is well known that

ut e WyP(Q), Jul=u"+u", u=u"—u".

The Lebesgue measure on RY is denoted by |- |y and for a measurable function
h: QxR — R (for example, a Carathéodory function), we define the Nemytskij
operator corresponding to the function h by

Ni(u)(-) = h(-,u(-))  for all u € WyP().

Evidently,  — Np(u)(x) is measurable.
In the analysis of problem (1.1) in addition to the Sobolev space W, () we
will also use the ordered Banach space

Co(@) ={ueC'(Q): u|aQ =0}
and its positive cone
Co() 4 ={ueCy(Q):u(z)>0forall z€Q}.

This cone has a nonempty interior given by
int (C5(Q)4) = {u € Cy(Q) 4 s u(x) >0 for all z € O %(.’IJ) <0Oforallz e 89} ,
n

where n(-) stands for the outward unit normal on 9.
Let 9 € C1(0,+00) be a function satisfying
¥ (t)
I(t)
for all ¢ > 0 and with some constants ¢, ¢g, ¢1,co > 0.
Then the hypotheses on a(-) are the following.
H(a): a(€) = ap(||€])€ for all € € RY with ag(t) > 0 for all t > 0 and

0<eé< <co and  tPTh<I(t) < o1+ P (2.1)

(i) ap € C1(0,00),t + tag(t) is strictly increasing, lim,_,o+ tag(t) = 0,

and ,
tag(t)

t—0+ aop(t)

(i) [[Va(&)ll < es

> —1;
0 (1I€1)
€]l

(ili) (Va(&)y,y)gy > v |(|;|H) ly||? for all € € RV \ {0} and all y € RV.

Remark 2.3. Ouwing to hypothesis H(a)(i) it follows that a € C* (R \ {0}, RN) N
C (RN, RY) and hence, hypotheses H(a)(ii), (iii) make sense. Let Go(t) = fot sao(s)ds

for all £ € RV \ {0} and some c3 > 0;
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and let G(€) = Go(||€]]) for all ¢ € RN Then
VG(§) = G6(||§||)”,§ = ao([l€])E = a(€)  for all € € RV \ {0},

which means that G(-) is the primitive of a(-). Obviously, G(-) is convex and since
G(0) = 0 we have the estimate
G(&) < (a(§),&)rn  for all ¢ € RY. (2.2)

These hypotheses have some interesting consequences on the map af(-).

Lemma 2.4. Let the hypotheses H(a) be satisfied. Then there hold

(a) & = a(§) is mazimal monotone and strictly monotone;
() la(©)|l < ca(1+|&]|P71) for all € € RN and some ¢4 > 0;
(c) (a(§),&)rn > pﬂ—lngHp for all € € RN,

Taking into account Lemma 2.4 combined with (2.2) we infer the following growth
estimates for the primitive G(-).

Corollary 2.5. If hypotheses H(a) hold, then
C1
p(p—1)
Example 2.6. The following maps satisfy hypotheses H(a):
(a) a(§) = [[€][P~2€ with 1 < p < cc.
This map corresponds to the p-Laplacian defined by
Apu = div(||Vul[P~2Vu)  for all u € Wy P (Q).

(b) a(§) = [IEIP~2€ + [|€]]972€ with 1 < q <p < 0.
This map corresponds to the (p, q)-differential operator defined by

Apu+ Agu for all u € WyP(Q).

Note that this operator arises in problems of mathematical physics such as
quantum physics (see Benci-D’Avenia-Fortunato-Pisani [3]) and in plasma
physics and biophysics (see Cherfils-Il yasov [12]).
—2
(c) a(¢) = (1+ ||§H2)pT§ with 1 < p < 0.
This operator represents the generalized p-mean curvature differential operator
defined by

I€IP < G(€) < cs (14 ||€]P)  for all ¢ € RY and some c5 > 0.

div |(1+ [Vul®) " Vu|  for allu e Wi*(Q).

(4) a(€) = l11P=2€ (1 + kg ) with 1< p < oo,

Now, let fo: 2 x R — R be a Carathéodory function with subcritical growth in
s € R, that is

|fo(z,s)| < a(z) (1+]s|""") foraa. z €, and all s €R,
with @ € L>°(Q), and 1 < r < p*, where p* is the critical exponent of p given by

o= NN—% if p<N,
+00 if p> N.
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Let Fy(z,s) = [; fo(z,t)dt and let po : Wy P(2) — R be the C'-functional defined
by

ﬁﬂo(u)Z/QG(Vu)d:v—/QFo(x,u)dx.

The following result, originally due to Brezis-Nirenberg [10], can be found in Gasiriski-
Papageorgiou [22]. We also refer to earlier results in this direction in Garcia
Azorero-Manfredi-Peral-Alonso [19] and more recently, in Motreanu-Papageorgiou
[32] and Winkert [41].

Proposition 2.7. Let the assumptions in H(a) be satisfied. If ug € Wy*(Q) is a
local C}(Q)-minimizer of o, i.e., there exists pg > 0 such that
wo(uo) < wolug +h)  for all h € C5(Q) with ||h]| oy ) < po,
then ug € Cé’ﬁ(ﬁ) for some B € (0,1) and ug is also a local Wy (Q)-minimizer of
©o, i.e., there exists py > 0 such that
wo(uo) < polug+h)  for all h € WP () with ||hHW01,p(Q) < p1.

p
nonlinear map defined by

Now, let 1 + 1 =1 and let A : Wy "(Q) - (Wol’p(Q)) = W= (Q) be the

(A(u),v) = /Q(a(Vu),Vv)RNdm for all u,v € WyP(Q). (2.3)

Thanks to the results of Gasiniski-Papageorgiou [21]) the operator A has the
following properties.

Proposition 2.8. Under hypotheses H(a) the operator A : Wy () — W~12'(Q)
defined by (2.3) is bounded, continuous, monotone (hence maximal monotone) and
of type (S)y, i-e., if u, — u in Wy P(Q) and limsup,,_, . (A(uy), un —u) < 0, then
Uy, — u in WyP().

Given 1 < r < oo, the r-Laplacian A, is a special case of A which is defined by
(A (u),v) = / |Vu||"~2(Vu, Vo)gndz  for all u,v € Wy ().
Q

If » =2, then A, = A becomes the well-known Laplace operator.

Let us recall some basic facts about the spectrum of the r-Laplacian with Dirich-

let boundary condition. Consider the nonlinear eigenvalue problem
—Ayu=Au[""2u  inQ,

2.4
u=0 on 012, 24)

we say that a number A € R is an eigenvalue of (—Ar, Wolr(Q)) if problem (2.4)

possesses a nontrivial solution @ € WO1 () which is said to be an eigenfunction
corresponding to the eigenvalue A. The set of all eigenvalues of (2.4) is denoted by
&(r) and it is known that 6(r) has a smallest element A; (r) which has the following
properties:

A r) is positive;

r) is isolated, that is, there exists € > 0 such that (Xl(r)7 A (r) + 5) N
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e )y (r) is simple, that is, if u, v are two eigenfunctions corresponding to Ay (r),
then u = kv for some k € R\ {0};
[ ]

3 [Vull;

A1 (r) = inf cu e W (Q),u#0] . (2.5)

lell7

The infimum in (2.5) is realized on the one dimensional eigenspace corresponding
to 5\1(7’) > 0. In what follows we denote by 4 (r) the L"-normalized eigenfunction
(ie. ||ay(r)]l, = 1) associated to Ay (r). From the representation in (2.5) we easily
see that 4 (1) does not change sign in €2 and so we may assume that 4, () > 0. The
nonlinear regularity theory implies that 4 (r) € C}(2) and the usage of Vazquez’s
strong maximum principle [39] provides that @, (r) € int (C§(€2)4).

As a consequence of the properties above we have the following simple lemma
(see Papageorgiou-Kyritsi Yiallourou [34, p. 356]).

Lemma 2.9. Let n € L(Q), be such that n(z) < Ay (p) a.e. in Q and n # A (p).
Then there exists a positive number k such that

[Vullh — /Qn(:z:)|u\pdx > k|| Vullf for allu € WyP(Q).

The Lusternik-Schnirelmann minimax scheme produces a strictly increasing se-
quence (S\k(r))k of eigenvalues such that A\y(r) — 400 as k — co. We do
>1

not know if this sequence exhausts the whole spectrum of (—A,., Wy (Q)) but if
N =1 (ordinary differential equations) or if r = 2 (linear eigenvalue problem), then
the Lusternik-Schnirelmann sequence of eigenvalues is the whole spectrum. In the

case r = 2 we denote by F (5\;6(2)) ok > 1, the eigenspace corresponding to the

eigenvalue 5%(2) and we have a direct sum decomposition of the form

H(Q) =PE (xk@)).

k>1

Next, let us recall some basic definitions and facts about Morse theory. Let X
be a Banach space and let (Y7,Y3) be a topological pair such that Y5 C Y; C X.

For every integer k > 0 the term Hy(Y7,Ys) stands for the & % relative singular

homology group with integer coefficients.
Recall that

H(Y1,Ys) = Zk(YhYz)/Bk(YhY?) for all k£ € Ny,

where Z;(Y7,Y3) is the group of relative singular k-cycles of Y7 mod Y5 (that is,
Zy(Y1,Y2) = ker 0y with Oy being the boundary homomorphism) and By (Y1, Ys)
is the group of relative singular k-boundaries of Y7 mod Ys (that is, Bk (Y1,Ys) =
im dxy1). We know that 91 09 = 0 for all k € N, hence By(Y1,Y2) C Z(Y1,Y5)
and so the quotient

Zk(Yl,Yz)/
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makes sense. Note that Hy(Y7,Y2) = 0 for all k < 0. Given ¢ € C1(X) and ¢ € R,
we introduce the following sets:

={ueX:pu)<c} (the sublevel set of ¢ at c¢),
K,={ue X :¢(u)=0} (the critical set of ¢),
Kg={u€eK,:p(u)=c} (the critical set of ¢ at the level ¢).

For every isolated critical point u € K¢ the critical groups of ¢ at u € K¢ are
defined by

Cr(p,u) = H(e°NU, o NU\ {u}) forall k>0,

where U is a neighborhood of u such that K,Np°NU = {u}. The excision property
of singular homology theory implies that the definition of critical groups above is
independent of the particular choice of the neighborhood U.

Suppose that ¢ € C'(X) satisfies the C-condition and that inf p(K,) > —oo.
Let ¢ < inf o(K,). The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hi(X, %) forallk >0 (2.6)
(see Bartsch-Li [5]). This definition is independent of the choice of the level
¢ < inf(K,) which is a consequence of the second deformation theorem (see,
for example, Gasiriski-Papageorgiou [20, p. 628]).
We now assume that K, is finite and introduce the following series in ¢ € R:

M(t,u) = Zrank Cr(p,u)th for all u € K,

k>0
P(t,00) = Zrank Cr(, 00)t".
k>0
Then, the Morse relation (see [11, Theorem 5.1.29]) reads as follows:
> M(t,u) = P(t,00) + (1 + 1)Q(t) for all t € R, (2.7)

u€K,

with Q(t) being a formal series in ¢t € R with nonnegative integer coefficients.

Suppose next that X = H is a Hilbert space and let U be a neighborhood of a
given point © € H. We further assume that ¢ € C?*(U), K,, is finite and u € K.
The Morse index of u, denoted by u = p(u), is defined to be the supremum of
the dimensions of the vector subspaces of H on which ¢”(u) € L(H) is negative
definite. The nullity of u, denoted by v = v(u), is defined to be the dimension of
ker ¢”(U). We say that v € K, is nondegenerate if ¢”(u) is invertible, that is,
v =v(u) = 0. At a nondegenerate critical point u we have

Cr(p,u) = 6y u,Z for all k>0,

where dy, ,, stands for the well-known Kronecker symbol.

3. THREE NONTRIVIAL SOLUTIONS

In this section, using a combination of variational and Morse theoretic methods,
we prove a multiplicity theorem producing three nontrivial solutions for problem
(1.1) when the nonlinearity f(x,-) is (p — 1)-superlinear but does not necessarily
satisfies the Ambrosetti-Rabinowitz condition. Our result in this section improves
significantly the well-known multiplicity theorem of Wang [40]. We point out that
the results in this section are basically obtained by Gasiniski-Papageorgiou in [23].



8 N. S. PAPAGEORGIOU AND P. WINKERT

We decided to add these results since we need some steps in later Sections and
in order to give a complete analysis of superlinear equations involving nonhomo-
geneous operators. Furthermore, we note that our assumptions on the differential
operator are slightly different than those in [23, see H(a)(i)].

First we slightly strengthen the assumptions on the map a(-).

H(a)1: a(§) = ao(]|€]))€ for all € € RY with ag(t) > 0 for all ¢+ > 0, hypotheses
H(a)1(i)—(iii) are the same as the corresponding hypotheses H(a)(i)—(iii)
and
(iv) pGo(t) — t2ag(t) > —ce and t2ag(t) — Go(t) > ftP for all t > 0 and for

some cg,n > 0.

Remark 3.1. Note that the examples given in Example 2.6 satisfy this new condi-
tion stated in H(a) (iv).

The hypotheses on the mapping f are the following:
H(f);: f: QxR — Ris a Carathéodory function with f(x,0) =0 for a.a. z € Q
such that
(i) [f(z,s)] < a(z) (1+]|s]""!) for a.a. @ € Q, for all s € R, with a €
L>*(Q)4 and p <1 < p*;
(i) if F(z,s) = [; f(x,t)dt, then

lim F(z,s)

s—Foo |5|P

= 400 uniformly for a.a. x € §;

(iii) there exist 7 € ((r - D) max{%, 1} ,p*) and Sy > 0 such that

lim inf f(z,8)s = pF(z, s)

s—Foo |5|7'

> Bp uniformly for a.a. xz € Q;

(iv) there exists n € L>®()1 with n(z) < pc_—llj\l(p) a.e. in Q and n #

Y A1(p) such that

F
lim sup pF(,s) < n(x)

L uniformly for a.a. x €
s—0 S

(v) for every p > 0 there exists k, > 0 such that
f(z,8)s+ Kyls|P >0 fora.a. xeQandall|s| <p.

Remark 3.2. Hypothesis H(f) (ii) amounts to the superlinearity of the primi-
tive F(x,-). This condition together with H(f ) (iii) implies that f(x,-) is (p — 1)-
superlinear. We point out that the assumptions in H(f)1(ii), (iii) are weaker than
the Ambrosetti-Rabinowitz condition (see (1.2), (1.3)) which is the usual hypothe-
sis when dealing with superlinear problems (see for example Wang [10]). Indeed,
assume that f(x,-) satisfies the Ambrosetti-Rabinowitz condition and note that we
%, 1} < w. Hence, we have

f(z,s) —pF(x,s) _ f(z,5)s —pF(z,5)  (n—p)F(z,5)

[ - ] [
> (p—p)n for allz € Q and for all |s| > M

may suppose (r — p) max {

(see (1.2) and (1.4)).
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Example 3.3. For the sake of simplicity we drop the x-dependence and consider
the following two functions satisfying hypotheses H(f)1:

P ; <1 .
fi(s) = 1 Zf s <1, with n € (0, A1(p)) and p <r < p*;
ns” if |s| > 1
fa(s) = Is|P72sIn(1 + [s]).
Note that fy satisfies the Ambrosetti-Rabinowitz condition but fo does not.

Let ¢ : Wol’p(Q) — R be the energy functional of problem (1.1) given by

:/QG(Vu)dx—/QF(:U,u)da;,

which is of class C'. Furthermore, we define the positive and negative trunca-
tions of f(z,-), namely fi(z,s) = f(z,+s%), and consider the C'-functionals
@1 : WyP(Q) — R defined by

:/QG(Vu)dx—/QFi(xvu)dx

with Fy(z,s) = [§ f+(z,t)dt.

Proposition 3.4. If H(a); and H(f)1 are satisfied, then the functionals ¢ and o4
fulfill the C-condition.

Proof. We start with the proof for ¢ . To this end, let (un)n>1 € Wy (Q) be a
sequence such that

log(un)| < M; foralln>1 (3.1)
with some M7 > 0 and
(1 Tl ) 4 (02) = 0 im W17 (). (3.2
By means of (3.2) we obtain

5nHU”W1 P (Q)
() (un), 0)| € = t———
- 1+ ”“n”WlP

for all v € W, ?(Q) and &, \, 0 which means that

EHHUlep(Q)

S (33
1+ H“nle ?(Q)

/Q( (Vug), Vu)pn da:—/ folz,up)vdz| <

for all n > 1. Acting on (3.3) with v = —u;; € Wy"*(€) and applying Lemma 2.4(c)
yields

nllp < n,
for all n > 1 which means that

u; — 0 in WyP(Q) as n — +oo. (3.4)
Then, from (3.1) and (3.4) we obtain

/ pG(Vu, )d:vf/pF( sul)dr < Ms, (3.5)
Q Q
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. . 1 . Q « .
with some M > 0. Taking v = ;) € WyP(Q) in (3.3) gives

_/Q(a(Vu:{),Vu;f)RN dx—l—/gf(x,u;f)u:{d:vgan, (3.6)

for all n > 1. Now, adding (3.5) and (3.6), we get

M3 > / [pG(Vu:{) — (a(Vu:;),VujL)RN] dr

! (3.7)

+ [ 1t = oo u)) d
Q

for all n > 1 and some M3 > 0. By virtue of hypothesis H(a); (iv) we derive from
(3.7)

/ (f (@, uD)ut — pF(z,u))) do < My. (3.8)
Q
Taking into account hypotheses H(f);(i) and (iii), there is a number 8; € (0, Sy)
and a constant M5 > 0 such that
Bils|” — M5 < f(z,s)s —pF(z,s) fora.a. z€Q and for all s > 0. (3.9)
Combining (3.8) and (3.9) gives
(u:)nZI is bounded in L7 (). (3.10)
Let us first consider the case N > p. Without loss of generality we may suppose
that 1 <7 <r < p* (cf. hypothesis H(f);(iii)). Then, we find a number ¢ € [0,1)

such that

11—t ¢
== +— (3.11)
r T p

and the usage of the interpolation theory implies that

el < st 11"

(3.12)

(see Gasiriski-Papageorgiou [20, p. 905]). Combining (3.10), (3.12), and the Sobolev
embedding theorem yields

Hu:H: < Mg Hu foralln>1 (3.13)

+HW1P ()

with some positive constant Mg. Applying again v = u;" in (3.3) one has

/ (a(Vul) ,VuI)RN dr — f(x, uwiutde
Q

Taking into account the growth condition of hypothesis H(f); (i) we infer

flx,8)s < a(x) + Mz|s|” for a.a. x € Q, for all s € R, (3.15)

with @ € L*>°(Q2) and M7 > 0. With the aid of Lemma 2.4(c) and (3.15) we obtain
from (3.14)

<eg, foralln>1. (3.14)

O < M (1 aif][]) for alln > 1
with Mg > 0. This estimate in conjunction with (3.13) yields

Hu ||W1 vy < < My (1 + ||u+HW1 » Q)) foralln >1 (3.16)
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and for some My > 0. Taking into account the choice of 7 (see hypothesis H(f); (iii))
and relation (3.11) we see that tr < p which implies that (u;), o, € Wy*(Q) is
bounded (see (3.16)). -

Now, let N < p and note that in this case we have p* = oo and the Sobolev
embedding theorem gives Wol’p(Q) C Li(Q) for all § € [1,+00). Let ¢ be a number
such that 1 <7 <r < §. As before, we find ¢t € [0,1) such that

1 1—-¢t t

R + -

r T q
Hence

tr = 7(1(30 —7) .

Gg—T
Moreover, we observe that
t¢:7Q(T_T)—>r—T as § — +oo = p*. (3.17)

Gq—T

By the choice of 7 and since N < p we have r — 7 < p. Combining this fact with
(3.17) we see that tr < p if § is chosen large enough. Now we may apply the same
arguments as in the case N > p where p* is replaced by ¢ > r sufficiently large.
This yields the boundedness of the sequence (u;}), -, in W, ?(Q) in the case N < p

as well. We have shown in both cases that (u;)),,~, is bounded in Wy (Q) and due
to (3.4) we have that (uy),>, is bounded in WP (€) as well. Now we may suppose
that (for a subsequence if necessary)

U, — uin WyP(Q) and  w, — u in LP(Q). (3.18)

Using again (3.3) with the special choice v = w,, — u and passing to the limit as n
goes to 00, we derive, thanks to (3.18),

lim (A(uy),un, —u) =0.

n—oo

Since A satisfies the (S) -property (see Proposition 2.8) we finally conclude
Up — u in WyP(Q).

This proves that ¢ fulfills the C-condition. Analogously, applying similar argu-
ments, one can prove the same result for the functionals ¢ and ¢_. That finishes
the proof. O O

Now we are going to show that the functionals ¢ and ¢4 satisfy the mountain
pass geometry.

Proposition 3.5. Assume H(a), and H(f)1, then uw = 0 is a local minimizer of the
functionals ¢ and p4 .

Proof. We only show this proposition for ¢, the proofs for ¢ and ¢_ can be done
similarly. By means of hypothesis H(f);(iv) we find for every ¢ > 0 a number
0 = 0(g) > 0 such that

(n(xz) +¢e)|s|’ for a.a. z € Q and for all |s| < 4. (3.19)
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Let u € C3(Q) be such that ||“||Cg(§) < 0. With regards to Corollary 2.5, (3.19),
Lemma 2.9, and (2.5) we obtain

<,0+(u):/QG(Vu)dx—/QFJr(x,u)d;v
C1 1

_a 1 +\P IR aTY
> vl %Lm@@)(m =

C 15 (320)
> 2 (S2Ival - [ n@lupds ) - ==yl
p ) pAi(p)

1
p
1
> = (k= —— | IVul2.
p A1(p)

Choosing € > 0 small enough such that € € (O, K;\l(p)> we see from (3.20) that

@i (u) >0=,(0) foralluec Ci(Q) with 0 < ||u||c§(§) <.

This implies that u = 0 is a local C§(2)-minimizer of ¢, . Invoking Proposition 2.7
yields that u = 0 is a local W, (9)-minimizer of ¢, as well. O O

It is easy to see that the critical points of ¢ (resp. of p_) are positive (resp.
negative). Therefore, we may assume that v = 0 is an isolated critical point of the
functionals ¢4, otherwise there would exist a sequence of distinct positive, resp.
negative, solutions of (1.1).

Consequently, we find small numbers o1 € (0, 1) such that

inf {2 () : ullyar() = 02} =5 ma >0 = p1(0) (3.21)

(see Aizicovici-Papageorgiou-Staicu [1, Proof of Proposition 29]).
Now we are going to prove the existence of two constant sign solutions of problem

(1.1).

Proposition 3.6. Under the assumptions H(a)i and H(f)1 problem (1.1) possesses
at least two constant sign solutions ug € int (C§(Q)1) and vy € —int (C§(Q)+).

Proof. We start with the proof of the existence of the positive solution. Recall that
t1(p) € int (C§(Q)4) denotes the LP-normalized (i.e. [|@1(p)|, = 1) eigenfunction

corresponding to the first eigenvalue A, (p) of (—Ap, Wol’p(Q)). First, we show that
py(tiy(p)) = —oc0 ast— +oo. (3.22)

By means of hypotheses H(f); (i) and (ii), for every € > 0 there exists a constant
Mo = Mio(e) > 0 such that

F(x,s) >e|s|P — Myg for a.a. z € Q and for all s € R. (3.23)
From Corollary 2.5 and (3.23) we obtain for ¢t > 0
oy (tar(p)) < cs|QUn + P Var ()|} — et + Mio|Q|n

=P (5\1(])) - E) + (05 + M10)|Q|N. (324)

Choosing & > Ay (p) in (3.24) and letting t — +oo implies (3.22).
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Taking into account (3.22) and (3.21) we find a number ¢ > 0 large enough such
that

o1 (tir(p)) < 4 (0) =0 <my and op < |[t@a(p)lyreq)- (3.25)

Thanks to (3.21), (3.25) and Proposition 3.4 we may apply Theorem 2.2 (mountain
pass theorem) which provides the existence of an element ug € VVO1 P(Q) such that

0+(0) =0<my < pi(ug) and ¢/ (ug)=0. (3.26)
The first relation in (3.26) ensures that ug # 0 and the second one results in
(Aug,v) = Ny, (up),v) for all v € Wy P(Q). (3.27)
Choosing v = —u, as test function in (3.27) gives
/ (a(Vuy), —Vua)RN dx = 0. (3.28)
Q
Combining (3.28) and Lemma 2.4(c) we have
C1 —|P
v | <o
Hence,
Ug Z O, Ug 7£ 0.

Then, (3.27) becomes
—diva(Vug) = f(z,up) in Q,
u=0 on OfL.

From the nonlinear regularity theory we obtain ug € L>(Q2) (see Ladyzhenskaya-
Ural’tseva [26, p. 286]) and then uy € C}(Q) (see Lieberman [27]). By means of
hypothesis H(f)1(v) we find, for ¢ = [lug|| o), a constant x, > 0 such that

—diva(Vug(z)) + ko (2)P ™ = f(z,uo(x)) + Kouo(x)P~t >0 for a.a. x € Q.

Hence,
diva(Vug(z)) < koug(z)?~1  for a.a. 2 € Q. (3.29)
Let v(t) = tao(t) for t > 0. We have
ty(t) = t2af(t) + tao(t). (3.30)
Integration by parts and applying H(a); (iv) yields
/t sv'(s)ds = ty(t) — /t v(s)ds = t2ag(t) — Go(t) > AtP. (3.31)
0 0

Then, due to (3.29) and (3.31), we may apply the strong maximum principle of
Pucci-Serrin [37, p. 111] which implies that ug(z) > 0 for all z € Q. In addition,
the boundary point theorem of Pucci-Serrin [37, p. 120] yields ug € int (C§(Q)4.).

Using similar arguments one could easily verify the assertion for the existence
of the constant sign solution vy € — int (Cg(€2)) working with the functional ¢_
instead of ¢ . O O

Now, we are interested to find a third nontrivial solutions of (1.1) via Morse
theory. To this end, we will compute certain critical groups of the functionals ¢
and ¢. We start with the computation of the critical groups of ¢ at infinity.
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Proposition 3.7. Assume H(a); and H(f)1, then Cy(p,00) =0 for all k > 0.

Proof. By means of H(f);(i) and (ii), for every ¢ > 0, there exists a constant
M1 > 0 such that

F(x,s) > ¢|s|P — My; for a.a. z € Q and for all s € R. (3.32)

By virtue of Corollary 2.5 and (3.32) there holds for u € W, ?(Q) \ {0} and for
every t >0

o(tu) = /Q GtV u)de — /Q Pz, tu)dz

< es (10w + || Vul|2) — et?|[ul2 + My |Qx
=t (cs[|Vully = ellully) + Mz,

with Mio = (¢5 + M11) |2x]. Choosing € > 05||‘\Z”1:DHZ implies that
p(tu) - —oo  as t — +oo. (3.33)

Thanks to the hypotheses H(f); (i) and (iii), there is a number 35 € (0, 5y) and a
constant M3 > 0 such that

pF(x,s) — f(x,s)s < Mg — Ba|s|” fora.a. x€Qandforall seR.  (3.34)

Taking into account hypothesis H(a); (iv) and (3.34) we obtain

(i) = (' (1), )
= (' (1), )

1
t
% {/ﬂ(a(tVu),tVu)RNdx —/Qf(a:,tu)tudx} (3.35)
< % {/ﬂ pG(tVu)dx + (cg + M13)|Q|Nn — /QpF(:L’,tu)dx]

1

=7 [pp(tu) + M4

with M4 = (c6 + M13)|Q|n. Combining (3.33) and (3.35) we conclude that
d
%ap(tu) <0 for t > 0 sufficiently large.

Therefore, for every u € 0B; = {y e W, P() : Hy||W01,p(Q) = 1}, there exists a
unique ¥(u) > 0 such that

_ oy < M
PYWu) = 0 < ——

(see (3.35)). Moreover, the implicit function theorem implies that ¢ € C(9By).
Now we extend ¢ on W, *(Q) \ {0} by setting

B(u) ! ¢< 4 ) for all u € W2P(Q) \ {0}.

a HUHW&”’(Q) ||UHW01’1’(Q)
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It is clear that ¢ € C (Wol’p(Q) \ {0}) and ¢ (zﬁ(u)u) = 0. for all u € WyP(Q) \
{0}. Note that ¢(u) = g, implies ¢)(u) = 1. Then, putting

7 w) = 1~ if @(u) S Ox,
v {wu) it p(u) > 0. (3:30)

we have ¢ € C (Wol’p(ﬂ) \ {0})

Next, we introduce the deformation h : [0,1] x Wy (Q) \ {0} — Wy () \ {0}
defined by

h(t,u) = (1 — t)u + t(u)u.

It is easy to see that h(0,u) = u and h(1,u) € @2 for all u € W, *(Q) \ {0}.
Moreover, thanks to (3.36) there holds

h(t, )| .. =id }@Q* for all t € [0, 1].

4’0@*

This means that the sublevel set 2 is a deformation retract of W, () \ {0}.

Because of the radial retraction u — ——2%—— for all u € W;?(Q) \ {0} we see
Tl tp () 0

that OB is a retract of Wy (Q) \ {0} while the deformation

u

ho(t,u) = (1 —t)u+1t for all (t,u) € [0,1] x W, *(Q) \ {0},

”uHWOl”’(Q)

points out that Wy () \ {0} is deformable into dB; over Wy (). Then, we may
apply Theorem 6.5 of Dugundji [16, p. 325] which implies that 0B is a deformation
retract of Wy (Q)\ {0}. We conclude that 2 and dB; are homotopy equivalent.
Hence,

H, (Wol’p(Q), w) = H, (Wol’p(Q), 8Bl> for all k > 0. (3.37)

Since the space VVO1 P(Q) is infinite dimensional, it follows that OBy is contractible
in itself. Then, from Granas-Dugundji [24, p. 389] we have

H, (Wol’p(Q),aBl) —0 forall k>0,
which in view of (3.37) gives

H, (Wol’p(Q), cpg*) =0 forallk>0. (3.38)
Choosing g, < —% even smaller if necessary, we conclude from (3.38) that

Cr(p,00) =0 forall k>0
(see (2.6)). O O
A similar reasoning leads to the following result.

Proposition 3.8. Assume H(a); and H(f)1, then
Cir(psL,00) =0 forallk >0.
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Proof. We do the proof only for the functional ¢, the assertion for ¢_ can be
done similarly. Let OBf" := {u € 0By :uT #0} and t > 0. As in the proof of

Proposition 3.7 we can show that for all u € B; there holds
oy (tu) = —co0  ast — +oo.

Taking into account H(a); (iv) and (3.34) yields, for all u € B;,

@ o (tu) = (&, (), )

dt
= (), )
= 1 [ @t tvusde— [ foouppuss]
< % [/QpG(tVu)dx + (e6 + M15)|Q v — /QPF(x,tu*)dx}
< ! [P+ (tu) + M)

t

(3.39)

(3.40)

where Mg = (c6 + Mi5)|Qn and Mys > 0. Regarding (3.39) and (3.40), we

conclude that

d
%goJr(tu) <0 for all ¢ > 0 sufficiently large.

As before, for every u € dB;", we find an unique v, (u) > 0 such that ¢ (4 (u)u) =

of < —% and the implicit function theorem implies that 1, € C(9B).

Let By = {u e W, P(Q) : u™ # 0} and set for all u € E

~ 1 U
Uy (u) = ¢ .
U Tl \ el

Obviously, ¥, € C (E,) and ¢, (1/~J+(u)u) = of. Moreover, if ¢, (u) = of, then

¥y (u) = 1. Hence,

n o 1~ if P+ (U) < :Qi_a
vrlu): {w+<u> it 1 (1) > 07

belongs to C' (E4).
Consider the deformation h4 : [0,1] x Ey — E defined by

hy(t,u) = (1= t)u + by (u)u.
We see at once that hy(0,u) = u, hy(1l,u) € ((,47+)Q*+ for all u € E4, and

h+(t, )’( o = id | + forallte [O, 1}

o) (o)

+
(cf. (3.41)). Consequently, (p4)% is a strong deformation retract of F.

Let us consider the deformation A, : [0,1] x B4 — E. defined by

hy(t,u) = (1 —t)u+ tug,

(3.41)
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where ug € E, is fixed. Then, hy(0,u) = u and hy(1,u) = ug which means that
idg, is homotopic to the constant map u +— ug. Thus, E is contractible to itself
(see Bredon [9, Proposition 14.5]) and from Granas-Dugundji [24, p. 389], it follows

H, (ngP(Q), E+) =0 forall k > 0.
Then we infer
H, (Wol’p(Q), (<p+)91) —0 forall k> 0. (3.42)
As before, we choose o] < —% sufficiently small. Thus, (3.42) implies

Ck (¢4,00) =0 forall k> 0.
This yields the assertion of the proposition. 0 O

Recall that ug € int (C§(9)+) and vy € —int (C§(Q)4) are the constant sign so-
lutions of (1.1) obtained in Proposition 2.7. We may assume that K, = {0, ug, vo},
otherwise we would find another nontrivial solution of (1.1) which would belong
to C3(£2) as a consequence of the nonlinear regularity theory (see Ladyzhenskaya-
Ural’tseva [26]) and Lieberman [27]) and therefore we would have done.

Note that K, = {0,ug,vo} ensures that K, = {0,uo} and K, = {0,v0}.

Proposition 3.9. Assume H(a); and H(f)1, then
Cr(p+,u0) = Cr(p—,v9) =0k 1Z for all k > 0.

Proof. We only compute Ck (¢4, ug), the computation of Cx(p—,vo) is done in a
similar way. Let ¢1,¢2 € R be two numbers such that

a1 <0=9(0) < <my < i (uo) (3.43)
(see (3.21) and (3.26)) and consider the following triple of sets
()" C (p4)? S W P(Q).

Concerning this triple of sets we study the corresponding long exact sequence of
homology groups which is given by

o B (W) (o)™ ) 5 B (W30, o))

) (3.44)
— Hy1 (1), (04)™) — -,

where i, denotes the group homomorphism induced by the inclusion mapping i :
(p4+)" = (¢+)° and O, stands for the boundary homomorphism. Recall that
K, ={0,u0} and thanks to (3.43) as well as Proposition 3.8 it follows

H, (W&’P(Q), (<p+)<1) — O (p4,00) =0 for all k> 0. (3.45)
Furthermore, from Chang [11, p. 338], (3.43), and Proposition 3.5 we have
Hy, (WOIP(Q), (<p+)§2) = Ck (p4+,up) forall k>0 (3.46)

and

Hi—1 ((04)7, (p4)") = Cr—1 (04,0) = 0,1 Z for all k > 0. (3.47)
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Taking into account (3.45) and (3.47) one observes that only the tail £k = 1 in (3.44)
is nontrivial. Applying the rank theorem yields

rank Hq (Wol’p(Q), (<p+)§2) = rank(ker 0, ) + rank(im ).

Then from (3.44)—(3.47) it follows
rank C; (¢4, ug) = rank (ker d,) + rank (im 9, )
= rank (im ¢, ) + rank (im 0.) (3.48)
<0+ 1.

However, the proof of Proposition 3.6 has shown that ug € int (C§(Q)4) is a critical
point of ¢ of mountain pass type. Thus,

Cr (1 10) #0. (3.49)
Combining (3.48) and (3.49) yields
Ck (p4,u0) = 0 1Z for all k > 0.
(] (]

With the aid of Proposition 3.9 we are now in the position to compute the critical
groups of ¢ at ug and vg.

Proposition 3.10. Assume H(a), and H(f)1, then
Ci(p,u0) = Cr(p,v0) = 01 Z  for all k > 0.

Proof. As before, we only compute Ci(p,ug), the other one works similarly. We
consider the homotopy h : [0,1] x Wy (Q) — Wy P(Q) defined by

h(t,u) = tp(u) + (1 = t)py(u).

Recall that K, = {0,up,vo}. We are going to prove the existence of a number
p > 0 such that ug is the only critical point of h(t,-) in

By = {u € W) s Ju— ol < )

for all ¢ € [0,1]. We proceed by contradiction. If we assume that this assertion is
not true, then we find a sequence (f,, uy)n>1 C [0,1] x Wy () such that

ty — t, in [0,1], u, — ug in Wy P(Q), and h’,(t,,u,) = 0 for all n > 1. (3.50)

Relation (3.50) gives

(Auyp),v) =ty /Q flz,up)vde + (1 —t,) /Q f+(z,upy)vde for all v € Wol’p(Q),

which means that w,, solves the problem
—div a(vun(x)) = tnf(xvun(x)) + (1 - tn)f—‘r(x)un(x)) in €,

bl

u=0 on ON. (3:51)
Because of (3.50), from Ladyzhenskaya-Ural’tseva [26, p. 286], there exists M7 > 0
such that |[un|[fe (@) < Mi7 for all n > 1 and due to Lieberman [27, p. 320] we

find 8 € (0,1) and Mg > 0 such that

”Uané’u(ﬁ) < Mg forallm > 1.
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Due to the compact embedding Cpy'®(Q) < CL(Q), we may assume that wu, — ug
in C§(Q) for a subsequence if necessary. Recalling ug € int (C3(Q);) there exists
none C© 0t (C3(Q)4). Thus (3.51) reduces to
—diva(Vuy,) = f(z,uy,) in Q,

u=0 on 0f).

a number ng > 1 such that (u,)

Hence, (un),,>,, i a sequence of distinct solutions of (1.1) which contradicts the
fact that K, = {0,uo,vo}.

Therefore, we find a number p > 0 such that k), (¢t,u) # 0 for all ¢ € [0,1] and
all uw € B,(ug) \ {uo}. Similar to the proof of Proposition 3.4 one could verify that
h(t,-) fulfills the C-condition for every ¢t € [0, 1]. Thus, we can invoke the homotopy
invariance of critical groups to get

Cr(R(0,-),up) = Cr(h(1,-),up) forall k>0,

which is equivalent to
Cr(p,up) = Cr(p+,up) forall k> 0.

Combining this with Proposition 3.9 implies that

Cr(p, uo) = Cr(4,u0) = dx1Z  for all k > 0.
Similarly, we show that

Ci(p,v0) = 0k1Z for all k > 0.
| O

Now we are ready to produce a third nontrivial solution of problem (1.1). We
have the following multiplicity theorem.

Theorem 3.11. Under hypotheses H(a), and H(f)1 problem (1.1) has at least three
nontrivial solutions

up € int (CH(Q)4), wvo € —int (C5(Q)4) and yo € Cy(Q).
Proof. The existence of the two constant-sign solutions of (1.1) follows directly from
Proposition 3.6, that is
up € int (CH(Q)1), wo € —int (CH(Q)4) .
Suppose that K, = {0, ug, v} and recall that

Cr(p,u0) = Cr(p,v0) = 01 Z for all k >0 (3.52)
(see Proposition 3.10). Thanks to Proposition 3.5 we know that
Cr(¢,0) = 0Z for all k > 0. (3.53)
Finally, Proposition 3.7 implies
Cr(p,00) =0 for all k > 0. (3.54)

Combining (3.52)—(3.54) and the Morse relation with ¢ = —1 (see (2.7)) yields
2(-1)'+(-1)" =0,

which is a contradiction. Thus, we can find yo € K, \ {0,uo,v0} which means
that yo is a third nontrivial solution of (1.1) and as before, the nonlinear regularity
theory guarantees that yo € C}(Q). That finishes the proof. O O
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Remark 3.12. The first multiplicity result (three-solutions-theorem) for superlin-
ear elliptic equations has been proved by Wang [40]. In that workp = 2,a(§) = £ for
all £ € RY (hence the differential operator is the Laplacian, semilinear equation)
and f(z,-) = f(-) (i.e., the nonlinearity is x-independent), f € C*(R), f'(0) = 0
and it satisfies the Ambrosetti-Rabinowitz condition (see (1.2), (1.3)). We point
out that Theorem 3.11 extends significantly the multiplicity result of Wang [10].
Other multiplicity results for p-Laplacian equations with a superlinear nonlinear-
ity satisfying more restrictive conditions than H(f); were proved by Liu [28] and
Sun [38]. For Neumann problems driven by the p-Laplacian we refer to Aizicovici-
Papageorgiou-Staicu [2].

4. FIVE NONTRIVIAL SOLUTIONS

In this section we produce additional nontrivial solutions for problem (1.1) by
changing the geometry of the problem near the origin. Roughly speaking we re-
quire that f(z,-) exhibits an oscillatory behavior near zero. We also suppose some
stronger assumptions on the map a(-) which allows us to prove the existence of five
nontrivial solutions of (1.1) given with complete sign information. The results in
this section extend the recent work of Aizicovici-Papageorgiou-Staicu [3].

The new hypotheses on the map a(-) are the following.

H(a)z: a(§) = ao(||€]))¢ for all £ € RY with ag(t) > 0 for all ¢ > 0, hypotheses
H(a)2(i)—(iii) are the same as the corresponding hypotheses H(a)q (i)—(iii)
and
(iv) pGo(t) — t2ag(t) > —cg for all t > 0 and some cg > 0;

(v) there exists g € (1,p) such that t — Gg (té) is convex in (0, +00),
lim sup M
t—0+ 4

and t2ag(t) — qGo(t) > AtP for all t > 0 and some #/ > 0.

< 400,

Remark 4.1. The examples given in Example 2.0 still satisfy the new hypotheses
H(a)y. Note that hypothesis H(a)s(v) implies

G(€) < cr(lEll” + IEllP)  for all € € RY, (4.1)

with some ¢y > 0.

Furthermore, we suppose new hypotheses on the nonlinearity f: Q2 x R — R as
follows.

H(f)o: f : @ xR — R is a Carathéodory function such that f(z,0) = 0 for
a.a. = € €, hypotheses H(f)2(i)-(iii) are the same as the corresponding
hypotheses H(f); (i)—(iii) and
(iv) there exist ¢ € (1,q) (g as in hypothesis H(a)s(v)) and é > 0 such that

CF(x,s) > f(z,8)s >0 foraa. xz€Qandforall<|s|<§
and

essf%nf F(-,£6) > 0;

(v) there exist real numbers £ < 0 < &4 such that
Fle ) <m <0< < f(z.6) foran ze;
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(vi) for every p > 0, there exists £, > 0 such that
s f(z,s)+ §Q\s|p*25
is nondecreasing on [—p, o] for a.a. x € Q.

Remark 4.2. Hypothesis H(f)s (iv) implies that F(x,s) > Mig|s|S for a.a. x € €,
for all |s| < 6, and some Mg > 0. We also point out that f(x,-) exhibits an
oscillatory behavior near zero which follows directly from hypothesis H(f )2 (v).

Example 4.3. As before, we drop the x-dependence. The following function satis-
fies hypotheses H(f ).

|s[7725 — 2|s[P7%s ifls|<1, .

s) = with 1 < q, 7 < p.

/() {|s|p251n|s| ~lsle2s if |s| > 1 “TsP

Note that this f does not satisfy the Ambrosetti- Rabinowitz condition.
First we produce two nontrivial constant sign solutions.

Proposition 4.4. Let the hypotheses H(a)s and H(f)s be satisfied. Then problem
(1.1) has at least two nontrivial constant sign solutions ug € int (C§(Q)) and vy €
—int (C§(Q)) such that

£ <vg(z) <0< ug(z) <&y forallz € Q.
Moreover, both solutions are local minimizers of the energy functional .
Proof. Let f+ : 2 Xx R — R be the truncation function defined by

0 if s <0
fo(@s) =< flz,s) f0<s<&, (4.2)
f@,&y) & <s
which is known to be a Carathéodory function. We introduce the C'-functional

@1 Wy (Q) — R through

¢r(u) = | G(Vuydz — | Fy(x,u)dx
Q Q

with Fy (z,s) = IN fi(z,t)dt. Tt is clear that @Gy : WyP(Q) — R is coercive
(see Corollary 2.5, (4.2)) and sequentially weakly lower semicontinuous. Hence, its
global minimizer ug € Wy (Q) exists, that is

¢+ (uo) = inf {¢+(U) RS Wol’p(Q)} = M.

By virtue of hypothesis H(f)2(v) we know that we can find f > 0 and &y €
(0, min {4, £+ }) such that

G(&) < BlEl|* for all ]| < do- (4.3)
Recall that hypothesis H(f)2(iv) implies
F(x,8) > Mag|s|® for a.a. 2 € Q and for all |s| < &, (4.4)
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with some My > 0. Since @1 (q) € int (C§(€2)) we can choose ¢ € (0, 1) sufficiently
small such that ti;(q)(x) € [0,50] for all x € Q. Taking into account (4.3), (4.4)
and ||41(q)|lq = 1, we obtain
@ (tin(q)) = / G (Vtiy) dz — / E (x, thy)d
Q Q
< 11 |V (i (@) — Maot [l (0) (45)
= Bt (g) — Maot® ||ia (9)]§ -
Since ¢ < ¢, choosing t € (0,1) small enough, (4.5) gives
¢+ (tin(q)) <0,
meaning

@+ (ug) =1y <0=¢4(0).

‘We conclude

On the other hand, since ug is a critical point of ¢, there holds
(Aug,v) = <Nf+ (u0)7v> for all v € W, P(Q). (4.7
Choosing v = —ug as test function in (4.7) and applying Lemma 2.4(c) as well as
the definition of the truncation (see (4.2)) yields
C1

[[us | <o
Hence,

Now, making use of hypothesis H(f)2(v) and taking (ug — &4 )" € WyP(Q) as test
function in (4.7) one gets

/Q (a(Vuo)7 V (ug — §+)+>RN dzx = /Qer(x,uO) (up — &) dx

4.9
- [ et 4O
<0.
From (4.9) it follows
/ (a(Vug) — a(VE&y), Vug — VEL g dz <0,
{uo>&4}
and by virtue of Lemma 2.4(a),
{uo > &4}y = 0.
Hence,
up(x) < &4 a.e. in (4.10)

Combining (4.6), (4.8) and (4.10) we have
0 <wup(z) <&t ae. in Q and ug # 0.
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Then, (4.7) becomes
(Aug,v) = (Ny(ug),v) for all v € W, P(Q),

meaning that
—diva(Vug) = f(z,uo) in Q,
u=20 on 0f).

The nonlinear regularity theory ensures that ug € C3(Q) (see Ladyzhenskaya-
Ural’'tseva [20] and Lieberman [27, p. 320]).
Thanks to hypothesis H(f)3(vi) we find for o = &4 a constant {, > 0 such that

—diva(Vug(z)) + Euuo(2)P ™ = f(z,u0(x)) + Euo(z)P~ >0 for a.a. x € Q.
Hence,
diva(Vug(z)) < puo(x)P~  for a.a. x € Q.

Due to Hypothesis H(a)s(iv) the strong maximum principle implies that ug €
int (C§(9)+) (see Pucci-Serrin [37, pp. 111 and 120]).

Now, let § > 0 and set us = ug + 6 € C'(Q). Recall that ug(x) < &, for all
x € §, by means of hypotheses H(f)2(v), (vi), we have

—diva(Vus(z)) + Eus(x)P~ < —diva(Vug(z)) + Epuo ()P~ + o(6)
f (@, uo()) + Eouo(x)" " + 0(0)
< fla,64) + 68 +0(9)
M+ &+ 0(d).

Recall that 71 < 0 (see H(f)2(v)) and o(6) — 0T as 6 — 0F. Then, for 6 > 0
sufficiently small there holds n; 4+ o(d) < 0. Hence, from (4.11) we obtain

—diva(Vugs(z)) + &us(z)P 1o < —diva(VEL) + §Q§i_1.

(4.11)

IN

Applying again Pucci-Serrin [37, p. 61] it follows
us(z) <& forall z € Q,
consequently,
u(r) <& forallz € Q.
Therefore, we have

ug € int [0,&4].
Co ()
Since <p‘[07£+} = ¢+’[0,£+] we conclude that ug is a local C§(2)-minimizer of ¢. So,

Proposition 2.7 implies that ug is a local WO1 P (Q)-minimizer of .
For the nontrivial negative solution we introduce the following truncation of the
nonlinearity f(z,-)

A flz,62) ifs<é&o
Folas) =4 fls)  ife <s<0,
0 ifo<s
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which is a Carathéodory function. Setting F_(z,s) = IN f—(x,t)dt we consider the
C'-functional ¢_ : WP (Q2) — R defined by

o (u) = /Q G(Vu)dx — /Q F_(z,u)dz.

Working as above via the direct method we produce a solution vy € — int (C§(€2)+)
being a local minimizer of . (] O

Remark 4.5. A careful inspection of the proof above reveals that we only needed
hypotheses H(f )2 (iv), (v), (vi), i.e., the asymptotic conditions at +oo (see H(f )2 (ii),
(iii)) are irrelevant. Moreover, the global growth condition H(f)2 (1) can be replaced
by the following local one.

For every ¢ > 0 there exists a, € L= ()4 such that
|f(z,s)] <ap(x) fora.a. x€Q and for all|s| < o.

Using these two nontrivial constant sign solutions we can produce two more pre-
cisely localized with respect to ug and vyg. Now we need the asymptotic conditions
at Foo.

Proposition 4.6. Under the hypotheses H(a)2 and H(f)> problem (1.1) possesses
two more nontrivial constant sign solutions uy € int (C3(Q)4) and vy € —int (C§(Q)4)
satisfying

up(x) <wui(x) and wvi(z) <wo(z) forallz €Q
with uy # ug and vy # vg.
Proof. We begin with the proof for the existence of uy. For ug € int (C§ ()4 ) being

the constant sign solution obtained in Proposition 4.4 we define the truncation
mapping e :  x R — R through

f(z,s) if ug(z) <'s,

e\ (z,5) = {f(x,uo(x)) if s < wg(x), (4.12)

which is again a Carathéodory function. Setting E, (z,s) = [; e4(,t)dt we intro-
duce the C'-functional o : W, *(Q) — R by

0+(u)z/QG(Vu)dm—/QE+(x,u)dx.

First we note that oy fulfills the C-condition which can be shown as in the proof
of Proposition 3.4 with minor modifications by applying (4.12).

Claim: We may assume that uo € int (C§(€)4) is a local minimizer of the
functional o .

Recalling ug(z) < &4 for all x € Q we introduce the subsequent Carathéodory
truncation function

er(@,84) ifs>&y

and consider the C'-functional 6 : Wo'*(Q) — R

&+(u)—/QG(Vu)dxf/ E(x,u)dx

Q

e, (z,s) = {e+(x’8) ifs <&y (4.13)
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with E+(a:, s) = fos é4(x,t)dt. Obviously, 64 is coercive and sequentially weakly

lower semicontinuous which implies due to the Weierstrass theorem that there is a
ce . N 1,p .

global minimizer 4y € W;""(£2) meaning

&+ (o) = inf {&+(u) ‘ue WOLP(Q)} .
In particular, this gives &;(ao) = 0 and hence,
(A(io),v) = Nz, (fig),v) for all v € WyP(Q). (4.14)

Taking v = (ug — Gp) " € Wy*(Q2) in the last equation and using (4.12), (4.13) we
obtain

<A(ﬂo)7(uo *ﬂo)+> = / éx(x,ig)) (uo — tio) " dar
/f:vuo 07u0)+da:
< (uo), (u o—Uo)+>-

It follows that
(Auo) = Altio), (uo — o)™ =0,

meaning
/ (a(Vug) — a(Vig), Vug — Vig) gy dz = 0.
{uo>10}

Hence, [{ug > g}y = 0, that is, ug < @lg. Now, taking v = (g — &4)" in (4.14),
applying (4.12), (4.13), H(f)2(v), and recalling ug(z) < & for all z € 2, we get

(At} o = €)") = [ e4(oi) (0 =€) da
= [ f) (o~ &) e

<0,

which implies

/ Vit dz < 0
{to>€1}

(see Lemma 2.4(c)). As above we conclude that [{tg > &1}y =0, i.e., o < &y
Then, g € [uog,&+] and equation (4.14) becomes

(A(dg),v) = (Ns(fip),v) for all v € W, P(Q),

which means that @ solves our original problem (1.1). Applying again the nonlinear
regularity theory we obtain that dg € int (C§(Q)4) (see the proof of Proposition
4.4). If 4y # ug, then the assertion of the proposition is proved and we are done.

Let us suppose that @g = up. By means of the truncations in (4.12),(4.13) we
have

”+|[o,s+] - "+|[o75+]'
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Since tip = up € intey [0, 4] we see that dg = up is a local C2(Q)-minimizer of

o4+ and with regard to Proposition 2.7 it is also a local Wg’p(Q)—minimizer of 0.
This proves the claim.

We may also assume that ug is an isolated critical point of o, otherwise we
would find a sequence (uy)n>1 € Wy P (Q) such that

U, — ug in WyP(Q)  and o' (u,) =0 foralln>1. (4.15)
It follows
A(un) = Ne, (up,) foralln>1
meaning that
—diva(Vup(z)) = ex(z,up(x)) a.e. in Q. (4.16)

Then, from (4.15), (4.16) and Ladyzhenskaya-Ural’tseva [26] we can find Ma; > 0
such that |||z (0) < Ma2i. Applying the regularity results of Lieberman [27] we
find v € (0,1) and Ma3 > 0 such that

Uy € Col’v(ﬁ) and HuanéW(ﬁ) < My, forallm>1.

Exploiting the compact embedding of C17(Q) into C}(Q2) and by virtue of (4.15)
one gets

Uy — Ug, Uy > ug for allm > 1.

That means we have proved the existence of a whole sequence (uy,),>1 C int (C§(Q)4)
of distinct nontrivial positive solutions of (1.1). Hence, we are done. Therefore, we
may consider ugy as an isolated critical point of o .

Because of the claim there exists a number g € (0,1) such that

o4 (ug) < inf {o+(u) e — u0||W01,p(Q) = g} =} (4.17)

(see Aizicovici-Papageorgiou-Staicu [1, Proof of Proposition 29]). Recall that o
satisfies the C-condition. Thanks to hypothesis H(f)2(ii) we verify that if u €
int (C3(Q)+), then o4 (tu) — —oo as t — +oo. These facts combined with (4.17)
permit the usage of the mountain pass theorem stated in Theorem 2.2. This pro-
vides the existence of u; € W, ?(Q) such that

—~

uy € Ky, and )} <ey(u). 4.18)

With a view to (4.17) and (4.18) we see that ug < u1,ug # uy and uy € int (C§(Q)4)
solves problem (1.1).

The case of a second nontrivial negative solution v; € —int (C& (§)+) with v <
vo and vy # vg can be shown using similar arguments. O O

Now we are interested to find a fifth solution of (1.1) being a sign-changing one.
In order to produce the nodal solution we will use some tools from Morse theory.
For this purpose we start by computing the critical groups at the origin of the
C'-energy functional ¢ : VVO1 P(Q) — RY defined by

gp(u):/QG(Vu)dx—/ F(z,u)dz.

Q
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Our proof uses ideas from Moroz [31] in which G(§) = 3||¢[|? for all £ € RV
with more restrictive conditions on f : @ x R — R and from Jiu-Su [25] where
G(¢) = %Hf”p for all £ € RY.

Proposition 4.7. Under the assumptions H(a)s and H(f)2 (i), (iv) there holds Ck(¢,0) =

0 for all k > 0.
Proof. Note that from H(f)2(i) and (iv) we have
F(x,8) > Moag|s|s — May|s|” for a.a. z € Q and for all s € R (4.19)
with positive constants Mas, Mag. Recall that hypothesis H(a)2(v) implies
G(€) < er(lEll? + €]FP) for all ¢ € RN (4.20)

(see also (4.1)). Let u € Wy P(Q) and t > 0. Combining (4.19) and (4.20) gives

o(tu) = [ G(V(tu))dz — / Pla, tu)dz
Q Q

< cot||Vull2 + ert? [Vl — Mgt Jull$ + Maat” Jull7
Since ¢ < ¢ < p < r there exists a small number ¢g > 0 such that

p(tu) <0 forall 0 <t <.

Now let u € WyP(€2) be such that o(u) = 0. Taking into account H(a)a(v), H(f)2(i),
(iv), and the Sobolev embedding theorem it follows

dt o(tu) = (¢ (tu), u)
t=1 t=1
:/( (Vu), VU)RNdZ*/fx w)udz
*C/GVud:c+/ngu (4.21)

> i)l Vull2 + /Q (CF (e, u) — f(z, u)u] do
2 ’f]”u”p 1 P(Q) M25||u||’;[/01wp(9)

with some Mas; > 0. Since p < r we can find ¢ € (0,1) small enough such that

o(tu) >0 Yue WP (Q) with o(u) =0 and 0 < ||uHW01,p(Q) <p. (4.22)

t=1

dt

Now, let u € Wy ™*(€2) with 0 < ||uHW01,p(Q) < o and ¢(u) = 0. In the following we
are going to show that

p(tu) <0 for all ¢t € [0,1]. (4.23)

Arguing by contradiction, suppose that we can find a number ¢y € (0,1) such that
@(tou) > 0. Since ¢ is continuous and ¢(u) = 0 there exists ¢; € (o, 1] such that
o(tiu) = 0. Let t, = min {t € [to, 1] : p(tu) = 0}. It is clear that t. > tp > 0 and

p(tu) >0 for all ¢ € [to,ts). (4.24)
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Setting v = t,u we have 0 < ||v||W01,p(Q) < Hu||W01,p(Q) < o and ¢(v) = 0. Then,
(4.22) gives

> 0. (4.25)
t=1

d
—(t
(V)
Moreover, from (4.24) we obtain
o(v) = p(tiu) =0 < @(tu) for all ¢ € [to, ty).

Hence,

d t
= t.—(tu) =t, lim p(tu)
t=t, t—t, t— t*

<0. 4.2
dt =0 (4.26)

d
Z ot
dtso( v)

=1
Comparing (4.25) and (4.26) we reach a contradiction. This proves (4.23).

By taking o € (0, 1) even smaller if necessary we may assume that K,NB, = {0}
where B, = {u e WiP(Q) : ||uHW01,p(Q) < Q}. Let h: [0,1] x (¢° N B,) = ¢*N B,
be the deformation defined by
h(t,u) = (1 — t)u.

Thanks to (4.23) we verify that this deformation is well-defined and it implies that
©° N B, is contractible in itself.

Fix u € B, with p(u) > 0. We show that there exists an unique ¢(u) € (0,1)
such that

p(t(u)u) = 0.

Since p(u) > 0 and the continuity of ¢ — ¢(tu), (4.22) ensures the existence of
such a t(u) € (0,1). It remains to show its uniqueness. Arguing by contradiction,
suppose that for 0 < t§ = t(u); < t5 = t(u)2 < 1 we have p(tju) = @(thu) = 0.
Then, (4.23) implies

~v(t) = @(ttiu) <0 for all t € [0, 1].

Therefore E—z € (0,1) is a maximizer of v and thus,
d
—(t =0
770 a0
-3
which implies that
ti d d
N = —o(ttt =0.
s dtw( 2u) s dtSD( 1w) -

t

NE

But this is a contradiction to (4.22) and the uniqueness of ¢(u) € (0, 1) is proved.
This uniqueness implies that

p(tu) <0 ift e (0,t(u)) and (tu) >0 forallte (t(u),1].
Let Ty : B, \ {0} — (0, 1] be defined by

)1 if p(u) <0,
Tiw) = {t(u) it (u) > 0.



NONLINEAR NONHOMOGENEOUS DIRICHLET EQUATIONS 29

It is easy to check that Tj is continuous. Next, we consider a map Ty : B, \ {0} —
(¢° N B,) \ {0} defined by

U if p(u) <0,
Ty(u) = . plu) <

Ty (uw)u if o(u) > 0.
Obviously, T3 is a continuous function. We observe that
=id )

(¢°nB,)\{0} (¢°nB,)\{0}
which proves that (¢° N B,) \ {0} is a retract of B, \ {0}. Note that B, \ {0} is
contractible in itself. Therefore, the same is true for (¢" N B,) \ {0}. Previously,

we proved that ¢©° N B, is contractible in itself. From Granas-Dugundji [24, p. 389]
it follows that

Hy, (¥°N'B,, (¥°N'B,) \ {0}) =0 for all k > 0.

T

Hence,
Cik(p,0) =0 forall k> 0.
(see Section 2). This completes the proof. O O

Thanks to Proposition 4.7 we can now establish the existence of extremal non-
trivial constant sign solutions, that means, we will produce the smallest nontrivial
positive solution and the greatest nontrivial negative solution of (1.1).

To this end, let S; (resp. S_) be the set of all nontrivial positive (resp. negative)
solutions of problem (1.1). As in Filippakis-Kristély-Papageorgiou [18] we can show
that

e S, is downward directed, that means, if uy,us € Sy, then there exists
u € S4 such that u < wu; and v < us.

e S_ is upward directed, that means, if vy,v, € S_, then there exists v € S_
such that v; <wv and vy < v.

By virtue of these lattice properties of S; and S_ we see that for the pur-
pose of producing extremal nontrivial constant sign solutions and since &4 C
int (C§(Q)+),S- € —int (C§(Q)4), without any loss of generality, we may assume
that there exists Msg > 0 such that

lullc@) < M2 forallu e Sy and  |[vf|g) < M2s forallveS_. (4.27)

Note that from hypotheses H(f)3(i) and (iv) we find positive constants ai,as
such that

f(z,8)s > a1|s|® — ap|s|” for a.a. z € Q and for all s € R. (4.28)
This unilateral growth estimate leads to the following auxiliary Dirichlet problem
—diva(Vu(z)) = a1 |u|*%u — as|u|""%u in Q,
(Vu(e)) = arlul*u = azfu (129)
u=20 on 0f).

We are going to prove the uniqueness of constant sign solutions of (4.29).
Proposition 4.8. If hypotheses H(a)z hold, then problem (4.29) admits a unique
nontrivial positive solution u, € int (C§()4) and since (4.29) is odd, v, = —u, €
int (C§(Q)+) is the unique nontrivial negative solution of (4.29).
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Proof. Let ¢, : Wy *(2) — R be the C'-functional defined by

Yy(u) = /QG(Vu)dx — %1 ’|u+H§ + %

T
;.
T

Because of Corollary 2.5 and due to ( < p < r we observe that ¢ is coercive and
in addition sequentially weakly lower semicontinuous. Then we find u, € VVO1 P(Q)
such that

G () = inf [ (u) s w € WEP(Q)] < 0 = 4.(0),
since ¢ < p < r (see the proof of Proposition 4.4). Hence, u, # 0. Moreover, as .
is the global minimizer of ¢ it holds (11)" (u.) = 0 which means
Alu,) = a; (u+)471 — ay (u+)r,

* *

t (4.30)
Acting on (4.30) with —uy € Wy () and using Lemma 2.4(c), we see that u, > 0
and as before u, # 0. Then, equation (4.30) becomes

Aluy) = apus~! — agu” ™1

and u, turns out to be a nontrivial positive solution of (4.29). As before, the nonlin-

ear regularity theory (see [26], [27]) implies that u, € C}(2) and the nonlinear max-

imum principle of Pucci-Serrin [37, pp. 111 and 120] yields that u, € int (C§(Q)4).
We will complete the proof of the proposition if we prove the uniqueness of this

solution u,. To this end, let ¥, : L1(2) — R U {oc} be the integral functional

defined by

G (Vui)d if u>0,us € WIP(Q),
\Il+(u)—/g(u)z ifu>0,u 0P ()

+00 otherwise.

Take u1,us € dom ¥y and let w = (tu; +(1 —t)uz)% for t € [0,1]. Applying Lemma
1 of Diaz-Sad [15] results in

([Vu(x)|| < (t HVul(m)% q>% a.e. in €.

" (1= )| Vua ()t

As Gy is increasing and by means of H(a)2(v) we conclude
Go ([[Vu(2)]])
e ((tHvul(x)é q>3)
) +(1—1t)Go (HVUQ((E)% ) a.e. in Q.

Note that by definition G(£) = Go(||¢]|) for all £ € RY. Hence

(1= )|V ()t

< 1Go (| Vur(@)?

G(Vu(z)) < tG (vul(a:)%) +(1-t)C (vw(x)%) ae. in

which proves that ¥ is convex.

Now we take two nontrivial positive solutions v,w € Wy*(€) of (4.29). As
mentioned before we know that v, w belong to int (C& (Q)Jr) Therefore, v,w €
domV¥,. For t € (0,1) sufficiently small and h € C3(Q) we have v + th,w +
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th € dom¥,. Hence, Uy is Gateaux differentiable at v and w in the direction h.
Furthermore, the chain rule yields

¥, (v9) (h) = é /Q ﬂhlqic_t(lvv)hdx, (4.31)
V', (w7) (h) = é /Q _d%_(lv“’)hdx. (4.32)

Note that ¥/, is monotone since W, is convex. Then, from (4.31) and (4.32), we
derive

0 < (W, (v1) = ¥/ (w?),v? —w?)

L)
_ 1/ (—div a(1Vv) n div a(Vw)) (09— w?) dx
qJo Vi wi—t
A e
q Jo v4— wq_l
a1 1 1 as e e
:? Q<'Uqc_'wqc>(vq—wq)d$+q/&:2(w q—’U q)(vq—wq)dx.

Since s — Sql_C — s"77 is strictly decreasing in (0,00) we conclude that v = w
and thus, u, € int (C§(Q)4) is the unique nontrivial positive solution of (4.29).

Obviously, v, = —u, € —int (C}(Q)4) is the unique nontrivial negative solution of
(4.29). O O

Proposition 4.9. If hypotheses H(a)y and H(f)s hold, then u, < u for allu € Sy

and v < v, for all v € S_ with u, v, being the nontrivial unique constant sign
solutions of problem (4.29) obtained in Proposition 4.8.

Proof. Let u € St and consider the Carathéodory function

0 if 5 <0,
Vi (z,8) = a;s™1 —ags™! if 0 <s <u(x), (4.33)

a1u(x)S™t — agu(z)"t  if u(z) < s.

We consider the C'-functional @ : W&’p(Q) — R defined by
O, (u) = / G(Vu)dz — / Oy (x,u)dx
Q Q

with ©4 (2,5) = [ ¥4 (z,t)dt. By means of the truncation it is clear that ®, is
coercive and since it is also sequentially weakly lower semicontinuous there exists
an element @, € Wy*(Q) such that

&, (4,) = inf [q>+(u) Lue W&”’(Q)] <0=d,(0).

As before since ( < p < r (see the proof of Proposition 4.4). Hence, @, # 0. Since
U4 is a critical point of ®,, we have

A(it,) = Ny, (it,) . (4.34)

Acting in (4.34) with —a; € W*(Q) we derive by applying Lemma 2.4(c) that

*

@ > 0. On the other hand, acting with (&, —u)" € W;?(Q) in (4.34), there holds
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thanks to (4.33), (4.28) and u € Sy,
(AG@) . (0 - )" = / 9o (2, 0) (it — u)" o
)
= / (a1u¢™" — agu™1) (a0, — u) " dzx

o

< /Qf(amu) (s —u)t da

- <A(u) (il — u)+>.
This gives

/ (a (Vi) —a(Vu), Vi, — Vu)py dz < 0.
{G.>u}

Since a is strictly monotone (see Lemma 2.4(a)) we obtain |{t4. > u}|y = 0. To
sum up, we have

0# 4. € [0,u] = {UEWOLP(Q):OSU(x) <wu(z) a.e. in Q}

By definition of the truncation in (4.33) it follows 90 (2, 4,) = a10%" " — agd? 1.
Therefore, @, solves the auxiliary problem (4.29) but Proposition 4.8 proved the
uniqueness of constant sign solutions of (4.29). We deduce that 4, = u, €

int (Ccl, (ﬁ)+) and u, < u. Since u € S; was arbitrary we deduce that
U, <u forall u € S;.
Similarly, we prove that v < wv, for allv € S_. O O

Now we are ready to produce extremal nontrivial constant sign solutions of our
original problem (1.1).

Proposition 4.10. Under the assumption H(a)z and H(f )2 problem (1.1) possesses
a smallest positive solution uy € int (C’é (Q)+) and a greatest negative solution

v_ € —int (C5(Q)4).
Proof. Let C C S be a chain, i.e., a totally ordered subset of S;. Then there is a
sequence (up)n>1 C St such that
infC = Tllrgfl Uy -
(see Dunford-Schwartz [17, p. 336]). Since u,, € S; we have
A(up) = Nf(u,) foralln>1. (4.35)

Therefore, thanks to (4.27), H(f)2(i) and Lemma 2.4, we observe that (u,)n,>1 C
WP (€) is bounded and we may assume that

U, —uin WyP(Q)  and  w, — uin LP(S). (4.36)
Acting on (4.35) with u, —u € W, () and making use of (4.36) yields

lim (A(u), un —u) =0.

n—oo

Therefore, the (S, )-property of A (see Proposition 2.8) gives u, — u in W, ().
Passing to the limit in (4.35) we get

A(u) = Ng(u). (4.37)
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Taking into account Proposition 4.9 provides u, < u, for all n > 1 which implies
ux < u and with regard to (4.37) u € S;. Furthermore, we have v = inf C. Since
C was arbitrarily chosen in S; the Kuratowski-Zorn Lemma ensures that S; has
a minimal element u; € S;. Since &y is downward directed we conclude that
uy € int (CF(Q)4) is the smallest nontrivial positive solution of (1.1).

Working with S_ instead of S; and applying again the Kuratowski-Zorn Lemma,
we can show that v_ € —int (C’é (§)+) is the greatest nontrivial negative solution
of (1.1). Recall that S_ is upward directed. O O

Having these extremal nontrivial constant sign solutions, we are now in the
position to produce a nodal (sign changing) solution of problem (1.1).

Proposition 4.11. Let H(a)s and H(f)s be satisfied. Then problem (1.1) has a
nodal solution yo € [v_,uy] N CEH(Q).

Proof. By reason of Proposition 4.10 we know that u; € int (C(} (§)+) and v_ €
—int (C3(Q)4) are the extremal nontrivial constant sign solutions of (1.1). With
the aid of these extremal solutions we introduce the cut-off function fo : 2 xR — R

f(z,v_(x)) if s <v_(x)
folz,s) = ¢ f(x,s) ifv_(z) <s <uq(z), (4.38)
f@up(z)  ifuy(z) <s

which is clearly a Carathéodory function. For Fy(z,s) = fos fo(z,t)dt we define the
C'-functional o : W, P() — R by

wo(u) = / G (Vu)dx — / Fo(z,u)de.
Q Q
For f&(x,s) = fo(x,+s%) we also consider the functionals o : WP (Q) — R
0T (u) = / G (Vu) dm—/FOi(x,u)d:r
Q Q

with F(z,s) = [J f5 (z,t)dt.

As in the proof of Proposition 4.9 it can be easily shown that

Kgoo - [U_,U+], K@(T c [O,U_J, K@S - [’U_,O].
Then, the extremality properties of uy € int (C§(€)4) and v_ € —int (C§(Q)4)
imply that
KWO - [’U_, u+]7 K¢Sr = {Oau-‘r}) K(pg = {U—a O} . (439)

Claim: u; € int (C}(Q)4) and v_ € —int (C}(Q)4) are local minimizers of ¢q.

First note that g is coercive (see (4.38)) and sequentially weakly lower semi-
continuous. Then there exists @ € W, *(£2) such that

of () = inf {goa'(u) fu € Wol’p(Q)} :
Similar to the proof of Proposition 4.4 (see (4.5)) we have o (@) < 0 = o7 (0),
hence @ # 0. Then, (4.39) implies @ = uy € int (C§(Q)4). Since @ @, =
J— — 0
ot ‘Cl(§)+ we deduce that uy € int (C§(Q)4) is a local C§(£2)-minimizer of ¢y and
0

thanks to Proposition 2.7 it follows that u, is a local Wy (Q)-minimizer of .
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The assertion for v_ € —int (C§(Q)4) can be shown similarly, using ¢ instead of
@g . This proves the claim.

We may assume, without loss of generality, that ¢o(v_) < po(uy). By virtue of
the claim, we find a number p € (0,1) such that |jv_ — u+HW01‘p(Q) > p and

0 (v-) < o (uy) < inf [spo(w) : [lu= s llyp e = o] = 0. (4.40)

(see Aizicovici-Papageorgiou-Staicu [I, proof of Proposition 29]). Because of the
definition of the truncation in (4.38) it is clear that g is coercive and so it satisfies
the C-condition. This fact in conjunction with (4.40) permits the usage of the
mountain pass theorem stated in Theorem 2.2. Therefore, we find yg € Wol P(Q)
such that

Yo € K<P0 g [U_,U+] and Tlo < @O(yO) (441)

(see also (4.39)). From (4.41), (4.38), and (4.40) it follows that yo is a solution of
(1.1) and yo & {v_,uy}. The nonlinear regularity theory implies that yo € CZ ().
Since yq is a critical point of ¢y of mountain pass type, we have

C1(w0,y0) # 0. (4.42)

On the other side Proposition 4.7 amounts

Cik(p,0) =0 forall k> 0.

Moreover, (4.38) implies @‘[vi wa] = @0’[ and since uy € int (C§(Q)4) ,v_ €

N v_,uq]
—int (C3(Q)+) combined with the homotopy invariance of critical groups (cf. the
proof of Proposition 3.10) we infer that

Ck(0,0) = Cr(p,0) =0 for all £k > 0. (4.43)

Comparing (4.42) and (4.43) we obtain that yo € [v_,uy] N CE(Q) \ {0}. Due to
the extremality of u; and v_ the solution yy must be nodal. O (Il

Summarizing this section we can state the following multiplicity theorem for
problem (1.1).

Theorem 4.12. If hypotheses H(a)s and H(f)2 hold, then problem (1.1) has at
least four constant sign solutions

® ug,u; € int (C’é(ﬁ)+) Jug < ug,ug # up
ey, v € —int (C&(ﬁﬁ) ,v1 < g, V1 # Vo
and at least one sign-changing (nodal) solution
Yo € [vo, uo] N CE ().
Proof. The result follows from the Propositions 4.4, 4.6, and 4.11. | O

In the next section we will improve Theorem 4.12 for a particular case of problem
(1.1) and with stronger regularity conditions on the nonlinearity f(x,-). It will be
shown the existence of a second nodal solution for a total of six nontrivial solutions
given with complete sign information.
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5. (p,2)-EQUATION

In this section we deal with a particular case of problem (1.1). Namely, we
assume that

a(&) = ||€|P726+ ¢ for all € € RY with 2 < p < oo.
In this case the differential operator becomes the (p, 2)-Laplacian, that is
diva(Vu) = Ayu+ Au  for all u € W, P(Q).

This differential operator arises in problems of quantum physics in connection
with Derick’s model [14] for the existence of solitons (see Benci-D’Avenia-Fortunato-
Pisani [8]).

Therfore, the problem under consideration is the following;:

—Apu— Au = f(z,u) in Q,

u=0 on 0f). (5.1)

Under stronger regularity conditions on the nonlinearity f(x,-) we will show that
problem (5.1) has a second nodal solution for a total of six nontrivial solutions (two
positive, two negative, and two nodal).

We need to strengthen our hypotheses on the mapping f : Q@ x R — R in the
following way.

H(f); f: Q@ xR — R is a measurable function such that f(z,0) = 0, f(z,-) €
Cl(R) for a.a. x € Q, hypotheses H(f)3(ii), (iii), (v), (vi) are the same as
the corresponding hypotheses H(f)a(ii), (iii), (v), (vi) and

(i) [fi(z,s)| < a(x) (14 |s|"72) for a.a. x € Q, for all s € R, with a €
L>®(Q)4, and 2 < r < p*;

(iv) fi(z,0) = lims_ @ uniformly for a.a. x € Q,
fi(z,0) € P\m(Q), 5\m+1(2)} a.e. in  with m > 2,

and f2(-,0) # An(2), f2(-,0) # Ams1(2).

Remark 5.1. Note that the asymptotic behavior of f(x,-) at oo remains the
same. The situation has changed near zero (see H(f)s(iv)) since the concave term
has power equal to ¢ = 2 (i.e. ( = q = 2). This changes the computation of the
critical groups of the energy functional ¢ at the origin.

Example 5.2. The following function satisfies hypotheses H(f)s (the x-dependence
is dropped again):

fa) = s — cs? if |s] <1
= len|s\—()\—c)|s|% if |s| > 1

with \ € ()\m(Q), )\m+1(2)) for somem > 2, >4\, and ¢ = @ > 0.

We start with the computation of the critical groups at the origin.
Proposition 5.3. Let hypotheses H(f)s be satisfied. Then
Cr(9,0) = 0k.a,,Z for allk >0

with dy = dim &7, F (X:(2)) > 2
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Proof. Consider the C2-functional  : Wy "*(€2) — R defined by

1 1 1
1w = Sl + 51Vl - 5 [ e 0nlde.
P 2 2 Ja
By virtue of hypothesis H(f)3(iv), given € > 0, there exists § = d(g) € (0,1) such
that

’f(:w) B

f;(x,O)‘ <e foraa. z € and for all 0 < |s] <,
s

which implies that

1
‘F(a:,s) - if;(m,O)sz <e foraa. z€Qandforal 0<|s| <.

Therefore, we find g € (0,1) such that

”50 - 7“05 (Eg/‘) <eg,

where ES = {u € CL) : ||u||cé(§) < g}.
Choosing € > 0 sufficiently small gives
Ci (?ley:0) = Ck (V@ 0)  forall k=0
(see Chang [11, p. 336]) and since C4(Q) is dense in W, ?(Q) it follows
Ci(p,0) = Cr(v,0) forall k>0 (5.2)
(see Palais [33]). Moreover, due to Cingolani-Vannella [13, Theorem 1], one has
Cr(7,0) = 0,4, Z for all k >0,
which, because of (5.2), results in
Cr(p,0) = k,q,,Z for all k> 0.
(| U

A careful inspection of the proofs in the previous section reveals that the results
remain valid although we have a different geometry near zero (since ( = ¢ = 2 in
the notation of Section 4). In this case, by means of hypotheses H(f)3(i), (iv), we
know that for given & > 0 there is a number My; = My7(g) > 0 such that

f(x,8)s > (fi(x,0) —€) s — May|s|” for a.a. € Q and for all s € R.
This unilateral growth estimate leads to the following auxiliary Dirichlet problem

—Apu— Au = (fi(2,0) — ) u® — Moy|u|"u(z)  in Q,

5.3
u=20 on 0f2. (53)

Choosing ¢ € (O, Am(2) — 5\m+1(2)) we can show that problem (5.3) admits a

unique nontrivial positive solution u, € int (C§(£2)) and, by the oddness of (5.3),
we have that v, = —u, € —int (C’é (§)+) is the unique nontrivial negative solution
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of (5.3). The proof can be done as the proof of Proposition 4.8. Therefore, the
arguments of Section 4 apply and we produce five nontrivial solutions

® ug, U € int (Cé(ﬁ)Jr) Jug < U, Ug 7 Ul;

e vy, v € —int (C&(Q)Jr) ,v1 < Vg, U1 # Vp;

® Yo € [vo, up] N C3(Q) nodal.

Using these five solutions and Morse theory, we can produce a sixth nontrivial

solution being nodal.
Theorem 5.4. Let hypotheses H(f)s be satisfied. Then problem (5.1) has at least
six nontrivial solutions

® up, U € int (06(5)4_) Jug < ug,ug # ug;

e vy, v € —int (C’Ol(ﬁ)Jr) ,v1 < g, V1 F Vo;

®yo,y1 € int [vg,up] nodal.
Gy ()

Proof. As we already remarked the conclusion of Theorem 4.12 remains valid in
the present setting and thus we already have five nontrivial solutions

® up, U € int (C’é(ﬁ)_,_) Jug < ug,ug # U
e vy, v € —int (Cé(§)+) ,v1 < vg, U1 # Vp;
® Yo € [vo, up] N CF(Q) nodal.

Without loss of generality we may assume that both, ug and vy, are extremal
nontrivial constant sign solutions, i.e., ug = uy and vy = v_ in the notation of
Proposition 4.10. We have

—Apug — Aug — f(z,u0) =0=—Apyo — Ayo — f(z,y0) for a.a. z € Q,

and yo < ug. As a(€) = ||€]|P72¢ + € for all € € RY we see that a € CH(RYN,RY).
Hence,

Va(©) = ] (I+ (v ﬁé}f

implying

>+1 for all ¢ € RV \ {0},

(Va(&)y, ygv = llyl* for all &,y € RY.

This fact along with hypothesis H(f)s(iv) permits the usage of the tangency prin-
ciple of Pucci-Serrin [37, p. 35] to obtain yo(z) < ug(x) for all z € . Similarly,
one can prove vg(x) < yo(z) for all z € Q.

Let o = max{||u0||c(§), ||v0||c(§)} and let &, be as postulated in hypothesis
H(f)3(vi). For & > &, we infer
— Apug(w) — Aug(w) + Eug ()P~
= f(z, uo(x)) + Euo(a)"~"
= f(@,uo(x)) + Eguo ()P~ + (€ — &) uo(x)P !
> f(z,50(2)) + Elyo ()P yo(x) + (€ — &) uo ()"~
> f(x,y0(x)) + Elyo (@) P~y (@) + (§ — €o) lyo (@) [P~ yo(x)
(z) — Ayo(x) + &yo() [P %yo(x) a.e. in Q.

T

= —Apyo(x



38 N. S. PAPAGEORGIOU AND P. WINKERT

Since ug € int (C§(2)4+) and yo € C§(Q) we may apply the strong comparison
principle of Papageorgiou-Smyrlis [36, Proposition 3] and deduce that uy — yo €
int (C§(2)+). In a similar fashion we show that yo —vo € int (C§(€)+). Therefore,
we have proved that

Yo € int [vg, ug). (5.4)
C5(Q)

Let g € C?7° (Wol’p(Q)> be the functional introduced in the proof of Proposi-
tion 4.11 by truncating the nonlinearity f(z,-) at {vo(x), uo(x)}. Recall that

C1(po,y0) # 0 (5.5)
(see (4.42)). The homotopy invariance of critical groups along with (5.4) gives
Cr(v0,y0) = Cr(p,y0) for all k >0, (5.6)
(see the proof of Proposition 3.10) which implies, due to (5.5),
C1(p,y0) # 0.

Since ¢ € C? (WO1 P (Q)), from Papageorgiou-Smyrlis [36, the proof of Proposition
12, Claim 2], we infer that

Cr(p,y0) = 0k1Z for all k >0,
which implies, because of (5.6),

Cr(vo,y0) = dk1Z for all k > 0. (5.7)

Recall that ug € int (C§(Q)4) and vy € —int (C§(2)4) are local minimizers of ¢g
(see the claim in the proof of Proposition 4.11). Hence, we get

C(po,u0) = Cr(po,v0) = 0k,0Z for all k> 0. (5.8)

Since <p0|[v07u0] = ga}[vo’uo], ug € int (C§(Q)4),v0 € —int (C§()4), Proposition

5.3, and the homotopy invariance of critical groups we see that
Ci(¢0,0) = 04, Z for all k> 0. (5.9)

Finally, by means of the truncation defined in (4.38), it is easy to see that g is
coercive. Therefore

Cr (po,00) = 0 0Z for all k > 0. (5.10)

Now suppose that K,, = {0,uo,vo,y0}. Taking into account the Morse relation
given in (2.7) by setting ¢ = —1 combined with (5.7)—(5.10) results in

(=% +2(-1)° + (1) = (-1)°,

which gives the contradiction (—1)%m = 0. Hence, we can find another y; € K,

satisfying y1 & {0, uo,vo, yo}. Due to (4.39) we know that K, C [ug, vo] and as we
supposed that ug, vg are the extremal solutions of (5.1), it follows that y; is a nodal
solution of (5.1) distinct from yo. Finally, the usage of the nonlinear regularity
theory implies that y; € C3(Q). Moreover, similar to yo (see (5.4)), we can show
that

Y1 € Hlti [’U(),UO].
C5 ()

The proof is complete. O O
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6. NONLINEAR EIGENVALUE PROBLEM

In this section we deal with the following nonlinear eigenvalue problem
—diva(Vu) = Af(z,u) in Q,
u=0 on 0f).

As before, the nonlinearity f : Q x R — R is supposed to be a Carathéodory
function which exhibits (p — 1)-superlinear growth near +oo without satisfying the
Ambrosetti-Rabinowitz condition. Our aim is to prove that problem (P)) admits
at least two nontrivial solutions provided A > 0 is sufficiently small. Moreover, one
of these solutions vanishes as A — 07 and the other one blows up as A — 0T, both
in the Sobolev norm || - ||W$,p(Q).

(Px)

We suppose the following conditions on the nonlinearity f: Q2 x R — R.
H(f)4: f: QxR — Ris a Carathéodory function satisfying f(x,0) =0, f(z,s) >0
for a.a. x € Q and for all s > 0 such that
(i) [f(z,s)] < a(z) (1+]s["!) for a.a. x € Q, for all s > 0, with a €
L>(Q)4, and p < r < p*;
(i) if F(x,s) = [, f(z,t)dt, then
lim Fz,s)

= 400 uniformly for a.a. z € ;
$—+00 sP

(iii) there exist 7 € ((r — p) max {%, 1} ,p*) and By > 0 such that

i 12:5)5 ~ PP (5.9

s——+00 S
(iv) there exist ¢ € (1,q) (¢ as in hypothesis H(a)2(v)) and § > 0 such that
CF(z,s) > f(x,8)s >0 foraa xz€Q, forall0<s <4,

and

> Bo uniformly for a.a. z € ;

es%an(ﬂS) > 0;
(v) for every p > 0 there exists £, > 0 such that
s f(x,8) + &Pt
is nondecreasing on [0, g] for a.a. z € €.

Remark 6.1. Since we are looking for positive solutions and as the hypotheses
above concern the positive semiazis Ry = [0, 00), without loss of generality, we may
assume that f(x,s) =0 for a.a. x € Q and for all s < 0.

We have the following existence theorem for problem (P)).

Theorem 6.2. Assume H(a)y and H(f)s. Then there exists \* > 0 such that
problem (P)) possesses at least two solutions ux,vx € int (C3(Q)4) for all X €
(0, A*) satisfying

||u>\||W01,p(Q) — o0 and ||v,\||W01,p(Q) -0 asA—0F.

Proof. Let ox: Wy P(Q) — R be the C'-energy functional of problem (Py) defined
by

w(u):/ﬂG(W)d%A/F(x,u)dz

Q
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with F(z,s) = [ f(x,t)dt. By means of H(f)4(i) and (iv) we obtain the estimate

M. M. r
|F(z,s)] < —=2 (sT)! + — (st)" foraa. z€Qandforallse R  (6.1)
q T

with positive constants Mag and Mag. Taking into account Corollary 2.5, (6.1), and
the Sobolev embedding theorem gives

/ G(Vu)dzr — X / F(z,u)dz

c1 Mog Mog .
M)wwmnx[qmg 2 (62)

LA WMWWW+MMWMWJ

= -
for all u € W P(Q) and with positive constants Mz, M3; both independent of
A > 0. Now let a € (0 ) and suppose that ||uHW01,p(Q) = A~“. Then, (6.2)

? r— —p
reads as
c — — —Qr
oa(u) > ﬁ)\ P — MagA'™ — Mg A7 =: £(N). (6.3)
Since a < —— there holds —ap < 1 — ar and recall ¢ < p < r. Therefore,

€(\) = 400 as A — 0T, (6.4)
Hence, there exists a number A} > 0 such that £(A) > 0 for all A € (0,A]). Then,
from (6.3) one has
ex(u) > &(A) > 0= ¢x(0) (6.5)
for all u € WyP () with [|ul] y1sq) = A~ and A € (0,A}).
As before, thanks to hypotheses H(f)4(i),(ii), we derive
or(thi(p)) — —oc0 ast— 4oo forall A > 0. (6.6)

Finally, Proposition 3.4 ensures that o) satisfies the C-condition. This fact along
with (6.5) and (6.6) allow us to apply the mountain pass theorem stated in Theorem
2.2. This yields an element uy € Wy (Q) such that

un € Ko \ {0} and £0V) < pa(uw). (6.7)

Hence, wu) is a nontrivial solution of (P)). As before, the nonlinear regularity
theory (see [20], [27]) and the nonlinear maximum principle (see [37] and hypothesis
H(f)4(v)) imply that uy € int (C§(Q)+). Now, by applying (6.7), Corollary 2.5 and
hypothesis H(f)4(i), it follows

£ < o) < Mz (1+ [ualfyrng ) (6.8)
for some M3z > 0. The statement in (6.8) along with (6.4) yields that
||U>\HW01’P(Q) — 00 asA—0T.

Now let us prove the second assertion of the theorem. To this end, recall that
we have again

C1 T
oa(u) > mllullivg,p(ﬂ) —A [M3o||u||3vé,p(9) + M31||U||W01,p(m} (6.9)
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for all u € W, P(Q) (see (6.2)). Let § € (0, %) and set ||uHW01,p(Q) = A, Then,
(6.9) becomes
C1

pi(p — 1)>\ﬁp — M30/\1+ﬁq — M31/\1+ﬁr = w()\)

oa(u) >
Since

w(A) = A {p(pcil)xﬁp—l — Moy NP7 — M25w]

and fp — 1 < 0, we see that

w(A) = +oo as A — 0.
Therefore we find a number A5 > 0 such that

pa(u) > w(X) > 0= px(0) (6.10)
for all u € Wy P () with [[ufl y1s(q) = A7 and A € (0,A3).

Let By = {u e WP (Q) : ||uHW01,p(Q) < )\B}. By means of hypotheses H(a)s(v)
and H(f)4(iv) we obtain, for ¢ € (0, 1) sufficiently small, that
a (tia(q)) <0

(cf. the proof of Proposition 4.4). Therefore

inf oy >w(A) >0 and infey <O.
aBA B)\

Set dy := inf 5, ¢ —infg ¢y andlet e € (0,dy). Taking into account the Ekeland
variational principle (see, for example, Gasitiski-Papageorgiou [20, p. 579]) there
exists u. € By such that

ox(ue) <infoy +¢ (6.11)
B

and
ox (ue) < oay) +elly —uellypngy forally € Bi. (6.12)
Since € < dy, we infer from (6.11) that

@ (ue) < inf @y,
OB\

thus u. € By = {u e W, P() : [ullyr ) < )\ﬁ}. This ensures that u +th € By,

for every h € I/VO1 P(Q) and for all ¢ > 0 sufficiently small. Taking y = ue + th in
(6.12) for h € WyP(Q) with such a small ¢ > 0, then dividing by ¢ > 0 and letting
t — 0%, we obtain

el oy < (h () ).

Since h € Wy(Q) is arbitrary the last inequality gives 1o (ue)ll, <e.
Now, let €, — 0T and let u, = u., . Hence,

(14 lwnlyzogy ) 5 () = 0

which in view of Proposition 3.4 implies that u, — v, in Wol’p(Q) for some vy €

Wi ().



42 N. S. PAPAGEORGIOU AND P. WINKERT

Passing to the limit in (6.11) as n — oo we have
ex (o) = %ﬁ% < 0= px(0)
A

which means that vy # 0 Eeing a local minimizer of . Therefore, vy is a solution
of (P,) and vy € int (C§(©)4) (as before). Moreover, since u, is a critical point of
)y of mountain pass type, it follows that vy # u). Finally, note that

Thus, Hv/\HWOlm(Q) — 0 as A — 0", Letting A* = min {\}, A5} we have the conclu-
sion of our theorem. | O
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