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ABSTRACT. In this paper we study quasilinear elliptic equations driven by the double phase operator
involving a Choquard term of the form

-2 -2, __
5,0+ a2t a2 = ([
where L7 . is the double phase operator given by
Ly o () = div (|Vu|p_2Vu + a(w)|Vu\q_2Vu), u e WHHRN),

0<pu<N,1<p<N,p<qg<p+35E 0<a()e CO%RY) with a € (0,1] and f: RY xR - R
is a continuous function that satisfies a subcritical growth. Based on the Hardy-Littlewood-Sobolev
inequality, the Nehari manifold and variational tools, we prove the existence of ground state solutions
of such problems under different assumptions on the data.

F(y,u)
N |z —y|»

dy) f(z,u) in RY,

1. INTRODUCTION

In this paper, we are concerned with the existence of ground state solutions to the following double
phase Choquard equation

a -2 -2
—Ep’q(u) + |[ulP7*u + alx)|ul!Fu = (/R
where L} , is the so-called double phase operator given by

Ly ,(u) = div (|IVulP2Vu + a(z)|Vu|!2Vu), ue WHHRY), (1.2)

with WL 7(RY) being an appropriate Musielak-Orlicz Sobolev space and F' denotes the primitive of the
function f € C(RY x R) satisfying

F(y,u)

e r— dy) f(z,u) inRY, (1.1)

|f(z,t)] < Ot~ 1 + |t]27 1) for all 2 € RY and t € R (1.3)
where
PN — p) P’ ( p
S A < —(2- L 0 N 1.4
SN <rsSr <y N)’ <p <N, (1.4)

and p* being the critical Sobolev exponent to p. The double phase operator given in (1.2) is related to
the energy functional

O(u) = /Q (|VulP + a(z)|Vul?) dz, (1.5)

which appeared for the first time in a work of Zhikov [55] in order to describe models for strongly
anisotropic materials in the context of homogenization and elasticity, see also [56, 57] by the same
author. A first mathematical treatment of double phase integrals like (1.5) has been done by Mingione et
al. concerning regularity results for local minimizers of (1.5). We refer to the works of Baroni-Colombo-
Mingione [10, 11, 12] and Colombo-Mingione [18, 19], see also the recent papers of Abergi-Bennouna-
Benslimane-Ragusa [1], Abergi-Benslimane-Elmassoudi-Ragusa [2] and De Filippis-Mingione [23] about
nonautonomous integrals. Note that (1.5) also belongs to the large class of the integral functionals with
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nonstandard growth condition as a special case of the famous papers of Marcellini [41, 42]. Recent
works in this direction with u-dependence can be found in the papers of Cupini-Marcellini-Mascolo [20]
and Marcellini [10].

The stationary Choquard equation

P
—Au+V(x)u = (/RN ||xu(_y)y|udy> |ulP~?u  in RY, (1.6)

with N > 3 and p € (0, N) has many physical applications in quantum theory and arises in the theory
of the Bose-Einstein condensation. See Lieb [30] for an approximation to the Hartree-Fock theory of
one-component plasma and Pekar [50] for the study of the quantum theory of a polaron at rest. We
also mention the work of Moroz-Penrose-Tod [44] in which (1.6) serves as a model of self-gravitating
matter, known in that context as the Schrodinger-Newton equation. For more physical models and
deeper explanations for problems with Choquard type nonlinearities we refer to papers of Alves-Yang
[6] and Dalfovo-Giorgini-Pitaevskii-Stringari [21], see also the references therein. A useful guide on
Choquard type equations has been published by Moroz-Van Schaftingen [45].

Motivated by these numerous applications, lots of existence results for different type of equations
involving Choquard terms have been published in the last decades. We refer to the famous works of
Cingolani-Clapp-Secchi [17], Lions [32], Ma-Zhao [39] and Moroz-Van Schaftingen [46, 47, 48]. The
treatment in our paper uses ideas of the papers of Alves-Yang [5] and Alves-Tavares [7]. Indeed, in [5]
the authors study a generalized Choquard equation given by

—ePApu+ V(z)|ufP2u = e N < QW) F(uly) dy) Q(x)f(u) in RN, (1.7)
RN T —yl#

and establish a new concentration behavior of solutions of (1.7) by using variational methods. In

[7] a new Hardy-Littlewood-Sobolev inequality for variable exponents has been proved and applied to

problems of the form

) Fy, u(y)) .
x)—2 ) N
—Bpayu+ V(@) [ufP™) P = (/RN Iz — yPew) dy | f(z,u(z)) in R, (1.8)
in order to get existence of solutions of (1.8). Very recently, Sun-Chang [54] considered least energy
nodal solutions for double phase problems with convolution-type nonlinearities of the form

—div (|VuP*Vu + a(z)|Vu|"*Vu) = (I, * [u]") [u] v in Q,
u=0 on 0,

which becomes the classical nonlinear Choquard equation if p = 2 and a(z) = 0. Further existence
results on Choquard type problems can be found in the papers of Alves-Gao-Squassina [3], Alves-
Germano [1], Arora-Giacomoni-Mukherjee-Sreenadh [8, 9], Biswas-Tiwari [13], de Béer-Miyagaki-Pucci
[22], Ghimenti-Van Schaftingen [25], Liang-Pucci-Zhang [34], Mingqi-Radulescu-Zhang [43], Mukherjee-
Sreenadh [19] and Zuo-Fiscella-Bahrouni [58], see also the works of Chen-Fiscella-Pucci-Tang [15] and
Liu [35] for ground state solution type results. For double phase problems without Choquard term on
the whole of RY we refer to the recent works of Ge-Pucci [24], Le [29], Liu-Dai [30], Liu-Winkert [35],
Pucci-Temperini [51] and Stegliriski [53], see also Hou-Ge-Zhang-Wang [28] and Liu-Dai [37] for ground
state solutions for double phase problems on bounded domains.

In the present paper, we combine a double phase problem with a right-hand side of Choquard type
nonlinearity and we look for ground state solutions. We consider the following assumptions:

(hy) N>2,1<p<N,p<qg<p+ 5 and 0 <a(-) € C**(R"Y) with a € (0,1] and p* being the
critical Sobolev exponent to p.

(hy) The function f satisfies the classical Ambrosetti-Rabinowitz condition (AR-condition for short),
that is,

0 < OF(x,t) < 2tf(x,t) forallt >0, z € RY and for some 6 € (¢, p*), (1.9)
where F(z,t) = fot f(z,7)dr.
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(h3) The modulating coefficient a(-) and the function f(-,t) is Z" periodic for all t € R, that is,
a(z +y) =a(x) for all z € RY and for all y € Z,
and
f(x+y,t) = f(x,t) forall z € RY and for all y € ZV.
f(z,1)
IER

The first existence result of this paper reads as follows.

(hg) The mapping R 3¢ +—

is increasing if ¢ > 0 and decreasing if ¢ < 0 for all z € R.

Theorem 1.1. Let hypotheses (hy)-(hg) be satisfied. Then problem (1.1) admits a nontrivial solution
v € WEH(Q). If in addition (hy) holds, then v is a ground state solution of problem (1.1).

In order to consider a large class of nonlinearities in the Choquard term, we weaken the hypothesis
in the above result and replace our assumptions (hs) and (hy) by the following assumption:

(hy) (i) There exists © > 1 such that

OF (z,t) > F(x,st) forallt € R and for all s € [0,1], (1.10)
where F(x,t) = 2f(z,t)t — ¢F(z,1).
- F(x,t) . N
(i) im0 W = oo uniformly for all z € R™.
2
The assumption (h5)(i) is originally due to Jeanjean [27] in the case p = ¢ = 2. It is important to

note that the assumptions (h;), (hj) and (hs) allow us to consider a bigger class of nonlinearities, in
particular outside the class of functions satisfying Ambrosetti-Rabinowitz condition (1.9). An example
of such function is f(x,t) = g(z)|t|2~'tIn(1 + |t|) where g is a Z" periodic bounded function. The
Ambrosetti-Rabinowitz condition ensures that the corresponding Euler-Lagrange functional has the
mountain pass geometry structure and the associated Palais-Smale sequence of the functional is bounded.
Therefore, relaxing AR -condition (1.9) not only includes a larger class of nonlinearities but also requires
a careful geometrical analysis of corresponding FEuler-Lagrange functional and compactness results. We
make following remarks in light of assumptions (h;), (h}) and (hs).

Remark 1.2. Note that (1.4) can be equivalently written as
2N7’1 2N7‘2
p< <
2N —pu = 2N —p
Remark 1.3. Since f(x,0) = 0= F(x,0), thanks to (1.3), from (1.10), we get F(x,t) > 0, that is,
2sf(x,t) — qF (x,t) >0 forallt € R. (1.12)
Remark 1.4. Fort > 0, using (1.12), we have
O F(a,t)  t2f(x,t) = §13 7' F(a,1)
ot 5 ta

<p". (1.11)

> 0.

Moreover, from (1.3), we easily see that lim,_,q+ F(x,t)t=" = 0. Combining these facts, we get F(x,t)
0 for all (x,t) € RN x R with t > 0. Repeating the same steps as above for t <0, we obtain F(x,t) >
for allt € R. Thus, it holds

f(z,t) >0 for all (x,t) € RN x R with t >0,
f(z,t) <0 for all (x,t) € RN x R with t < 0.

>
0

Therefore, for all x € RN, we obtain that F(z,-) is nondecreasing in (0,00) and nonincreasing in
(_0070)'

Now we state our second result concerning the existence of ground state solution:
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Theorem 1.5. Let hypotheses (hy), (b)) and (hs) be satisfied. Then problem (1.1) admits a nontrivial
ground state solution.

Remark 1.6. It is easy to see that (hy) implies (h)(i). Indeed, for 0 < t; < ta, we have
‘F(x7t2) - f(xvtl)

=q j (f(z,t2)ta — f(z,t1)t1) — (F(x,t2) — F(x7t1))]

g

[ pta 2-1 t1 4-1 2 4-1
flt)rdt ot e / f(a, )T dT]

—1 a
/o t 0 t? t T2

i t2 tl
—y / f(ﬂgﬁ,_tlz) _ f(fvjl') LAl dT+/ f(f,_tf) _ f(f,_tl) 41 4r| >0,
t1 t22 T2 0 t22 t12

=q

Nk

that is, F is increasing for t > 0. Analogously, F is decreasing for t <0 and so, (h5(i)) is satisfied.

The proofs of Theorems 1.1 and 1.5 rely on variational tools in combination with the Hardy-
Littlewood-Sobolev inequality and the Nehari manifold. Indeed, let I: W17 (RY) — R be the energy
functional of (1.1), then the Nehari manifold is defined as the set

N = {ue WHERN)\ {0} (I'(w),u)p =0},

where (-, )3, denotes the duality pairing between W1 (RY) and W1H(RN)*. It is clear that the set
N is smaller than the whole space W *(R¥), but it contains all critical points of I which are weak
solutions of (1.1). We are looking for an element of A" which realizes the infimum of inf, e I(u). Such
a function is a ground state solution of (1.1).

The paper is organized as follows. In Section 2 we present the main properties and embedding
results for the Musielak-Orlicz Sobolev space W17 (R™) on the whole of RY and we recall the Hardy-
Littlewood-Sobolev inequality which is used in our considerations. Section 3 is devoted to the proof of
Theorem 1.1 whereby the first part of this theorem is proved in Theorem 3.7. Finally, in Section 4 we
give the proof of Theorem 1.5 without assuming the AR-condition.

2. PRELIMINARIES

This section is devoted to recall the main preliminaries which are needed in the sequel, for exam-
ple, the properties of the Musielak-Orlicz Sobolev space W17 (RY) and the Hardy-Littlewood-Sobolev
inequality.

As usual, we denote by L"(R) and L"(RY) the classical Lebesgue spaces equipped with the norm
| - |l and for subsets Q@ C RY we write || - ||,.q for 1 < r < co. Furthermore, W17 (R¥) stands for the
corresponding Sobolev space endowed with the | - [|7,. = ||V - |7 + | - ||} for any 1 <7 < oo. Consider
the nonlinear function H: RY x [0,00) — [0, 00) defined by

H(z,t) =t + a(z)t?,

where we suppose that hypotheses (h;) holds. Let M(RY) be the space of all measurable functions
u: RN — R. Then, Musielak-Orlicz Lebesgue space L*(RY) is given by

L*(RN) = {u e M(RY) : on(u) == / H(z,|u]) de < oo}
RN
equipped with the Luxemburg norm
u
frd 1 M — <
Julle = inf {7 >0+ 05 (£) <1},

where the modular function is given by

ox(u) := - H(z, |u|) dz = /]RN (|u\P + a(x)|u|‘1) dz.
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The corresponding Musielak-Orlicz Sobolev space W1 (RY) is defined by
WIHRY) = {u e LHRY) : |Vul € L”(RN)}
endowed with the norm

[ull = IVl + [lulla,

where ||Vul|l% = || [Vu|||%. Furthermore, we introduce the weighted space

LI(RY) — {u € M(RY) : /RN a(2)ul? dz < oo}

with the seminorm
1

lullg = </R~ a(:z:)|uqd:1:> '

We know that L™ (RY) and W1#(RY) are separable reflexive Banach spaces, see Liu-Dai [36, The-
orem 2.7]. Moreover, C°(RY) is dense in W1 #(RY), see Harjulehto-Hiistd [26, Proposition 6.4.4] and
Crespo-Blanco-Gasinski-Harjulehto-Winkert [16, Theorems 2.24 and 2.28].

The following relations between the norm || - || and the corresponding modular function can be found
in Liu-Dai [36, Proposition 2.6].

Proposition 2.1. Let (hy) be satisfied, u € WH(RN), ¢ > 0 and
plu) = /RN (IVul? + [ul? + a(@)(|Vul? + [ul?)) do = [ull} , + [ Vull§ o + [lullf .-

Then the following hold:
(i) Ifu#0, then ||u|| = c if and only if o(%) = 1;

) lull <1 (resp.> 1, =1) if and only if o(u) <1 (resp.>1, =1);
(i) If [lull <1, then [ul|” < o(u) < [lul|”;
)

)

lu]l = 0 if and only if o(u) — O;
(vi) |lu|| = oo if and only if o(u) — 0.
The following embedding result can be found in Liu-Dai [36, Theorem 2.7].

Proposition 2.2. Let (h;) be satisfied. Then the embedding WL H(RY) — L™(RY) is continuous for
all v € [p,p*].

One main tool in our treatment is the famous Hardy-Littlewood-Sobolev inequality, see, for example,
Lieb-Loss [31, Theorem 4.3].

Proposition 2.3 (Hardy-Littlewood-Sobolev inequality). Lets,r > 1 and 0 < p < N with %—}—‘N‘—}—% =2
and let g € L*(RY) and h € L"(RY). Then there exists a sharp constant C(N, i, s), independent of g
and h, such that

/ / IDW) 4. 4y < (N, 1, ) gl ] (2.1)
rN Jry |2 —y|H

{r (%) }
T(N) '

In this case, we have an equality in (2.1) if and only if g = (constant)h and

—(2N—p)
W)= AV + |z —al?)” 7

for some A€ C,0#~vcR anda € RV,

Ifs:r:%, then

N _p
C(N,p,8) = C(N, ) :W’éigif_ 5;
2
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Let (X,] - |x) be a Banach space, (X*, | - ||x~) its topological dual space and ¢ € C*(X). We say
that {un}neny C X is a Palais-Smale sequence at level ¢ € R ((PS).-sequence for short) for ¢ if

o(up) = ¢ and ¢'(u,) =0 in X* asn — oco.

We say that ¢ satisfies the Palais-Smale condition at level ¢ € R ((PS).-condition for short) if any
(PS).-sequence {uy, tnen admits a convergent subsequence in X. If this condition holds at every level
¢ € R, then we say that ¢ satisfies the Palais-Smale condition (the (PS)-condition for short). Moreover,
¢ satisfies the Cerami-condition at level ¢ € R ((C).-condition for short), if every sequence {uy, }neny C X
such that

o(up) —c and (14 ||unlx) ¢’ (un) =0 in X* asn — oo,

admits a strongly convergent subsequence. If this condition holds at every level ¢ € R, then we say that
¢ satisfies the Cerami condition (the (C)-condition for short).

3. EXISTENCE OF A GROUND STATE SOLUTION WITH AR-CONDITION

In this section we give the proof of Theorem 1.1 under the hypotheses (hy)—(hs). The energy functional
I: WEHH(RYN) — R associated to (1.1) is given by

ull} Vull?, +|ul|, 1 F
(o = e e £l L) (] B0 ) b an,
RN R

p q 2 N |z —yl#

which is clearly C! with derivative

<I'(u),v>q.[:/ (|VulP2Vu + a(z)|Vu|!2Vu) ~Vvdx+/ (JulP~2u + a(z)|u|?*u)v dz
RN RN

a / (/ Ty, v) dy) f(z,u)vdz for all u,v € WHH(RY),
RV \JR

N |z —yl#

where (-,-)3; denotes the duality pairing between W1 (RY) and its dual space W1 H(RN)*. Clearly,
the critical points of I correspond to the weak solutions of problem (1.1). In order to establish the
existence of a weak solution, we consider the Mountain pass level

b:= inf sup I(v(t)), (3.1)
7Y€l tef0,1]

where
I'={yeC(0,1,WhH*RY)) : 4(0) =0, I(y(1)) <0}.

By using Proposition 2.3 we can estimate the Choquard term by

/. ( / AUl dy) F(a,w)dz < CON, ) |[F ) gy (3.2)

N | —y|m

Lemma 3.1. Let hypotheses (hy)—(hg) be satisfied. It holds b > 0.
Proof. From (3.2) and (1.3), along with Proposition 2.2 and (1.11), we have

2N —p

F - - N
/ ( / (v, ) dy) Fle,u)de < O, ( / (1% +uf3%) dx)
gy \Jr~ |2 —y|* RN

< Co[lullZrs + [lul22) (3.3)

Lp Lp
< G ((p() ™ + (plw) +)

with some C4,Cs,C3 > 0. Applying (3.3) we get

I(w) > Lp(u) - 1/}RN (/R Fly,v) dy> F(z,u)dz > ép(u) - % (b)) 7 = (o) ).

q 2 N |z =yl
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Since 2ry > 2r; > p by (1.4), we may choose 6 > 0 such that if p(u) < § then
p(u)
I > —.
() 2 5
In particular, if v € T', then we have p(y(0)) =0 < § < p(y(1)) since I(y(1)) < 0 and p(u) < § implies
I(u) > 0. Therefore, by the intermediate value theorem, there exists 79 € (0,1) such that p(y(r9)) = 9.
This gives us

0
2 S1(v(10)) < sup I(y(t)).
q tel0,1]
As vy € T' was arbitrary, we get b > 25—4 > 0. O

Lemma 3.2. Let hypotheses (hy)—(hs) be satisfied.
(i) There exist 0, n > 0 such that I(v) >n for all u € WH(RN) with ||ju| = o.
(i) There exists e € WHH(RYN) with |le|| > o such that I(e) < 0.
Proof. (i) By (3.2) and (hs), we can write
ullf Vullq, + |lu
[ullty , NVullge+ I
p q
lullt, | IVull + el o ey NN
> P , e Cy </ (|u|m + |u|m) d:c) ,
p q RN
where C4 > 0 is constant independent of u. Using again Proposition 2.2 and (1.11), we obtain

a 1
g.a - 3 2
I(u) = 2C(N,u)||F(7U)||%

1 2 2 1 2 2
I(u) = ap(U) = Cs([lulliy + llullp) = 5\\U||§’,p = Cs([lullip + llullip)

for some C5 > 0. Since 2ro > 2r; > p, we can choose ¢ > 0 sufficiently small such that I(u) > n
provided |lu|| = p for some 1 > 0.
(ii) In order to prove the second part, let us fix ug € WH(RM) \ {0} with ug > 0 and define

t
9. (t) = F (:1:, ”:00”) fort >0 and x € Q.
From (hy) it follows that
"t 0
9a(1) > — fort>0.
g (t) — 2t
Integrating this over [1, s|jug||] with s > HT10||’ we easily get

6
gu(slluoll) = g (1) (slluoll) 2,
that is,
F(z, sup) > F (m “°> (sl|uol]) £
ol

Using this, we can write

I(sugp)

IA

sP p s q q
;HUJolll,p 7 (IVuolld o + lluolld )

_89||u0||9/ / F(% ||u3|)dy F(x, Ug
2 vy \ Jev |z —y[t [[uoll

= Cgs? + Crs? — 0789,

)

where Cg, C7, Cg are positive constants and s > m Therefore we can choose s > m large enough
such that e = sug with I(e) < 0 and |le|| > p since 0 > ¢ > p. O



8 R. ARORA, A. FISCELLA, T. MUKHERJEE, AND P. WINKERT

By the Mountain Pass theorem without (PS)-condition, see Chabrowski [14, Theorem 5.4.1], there
exists a (PS),-sequence {u, }neny € WHH(RY) of I, that is,

I(u,) = b and I'(u,) —0 in WHH(RN)*, (3.4)
where b is defined in (3.1).

Lemma 3.3. Let hypotheses (hy)-(hy) be satisfied. Then, the (PS)y-sequence {w, }neny C WHH(RY)
of I is bounded.

Proof. From (3.4), we get

) — LIy ), (3.5)

for n € N large enough. By (hs) and Proposition 2.1 we have for ||u,| > 1 that

<I/(un)7un>7-[ 1 1 1 1
I(un) — e ] llunlly , + 7 0 (IVunlld o + llunlld )

p
F F
Ry \Jr~ |2 —y[# 2 0

1 1 1 1
> (2= ) hktyt (3= 5) (9wl + s

1 1 1 1
> -—= > -—= P,
> (5= g) ptwn = (5= 5 )

This along with (3.5) gives the boundedness of {u, }nen in WHH(RY). O

Lemma 3.4. Let hypotheses (hy)—(hy) be satisfied. Then, there existr, 3 > 0 and a sequence {y, }nen C
RN such that

lim inf |ty (2)|P da > B.
nTreo Br(yn)

Proof. Suppose the assertion is not true. Then, by Lions’ lemma [33, Lemma I.1], one has
u, — 0 in L*(RY) for any a € (p,p*).
From (3.2) and (hy), we know that

2N —p

F(y, un 2Ny ey ~
Lo R ay) reuae < o ([ (185 4 a5 ) as)
RV \JRV |2 —y[¥ RN

with a constant Cy > 0. Due to (1.11) it follows that

: F(y, un)
1 —>~ —dy | F n)dr =0 3.6
[ (LR ) Fom .
and similarly,
. F(y, un) _
nl;rrgo - </]RN Ty dy> Un f (2, u,)dz = 0. (3.7

Using (3.7) in lim, o I'(uy,) = 0, we easily get

tim (lunllf, + [ Vun|

@+ unllt,) = 0. (35)
On the other hand, from (3.6) and (3.8) we get 0 = li_>m I(u,) = b > 0 which is a contradiction. O
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Now, we define a sequence v, () = up (- + yn). Then oy (u,) = o (vn), so {vn bnen remains bounded
in WHH(RYN), see Lemma 3.3. Moreover, by translation invariance of I and I’ due to (h3), implies

I(v,) > b and I'(v,) — 0. (3.9)
Thus, up to a subsequence, there exists v € WM (RY) such that
v, = v in WHHRY), v, = v in L (RY) for any s € [1,p*), (3.10)

and also by Lemma 3.4

/ lon(@)Pdz > 2.
B.(0) 2

Proposition 3.5. Let hypotheses (hi)-(h3) be satisfied. For any ¢ € C®(RYN) we have, up to a
subsequence,

im F(y,vn) ) _ ( F(y,v) )
nlaoo RN (/}RN |z — y|» dy | of (2, vn) da /]RN /]RN |z — y|~ dy ) of(x,v) dz.

Proof. By the growth conditions in (1.4) and (1.3) along with the fact that v, is bounded in W7 (RY)

gives the boundedness of F (-, v,,) in L2z (RN). In addition, the pointwise convergence of v,, to v and
the continuity of F' imply that F(z,v,) — F(z,v) pointwise a.e. in R. We define the convolution

operator K : L% (RN) — L% (RN) by

From this, it is clear that v # 0.

1
[
From the Hardy-Littlewood-Sobolev inequality stated in Proposition 2.3, we obtain that K is a linear
and bounded operator. Hence, up to a subsequence, { K (F(-,vy))}nen is bounded in Lo (RM),

K(F(x,v,)) = K(F(z,v)) a.e.in RY

K(w)(zx) := *w(x).

and

n F(y,
/ / y7’U H )dyd.’]} —>/ / (y vlw<x) dydl‘ fOr every w c LT%JXM (RN)
ey Jey o=yt ry Jry |z — Y|

In particular, for every ¢ € C°(RY), we have

y’”" F(y,v)
/RN /]RN |$—y|“ r,v)¢(r) dy dz — /RN /RN z _y‘uf(z,v)d)(a:) dy dz. (3.11)

Now, we claim that for every ¢ € C°(RY),

Lo (] 22 ay) (7o) = flao) ol o o (312)

N |z —yln

Since {K (F(-,vp)) tnen is uniformly bounded in Lo (RM), by Hélder’s inequality, it is enough to show
that

I(fCon) = FC0)) Ol 22 supp(s) = O- (3.13)
Using (1.3) and Young’s inequality we get
2N (r;—1) 2N (rg—1)

FCom)o] 7 < C (Joal 5 4 [on| T ) 97
< C1 ([oal 35 + 0| N5 ) + Ca(r1, 7, [ 9llc) € L (5upD())
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for some C1,C5 > 0. Then, from Lebesgue’s dominated convergence theorem, we obtain the required

assertion in (3.13) and so in (3.12). Finally, combining the estimates in (3.11) and (3.12), it is easy to
verify that

. F(yavn) o F(yvv)
A Jo </RN [ yln dy) ?f (@, vn) do = /RN </RN o —yls dy) ?f(,v) da.

Proposition 3.6. Let hypotheses (hy)—(hs) be satisfied. For a subsequence of {vy}nen, we have

Vo, — Vv  pointwise a. e.in RY.
Consequently, it holds,
Vv, [P 2V, = [VoP~2Vo  in [L7T (RV)]V;
|V, |72V, — [Vo|72Vv  in [L(‘{+1 RNV,
Proof. We know that
v, —=v in WHHRY), v, -0 inL{ (RY) and v, v a.einRY (3.14)

for s € [1,p*]. Let ¢ € C°(RY), 1 >0, ¢ = 1 in Bg C supp(?)) with R > 0. Taking ¢ = (v,, — v)9 as
test function in (3.9) leads to

lim (IV 0, [PV, — [VoP?Vu + a(z) (|Voa |9 >V, — [Vo[772V0)) - (V(v, — v))¢p da

n—oo JpN

= — lim <anp2V1)n — | V[PV

n—oo RN

+ a(z) (|Vun |9V, — |Vo|7*Vo) ) -V (v, —v)dz

(3.15)
— lim (IVoP~2Vu + a(z)| V|7 2Vo) - V(v, — v)¢da
n—oo RN
— lim (lonl” + a(@)|vn|?) (vn — V)Y da
n—oo RN
. F(y,vn)
+ nh_{go o (/RN To—gn dy) f(@,vn)(vn —v)pda.
By Holder’s inequality, we observe that
[LXRMY 5 h— (IVo[P~? + a(2)|Vo|?™?) Vv - hda
RN
and
LHRY) 5 g+— / (IVoP~2 + a(2)|Vo|??) v - gda
RN
are bounded linear functionals. Now, by using (3.14) and ¢ € C2°(RY), it is clear that
lim ( (IVo]P 2V + a(x)|Vo|*™Vv) - V(v, —v)
nee JRrN (3.16)
+ (Jonl? + a(@)]en]®) (v — v) ) dz = 0,
and
lim ( (1Y, P20, — [VoP~2V0)
nee JRY (3.17)

+ a(z) (|Vva|?2 Vo, — | V|72 Vo) ) -V (v, —v)dz = 0.
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Following the arguments of Proposition 3.5 and using (3.14) as well as (1.3), we obtain
F(y, v,
K(F(x,v,)) = / Fly,vn)
R

N |z =yl
and by using Young’s inequality, we have
[K(F (-, vn)) f (5 vn) (0n — 0)¢]
< Co (IK(F G om) |5 + 1 va) (o — o) 755

2N (r1—1)) 2N (rg—1))

< O (IE(FCoa) |5 4 (Joal 55 (00 = o) 757 4 Joa] 55 (0, — 0 %57 ) )

2N

2r1 N 2ro N 2r1N 2ro N
< Co(|K(F(,va))| * + |0n] 2V + [vn] 2V + [vg — 0] 2¥= + |v, — v|2¥=5 ) € L' (supp(¥))

due to (1.11) whereby Cy, C1, Co are positive constants. Combining the above facts and using Lebesgue’s
dominated convergence theorem, we get

lim - (/R Fly. vn) dy> f(z,vp)(vp —v)pdz =0. (3.20)

noe eyl

dy is uniformly bounded w.r.t.n € N in L (RM), (3.18)

(3.19)

Now, using the convergence results of (3.16)-(3.20) in (3.15), it follows that

lim [(|[V0, [P 72V, — [VoP72Vo) + a(z) (V|9 * Vo, — [Vo[7?Vo)] - V(v, — v) ¢ dz = 0.

n—oo JpN
On the last expression we can apply Simon’s inequalities (see Simon [52, formula (2.2)]) and use the
fact that v» = 1 in Bg. This gives

lim Vv, — VP dz =0,

n—oo |5
and since the choice of cut-off function ¢ with B C supp(¢)), R > 0 is arbitrary,
Vv, — Vv pointwise a.e.in RY.
However, this says that
|vp|P~ 20, — [v[P7%0  pointwise a.e.in RY.
Since {|vn|P~20 Jnen is bounded in [L7-T (RV)]Y, we conclude that
[V, P2V, — |VolP2Vu  in [L7-T (RV))V,
In a similar way, we can establish that
|V, |92V, — |Vo|72Vv  in [L[{%1 RNV,
O

Now we can prove that problem (1.1) has a nontrivial weak solution which shows the first part of
Theorem 1.1.

Theorem 3.7. Let hypotheses (hy)—(hg) be satisfied. Then the element v € V set in (3.10) is a critical
point of the functional I, and so a weak solution for problem (1.1). Moreover, I(v) < b.

Proof. The proof is provided by showing
lim (I'(vy), )qy = (I'(v), )y, for all p € CZ(RY). (3.21)

n— oo

Recall that
(I'(vy), Py = / (VR P2V, + a(z)| Vo, |7 ?Vo,,) - Vo da + / (JvnlP 20y + a(@)|v, | %0y,) pda
RN R

- /]RN </RN m dy) f(z,v,)pde.
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Applying Propositions 3.6 and 3.5 we easily derive (3.21). Now, using (3.9) and the density of C°(R)
in WL(RYN) given in [26, Proposition 6.4.4], we obtain I’(v) = 0.

Let us now prove that I(v) < b. From Proposition 3.6, (1.9), Fatou’s lemma and the fact that v,, — v
in L4(B,,(0)) for any n > 0, we derive

limniggo <I(vn) - é[’(vn)vn) = linrgioréf <(0p€p) [lvn ] ’1’71, + (Qqeq) (”V’Un”gﬁ + ||vn||ga)>
N F(y,vn)
—|—11nIr_1>1£f—0 /RN (/]RN Wdy) 2up f(x,v,) — OF (x,vy,)) dzx
e[ (0=D) (6 —q)
> tmint (L oulit, + C2L (190,10 + o)

1 F n
4 liminf — / / E:00) 40} (20, f(2,00) — 0F (2, 00)) da
20 Jp, 0 \/B

n— oo . (0) |x—y|ﬂ

I I ("))
=0 vy, + 0

! F(y,v)
T2 /Bn<0) </Bn(o> |z — y|# dy> (2vf(@,v) = 0F(z,v)) dz.

Since the left hand side of above inequality tends to b as n — oo and 7 is arbitrary, we obtain

(IVollg o + llvllF.0)

(0 —p) (0—4q) 1 / F(y,v)
b> P g g — d 2 —0F d
> S+ =g Vol + o) + 55 [ ([ s @) (20 (.0) = 0F (2. v) dr
=1I(v) — %I’(v)v = I(v).
This shows the assertion of the theorem. O

Now we are going to show that problem (1.1) has a ground state solution if we suppose in addition
hypothesis (hy). For this purpose, we introduce the Nehari manifold associated to problem (1.1) given
by

N ={ue WHHRN)\ {0} : (I'(u),u)n =0} .

This means that for any u € N, we have

(vl + 1) + (Vi + i) = [ ([ 220 ) seaoumar. G22)

N |z —yl#

Let us define
m:= inf I(u)
ueN
Now we are ready to prove the existence of a ground state solution under hypotheses (h;)—(h4) which

completes the proof of Theorem 1.1.

Proof of Theorem 1.1. We are going to show that I(v) = m. To this end, for u € A/, we consider the
fibering function ®,,: (0,00) — R defined by ®,,(t) = I(tu) such that

@, (t) = (I'(tu), upye = "~ ullf , + 77 ([Vullf o + ulld )

F 3.23
_/ (/ (y, t) dy) f(z,tu)ude. (3.23)
ry \Jrv |2 —y|#
From (3.22) and (3.23), it follows for ¢ > 1 that
F(y, tu)

O (1) <t (|| VP Py (|[Vul||? Q—/ / d Jtw)ud
u(t) < (IVullB + lullp + 1Vulld , + [luli,) oo w o=y y | f(z, tu)udz

— a1 /RN (/RN |§(LU;2L dy) Fz,w)uds — /RN (/RN f;(g;f dy) F(z, tu)udz.

(3.24)
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Using (hys) and Remark 1.4 in (3.24), we obtain

P/, (t) / ( / F(y,u) ) / ( / F(y, tu) )f(ac,tu>|u|g
ul < d u)udz — dy | 52— d
ta—1 — RN RN |.T - y|# Y f(x U)u . RN RN |x - y|# 4 t2 |tu|§_2tu v

Fly,u) Fly, tu)t "
= /]RN (/RN | — y| dy) Jle e = /RN ( ey |z —yln dy) flz,wjudz <0.

Hence, ®/,(t) < 0 for ¢ > 1. Arguing similarly as above for ¢ < 1, we obtain ®/ (t) > 0 for ¢ < 1.
Therefore, the number 1 is a point of a maximum for the function ® , that is,

I(u) = &, (1) = D, () = I(tu).
(u) (1) ax (t) D (tu)

Now, we define the map v: [0,1] — WHH(RY) as v(t) = (t.u)t such that I(t.u) < 0 and ¢, > 1. The
mountain pass geometry of the energy functional I implies that the map v is well defined and v € T'.
Hence,

b< max I(y(1)) < I((tw)t ") = I(w),

where the second inequality follows by using the fact that 1 is a point of a maximum of the map
t — ®,(t) for u € N. Since u € N was arbitrary chosen, we deduce

b<m. (3.25)

Let v be the solution of problem (1.1) obtained in Theorem 3.7 such that
I(v) <b and (I'(v),¢)n =0 forall p € WHH(RY), (3.26)
where the mountain pass level b is defined in (3.1). Now, by using the fact that v € N and combining
(3.25) and (3.26), we obtain the required claim I(v) = m. O

4. EXISTENCE OF GROUND STATE SOLUTION WITHOUT AR-CONDITION

In this section, we establish the existence of a ground state solution of problem (1.1) under the
assumptions (h;), (h}) and (hs). We start with the mountain pass geometry.

Lemma 4.1. Let hypotheses (hy), (h}) and (hs) be satisfied.

(i) There exist R, o > 0 such that I(u) > o for allu € WHH(RYN) with ||u| = R.
(i) There exists e € WHH(RYN) with ||e|| > o such that I(e) < 0.

Proof. (i) The proof works in the same way as the one of Lemma 3.2(i).
(ii) We choose u € WHH(RY) such that u > 0, |jul| = 1 and

Ju(z)|? ) 1
dz | |u(y)|2 dy > 0.
/RN (/RN |z —y|» )l
For t > 1 large enough we have

I(tu) < tolu) %/RN (/R F(y’tu)dy> F(z,tu)dx.

P |z —yl
Moreover, by Remark 1.4, we know that for any [ > 0 there exists C; > 0 such that
F(z,tu) > l|tu(z)|#, when |tu(z)| > C)

uniformly in z € RY. Using this estimate, we obtain

row < "0 50 (] ';‘(_‘”)yH ) lu(o)| o

when |tu] > C;. Thus, for suitable [, we can find ¢, > 0 sufficiently large such that |t.u(z)| > C)
uniformly for z € RY with ||t,u|| > ¢ and I(t,u) < 0 for some ¢ > 0. This proves the assertion of the
lemma by fixing e = t,u. O
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A direct consequence of Lemma 4.1 is the following result.

Corollary 4.2. Let hypotheses (hi), (b)) and (hg) be satisfied. Then there exist r > 0 and w €
WEH(RN) such that ||w| > r and

A:= inf I(u)>I1(0)=0> I(w).

flull=r
Proof. Taking Lemma 4.1 into account, we get
A:= inf I(u) > R>I(0)=0>I(e).

llull=c

The result follows by fixing r = ¢ and w = e. O

Lemma 4.3. Let hypotheses (hy), (b)) and (hg) be satisfied. Then there exist ro > 0 and € > 0 such
that 0 < |Ju|| < ro implies

I(u) 2 ellull”  and (I'(u), u)y > el|ul’.

Proof. Similar to the proof of Lemma 3.2 we get

I(u) > p(q“) e (p(u)z% + plu) ) .

By using Proposition 2.1(iii), for 0 < ||ul| < 1 we have
Iw) _ I(uw) _ 1 2ry 2ry
> 2> o0 ((pw) T+ (p(w) )
[ullt ™~ plu) ~ q
where 2ro > 2ry > p by (1.4). This implies that if we choose r > 0 small enough it follows
I(u)
Tl
for some £ > 0. Similarly, one can establish
I/
T@u) o i < ] <
[l
for some £ > 0. This ends the proof. O
Proposition 4.4. Let hypotheses (hy), (hh) and (hg) be satisfied. Then any (C).-sequence of I is
bounded in WEH(RN) for any c € R.

>e if0<|lu| <r

Proof. We argue indirectly and suppose {u,}nen is an unbounded (C).-sequence of I. Then, up to a
subsequence, we have

lun]l = 00, I(up) —c and (1 + |Jun|) I’ (u,) — 0.

Let v, = %= then {v,}nen is bounded in WLH(RN). Our claim is

T uall?

lim sup / |vp|P dz =0 (4.1)
Ba(y)

n—oo yERN

because if, up to a subsequence,

sup / |vp[Pdz > >0
yeR™ J Bs (y)

for some ¢ > 0, then we can choose a sequence {z, }nen C RY such that

5
/ [v [P da > —.
Ba(zn) 2

Since Z N By(z,) can have maximum 4~ number of points, we can select y,, € Z"¥ N By(z,) such that

)
Pdx > = .
Joo o082 e =70
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Now we set 0,(+) = vn(- + yn) and see that p(v,) = p(?,) due to (hs). Hence, {0, }nen is also
bounded in W17 (RY) which implies, up to a subsequence, that

oy, =0 in WHHRY), 4, =0 in LY (RY) and o,(z) — 9(z) a.e.in RY

for some © € WLH(RY). From

/ |@n\pdx:/ |un|P da > 7 > 0,
B3 (0) Ba(yn)

we know that o # 0. We further set @, = 0y, u,|| and have that |, (z)| — oo if 0(x) # 0. Using (h5)
(iv), we get
F(x, i (2))[0 ()|
[ ()92

where Q = {z € RV : #(x) # 0} has positive measure. Since lim,, o I(u,) = ¢, we get, for |lu,| > 1,

— oo forall z € Q, (4.2)

that
7}7 n Un ! \Y n qa+ n qa
/ (/ (y,u )dy> Fouy) dz = —(c + o(1)) + lunllf n Vunlgo + llunll,
RN RN |x—y\” p q
p
q
< —(c+o(1)) + '“;” .

Changing the variables and applying (4.2) gives

—(c+0(1)) + 1 Z/ (/ F(y, un) dy) F(z,4y,) dz
[[unll? P~ Jrvy \Jrn~ |z —y[* [[unll?
:/ </ F(yvﬂn”?n q% dy> F(l',ftn)lﬁnﬁ da
RN \JRN |2 — y|F|t,[2 | |2
F(y,@)|0n|2 F(x,0)|0,|2
Z/ ( (y7un)|vn|2 dy> (m,un)|vn|2 dx—>00
Q

o | — yl|a,|? || ?
But this is impossible and so (4.1) must hold. Then, from (4.1) and Lions’ lemma [33, Lemma I.1] we
have
v, — 0 in L*(RY) for any s € (p,p*). (4.3)

By the continuity of the map ¢t — I(tu,) for ¢t € [0,1] and each fixed n € N, we can find a sequence
{tn}nen € [0, 1] such that

I(thu,) = I(tuy,). 4.4
(trt) = mass I(0u,) (14)
Next we are going to show that
lim I(t,u,) = co. (4.5)
n— oo

Since ||uy,| — oo, we can choose M > 1 and n € N sufficiently large such that 24 € (0,1). For such

llunll

n, using (4.4), we get

Mu,,
Itwtn) 2 1 (77
fn

) = I(Mwv,)

Hlirl{]\/([]p’]Wq}p(vn) - /RN (/}RN W dy) F(z, Mv,)dz (4.6)
min { M?, M1} F(y, Mvy,)

N q - ]RN<]RN |z — y|#

dy> F(z, Mv,)dz,
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since ||v,|| = 1 implies p(v,) = 1, see Proposition 2.1(ii). Using the estimate as in (3.3) and applying
(4.3) as well as (1.4), one has

F M, 2Nry 2Nry
/ (/ (y’v)dy) F(z, Mv,)dz < C; (/ (\MUMT/—# + |M1}n|72N7u) dx)
'y \Jry [T —yl* RN

2N 2N
< CleT? (/ (lvn|2N_}‘ + |Un|2N_i) dx)
RN

—0 asn— oo.

2N —u

2N —p

IIleI tlllg tlllb m (1 ()) )131:1)
{ ? } 0

I(tpuy) >
( q

n(1)

which holds for any M > 1. This proves (4.5).
Now we have I(0) = 0, limy, 00 I(u,) = ¢ and (I'(tnun), thun)y = 0 for ¢, € (0,1). Then, from
(1.10) and Remark 1.4, it follows that

1 1 11
1 [hllunlly, ¢4 1
= o |: + ; (Hvunllq,a + [Jun Z,a) - g/’(tn“n)
1 / F(y, thun) >
+— ————dy | 2f(x, thun)thun — qF (2, thuy)) dx
29 Jrw ( gy |z —yl# (@51 ) ( )
1 [thllunllf, | g 1
= — 7’4_& Vunqa+ unqa —ptnun]
ol » q(ll 18 0+ llunlld ) q( )
1 F(yatnun)
— —2— 2 dy | Flz,tpu,)d
726 Jun (/RN v~y y) (& i) A
1 I Unp, P Un, i 1 F tn n
<1 lunll7, |l ||1,p] +7/ (/ (y, tnu )dy> Flo,uy) de
o[ »p q 2q Jev \Jr~v [z —y|*

nll? ks 1 F n
P L ( / <w>dy) F(w,up) dz
R

P ¢ 2 Jex \Jpx |z —yl
el
p q
+ = W) 40 (2 (e, — gF(z,u,))d
o Lo (L e ) 2o - aF (e ) do

1
= I(uy) — 6<Il(un),un>7{ —c asn — 0o,

which contradicts (4.5). Therefore, we can conclude that {u,, },eny must be bounded in WLH(RY). O

Now we can give the proof of Theorem 1.5 which says that problem (1.1) has a nontrivial ground
state solution up € WH*(RY) under hypotheses (h;), (hb) and (h3), that is,

I(ug) = inf {I(u) : w# 0 and (I'(u),u) =0}.
Proof of Theorem 1.5. From Lemma 3.1 we know that the mountain pass level ¢ := b > 0, so there

exists a (C).-sequence {uy}nen of I at the level . Moreover, Proposition 4.4 implies the boundedness
of {tn }nen in WHH(RY). Let us define

§:= lim sup/ |y, P da.
Ba(y)

n—oo yGRN
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Suppose 6 = 0. Then, by Lions’ lemma [33, Lemma I.1], we have u,, — 0 in L*(RY) for any s € (p, p*).
Using the estimates in (3.3), we easily conclude that

lim (/ Fy, un) dy) F(z,uy)dz =0,
RY \JR

n—»00 ~N |z — vyl
Pl o
lim : dy | f(x,un)u, dz = 0.
n—oo JgN (/RN |z —yl )
Due to (I'(uy), un)n = 0 and the second limit in (4.7) we get
[Vun ||l +lunlll, — 0 asn— oo. (4.8)

Therefore, using the fact {uy }nen is a (C).-sequence along with (4.8) we obtain

¢= lim (I(un)—;(l’(un),un>)

n—oo

. pP—q
~ lim (m<||wn||z,a+un|g,a>

B % [ ( /R ) m dy) (2f (2, tn ), — pF (2, 1)) dw)

—0 asn— oo,

which is a contradiction to ¢ > 0. Thus § > 0 and there must be a sequence {y, }nen C ZY and a real

number x > 0 such that
/ |vn|P do = / |up|P dz > k > 0, (4.9)
B2(0) Ba(yn)

where v, () = un(- + yn). Since oy (u,) = 01 (vy) and (hs) holds, we get {v,}nen to be a bounded
sequence in W1 (RY). Hence there exists o € W17 (RY) such that

vp =0 in WHHRY) and w, -9 in LP

loc

(RY).

From (4.9) we know that ¥ # 0 a.e.in RY. By (h3), we assert that {v, }nen is a (C).-sequence of I and
by Proposition 3.6, we have for any ¢ € C°(RY)

(I'(0),8) = Tim (I'(va),6) =0,
which says that ¢ is a nontrivial solution of (1.1). Now let
a=inf{I(u) : uw#0and (I'(u),u) =0}.
Let u be an arbitrary critical point of 7. Then Remark 1.3 helps to get that

I(u) = I(u) - §<I'<u>,u>

q—Dp P 1 </ F(yvu) )
=2 Y + — dy | F(z,u)dx > 0,
qp Il 2q Jev \Jrw |z —yl# (@.u)

since ¢ > p. Thus a > 0 and a < I(0) < oo. We know that there exists sequence {w, }nen of nontrivial
critical points of I such that

I(w,) = a asn — oco.
Since I'(w,) = 0, by Lemma 4.3, we can find 7y > 0 such that

lwn|| > ro forall n € N. (4.10)
Furthermore, we see that

(14 |lwa DI (wy) = 0 as n — .
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This implies that {w, }nen is a (C)4-sequence of I at o and Proposition 4.4 says that {wy, }neny must
be bounded. Let

01 = lim sup/ |wy,|P de.
Ba(y)

n—oo yG]RN

Then §; = 0 implies
F
lim (/ Fly, wn) dy) f(z,wy)w, de =0
RN \JR

n—oo N o —ylr

by following the same arguments as for (4.7). This leads to

pluwn) = (I wn),wn) + [ ( / F(y’w”)dy> Fwy ) di 5 0

BN \Jr~ [T —yl#
since I'(wy,) = 0. Hence, ||w,|| — 0 as n — oo by Proposition 2.1, which contradicts (4.10). Therefore

01 > 0. We set Wy, () = wp(- + ypn). Similar arguments as used before in Propositions 3.5 and 3.6, for
any ¢ € C®(RY) imply that I'(w,) = 0, I'(w,) = I'(,) — « and for some @ € WHH(RN), we have

W, = w#0 in WHHRY) and Vi, — Vi pointwise a.e.in RY.

Obviously (I'(10,,), ¢) = 0 for all ¢ € C°(RY), that is 10 is a critical point of I. Using again the density
of C®(RYN) in WLH(RY) given in [26, Proposition 6.4.4], we obtain I'(w) = 0.

It remains to show that @ is a ground state solution of problem (1.1), that is I(w) = a. Applying
Fatou’s lemma, the pointwise convergence of w,, and Vw, along with Remarks 1.3 and 1.4, it follows
that

I6) = 1) = ((1'(@),15)

=D, 1/ (/ F(y, ) ) .
=—||w + — ———dy | F(z,w)dx
pq L83 2q Jgy \Jr~ |z —yl* (@)

— 1 F(y,w, ~
< lim inf (qpqu@nH]fp + (/ Fly, @n) dy) F(z,w,) dx)
R

n—00 2q Jw v |z =yl

n—o0

1
Since I'(w) = 0, we obtain I(w) = « which finishes the proof. O

ACKNOWLEDGMENTS

The authors wish to thank the knowledgeable referees for their remarks in order to improve the
presentation of the paper.

A.Fiscella is member of the Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le loro
Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica “G. Severi” (INAAM). A. Fiscella
realized the manuscript within the auspices of the INDAAM-GNAMPA project titled "Equazioni alle
derivate parziali: problemi e modelli” (Prot_20191219-143223-545) and of the FAPESP Thematic Project
titled ”Systems and partial differential equations” (2019/02512-5).

REFERENCES

[1] A. Aberqi, J. Bennouna, O. Benslimane, M.A. Ragusa, Ezistence results for double phase problem in Sobolev-Orlicz
spaces with variable exponents in complete manifold, Mediterr. J. Math. 19 (2022), no. 4, Paper No. 158, 19 pp.

[2] A. Aberqi, O. Benslimane, M. Elmassoudi, M.A. Ragusa, Nonnegative solution of a class of double phase problems
with logarithmic nonlinearity, Bound. Value Probl. 2022 (2022), Paper No. 57, 13 pp.

[3] C.O. Alves, F. Gao, M. Squassina, M. Yang, Singularly perturbed critical Choquard equations, J. Differential Equations
263 (2017), no. 7, 3943-3988.

[4] C.O. Alves, G.F. Germano, Ground state solution for a class of indefinite variational problems with critical growth,
J. Differential Equations 265 (2018), no. 1, 444-477.

[5] C.O. Alves, M. Yang, Existence of semiclassical ground state solutions for a generalized Choquard equation, J. Differ-
ential Equations 257 (2014), no. 11, 4133-4164.



EXISTENCE OF GROUND STATE SOLUTIONS FOR A CHOQUARD DOUBLE PHASE PROBLEM 19

[6] C.O. Alves, M. Yang, Multiplicity and concentration of solutions for a quasilinear Choquard equation, J. Math. Phys.
55 (2014), no. 6, 061502, 21 pp.

[7] C.O. Alves, L.S. Tavares, A Hardy-Littlewood-Sobolev-type inequality for variable exponents and applications to quasi-
linear Choquard equations involving variable exponent, Mediterr. J. Math. 16 (2019), Paper No. 55, 27 pp.

[8] R. Arora, J. Giacomoni, T. Mukherjee, K. Sreenadh, n-Kirchhoff-Choquard equations with exponential nonlinearity,
Nonlinear Anal. 186 (2019), 113-144.

9] R. Arora, J. Giacomoni, T. Mukherjee, K. Sreenadh, Polyharmonic Kirchhoff problems involving exponential non-
linearity of Chogquard type with singular weights, Nonlinear Anal. 196 (2020), 111779, 24 pp.

[10] P. Baroni, M. Colombo, G. Mingione, Harnack inequalities for double phase functionals, Nonlinear Anal. 121 (2015),
206-222.

[11] P. Baroni, M. Colombo, G. Mingione, Non-autonomous functionals, borderline cases and related function classes, St.
Petersburg Math. J. 27 (2016), 347-379.

[12] P. Baroni, M. Colombo, G. Mingione, Regularity for general functionals with double phase, Calc. Var. Partial Differ-
ential Equations 57 (2018), no. 2, Art. 62, 48 pp.

[13] R. Biswas, S. Tiwari, On a class of Kirchhoff-Choquard equations involving variable-order fractional p(-)-Laplacian
and without Ambrosetti-Rabinowitz type condition, Topol. Methods Nonlinear Anal. 58 (2021), no. 2, 403-439.

[14] J. Chabrowski, “Variational methods for potential operator equations”, Walter de Gruyter & Co., Berlin, 1997.

[15] S. Chen, A. Fiscella, P. Pucci, X. Tang, Semiclassical ground state solutions for critical Schrodinger-Poisson systems
with lower perturbations, J. Differential Equations 268 (2020), no. 6, 2672-2716.

[16] A. Crespo-Blanco, L. Gasinski, P. Harjulehto, P. Winkert, A new class of double phase variable exponent problems:
ezistence and uniqueness, J. Differential Equations 323 (2022), 182-228.

[17] S. Cingolani, M. Clapp, S. Secchi, Multiple solutions to a magnetic nonlinear Choquard equation, Z. Angew. Math.
Phys. 63 (2012), no. 2, 233-248.

[18] M. Colombo, G. Mingione, Bounded minimisers of double phase variational integrals, Arch. Ration. Mech. Anal. 218
(2015), no. 1, 219-273.

[19] M. Colombo, G. Mingione, Regularity for double phase variational problems, Arch. Ration. Mech. Anal. 215 (2015),
no. 2, 443-496.

[20] G. Cupini, P. Marcellini, E. Mascolo, Local boundedness of weak solutions to elliptic equations with p, q-growth, Math.
Eng. 5 (2023), no. 3, Paper No. 065, 28 pp.

[21] F. Dalfovo, S. Giorgini, L.P. Pitaevskii, S. Stringari, Theory of Bose-Einstein condensation in trapped gases, Rev.
Mod. Phys. 71 (1999), 463-512.

[22] E. de S. Boer, O. Miyagaki, P. Pucci, Ezistence and multiplicity results for a class of Kirchhoff-Choquard equations
with a generalized sign-changing potential, Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 33 (2022), no. 3, 651-675.

[23] C. De Filippis, G. Mingione, Lipschitz bounds and nonautonomous integrals, Arch. Ration. Mech. Anal. 242 (2021),
973-1057.

[24] B. Ge, P. Pucci, Quasilinear double phase problems in the whole space via perturbation methods, Adv. Differential
Equations 27 (2022), no. 1-2, 1-30.

[25] M. Ghimenti, J. Van Schaftingen, Nodal solutions for the Choguard equation, J. Funct. Anal. 271 (2016), no. 1,
107-135.

[26] P. Harjulehto, P. Hasto, “Orlicz Spaces and Generalized Orlicz Spaces”, Springer, Cham, 2019.

[27] L. Jeanjean, On the existence of bounded Palais-Smale sequences and application to a Landesman-Lazer-type problem
set on RN Proc. Roy. Soc. Edinburgh Sect. A 129 (1999), no. 4, 787-809.

(28] G. Hou, B. Ge, B. Zhang, L. Wang, Ground state sign-changing solutions for a class of double-phase problem in
bounded domains, Bound. Value Probl. 2020, Paper No. 24, 21 pp.

[29] P. Le, Liouville results for double phase problems in RY, Qual. Theory Dyn. Syst. 21 (2022), no. 3, Paper No. 59,
18 pp.

[30] E.H. Lieb, Ezistence and uniqueness of the minimizing solution of Choquard’s nonlinear equation, Studies in Appl.
Math. 57 (1976/77) no. 2, 93-105.

[31] E.H. Lieb, M. Loss, “Analysis”, second edition, American Mathematical Society, Providence, RI, 2001.

[32] P.-L. Lions, The Choquard equation and related questions, Nonlinear Anal. 4 (1980), no. 6, 1063-1072.

[33] P.-L. Lions, The concentration-compactness principle in the calculus of variations. The locally compact case. I, Ann.
Inst. H. Poincaré Anal. Non Linéaire 1 (1984), no. 4, 223-283.

[34] S. Liang, P. Pucci, B. Zhang, Multiple solutions for critical Chogquard-Kirchhoff type equations, Adv. Nonlinear Anal.
10 (2021), no. 1, 400-419.

[35] S. Liu, On ground states of superlinear p-Laplacian equations in RN | J. Math. Anal. Appl. 361 (2010), no. 1,48-58.

[36] W. Liu, G. Dai, Multiplicity results for double phase problems in RN, J. Math. Phys. 61 (2020), no. 9, Art. 091508,
20 pp.

[37] W. Liu, G. Dai, Three ground state solutions for double phase problem, J. Math. Phys. 59 (2018), no. 12, 121503, 7
pp-

[38] W. Liu, P. Winkert, Combined effects of singular and superlinear nonlinearities in singular double phase problems
in RN, J. Math. Anal. Appl. 507 (2022), no. 2, 125762, 19 pp.



20 R. ARORA, A. FISCELLA, T. MUKHERJEE, AND P. WINKERT

[39] L. Ma, L. Zhao, Classification of positive solitary solutions of the nonlinear Choquard equation, Arch. Ration. Mech.
Anal. 195 (2010), no. 2, 455-467.

[40] P. Marcellini, Local Lipschitz continuity for p,q-PDEs with explicit u-dependence, Nonlinear Anal. 226 (2023), Paper
No. 113066, 26 pp.

[41] P. Marcellini, Regularity and ezxistence of solutions of elliptic equations with p,q-growth conditions, J. Differential
Equations 90 (1991), no. 1, 1-30.

[42] P. Marcellini, Regularity of minimizers of integrals of the calculus of variations with nonstandard growth conditions,
Arch. Rational Mech. Anal. 105 (1989), no. 3, 267-284.

[43] X.Mingqi, V.D. Riadulescu, B. Zhang, A critical fractional Choquard-Kirchhoff problem with magnetic field, Commun.
Contemp. Math. 21 (2019), no. 4, 1850004, 36 pp.

[44] .M. Moroz, R. Penrose, P. Tod, Spherically-symmetric solutions of the Schrodinger-Newton equations, Classical
Quantum Gravity 15 (1998), no. 9, 2733-2742.

[45] V. Moroz, J. Van Schaftingen, A guide to the Choquard equation, J. Fixed Point Theory Appl. 19 (2017), no. 1,
773-813.

[46] V. Moroz, J. Van Schaftingen, Ezistence of groundstates for a class of nonlinear Choquard equations, Trans. Amer.
Math. Soc. 367 (2015), no. 9, 6557-6579.

[47] V. Moroz, J. Van Schaftingen, Groundstates of nonlinear Choquard equations: existence, qualitative properties and
decay asymptotics, J. Funct. Anal. 265 (2013), no. 2, 153-184.

[48] V. Moroz, J. Van Schaftingen, Groundstates of nonlinear Choquard equations: Hardy-Littlewood-Sobolev critical
exponent, Commun. Contemp. Math. 17 (2015), no. 5, 1550005, 12 pp.

[49] T. Mukherjee, K. Sreenadh, Fractional Choquard equation with critical nonlinearities, NoDEA Nonlinear Differential
Equations Appl. 24 (2017), no. 6, Paper No. 63, 34 pp.

[50] S. Pekar, Untersuchung uiiber die Elektronentheorie der Kristalle, Akademie Verlag, Berlin, 1954.

[51] P. Pucci, L. Temperini, Ezistence for fractional (p,q) systems with critical and Hardy terms in RY, Nonlinear Anal.
211 (2021), Paper No. 112477, 33 pp.

[52] J. Simon, Régularité de la solution d’une équation non linéaire dans RY, Journées d’Analyse Non Linéaire (Proc.
Conf. Besangon, 1977), Springer, Berlin 665 (1978), 205-227.

[53] R. Steglinski, Infinitely many solutions for double phase problem with unbounded potential in RY, Nonlinear Anal.
214 (2022), Paper No. 112580, 20 pp.

[54] W. Sun, X. Chang, Existence of least energy nodal solutions for a double-phase problem with nonlocal nonlinearity,
Appl. Anal., https://doi.org/10.1080/00036811.2021.1999422.

[55] V.V. Zhikov, Averaging of functionals of the calculus of variations and elasticity theory, Izv. Akad. Nauk SSSR Ser.
Mat. 50 (1986), no. 4, 675-710.

[56] V.V. Zhikov, On Lavrentiev’s phenomenon, Russian J. Math. Phys. 3 (1995), no. 2, 249-269.

[67] V.V. Zhikov, On variational problems and nonlinear elliptic equations with nonstandard growth conditions, J. Math.
Sci. 173 (2011), no. 5, 463-570.

(58] J. Zuo, A. Fiscella, A. Bahrouni, Ezistence and multiplicity results for p(-)&q(-) fractional Choguard problems with
variable order, Complex Var. Elliptic Equ. 67 (2022), no. 2, 500-516.

(R. Arora) DEPARTMENT OF MATHEMATICAL SCIENCES, INDIAN INSTITUTE OF TECHNOLOGY VARANASI (IIT-BHU),
UTTAR PRADESH-221005, INDIA
Email address: rakesh.mat@iitbhu.ac.in, arora.npde@gmail.com

(A. Fiscella) DIPARTIMENTO DI MATEMATICA E APPLICAZIONI, UNIVERSITA DEGLI STUDI DI MILANO-BIicocca, Via
Cozz1 55, MiLANO, CAP 20125, ITALY
Email address: alessio.fiscella@unimib.it

(T. Mukherjee) DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY JODHPUR, RAJASTHAN-506004,
INDIA-342037
Email address: tuhina@iitj.ac.in

(P. Winkert) TECHNISCHE UNIVERSITAT BERLIN, INSTITUT FUR MATHEMATIK, STRASSE DES 17. JuNI 136, 10623
BERLIN, GERMANY
Email address: winkert@math.tu-berlin.de



	1. Introduction
	2. Preliminaries
	3. Existence of a ground state solution with AR-condition
	4. Existence of ground state solution without AR-condition
	Acknowledgments
	References

