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ABSTRACT. We consider a system of coupled Schrodinger equations involving
critical exponent given by
2c
—Au 4 Mu = plul972u + ——|u|*2ulv|? in RV,
a+p
28

a+p

—Av 4 Aov = plv]d7 20 + lu|*|v|B=2v  in RV,

We study the existence of positive ground state solutions having prescribed

mass
/ |u?dz = a? and / [v]? dz = a2,
RN RN

where N = 3,4, a1,a2 > 0, ¢ € (2,2%), a,8 > 1 with o+ g = 2* = %,
the Sobolev critical exponent, A1, A2 € R are parameters to be specified and
will appear as Lagrange multipliers, and p > 0 is a parameter. Under some
L2-subcritical, L2-critical and L2-supercritical perturbations p|u|?~2u and
u|v|9~ 20, respectively, we prove several existence results by using variational
methods, which can be considered as a counterpart of the Brézis-Nirenberg
problem in the context of normalized solutions for coupled Schrédinger equa-
tions. Our results extend and improve the existing literature in several direc-
tions.

1. INTRODUCTION AND MAIN RESULTS

This paper is concerned with the existence of solutions (A1, Ao, u,v) € R? x
H'(RY R?) to the following Schrodinger system with critical growth

2a
—_A by — q—2 a—2 B RN
U+ Au = plul u+a+ﬂ|u\ uv]?  in RY,
28

—A by — q—2 e al,,|B—2 : RN
v+ A = plv| v+a+ﬁ\u| [v[P~2v  in RY,

(1.1)

with the prescribed L?-norm

/]RN lu|? dz = a? and /RN |v|?dz = a3, (1.2)

where N = 3,4, u,a1,a2 > 0 are positive constants, «, 5 > 1 satisfy a+ 4 = 2* with
2* = % being the Sobolev critical exponent. We refer to this type of solutions as
to normalized solutions, since (1.2) imposes a normalization on the L?-masses of u
and v. Under this circumstance, A; and A\s cannot be determined a priori, but are
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part of the unknowns. The problem to be investigated comes from the research of
solitary waves for the system of coupled Schrédinger equations

ov 20
—iaitl = AUy + 09720 + m|‘l’1|a_2‘1’1|‘1’2|ﬂ in RY,
(1.3)
ov 2
i 8t2 = AUy + p|Ts|7720, + aifﬁ|\lll|a\\llg|ﬁ*2\112 in RV,

where ¥; = U, (z,t) € C, (z,t) € RNV x R and j = 1,2. System (1.3) can be used
to model various physical phenomena, such as binary mixtures of Bose-Einstein
condensates or the propagation of mutually incoherent wave packets in nonlin-

ear optics, see, for example, Esry-Greene-Burke-Bohn [17], Frantzeskakis [18] and
Timmermans [44] for more applied backgrounds. An important and of course well-
known feature of (1.3) is the conservation of three quantities: the energy

1
Jo(Uy,Uy) = 3 /N VU2 + |V, |? da — g/N Wy |? + [Wo|? da
R R

2
Uy |0, |? da,
= [ i)

/ |¥1|* dz  and / |Ws)? da.
RN RN

The L% norms |Wq(-,t)|2, |¥2(:,t)|2 of solutions are independent of ¢ € R and have
a clear physical meaning. In the contexts mentioned above, they represent the
number of particles of each component in Bose-Einstein condensates or the energy
power supply in the context of nonlinear optics.

A solitary wave of (1.3) is a solution having the form

Uy (x,t) = eMtu(z) and Wy(z,t) = e?o(z),

and the masses

where A\, A2 € R and u,v € H}(RY) are time independent real-valued functions
solving (1.1). There are two different approaches to finding for solutions to (1.1):
On the one hand, one can consider the frequencies of A\; € R and Ay € R as fixed,
on the other hand, one can include them in the unknown and prescribe the masses.
In the latter case, Aj, A2 € R are unknown quantities that appear as Lagrange
multipliers with respect to the mass constraint.

We note that if « = 8 =2, ¢ = 4 and N = 3, the system (1.1) is related to the
following coupled system of Schrédinger equations

{Au +Mu = pud + Buv?  in R3,

1.4
—Av + Av = v + Bulv  in R3, (14)

The problem (1.4) with fixed A1, A2 has been studied by many authors in the last
two decades. In this case, we refer the interested reader to the papers of Ambrosetti-
Colorado [2], Bartsch-Dancer-Wang [4], Bartsch-Wang [10], Bartsch-Wang-Wei [11],
Chen-Zou [14, 15], Gou-Jeanjean [20], Lin-Wei [32], Sirakov [10] and related refer-
ences therein. In contrast, there are not many papers that investigate the existence
of normalized solutions for (1.2)-(1.4). In [5], Bartsch-Jeanjean-Soave proved the
existence of positive normalized solutions for different ranges of the coupling param-
eter 8 > 0, without any assumption on the masses ay, as. Bartsch-Soave [3] showed
the existence of normalized solutions to (1.2)-(1.4) for any given w1, p2,a1,a2 > 0
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and 8 < 0. They also investigated the phenomenon of phase separation for the
solutions as 8 — —oo. In [9], Bartsch-Soave proved the existence of infinitely
many normalized solutions of (1.2)-(1.4) with a1 = a3 = a and py3 = pa = p
by using the Krasnoselskii genus approach for the constrained functional. In [12],
Bartsch-Zhong-Zou studied the existence and non-existence of normalized solutions
to (1.2)-(1.4) by an approach based on the fixed point index in cones, bifurcation
theory, and the continuation method. Gou-Jeanjean [21] considered the existence
of multiple positive solutions of (1.1)-(1.2) with 2 < a + 8 < 2*, one solution is
a local minimizer, the other one is obtained through a constrained mountain-pass
and a constrained linking, respectively. Recently, Bartsch-Li-Zou [6] proved the
existence and asymptotic properties of normalized ground states of (1.1)-(1.2) with
critical exponent ¢ = 2* with N € {3,4},2 < a + 8 < 2*. Jeanjean-Zhang-Zhong
[29] obtained the normalized ground states for (1.1)-(1.2) with mass super-critical
growth 2+ + < ¢,a+ 8 < 2%, and N € {1,2,3,4}. Recently, Mederski-Schino [37]
studied the existence of least energy solutions to a cooperative systems of coupled
Schrédinger equations with general nonlinearities of the form

—Aui + )\iui = &G(u) in RN,
uieHl(RN)v i€{1727"'7K}a (15)
fRN |U1|2d$ S p12a

with G > 0, where p; > 0 is prescribed and (\;,u;) € R x HYRY) is to be
determined, i € {1,---,K}. The authors established several existence results of
normalized solutions for problem (1.5). The main innovation of [35] is based on the
minimization of the energy functional over a linear combination of the Nehari and
Pohozaev constraints intersected with the product of closed balls in L2(RY) of radii
pi, which allows to provide general growth assumptions about G and to know in
advance the sign of the corresponding Lagrange multipliers. For existence results
of normalized solutions to Schrodinger equations or systems in bounded domains,
we refer to the works of Noris-Tavares-Verzini [37, 38] and Pierotti-Verzini [39], see
also the references therein.
If u =v and A\; = Ay, the system (1.1)-(1.2) reduces to the following problem

—Au = u+g(u), ze€RY, (1.6)

Jox P dz =, we H'®RY), '
where g is the nonlinearity. In the outstanding paper [26], Jeanjean studied the
existence of solutions of (1.6) with nonlinearity of the type g(s) = Y i~ a;|s|7s
with a; > 0,0 < 0; < 15 for N >3 and o; >0if N=1,2andi=1,---,m with

m € N. The occurrence of the L?-constraint renders several methods developed to
deal with variational problems without constraints useless, and the L?-constraint
induces a new critical exponent, the L2-critical exponent given by

Gi—9 4

q T + N7
and the number g can keep the mass invariant by the law of conservation of mass.
Precisely for this reason, 2 + % is called L2-critical exponent or mass critical expo-
nent, which is the threshold exponent for many dynamical properties such as global
existence, blow-up, stability or instability of ground states. In particular, it strongly
influences the geometrical structure of the corresponding functional. In 2020, Soave
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[41, 42] started the research of the existence and properties of ground states for
problem (1.6) with combined power type nonlinearities g(u) = u|ul?9=2u + [u[P~2u
with 2 < ¢ < p < 2*. He presented a complete classification on the existence and
nonexistence of normalized solutions that let ¢ be L?-subcritical, L2-critical and
L%-supercritical. Since then, the existence and properties of these normalized so-
lutions for Schrodinger equations or systems have attracted the attention of more
and more researchers in recent years. For further studies on this aspect, we re-
fer to Bartsch-de Valeriola [3], Bartsch-Molle-Rizzi-Verzini [7], Hirata-Tanaka [23],
Jeanjean-Le [27], Jeanjean-Lu [28], Wei-Wu [45] and the references therein.

The purpose of this paper is to study the existence of normalized solutions of
problem (1.1)-(1.2). We present several existence results in the following three
cases:

(i) L%-subcritical case: 2 < g < ;
(ii) L2-supercritical case: § < q < 2%;

(iii) L2-critical case: ¢ =q
This study is a new contribution regarding existence of normalized ground states
for the Sobolev critical nonlinear Schrédinger system in the whole space RY, which
improves and complements the studies of Alves-de Morais Filho-Souto [1], Han [22]
and Hsu-Lin [241], which are concerned with the existence of solutions of (1.1) in
bounded domains Q C R without prescribed L?-norm, while in this paper we are
concerned with the existence of normalized solutions. By studying the geometrical
structure of the corresponding Pohozaev manifold, we have obtained a constrained
Palais-Smale sequence with additional properties, and show the compactness of
this special constrained Palais-Smale sequence at some energy level. As far as we
know, normalized solutions to (1.1)-(1.2) with critical exponent have not yet been
considered in the literature.

In order to search solutions to (1.1)-(1.2), we introduce the corresponding energy
functional given by
o) =5 [ (VaP19eP) de =B [ ult o) do - 2 [ Julfol

2 RN q JrN 2% RN

under the constraint S,, x S,,, where

S = {ueHl(RN): / |u2dx—a2}.
RN

It is standard to check that I, is of class C! in HY(RY) x H1(RY), and any critical
point (u,v) of I,[s, xs,, corresponds to a solution to (1.1) satisfying (1.2). Here
the parameters A, Ao € R arise as Lagrangian multipliers. In particular, we are
interested in ground state solutions which are defined in the following way:
Definition 1.1. We say that (ug,vo) is a normalized ground state of system (1.1)-
(1.2), if it is a solution to (1.1)-(1.2) having minimal energy among all the normal-
ized solutions. Namely,

I, (ug,vo) = inf{I,(u,v): (u,v) solves (1.1) — (1.2) for some (A1, \2) € R?}.
This definition seems particularly suitable in our context, since I,, is unbounded
from below on S,, X S,, and therefore no global minima exist.

Now, we formulate the main results of this paper. First, we have the following
result in the L?-subcritical case 2 < ¢ < 7 :=2+ .
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Theorem 1.1. Let N = 3,4, ai,a2 > 0, o, > 1 such that o + 8 = 2* and
q € (2,2+ %). Then, Iuls., xS., has a ground state (u,v) which is a positive,
radially symmetric function and solves problem (1.1)-(1.2) for some A1, 2 > 0,
provided 0 < p < min{u1, o}, where p1, pe are explicitly defined in (3.1)-(3.2)
below. Furthermore, the normalized ground state is a local minimizer of I,,(u,v) on
Say X Sa,-

The next two theorems are concerned with the L?-supercritical/critical cases
2+ % < ¢ < 2* by constructing the mountain-pass type ground states, if the
parameter p > 0 sufficiently small.

Theorem 1.2. Let N = 3,4, ai,a0 > 0, o, 8 > 1 such that o + 8 = 2* and
q € (24 +,2%). Then Ils, xs,., has a ground state (u,v) which is a positive,
radially symmetric function and solves problem (1.1)-(1.2) for some A1, A2 > 0.

Moreover, 0 < my(a1,a2) < % (Soé"i)T, where my,(a1,a2) is given in (2.8), and

(u,v) is a mountain-pass type solution.

Theorem 1.3. Let N = 3,4, ai,a0 > 0, o, 8 > 1 such that o + 8 = 2* and
qg=2+ %. Then I,|s, xs,, has a ground state (u,v) which is a positive, radially
symmetric function and solves problem (1.1)-(1.2) for some A1, Ao > 0, provided 0 <
< ps, where pg is explicitly defined in (5.1) below. Moreover, 0 < my(a1,a2) <

N
2 (S(E,B) > and (u,v) is a mountain-pass type solution.

Finally, we present another existence result for (1.1)-(1.2) in the L2-supercritical
case 2 + % < q < 2* when p > 0 is sufficiently large.

Theorem 1.4. Let N = 3,4, ai,a2 > 0, o, > 1 such that o + f = 2* and
q € (2+ +,2%). Then there exists p* = p*(ar,az) > 0 such that for any p > p*,
problem (1.1)-(1.2) possesses a positive, radially symmetric solution (u,v) for some
A1, A2 > 0.

Remark 1.5. Note that in the paper by Mederski-Schino [35] the nonlinearity G
can be assumed to have at least L?-critical growth at 0 and to be Sobolev critical
growth. In particular, in the Sobolev critical growth, the nonlinearity G takes the
form

o*
)

K
~ 1
Gu) = G(u)+ 5 > 0;lu;
j=1

where é() s a subcritical perturbation. The energy of the minimizer in the con-

strained set of (1.5) is strictly less than the number - SN/? Z]K=1 6;_1\[/2. But in
our paper, the nonlinearity appears differently from (1.5) as the entangled mized

item
2
Gu) = —lul* ), a+p=2".

Moreover, the energy functional I,(u,v) of (1.1) and (1.2) satisfies the Palais-
N

Smale compactness condition below the minimum threshold value % (%”3) °. So,

our paper and the one by Mederski-Schino [35] have their own characteristics and
interests in theoretical methods, independently of each other.
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When searching for normalized solutions for (1.1)-(1.2), one of the main difficul-
ties is the lack of compactness of the constrained Palais-Smale sequences. Indeed,
since the embeddings H'(RY) < L*(RY) and H} ;(RY) — L*(R") are not com-
pact, it is hard to verify whether the weak limits of the constrained Palais-Smale
sequence lie in the constraint S,, X S,,. To overcome this difficulty, we adopt the
idea of Jeanjean [20] by showing that the mountain-pass geometry of I,[s, xs,,
allows to construct a Palais-Smale sequence of functions satisfying the Pohozaev
identity, which yields boundedness and is useful to prove the strong H '-convergence.
Another difficulty, as naturally expected, is the presence of the critical Sobolev term
in (1.1), which further complicates the study of convergence of constrained Palais-
Smale sequences. To overcome such a difficulty, we will perform a careful analysis
of the behavior of the constrained Palais-Smale sequences to analyze the possible
reason of lack of compactness and to find out the regions of the energy levels where
the Palais-Smale condition is satisfied and compactness can be restored. For this
purpose, the concentration-compactness principle (see Alves-de Morais Filho-Souto
[1] and Han [22]) and the mountain-pass theorem (see, for example, Willem [17])
are involved to obtain both ground state solutions to (1.1)-(1.2) by minimizing the
functional on the associated Pohozaev manifold and mountain-pass solutions.

The paper is organized as follows. In Section 2, we start with some preliminary
results which will be frequently used in the rest of the paper while Section 3 presents
the proof of Theorem 1.1, which is about the L2-subcritical case. Section 4 is
devoted to the proof of Theorem 1.2 with the L2?-supercritical perturbation and
in Section 5, we prove Theorem 1.3 for the L2-critical case. Finally, by using the
concentration-compactness principle, we give the proof of Theorem 1.4 in Section
6.

2. PRELIMINARIES

In this section we recall the main notations and tools that will be needed in the
sequel. For 1 < s < co we denote by L*(RY) the usual Lebesgue spaces with norm

fulli= ([ ot ao)
RN

and H' = H'(RV) is the standard Hilbert space equipped with norm and inner
product given by

lul2p = (u,u) and  (u,0) = / (VuVu -+ ) de.

Further, let H = H'(RY) x H*(RY) and H} denotes the subspace of functions in
H' which are radial symmetric with respect to 0, and H, = H}! x H} as well as
Sar = Sa N H}. By Br(y) we denote the ball centered at y with radius R, Bg :=
Bgr(0) and || - || denotes the norm in H* or H. Moreover, u* is a rearrangement of
|u|. We recall that

IVl < [Vale, ol = el and [ jupPlerde > [ aplolds,
R R

see, for example, Lieb-Loss [31].
Positive constants whose exact values are not important in the relevant argu-
ments, and that may vary from line to line, are generally denoted by C or Cj,
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where ¢ € N. For N > 3,¢q € (2,2*], we recall the following Gagliardo-Nirenberg
inequality, see Nirenberg [30]:

JullZ < Cv | Vul 7 lul" % for all u € H'(RY), (2.1)
where the optimal constant Cy , depends on N, ¢, and the number
N(g—2
Ve = % for all ¢ € (2,2]. (2.2)
q

Particularly, if ¢ = 2*, then we denote by S be the best Sobolev constant defined
by

[Vul|3
ueD 2 ®@N)\{0} [u

where the Sobolev space D'2(RY) is defined as the completion of the space C°(RY)
with respect to the norm |u|| p1.2r~y = ||[Vull2. Using (2.2), it is easy to see that

S =

(2.3)

2 )
2%

<2, if2<q<yq,
gy =2, ifg=7gand =1,
> 2, ifg<qg<2*.
When studying Schrédinger systems, we need a vector-valued version of the
Gagliardo-Nirenberg inequality. For o, 5 > 1, 2 < a + 8 < 2%, we define

(@tB—(a+B)Vats)/2 (@+B)Va+s/2
(llull3 + [lv13) (Va3 + | Voll3) T

ITul*fol?ly

Q(u,v) :=

and by Correia [16], we have

N 1= inf ) 2.4
C(N,a,pB) uvveH}?RN)\{O}Q(u,vbO (2.4)

From (2.4), we get the vector-valued Gagliardo-Nirenberg inequality in the form
][] {11
(a+B—(a+B)va+p)/2 (a+B)Ya+s/2
< C(N, e, B) ([[ull3 + [[0]I3) (Va3 + 1vel3) e

which holds for u,v € H*(RY). The vector-valued Gagliardo-Nirenberg inequality

has been investigated by many authors. We refer to the papers of Correia [16] and
Ma-Zhao [34] and the references therein. Particularly, if a 4+ 5 = 2*, we define
/ (1Vul? + Vo) do
Sup = inf RY —. (2.5)

u,we D2 (RN)\{0} 2/2
( / u|a|v|ﬁdx>
]RN

From Alves-de Morais Filho-Souto [I, Theorem 5], we have that

(@)

where S is the best constant defined by (2.3).
Let

Payas = {(u,v) € Suy X Say: P(u,v) =0},
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where

P(u,v):/ (IVul? + Vo) d:c—,u'yq/ (Jul? + |o]") do
RN

RY (2.7)
- 2/ lu|®|v|? da.
RN

As proved by Bartsch-Jeanjean-Soave [5, Lemma 4.6], any solution of (1.4) belongs
t0 P, a,- The equation P(u,v) = 0 being the Pohozaev identity for (1.1) and the
Pohozaev manifold P,, ., will play an important role in our proofs. Therefore, if
(u,v) solves system (1.1) for some A1, A2 and (u,v) € Py, 4, iS & minimizer of the
constraint minimization
my(ay,as) = inf I,(u,v), 2.8

u(a1; az) . u(u;0) (2.8)
then (u,v) has least energy among all the solutions of (1.1) and (1.2). Namely,
(u,v) is a normalized ground state solution to (1.1) and (1.2).

For u € S, and s € R, we define the function

(s*xu)(z) = e%u(esx) for all z € RY.

It is straightforward to check that if u € S,, then sxu € S, for every s € R. We
define s * (u,v) = (s x u, s xv) and the fiber map as

Py (8) = Iu(s % (u,v))

628

MeQW’qS
=G [ OVl 190) do = 2 [ o) do
262*8

*lv|”? da.
5 [ 7ol dz

An easy computation shows that ®{, ,(s) = P(s* (u,v)) and
Par,ar = {(u,v) € Say X Say: @, ,(0) = 0}

In this spirit, we split the manifold P,, ., into the disjoint union

Pal,ag = Pf:»“& U Pl?l,@ U P(:17a2’
where
P;’_L(IQ = {(u,v) € Pahaz: /(/u,v) (0) > 0} ’
P, 1= { (1,0) € Puy s @, (0) = 0}, (2.9)
Poay = {(u,v) € Payas: ’('uyv)(()) < O},
and

@ =2 [ [VuP 4 [ToPde i [l ol do
RN RN

- 22*/ lu|®|v|? da.
RN

In order to prove our results, we need the monotonicity and convexity of @, . (s),
which will strongly affect the structure of Pg, 4, and thus have a strong effect on
the minimization problem (2.8). The following lemma can be found in Strauss [43].

Lemma 2.1. Let N > 3. Then the embedding H}(RY) — L*(RY) is compact for
any 2 <t < 2%.
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Now, we recall the following version of the Brézis-Lieb lemma, see Chen-Zou [
Lemma 2.3].

)

Lemma 2.2. Let N >3, a,f>1 and 2 < a+ S < 2*. If (upn,Vn)nen € H is a
sequence such that (un,v,) — (u,v) in H, then (up to a subsequence if necessary)

lim (|un|a onl? = [ul®|0]? = [un — ul* [v — v\ﬁ) da = 0.
n—oo N

Furthermore, we need to generalize the concentration-compactness principle to
the case of systems, see Han [22] and Long-Yang [33].

Lemma 2.3. Let {(un,vn)}neny € DV2(RY) x DY2(RY) be a sequence such that
Up — U, v, — v € DV2(RY). Assume that |Vu, |>+|Vu,|? — w and |[u,|*|v,|? — v
weakly in the sense of measures. Then, there exist some at most countable set J,
a family of points {z;}je; C RY and families of positive numbers {v;}jcs and
{w;}jes such that

ve = a0 + ) v,
jed
w > |Vul? + |Vol]? + ij(ij,
JjeJ
2
Wy > Sa,BVja+Ba
where &, is the Dirac-mass of mass 1 concentrated at x € RY.
Lemma 2.4. Let {(un,v,)}nen € DV2(RY)x DV2(RYN) be a sequence as in Lemma

2.3 and define

Weo 1= lim limsup/ (‘V’U’n|2 + |vvn|2) dx’
jo[>R

R—oo pooco

Voo := lim limsup/ [t |* |0 |? .
Then it follows that

2
+8
Woo > Sa,,BVOQO )

limsup/ (IVun > + |V, |?) do :/ dw + Weo,
RN RN

n— oo

limsup/ |t |0 |? :/ dv + Voo
n—oo RN RN
Fix p > 0, the following compactness lemma will play a crucial role in the sequel.
Lemma 2.5. Assume that
my(ar,az2) <my (bi,b2)  for any 0 < by < a1,0 < by < as. (2.10)

Let {(tn, vn) nen C Sa, X Sa, be a sequence consisting of radially symmetric func-
tions such that, as n — 400,

I/: (Uny V) + M optn + A2 pvn — 0 for some Ay 5, Aoy € R, (2.11)

I, (up,vp) = ¢, P (up,v,) =0, (2.12)
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and
u,, v, =0 aeinRY, (2.13)

If

v[Z

2 (S, :
c#0 and c< N (26> + min{0,m,(a1,0),m,(0,as), m,(a1,az)}, (2.14)
then there exists (u,v) € H, with u,v > 0 and A1, 2 > 0 such that, up to a
subsequence, (un,vn) — (u,v) in H and (A n,A2.n) — (A1, A2) in R2.

Proof. We divide the proof in three steps.

Step 1. We show that {(un,vn)}, oy is bounded in H and Ay ,, A2, are bounded
in R.

Ifge(2,2+ %), then ¢y, < 2. Combining this with (2.1), and P (un,v,) — 0,
for n large enough, we have

1
c+1> IM (Unavn) - ?P (Unavn)
1 2 2 Ve 1
= 5 (Va3 + 1V enl3) + (2 - q) [, (Qual? + o) da

1 2 2 2 2\
> < (IVuall3 + 1Venll3) = € (Il + [1Venl13)

for some C' > 0, which implies that {(uy,,vn)}, o is bounded in H. If ¢ € [2+4-,2%),
we have ¢y, > 2, and using P (un,v,) — 0, we obtain for n large enough,

1
c+1>1, (up,v,) — §P(un,vn)

1 2 .
(2= 2) [t ot 2 el
2 2
> C(IVunl3 + I9l) + on()

for some C' > 0. This implies that {(un,vn)},cy is bounded in H. Moreover, by
(2.11), we get that

1
/\l,n = _?IL (U'mvn) [(U,n,O)} + On(l)a
1

Nom = —%1; (thns 00) [(0, 0)] + 0(1).
Thus, A1 p, A2, are bounded in R. Hence, up to a subsequence, there exist (u,v) €
H,, A, A2 € R such that
(Un, ) = (u, in H,,L?" (RN) x L?" (RY),
(Un,vn) = (u, in L7 (RY) x L (RY) for q € (2,27),
(Un,vn) — (u,v) a.e.in RV,
(M oy A2n) = (A1, A2)  in R2.
Furthermore, by (2.11) and (2.13), we infer that
{IL(U,U) + Au+ A0 =0,
u>0,v>0,

v)
v)

(2.15)

and so, P(u,v) = 0.



NORMALIZED SOLUTIONS TO CRITICAL SCHRODINGER SYSTEMS 11

Step 2. We prove that the weak limit satisfies u # 0 and v # 0, and so
u > 0,v > 0 by the maximum principle. Arguing by contradiction, since there may
be u =0 or v = 0, we shall consider the following three cases.
Case 1. uw=0,v=0.

Since (un,v,) — (0,0) in L7 (RY) x L7 (RY), we have

0= P (tn, vn) + 0n(1)
— / (IVun > + |Vu,|?) dz — 2/ |t | [0n|® Az + 0p(1).
RN RN
Without loss of generality, we may assume that

hn:/ (IVun|* +|Vup|?) dz — b and wn:Q/
RN .

as n — 0o. Passing to the limit in (2.16) as n — oo, using (2.5), we obtain

(2.16)

. [t | |Un|'6 dz — w,

_2* o*
h=w<2S, Zh¥.

N
Therefore, either h =0 or h > 2 (SL‘Tﬁ) S Ifh= 0, then this gives a contradiction

to the fact that ¢ # 0. So,
hz2(%f) . (2.17)

Moreover, by (2.16) and (2.17), we derive
c= nl;rrgo I, (tn, vy)

1 2
= lim (/ (IVu, | + |V, |?) dz — — ] |0 |? dx)
2 RN RN

2*
N
>3 Sa.p 2’
- N 2

which contradicts (2.14).
Case 2. u# 0,v=0.
In this case, we have u > 0 by the maximum principle and by (2.15), we have

&

—Au+Mu=pu”t, i RY, (2.18)
Jpn Jul?dz = a?, u> 0.
By using the papers of Li-Zou [30, Lemma 2.1] and Weinstein [16], we deduce that
(2.18) has a unique positive solution with @ = ||u|l2 < a;. Thus,
my(a1,0) < my(||lull2,0) = I,(u,0). (2.19)
Let @, = u, — u. Then by the Brézis-Lieb lemma [13] and Lemma 2.2, we have
0 =P (tun,vn) + 0n(1) = P (Up,vn) + P (u,0) + 0,(1)
(2.20)

:/ (V2 + [V, ?) dx—2/ | [oa]? 2 + 0n(1).
RN RN
Without loss of generality, we may assume that

o= [ (90 ) de ¢ and b =2 [l ol e b, 221
RN RN
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as n — 0o. By (2.20), passing to the limit as n — oo, and (2.5), it follows that

_2 %
t=b<28, 707

N
Therefore, either £ =0 or £ > 2 (S‘;’ﬁ) * . If ¢ = 0, then it contradicts to the fact
that ¢ # 0. So,
S ¥
0>2 <‘;5> . (2.22)

Moreover, by virtue of (2.19)-(2.22), we derive

c :nh_{r;o I, (up,vy,) = nh_)rr;o I, (Wp,vyn) + 1, (u,0)

1 2
> Jim 7/ (1Y + [Vou]?) dx——/ ] ol® d ) + mu(ar, 0)
2 RN 2* RN

T n—oo

N
2 (Sap)?
ZN (2) +mp,(a170)7

which is a contradiction to (2.14).
Case 3. u=0,v # 0.
Analogous to the proof in Case 2, we have

N
2 (Sap\?
CZ N (275) +mu(0,a2),
which is a contradiction to (2.14).
Step 3. (un,v,) — (u,v) in H.
Let (Up,Tpn) = (un — u, vy — ).
2.2, we deduce that

0= P (tun,vn) +0n(1) = P (Up,0y) + P (u,v) + 0,(1)
:/ (IVa, | + |V, [*) dz — 2/ | [0,]° da + 0, (1).
RN RN
Without loss of generality, we may assume

e;:/ (V@[> + |VU,[*) dz — ¢ and b;:Q/ | [0n|? dz — ¥,
RN RN

Then by the Brézis-Lieb lemma [13] and Lemma

(2.23)

as n — oo. By using (2.23) and passing to the limit as n — oo along with (2.5), we
derive that

* o*

¢ =Y <28, 07,

2
w|Z

2

Thus, either ¢/ =0 or ¢ > 2 (%) o 7 >2 (S‘;"‘> holds, then we deduce

c= lim I, (up,vn) = lim I, (@, Up) + 1 (0, 0)
1 2
> lim </ | (Va,|” + |VD,|?) dz — — ]| |@n|ﬁ dx)
2 ]RN 2* RN

n— 00

+my([lull2 [[o]l2)

1 2 o=
> lim </ IV, |*> + |V, |°) dz — — [T |vn|ﬁ dx) +my (a1, a2)
2 RN 2* RN

n—00
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N
2 (S, 2
=N <26) +my(ai,az),

which is in contradiction to (2.14), where we have used 0 < |Ju|l2 < a1 and 0 <
lv]]2 < az and assumption (2.10). Therefore, we must have

lim (IV, > + |V, [*) dz = 0.
n—o0 JpN
Next, we claim that Aj, Ao > 0. Indeed, if A\; < 0, then
2
—Au = |M|u+ pud™t + e >0 inRY.
a+f
Then we can apply Lemma A.2 of Tkoma [25] deducing that v = 0 which is also a
contradiction. Consequently, A\; > 0, and analogously Ay > 0, as claimed. Combin-
ing (2.11), (2.12), (2.15) and P(u,v) = 0, one has
Aiaf + Aoaz = Mllull3 + Azl]l3.

It follows that ||u|l2 = a1,]||v||2 = a2 and hence (up,v,) — (u,v) in H. O

3. PROOF OF THEOREM 1.1

In the L?-subcritical case 2 < ¢ < § := 2 + %, we have 0 < g4 < 2. To begin
our argument, we first introduce the following two positive constants

2—4qvq

2qvg—2-2* . . qvq—2* . % 2% -2
S o @ - ) FF o (550 00) o)
M1 = — — 5
C’N7q(a§(1 "/q)+ag(1 vq))
and
2—qvgq
2% \ 2¥—2
29— 2) (2 q7,)S.2
@ -2 (- owsE) 5
M2 = —q 2—avg

2% Yq
YaCOng (@l + g7 (20 = gyg) T 27
We consider the constrained functional I, Say %S, For any (u,v) € Sa; X Says
by account of (2.1) and (2.5), we have that

L(u,0) > % (/RN (1Vul> + Vo) dm)

* *

25, 7 :
— (/ (IVul? + [Vo]?) dx)
2 RN (3.3)

— Owaad IV = 4 O gad T [Tl

1

2

>h (/RN (IVul® + |Vol?) dx) ,

where the function h: RT — R is defined by
-
1 28 2 . _ _
h(t) = 5t = =t = CCng(all T+ o e,

From qVq < 2, we get that h(0+) =0 and h(+OO) = —00.
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Lemma 3.1. Assume that 0 < u < py. Then the function h(-) has exactly two
critical points, one is a local strict minimum at negative level, the other one is a
global mazimum at positive level. Furthermore, there exist 0 < Ry < Ry, such that
h(Ro) = h(R1) =0 and h(t) > 0 if and only if t € (Ry, R1).

Proof. For t > 0, we have h(t) > 0 if and only if
2+

- - 1 25,7 ..
o(t) > %CN,q (az(l Ya) + ag(l v“)) with  @(t) = 5152*(1% _ %ﬁ —a7q

In view of
2*

9 _ 28 2 .
o'(t) = 72(””1_”’ - 7;25 (2° — qyg)t® ~Ta T,

it is not difficult to check that ¢(-) has a unique critical point at

s (272 —qv) ¥ > 7
t= S 2 , 3.4
(4(2* - Q) o (34

and ¢(-) is increasing on (0, ) and decreasing on (¢, 4+00). Moreover, the maximum
level is

2—qvq
2% —2

2qvq—2-2* qvq—2*

o) = 275 (2 2) (27— ) T ( CRACH qm)

Thus, there exist 0 < Ry < R; such that h(Ro) = h(R1) = 0 and h(t) > 0 if and
only if ¢ € (Ro, R1). Moreover, h is positive on an open interval (R, R1) if and
only if p(t) > %CN,q(aCII(177Q) + ag(lqu)), that is, u < p1 holds. Since h(07) =07,
h(400) = —oo and h is positive on an open interval (R, R1), it is easy to see that
h has a global maximum at positive level in (R, R1) as well as a local minimum
point at negative level in (0, Ry). Note that

_2r . _ _
h’(t) — $9%a—1 [tZ—q“/q _ QSa’g 12" —avg _ ,U/YqCN,q<a(11(1 Ya) + ag(l Wq)) -0
if and only if
_2 o
W(t) = 17,Cy g (atlz(lqu) + ag(lﬂq)) with o(t) = 2~ 7 — 25 3 27—

Clearly, ¥(-) has only one critical point ¢, which is a strict maximum. Therefore,
the above equation has at most two solutions, which implies that h only has a local
strict minimum at negative level and a global strict maximum at positive level and
no other critical points. Thus, h(-) has exactly two critical points 0 < t; < { < ty
with
h(t1) = min h(t) <0 and h(tz) = maxh(t) > 0.
o<t<t t>0

O

Lemma 3.2. Assume that 0 < p < py. Then P?

or.ay = 0 and Pa, a, is a smooth
manifold of codimension 3 in H.
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Proof. We first prove that Py , = 0 implies that P,, 4, is a smooth manifold
of codimension 3 in H. We note that P,, 4, is defined by P(u,v) = 0,G(u) =
0, F(v) = 0, where
G(u) = a? —/ uw?dz, F(v) :ag—/ v?d.
RN RN
It suffices to show that the differential
d(P,G,F): H— R?

is surjective. Assuming that it is not true, there must be that dP(u,v) is a linear
combination of dG(u) and dF (v) according to the independence of dG(u) and dF(v).
That is, there exist v1, 9 € R such that (u,v) is a weak solution of the system

—Au+1ru= %u|u\q_2u+a|u\a_2u|v|ﬁ in RY,

Kal]
2

/ lu|? dz = af, / |v|? dz = a3.
RN RN

However, by the Pohozaev identity for (3.5), we have

2 [V +VoR) do=pn? [ (ult+ol?) o2z [ Julhl? de,
RN RN RN

which implies that (u,v) € P?

ay,az’
Now, we prove that 7321@2 = (. Arguing by contradiction, there exists (u,v) €
PO

0 - Let p = ([on (IVul? +[Vo]?) dx)% and let
=(t=2) [ (VaP 4 [9oP) de =t =)y [l +[ol") da
—2(t—2*)/ o] de
]RN
=0.

—Av + vov = L o] 20 + Blu|*|v|f 20 in RV, (3.5)

a contradiction.

In view of W(g7y,) = 0 and (2.5), we obtain

2* .
(2 — quq)p2 =2(2" - qv,) /N |u|a|v|ﬁdz <2(2" —qvq) Saﬁz o
R

It follows from ¢y, < 2 that

1
Q_Q’Yq 2*)2*2
> (=29 g% . 3.6
p‘(2(2*—q%) o (3.6)

Moreover, combining (3.6) with W (2*) = 0, we infer to
(2* —2) = (2" — q7g) Vg2 /N |ul? + |v|?dx
R

* 1— q 1— q _
< (2" — q7g) YahCn,g (] 77 4 a7 g2

575\

1- 1- L :

< 'Yq,UCN,q(Ug( Ya) +a<21( ’Yq)) (2% — qyy) T2 ﬁ ,
q
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that is
2—qvq
2> 2% —
(2* —2) <(2 — q’YCI)Saz,B)
8 - S 2% —ay 2 s
—Yq 1— q % Tq *q'yq
WCnalaf " 4 ) (20 — gy T 2T

which leads to a contradiction to our assumptions. Hence, P? , = (). (]

1,02
By using Lemmas 3.1 and 3.2, we can describe the geometry of Pg, 4, The

manifold Py, 4, is then divided into its two components P, , and P, ,, having
disjoint closure.

Lemma 3.3. For every (u,v) € Sa; X Sa,, the function ®(,.)(-) has exactly two
critical points S(y,v) < t(u,w) and two zero Points iy vy < du,v) With S(y.v) < Cluw) <
t(uw) < d(u,w)- Moreover, it holds:

(i) s« (u,v) € Pt

al,a2

if and only if s = S(y0);
sx (u,v) € Py, 4, if and only if s =t(, ;
(ii) (IV(s*u)ll3 + V(s xv)[3)"/* < Ry for each s < c(y) and
I;J,(S(u,v) * (’U/7’U>)
= min{l,(sx (u,v)): s € R and (|V(sxu)||2 + |V (s xv)[|3)}/? < Ry} < 0;

(iii) L, (t(u,0) * (u,v)) = maxser [, (s * (u,v)) > 0 and P, () is strictly de-
creasing on (t(y,.), +00);
(iv) The maps (u,v) = S(uv) € R and (u,v) — t(y.) € R are of class C*.

Proof. Let (u,v) € Sa, X Sa,. First, we show that @, ,(-) has at least two critical
points. We recall that by (3.3), we obtain

Dy (8) = Luls x (w,0) > b ((IVulf + [ Vel3)2).

and so

R R
Py)(s) >0 forall se <1og 0 ! ) .

, log
(IVaull5 + [[Vol|3)1/2 (IVull3 + [[Vv]|3)1/2

Clearly, ®(, ,)(—00) = 07 and @, .)(4+00) = —oco. It is proved that ®(,.)(-) has
at least two critical points s(, ) < t(4,v), Where t(, ) is the global maximum point
at the positive level, and s, ,) is the local minimum point on

(—oo log Fo )
C T (IVullz + (IVel3)2

at the negative level. Now we claim that @, .)(-) has no other critical points. In
fact, as @, ,(s) =0, we get

o) =qn [l +10l%) da

with
g(s) = e(g_q""Z)s/ (IVul® + |V0|?) dz — 26(2*_‘”‘1)8/ Ju|®|v|? da.
RN RN

It can be seen that g(-) has a unique maximum point, so the above equation has at
most two solutions.
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On account of szuw)(s) = P(s* (u,v)), it gives s x (u,v) € Py, 4, implying that
5 = S(u,) O t(y). By combining that s, . is a local minimum point of ®, )(s)
and P?, .. = 0, we immediately infer that @7, ) (8(uw)) > 0, which implies that
S(uyw) * (u,v) € 73;'1}@. Similarly, we have that (, ) x (u,v) € Py, ,,-

By the monotonicity and recalling the behavior at infinity of ®(, ,)(-), we see
that @, .)(-) has exactly two zero points c(, ) and d, ) With s,.) < ¢, <
t(uw) < d(uw). Particularly, @, .)(:) is strictly decreasing on (t,,+00).

Finally, we show that (u,v) = s(.,) € R and (u,v) = t@,,.) € R are of class
C1. Indeed, we can apply the implicit function theorem on W (s, u,v) := <I>’(u’v)(s).
Then we have

U (S(u,0)s U v) = ¥(tey,v),u,v) =0,
8S\P(S(u,7j)7u7v) = (I)Elu,y) (S(u,v)) > 07
BS\I/(t(uw),u,v) = (I)I(/u,v) (t(u,v)) <0

and Pg’m = () imply that it is not possible to pass with continuity from ’P;rlm to
P

o1.ap- Lhus, we know that (u,v) = s(,.) € R and (u,v) = t(,.) € R are of class
Cl. O
By using Lemma 2.1 of Li-Zou [30], if ¢ € (2,24 %), it holds
my(a1,0) <0 and my,(0,a2) <O. (3.7
For k > 0, we define

1/2
Ay = {(u, V) € Sa; X Sa,: (/ (IVul® + |[Vo]?) dx) < k:}
RN

Lemma 3.4. If0 < p < min{u, us}, then the following statements hold.
(i) mu(a1,a) = infa, I, (u,v) <0;
(i) my(a1,a2) <my, (b1,b2) for any 0 < by <a1,0 <by < as.
Proof. (i) By Lemma 3.3, we have
P(jlm = {8(uw) * (U, 0): (u,v) € Sa; X Sa,} C AR,
and

my(ar,az) = inf I,(u,v) = inf I,(u,v)<O.
a1,az Pdia
122

Clearly, my,(a1,az2) > infa, I, (u,v). On the other hand, for any (u,v) € Ag,, we
get
my(ay, az) < I(Seuw) * (u,v)) < Iy(u,v),
which implies that m,(a1,a2) < infa, I.(u,v). Thus, it holds my(a1,a2) =
infap, 1u(u,v).
(ii) This can be proved by following the strategy by Jeanjean-Lu [28, Lemma 3.2],

where a scalar equation is considered, with minor modifications. By the definition
of t in (3.4), we have as in (i), that

my (a1, as) = iﬁlf]“(u, v).
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For arbitrary ¢ > 0, we prove that m,(a1,a2) < my, (b1,b2) + €. Let (u,v) € A; be
such that
5

I, (u,v) <my, (by,b2) + 2 (3.8)
and let ¢ € C5°(RY) be a cut-off function with ¢ € [0,1], ¢ = 1 on B;(0) and ¢ =0
on R3\ By(0). For § > 0, we consider us(x) := u(z)¢(dx) and vs(x) := v(x)p(dx).
Obviously, (us,vs) — (u,v) in H as 6 — 0. As a consequence, for n > 0 small
enough, there exists 4 > 0 small enough such that

1/2
I, (us,vs) < I,(u,v) + Z and (/ (IVus|? + |Vos|?) das) <t-—m.
RN

Now, we take ¢ € C5°(RY) such that supp(¢) C B(0,1+ %)\ B(0, $). Define

2 2
2 a% — [lusll3

ell2

af — [|us|| y 1
Wy = —F——7—— X @ and wp =
¢ llell2

then

(supp (us) Usupp (vs)) N (supp (s x wa) Usupp (s x wyp)) = 0,

for s < 0. Hence (us + 8 * Wy, vs + s *wp) € Su, X Sa,. Note that
1/2
I, (s % (wq,wp)) = 0 and </ (IV (s % wa)[? + [V (s % wp)|?) dx) —0
R

as s — —oo, thus we obtain

N

I, (5% (we,wp)) <

</sz (IV(sxwa)* + |V (s xwp)|?) dx>1/2

for s < 0 sufficiently close to —oo. Consequently,

(3.9)

IA
NS &M

1/2
(/ (IV(us + s * wa) > + |V (vs + 5% wp)[?) da:) < t,
RN

and combining (3.8)-(3.9), we have
my(ai,a2) < I, (us + 8% we,vs + 8% wp) = I, (us,vs) + I, (8 x Wa, 8% wp)
<my (b1,b2) + ¢,
which completes the proof. ([

Proof of Theorem 1.1. By choosing 0 < p < min{pg, o}, then combining (3.7),
Lemmas 2.5 and 3.4, it is sufficient to show that at the m, (a1, a2) level, there exists
a radially symmetric Palais-Smale sequence for I, | Sa, xSa, Such that P (tn,vn) — 0
and u,, ,v,; — 0 a.e.in RY.

Let my(a1,a2) = infa, nm, Iu(u,v). By the symmetric decreasing rearrange-
ment, it is easy to verify that m,(a1,a2) = my(a1,a2). Taking a minimizing se-
quence {(tin, On) nen for my (a1, az) = infa, ~m, 1,(u,v), after passing to (|in|, [0, |)
we may assume that (&,,0,) are nonnegative. Furthermore, by using I, H(s(amf,n) *
(U, 0n)) < 1y(lin, Uy ), and replacing (tn, On) by (Un, Un) := S(a,,5,) * (Un, 0n), We
get a minimizing sequence (u,,v,) € P/, ., .. Thus, by Ekeland’s variational prin-
ciple (see, for example, Willem [47]), there exists a radially symmetric Palais-Smale
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sequence (U, vy,) for IH|SQ1,T><Sa2,r (hence a Palais-Smale sequence for Iu|sa1 X Sa, )
satisfying ||(tn,vn) — (Un,0pn)|| — 0 as n — oo, which indicates that

P (tn,vy) = P (Up,0p) +0,(1) =0 and wu,,v, —0 aeinRY.

Then Lemma 2.5 with ¢ = m,.(a1, a2) implies that there exists a (u,v) € H,,u,v >0
and A1, A2 > 0 such that, up to a subsequence if necessary, (un,v,) = (u,v) in H,
and (A1, A25) — (A1, A2) in (RT)2. From the strong convergence, (u,v) € Pa,.as
is a solution of (1.1)-(1.2) and thus a normalized ground state.

4. PROOF OF THEOREM 1.2

In this section, we deal with the L2-supercritical case g := 2 + % < q<2*. We
consider once again the Pohozaev manifold P, 4,, which can be decomposed as

Pal,ag = 7)+ U PO U P_

ai,az ay,az ay,az”’
: 0
If there exists (u,v) € Py, 4,

(@70 — 217, / (Jul? + [o]7) dz + 2(2° — 2) / fu* [o]? dz = 0.
RN RN

Since ¢, > 2, there must be (u, v) = (0,0), which contradicts the fact that (u,v) €
Sa, X Sa,. This implies that 7331@2 = () and then, as in Lemma 3.2, we can prove
that Pg, 4, is a smooth manifold of codimension 3 in H. However, we know that

the geometry of P, will be different from the one in Lemma 3.3.

then we have that

1,02

Lemma 4.1. For each (u,v) € Sa, X Sa,, there exists a unique t, .,y € R such
that t(y ) * (u,v) € Pay,ay, where te, ) is the unique critical point of the function
of ®uw) and it is a strict mazimum point at positive level. Moreover, it holds:

(i) Poyan = a1,a00

(ii) Py, (s) is strictly increasing on (—00,t(y, ) and

(I)(u,v)(t(u,v)) = I?eafé((p(u,v)(s) > 01
(iii) The map (u,v) = te,) € R is of class ct;
(iv) P(u,v) <0 if and only if t(, ) <O.
Proof. In view of

D@0y (8) = Lu(s % (u,v))

62S

q%q$S
= (a4 Vo) de - EC / (luf? + o]7) da
RN q RN

2
) 2%s
-2 [ el d,
2* RN
we have

<I>’(u7v)(s):e2s/ (1Vul + Vo) da:—u'yqe‘”“s/ (Jul? + v]7) da
RN RN

—262*5/ lu|®|v|? de.
RN

It is easy to see that @7, ) (8) = 0if and only if

[ 9P+ 90P) do = e [ (ul? 4 Jof") o
RN RN
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e s /R o o 2 g(s).

Clearly, g(-) is positive, continuous and monotone increasing, and g(s) — 07 as
s — —oo and g(s) — +00 as s — +00. Therefore, there exists a unique point £, .,
such that ¢, ) * (u,v) € P, a,, Where £(, . is the unique critical point of ®, ,(-)
and it is a strict maximum point at positive level. By maximality, we have that
(p/(/u,v)(t(u,v)) < 0 and since 73217(12 = (), we conclude that t, ) * (v, v) € P, ,, and
Payas = Pay.ap since @, 4)(+) has exactly one inflection point. In order to show
that the map (u,v) = t¢,,.) € R is of class C', we can apply the implicit function

theorem as in Lemma 3.3. Finally, since <I>EW))(S) < 0 if and only if s > £y ), 50

P(u,v) = @, ,,(0) <0 if and only if (,,,) < 0. O
Lemma 4.2. The minimum my(a1,a2) has a the following minimax representation
my (a1, a2) = aligfsa2 ?eaﬁd”(s * (u,v)).

Proof. For (u,v) € Sy, X Sa,, by Lemma 4.1, we have

maﬂécfu(s * (u,v)) = L(t(uw) * (u,v)) > my(ar,az).
s€

Hence

my (a1, az) < alirxlg% max I.(s % (u,0)).

On the other hand, by using Lemma 4.1, we also obtain

I, (u,v) = Tgﬁclﬂ(s* (u,v)) > Salirxlf’Sa2 Iﬁleaédﬂ(s* (u,v)) if (u,v) € Pay a0,

and thus we conclude that

my, (a1, a2) = H;fs r;leaﬁclu(s*(u,v)).
ag X Say

O

We recall the following useful lemma, which is needed in proving Lemma 4.4
below, see the paper of Bartsch-Soave [8].

Lemma 4.3. The map (s,u) € R x HY(RY) — sxu € H'(RY) is continuous.
Now, we give a way to find the required Palais-Smale sequence in Lemma 2.5.

Lemma 4.4. There ezists a radial Palais-Smale sequence for 1,|s, xs,, at level
my (a1, az) with P (uy,v,) = 0 and u,, ,v, =0 a.e.in RV,

n»vn

Proof. We use the strategy firstly introduced in Jeanjean [20] and consider the
functional I,,: R x HY(RY) x HY(RN) — R defined by

I.(s,u,v) == I,(s % (u,v))
on the constraint R x S,, , X Sq, . It is straightforward to check that fﬂ is of class
C'. Let

I¢ = {(u,v) € Say X Say: I(u,v) < c}.
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Note that, for any (u,v) € S,, X S,,, we have

_2r *
1 2 2 25&52 2 2 27
I,(u,v) > = (IVul* + |[Vo]?) do — —==— (|Vul* + |Vo|?) dz
2 RN 2* RN
~ Ol T IVT = O e T Ve3> 0

and

P(u,v) > / (IVul® + |V|?) dz — 25;27 (/ (IVul® + [Vo|?) da:)
RN ’ RN

1- -
- /rququa‘f( WQ)IIVUIIT" - ﬂ’YqCN,qCLg( ’YQ)HVUHZ’Y“ >0,

if (u,v) € Ay with k small enough. By Lemma 4.1, we know that m,,(a1,as) > 0,
thus if necessary replacing k by a smaller quantity, we also have

1
I (u,v) < 5/ (IVul® +|Vv]?) dz < my (a1, a2).
RN

We consider now the following minimax level

.= inf :f t
o = Inf max u(v(1))

with
I'={y=(a,¢1,p2) € C([0,1],R X Sg, » X Sqy.r) :
7(0) € {0} x Ag,v(1) € {0} x I} } .
Next, we shall show that ¢ = m,(a1,a2). On the one hand, we note that for any

(u,v) € Pq, ay, there are (u*,v*) € Sy, » X Sq, » and P(u*,v*) < P(u,v) = 0, which
implies t. = t(y~ =) < 0. It follows that

Ii(u,v) > I, (i * (u,v)) > I, (te x (u*,0%)) = maﬂglu(s * (u*,v")).
s€
Clearly,
[Vs*u*||3 + || Vs*v*[3 = 0" ass— —oo,
I, (s% (u",v")) = —c0  as s — oo.
So, there exist sg <« —1 and s; > 1, such that so* (u*,v*) € Ay and s1 * (u*,v*) €
12. We define
Yot €[0,1] = (0, [(1 = t)so + ts1] * (u*,v*)) € R x Sqy » X Say,r.
By Lemma 4.3, one has v, € I'. Thus,

o< max Lu(: (1)) < max I(s x (u”,v")) < Lu(u,v),

implying that ¢ < m,(a1,a2). On the other hand, for any path v = («, 1, p2) €T,
we consider the function

P,:te0,1] — P (a(t) * (p1(t), p2(2))) € R.

One easily verify that P,(0) > 0 and P, is continuous. We claim that P,(1) < 0.
Indeed, from Lemma 4.1, if P, (1) > 0, we get t(,, (1),p,(1)) > 0, and then

Li(1(1), 92(1) = @(4,(1),02(1)) (0) > P, (1), (1)) (—00) = 07,
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which is a contradiction. Hence, we deduce that there exists ¢, € (0,1) such that
P, (ty) = 0, namely that, a(ty) * (¢1(ty), p2(ty)) € Pay,as, and so

i 1,(1(0)) 2 L (7)) = L (0083 5 (91 (85) 02 (1)) = my (ar,02),

which implies that o > m (a1, a2). Therefore, 0 = my (a1, az).

Let F = {~([0,1]): v € T}. According to the notation of Theorem 3.2 by
Ghoussoub [19], this means that F is a homotopy stable family of compact subsets
of RX Sy, X Sa, » with extended closed boundary ({0} x A;)U ({0} x IS)7 and that
the superlevel set {f u > o} is a dual set for F, which means that the assumptions
by Ghoussoub [19, Theorem 3.2] are satisfied. Therefore, by using [19, Theorem
3.2], we can take any minimizing sequence {v, ([0, 1]), vn = (&n, 1,0, P2.n) nen for
o with the property that a(t) = 0, @1.,(t) > 0, p2,(t) > 0 for every t € [0,1].
Indeed, replacing v, by ¥n = (0, an * (|¢1.nl;|92.n])), there exists a Palais-Smale
sequence {(Sn, Un, Vp)tnen € R X Sq, » X Sg, 5, such that fu(sn,un,vn) — 0o,

— 0, (4.1)

(Tun Say,rXTvy Sag,r)*

asiu (S'MU'mUn) —0 and Ha(u,v)iu (Snvunavn)

as n — +o0o, with the property that
|sn| + dist ((un, vn) , (91,n([0,1]), 92,0([0,1]))) — 0. (4.2)

Let (U, Tn) = Sn * (Un, Up) € Sqyr X Say,r- By the definition of fﬂ(sn,un, v,) and
the first condition in (4.1), we obtain P(u,,7,) — 0. The second condition in (4.1)
reveals that for any (¢,v) € T%, Sa, r X T%, Sa,.r, Wwe have

I;l, (Wn, n) [0, 9] = a(u,v)ju (8n5 Un,y Vi) [(—8n) * (0, 9)]
=0 (1) [I(=sn) x (&, ¥) ||
=o,(V)|[(¢,¥)||lg  as n — +oo.

From (4.2), we infer that {s,},en is bounded and %, ,w, — 0 a.e.in RY. To

sum up, {(@n,n)}nen is a Palais-Smale sequence for I,[s, ,xs,,, and hence a
radial symmetric Palais-Smale sequence for I,,[s, xs,, at level o = my (a1, az) with
P(ty,v,) — 0. O

We fix aj,a2 > 0. Then, using Lemma 2.1 by Li-Zou [30, Lemma 2.1.], if
qge(2+ %,2*), we have
my(ai,0) >0 and m,(0,a2) > 0. (4.3)
Lemma 4.5. For fized a1,a2 > 0, the following statements hold:
(1) mu(ar,a2) <my (bi,b2) for any 0 < by < a1,0 < by < ay;
(ii) my(a1,a2) is nonincreasing with respect to p € (0, +00);
(iii) im0 my (a1, a2) =07,
Proof. (i) The statements can be shown by Lemma 3.4 (ii). (ii) For any p > u' > 0,
one has

my(ar,az) = Salhxlfsaz max I,(s* (u,v)) < Salirxlfsaz max Ly (s % (u,v)) = my (a1, a2),

from which the conclusion follows. (iii) We first prove that m,(a1,as) > 0 for any
p > 0. Indeed, for any (u,v) € Pq, q,, We have

[ 9+ 1902) e =y [ Qul ot do2 [ Jalfol? o
RN RN RN
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< (/ (IVul® + |Vo]?) d:c)
RN
+ Cy (/ (|Vu|2 + |VU‘2) dx) s
RN

avq

which implies

inf / (IVul* + |Vv|?) dz > 0.
ay,az JRN
Therefore, we deduce from this that

1
my(ar,a2) = inf I,(u,v) — §P(u,v)

ay,ag

: qvq — 2 q q 2 / a8
= f d 1-—— d
it (W22 [ ol ao s 0= 2) [l as
> C inf / (IVul® + |V|?) dz > 0.
RN

ai,a2

Now (iii) holds if we can prove that for any £ > 0, there exists & > 0 such that
my(a1,a2) < e for any p > 7. (4.4)
Choosing ¢ € C§°(RY) with ||¢||2 < min{a;, as} and noting that
mufar, a2) < my (9], 9]1) < max (s x 6, 5% 6)
(4.5)

seR

ed7q8
—max2 (Bls=0) - "ol
where F(u) is defined by

1 1 *
E(u) = §/RN |Vu|* dz — §AN |u|?” da.

Since E(s x ¢) — @Hqﬁng — 07 as s — —oo, there exists sp > 0 such that
_ pedve®
B(s % g) — 10t

P4 < e for any s < —sg. On the other hand, there exists 77 > 0

such that
e pedes
Jax 2| E(sx¢) = — —llollg
IVol5" _ pem e ) _
<2 - ol|2) <e for u>n.
(e~ o hET
and so maxsecp 2 (E(s *¢) — #Hqﬁ”%) < € when p > fi. Therefore, by combining
this with (4.5), we obtain (4.4), and the conclusion follows. O
Recall that the minimizer for S in (2.3) is achieved by the function
N—-2
N-2 € 2
Ue(z) :=(N(N=-2)) 7 | —— )
(@) i= (N =27 (s )

where € > 0 is a parameter. We define the test functions n.(z) := ¢(x)U.(x), where
#(x) € C§°(RYN) is a radial cut-off function with ¢ € [0,1], ¢ = 1 on B;(0) and
# = 0on RN\ By(0). By Jeanjean-Le [27] or Soave [12], we can derive the following
well-known asymptotic estimations.
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Lemma 4.6. We have for e — 07

IVnel3 = 5% +0(N2),
=87 +0(eN),

[17e
0(g?), if N > 5,
In:113 = § O(e*| ne), if N =4,
O(e), if N =3,
and
O(eN-WN=2)a/2) " if N >4 and q € (2,2*) or if N =3 and q € (3,6),
Inell = 4 O(e2/?), if N=3 and q € (2,3),
O(%/?|In¢l), if N =3 and q = 3.
Lemma 4.7. Fiz ay,as > 0, then
N
my(ai,a2) < % (S;’B) i for all pn > 0.
Proof. We define
ue= e and ve = 2,
[17¢ 12 [17e |2

Let t. := t(y.0.) be given by Lemma 4.1. Then by (2.6) and t. * (uc,v:) € Pa, 4z,
for € > 0 sufficiently small, we have

my (a1, as)
< I[L(tE * (ue,ve))

2t. ) ) Meqwqts
> [ (Va4 Vo) do - [ (et oy aa
RN q RN

262*255
_ /N e |0 | d
R

€

2*

52 9 9 252 (4.6)
< sup (2/ (|Vu€| + |V ) dz — T / |u5|a|ve\3 d:z:)
s>0 RN RN
e Il
715
- ¥ (S(%B)g +0(EN7?) — Cetrate Imellg
N\ 2 (AR

where we have used that

s2 252" 1 A N/2 .
§1>1%) (2A — 2*B> =~ ((23)2/2> with A, B > 0.

According to P(t. * (ue,ve)) = 0, we have that
26(2*’2)’55/ e |*|ve|? da §/ (IVu: > + |Vve|?) da.
RN RN
Hence it follows that

2 2 72
etf S (fRN (|Vu5| + |V'Ug| ) d{E) ' (47)

2 fRN |ue|¥|ve |8 da
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From (4.7), P(te % (ue,ve)) = 0 and the fact ¢y, > 2, we infer that
(2" —2)t.
e

_ S~ [Vue|® + |Vo.|? da e ey lue|? + |ve|? do
2 [on |ue|®fve]? da a 2 [ [uel®ve|? da
S~ [Vue|® + |Vo.|? da

- 2fIRN |ue||ve|P dz

avq—2
fRN ue|? + [ve|” dz (f]RN V| + |Vv5|2dm> e
— K
1 2 [ Juc|¥[ve|? do 2 [on |ue|*ve|? da

IV [3lIm 5> = e N S I
=2t G =l Vnelly, 77 el 77 :
1113 o o el
On account of Lemma 4.6, by using ||Vn||2 — 52, |n]2: — 5= and
[ O(=" ™), if N =3,
——— = a(1—g) i
Il \O(mel=="), N =4,
as € — 0, for some constant C' > 0, we can obtain
e's 2 Cllnell2-
Consequently, by using (4.6), for all sufficiently small € > 0, we infer to
N
2 2 171
my(ay,az) S( ) +O0(e —-C———3_
‘ N Imells~
N 6-—q
AN O(e™=), if N =3,
<= < 6) + O(EN 2) ( ) a(1—q) .
(|IIne¢| ), if N =4,
2 (Sap)?
a,f
<<\ )
~ (%)
from which the statement of the lemma follows. (|

Proof of Theorem 1.2. Combining (4.3) along with Lemmas 2.5, 4.4, 4.5 and 4.7,
the proof is complete. O

5. PROOF OF THEOREM 1.3

In this section, we deal with the L?-critical case ¢ =G := 2+ % < 2*. Note that
qvg = 2. We first introduce the following constant
-1

py = 2CRY (a7 +a3?) . (5.1)
Lemma 5.1. For p > 0, we have
21 7 7
Oular,as) = {<u,v> € Suy % Sunt [Vl + 1901 > 2 (a7 + ||v||3>} 40,

If 0 < p < ps, then Opy(ar,a2) = Sq, X Sa,-
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Proof. Tt 0 < p < g, for (u,v) € Sy, X Sa,, we get

QTM(\\Ulngr [v]1Z) < %“C‘N,a(a?z +a %) (Va3 + [Vol13) < (IVul3 + [[Vol3),
hence S,, x S,, = Opu(ar,az2). If 4 > ps, we claim that

IVl + 1008 _ 52)

(u.0)€80, xSay  [ullg + [JV]|3

from which O, (a1, az) # 0 follows. For this purpose, we consider the function
sinn|z|, if |z| <,
n(T) ==
9n(@) {O, if |z >,
and define u,, = ”gﬁqbn,vn = Hdgﬁ(b”' Clearly, (un,vn) € Sa; X Sa,. Since
IVénl3 = O(n?), [[énll3 = O(1) and |¢s 5 = O(1), one has

q—2
IVl + Vol _ at +ad Il onld*IVeul L

lunllg +llvallg — af +a3 [énllg
and (5.2) follows. O
Recall the decomposition
Pa17a2 = ,Ptj_l,tm U P21,a2 U P!1_1,a2’

introduced in (2.9). Then, we have the following conclusions, by analogous argu-
ments as in Section 4.

Lemma 5.2. For each (u,v) € Oy(a1,a2), there evists a unique tq, ) € R such
that () * (u,v) € Pay ay, where t(y ) is the unique critical point of the function
of ®(u). Moreover, it holds:

(1) Pariaz = Py 4, and Pay e, 05 a submanifold of H;

al,a2
(ii) sx (u,v) € Pay,ap if and only if s =ty )5
(iii) ®(y,)(s) is strictly decreasing on (t(y,.), +00) and

) = ) ;
(u,v)(t(u,v)) I?gﬂé( (um)(s) > Oa

(iv) The map (u,v) — t(,0 € R is of class C*.
Lemma 5.3. my(a1,a2) has a minimax representation of the form

my(ar,a2) = o (igf@)r;lgﬂg[u(s* (u,v)).

From Soave [11], we know that for fixed A, u > 0,
my(a1,0) >0 and m,(0,as) > 0. (5.3)

Lemma 5.4. If 0 < p < ps, then there exists a radial Palais-Smale sequence for
Lo, (a1,as) at level my (a1, az) with P (un,v,) — 0 and uy, v, — 0 a.e.in RV.

The proofs of Lemmas 5.2, 5.3 and 5.4 can be carried out analogously as it was
done in the proofs of Lemmas 4.1, 4.2 and 4.4, respectively. So we omit it here.

Lemma 5.5. Let 0 < p < ps and fiz ay,a2 > 0. Then the following statements
hold:

(i) mu(ar,a2) < my (bi,b2) for any 0 < by < a1,0 < by < ag;
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(ii) my(a1,az2) is nonincreasing with respect to p € (0, pus).

Proof. (i) Since 0 < pu < pz implies O, (a1,a2) = Sq, X Sq,, the statement can be
proved as in Lemma 3.4 (ii).
(ii) For any ps > p > i/ > 0, one has

my(ar,az) = Salirxlg rilea]é(] (s % (u,v)) < Sallrxlfsa2 r?gﬂégl (s % (u,0)) = my (a1, az),
from which the assertion follows. O

As in the previous section, the following estimate will play a crucial role in the
proof of the existence of a ground state.

Lemma 5.6. Let 0 < p < us and fiz ay,az > 0. Then it holds

N
2 (S,5\7%
my(ai,a2) < N ( 2’ﬁ>

Proof. We first prove that m,(a1,a2) > 0 for 0 < o < p3. Indeed, for any (u,v) €
Payas, by (2.7) and (5.1), we have

/ (IVul® + |Vo[?) do = T“/ |u|q+|1} d:z:+2/ |u||v]? da
RN q RN
Ll ( (IVul® + |Vol?) d )

H3
+C </ (IVul® + |Vo|?) dx) ,
RN

inf / |Vu|? + |Vo|? dz > 0.
(4,9)€EPaq, a9 JRN

which implies

Therefore, we deduce that

1 2
= i — — — — ] o B
my (a1, asz) i?faz I, (u,v) 2P(u,v) N 7’}.?{12 - [u|*|v]” dz > 0.
Recall the test functions n.(x) := ¢(x)U.(x) and the definitions
a1 a2
Ue = ——n. and v, =

T e
72 17 |2
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from Section 4. Let t. := t(,_,.) be given by Lemma 5.2. Then by (2.6) and
te * (Ug,Ve) € Pyy.ay, for € > 0 sufficiently small, we have

my (a1, a2) < I, (te * (ue,ve))

o2te je?te _ .
- / (1Vuel? + [Voel?) do — K / (el + 0. 7) da
RN q RN

262*t€
2 [l d
RN

52 252"
<swp (5 [ (V0P +90P) o= 2 [ fuloas) (59
s>0 RN RN
2t 17ell
(1113
2 (Sap)? [ |12
=2 (228) " 4 o) - et BT
N( 2 ) 7113

where we have used again the fact that

52 252" 1 A N/2

TA-E By = (2 ith A, B > 0.

(54 50) - w (o) v
According to P(t. * (ue,v:)) = 0 and the fact gyg = 2, for some constant C' > 0,
we infer that
o fu (V04 D) e (Juel+ ") dz
2 [on |uc|*|ve|? da 2 [on [uc|¥ve|P da

I Vue|” + Vo) da
><1* *C*aq2+aq2)fRN(
> 1gCn g(al > ) 2 [an [ue]®|ve|? da

B O
[l7e 113
where we used 0 < p < p3. Furthermore, on account of Lemma 4.6, by using
V013 — S% and me13 — 5% as e — 0, for some constant C' > 0, we have
e's > Olfnell2- (5.5)
Thus, in conjunction with (5.4) and (5.5), for € > 0 sufficiently small, yields

)

¥ ||775||g
my(ay,az) < ( ) +0(e n ”632
ell2
N 6—q .
< £ <Sa 5) 2 +O(€N 2) O(E 4 )7 ) 1fN:37
B 2 0(|1ns|* ), if N =4,
N
Sap\ 2 N_2 (5) if N =3,
< = (0]
= (2 ) TOET TN 0(me ), N =4,

(%)

This proves the assertion of the lemma. (]
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Proof of Theorem 1.3. The proof follows by combining (5.3) with Lemmas 2.5, 5.4,
5.5 and 5.6. (]

6. PROOF OF THEOREM 1.4

In this section, we deal with the L2-supercritical case 2+ % < q<2"whenpu>0
is large enough. Recalling the strategy introduced by Jeanjean [26] and consider
the auxiliary functional

fu: R X Soy X Sa, = R, (s,u,v) = I,(s* (u,v)),
where

Ns
2

v(e%)) .

sx (u,v)(z) = (sxu,s*xv)(x) = (e%u(esx),e

By a direct calculation, we have

/ V(s % (u,v))|* do = 628/ (IVul]® + |Vo|?) da,
RN RN

/ [s x (u,v)|?dz = S
RN

/ \s*u\a|s*v\5dx:ez*s/ [ [o]? da.
RN RN

Then, it follows that

S/N (lu[? + [v]?) dz for all ¢ € [2,27],
R

and

I(s,u,v) = I,(s* (u,v)) =1, (eN;u(esx), e%v(esx))

628 ueq’yqs
:7/ (IVal? + |Vol?) dx—i/ (Iul? + [v]7) da
RN q RN

22*3
_x / |0l da.
2% Jon

Summarizing the above expressions, we have the following result.

Lemma 6.1. For any fized (u,v) € Sy, X Sa,, there hold
(i) / IV (s* (u,v))|*dz — 0 and I,(s* (u,v)) = 0 as s — —00;
RN

(i) /RN IV (s x (u,v))|* dz — +oo and I,(s* (u,v)) = —occ as s — +0o0.

Lemma 6.2. There exists K(a1,a2) > 0 sufficiently small such that

I,(u,v) >0 forueK; and 0< sup I,(uw,v)< inf I,(u,v),
(U)U)GKI (u7U)EK2

where

K; = q (u,v) € 84y X Say: / |Vul|? + |Vo|? dz < K(al,ag)},
Y (6.1)

Ky = {(u,v) € Say X Say: / |Vu|2 + |Vv\2dx = 2K(a1,a2)} .
RN
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Proof. Let K > 0 be arbitrary but fixed and suppose (u1,v1) € Sy, X S,, and
(ug,v9) € Sy, X Sq, satisfying

/ (IVui[* 4+ |Vo1?) dz < K and / (|Vuz|* 4+ |Vva|?) dz = 2K.
RN RN

Then, for sufficiently small K > 0, by (2.1) and (2.5), it follows that

IH(U,27'U2) — Iu(ul,vl)

1 2
= */ (IVug|* + [Vvo|?) dz — 3/ (luz|? + |va]?) da — **/ |ug|*[va|” d
RN q JRN 2% Jrn

2
1 2 2 H q q 2 al,, B
— - | (Vu|]" + Vo [F)de 4+ = [ (Jua]” + [v1]*) dz + [uy|*[v1]” dae
2 RN q JrN 2% RN
1 2
zf/ <|Vu2\2+\w2|2>dx—ﬁ/ <|u2|Q+|v2|Q>dx——/ iz ol da
2 RN q JrN 2% RN
1
_7/ (Ve 2 + Vo |2) de
2 Jon
Y S e S

where we used that 2* > 2 and w > 1. On the other hand, for K > 0 small
enough, for any (u1,v1) € Su, X S, satisfying f]RN |Vui|? + |Vor|?de < K, from
(2.1) and (2.5) again, we infer to

1
Lo =3 [ (VP4 9uf) o= [ ol + o) d

2
2* Jr

| 5
> 5/ (IVui]® + [Vur[*) dz — C5 (/ (IVur* + [V [?) dx)
RN RN

N(q—2)
- Cy (/ (|VU1|2 + ‘V1)1|2) dl‘)
RN

Hence, we can choose a sufficiently small constant K (aj,as) > 0in (6.1) such that

I,(u,v) >0 forueK; and 0< sup [I,(u,v)< inf I,(u,v),
(u,v)EK1 (u,v)EKo

Jur|*|oa|” de
N

where K7 and K> are given by (6.1). O
On account of Lemmas 6.1 and 6.2, for fixed (ug,vo) € Sa, X Sa,, there exist two
constants s1, s satisfying s; < —1 < 0 < 1 < s5 such that
K(ai,a
/ (|[Vui|? + |Vo1?) dz < M, / ([Vus® + |Vua|?) dz > 2K (a1, a2)
RN 2 RN

and

IM(’U,l,Ul) >0, IH(U27'U2) <0,
where (u1,v1) := 81 % (ug,vo) € Sa; X Sa, and (ug, va) := s2 * (ug, Vo) € Sa; X Sa,-
Based on this, we now define a minimax level

Yular,az) == ;relf, Jnax I.(g(1)),
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where

.= {g € C([Ov 1]55111 X Saz): g(O) = (ulavl)vg(l) = (u2av2)} .
Then for any g € T" there holds

e, L,(g(t)) > max{[l,(u1,v1), I, (uz,v2)},

which implies v, (a1, az) > 0.
Lemma 6.3. It holds lim,, 1 o v,(a1,a2) = 0.

Proof. For any fixed (ug, Vo) € Sa; XSay, we set go(t) := [(1—t)s1+ts2]*(ug,vo) € T
Therefore, we can obtain

Iu(go(t)) = max IN ([(1 — t)Sl + th] * (UO,’U()))

0< ai,as) < max
(a1, a2) < te[0,1] te[0,1]

1
= max {eQKl_t)slez]/ (IVuol? + [Vuol?) dz
te[0,1] | 2 RN

B geqT%N[u_t)lertsz]/ (Juol? + |vo|?) dz
q Y
2 .

_ 2 o2 [(1=t)s1+tss] / |uO|a‘U0|ﬁ dx}
2% RN

1 —
< max {7“2/ (Vo> + |Vuo|*) dz — B / (luo|? + |vol9) dx}
r>0 |2 RN q RN

4
< Cpu Na=2-%2 — 0, as yu — +00,

since2+%<q<2*. (]

For convenience, we set f(ti,to) = ult1|9%t; + plta|9" 2ty for any ti,to € R.
Utilizing the same argument as Proposition 2.2 by Jeanjean [26], there exist a Palais-
Smale sequence {(tn,Vn)}nen C Sa, X Sq, associated with the level 7, (a1, az) such

that
Iy (un, vn) = yular, a2),  1ls,, xSay (tns vn)l| = 0 and  P(up,v,) — 0, (6.2)

as n — 0o, where

P(un,vn):/ (1Vunf? + Vo) dx—Z/ | 0m|?
Y Y (6.3)

N
N [ P de— Y / £ty 00) (0 da,
an 2 Jen

with f(un, vn)(Un, V) := w(|un|?4|vn]?). According to Proposition 5.12 by Willem
[47], there exists a sequence {(A1,n, A2.n)}nen € R X R such that

I, (tn; vn) + A n(Un, 0) + A2.n(0,0,) = 0 as n — oo. (6.4)
Lemma 6.4. There exists a constant C = C(N,q) > 0 such that

limsup/ F(upn,v,)dz < Cyular, az),
RN

n—oo

lim sup f(tn, v0) (tUn, vp) dz < Cyy(ar, az),

n—00 RN

limsup/ |V, |* + [V, > dz < Cy,(ar, az2).
RN

n—oo
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Proof. From I,,(tn,v,) = Yu(a1,a2) and P(uy,v,) — 0 as n — oo, we have

NVM(GLCQ) +On(1)
= NI, (tn,vyn) + P(tn,vy)

N +2 2N + 22*
_N+2 / (1Vun]? + [Von|?) dz — 2N 122 / | [0 | da
RN RN

2 2%
N
Y f(unavn)(uruvn) d.’II
2 Jan
1 2 2 2 « B
< (N +2) 5 (|Vun| + [Vn| ) = oy lunl*vnl” | do
RN 2 2*
N
Yy f(unyvn)(unavn) dl‘
2 Jan
= (N +2)[yu(a1,a2) +/ F(up,vn)dz + 0,(1)]
RN
N
Yy f(unavn)(unavn) d.’l?,
2 Jan
which leads to
N
2yu(a1,a2) + on(1) > — f Uy vn) (g, v) dz — (N + 2)/ F(up,v,)dz
2 ]RN RN
Ng
=— F(upn,v,)dz — (N 4+ 2) F(up,v,)dz
2 RN RN
Nqg—2(N +2
AL Bt G (W +2) / F(up, v,) dz.
2 N
That is,
4
li F(up,vp)de < ——F—"0 ,a2), .
17?1—>Sol<13p/RN (U, vp) d Nq—2(N—|—2)7“(a1 as) (6.5)
and thus
lim sup f(unvvn)(un7vn) dz < C"Y/L(ala a2)' (66)
n—00 RN
Again by (6.2) and (6.3), we infer that
1
Yular, a2) + on (1) = I/ (tn, vn) — ij(uruvn)
1 1
(- = / (IVun > + |V, |?) do
2 2% RN
(6.7)

(14 2) [ P

22*/ £ (un, v ) (Un, vy,) da.

Consequently, by combining (6.5), (6.6) and (6.7), we immediately obtain

hmsup/ (IVun > + |V, |?) dz < Cyu(ar, as).
RN

n— o0
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In view of the boundedness of {(un,v,)}nen in H,. and Lemma 2.1, up to a
subsequence, there exists (u,v) € Sg, » X Sq,,r such that
(Un,vn) = (u,v), in Hy,
(U, vp) = (u,v), in L (RN) x Lt (]RN) for t € (2,2%), (6.8)
(Un,vpn) = (u,v), a.e.in RV,

as n — oo. Using 2 + % < q < 2%, we obtain

lim |un|qu:/ |u|?dz  and lim/ |vn|qu:/ |v|? d.
n—oo RN RN n—r00 RN RN

Now, take (uy,0) and (0,v,,) as test functions in (6.4), we see that {(A1,n, A2.n) }nen
is bounded in R x R. Thus, there exists (A1, 2) € R x R such that, up to a
subsequence, (A1, A2n) = (A1, A2) as n — oo.

By using the concentration-compactness principle, we obtain the following result.

Lemma 6.5. There exists u* > 0 large enough such that for any p > p*, one has
/ |t |“ v |P daz — / lul*|v|® dz  as n — oco.
RN RN

Proof. By Lemma 2.3 and Lemma 2.4, we divide the proof into three steps.
Step 1. We show that w; = 2v;, where w; and v; are given in Lemma 2.3.
Let ¢ € C5°(R?) be a cut-off function with ¢ € [0,1], ¢ =1in B (0) and ¢ =0
in RV \ B1(0). For any p > 0, we set
T —x 1, if |z — ;] < 1p,
0o(x) = ¢ <J> - : il>3
p 0, if|z—xz;|>p.

By Lemma 6.4, we know that {(,u, }nen and {¢,v, }nen are bounded in H!(RY).
Then, we choose (¢,un, ¢,vn) as a test function in (6.4) and let p — 0. This gives

lim lim (IL (tns V) + A n (Un, 0) + A2, (0, v1), (@ptin, @pvn)) = 0. (6.9)

p—0n—oo

From (6.8), the definition of ¢, and the absolute continuity of the Lebesgue integral,
it follows that

lim lim Yplun|?de = lim/ ©plul? dz
p—0n—00 JpN p—0 JpN
(6.10)
= lim olul?dz =0,
PO |—a,1<p /
N 4 g — T aq
lim lim_ - Pplvn|? dz /}g%/RN Pplv|? dx
(6.11)
= lim wolv|?dx =0,
=0 Jo—asi<p
. . 2
,l;lg%) nh_}rglo /RN Anppu, de =0, (6.12)
and
. . 2 .
;1_% nh—>Holo - A2nppv;, dz = 0. (6.13)
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Using Lemma 2.3 leads to

. . 2 2
P A, o # (Ven” V0l d

(6.14)

= lim [ gy = w({a}) =

and

p—0n—oo

lim lim ©pltin|*vp|? dz = lim / ppdv =v({z;}) = vj, (6.15)
RN p—0 RN
Summing up, from (6.9)-(6.15), taking the limit as n — oo, and then the limit
as p — 0, we infer that
wj = 21/j.

Step 2. We show that w., = 24, Where wo, and v, are given in Lemma 2.4.
Let ¢ € C§°(R?) be a cut-off function with ¢ € [0,1], ¢ =0 in Bi/2(0) and ¢ =1
in R3\ B;(0). For any R > 0, we set

o z\ _ J0, |z[ < iR,
vr(@) =4 (F) = {1’ oo

By Lemma 6.4, we know that {1 gt }nen and {9 rvy, }nen are bounded in H!(RY).
Then, we choose (Yrun,, YRV, ) as a test function in (6.4). Furthermore, let R — oo,
we can easily obtain that

lim lim <IIIL (una Un) + Al,n(uru O) + /\2,n(07 vn)v (¢Run7 van» =0.

R—00 n—00

By the definition of 1 g, we have

/ (IVun|? + Vo |?) de/ Vi (|Vun | + Vo, *) da
{z€RN : |z|>R} RN

g/ (|[Vun > + |V, |?) da.
{z€RN: |z|>4 R}

Thus, by virtue of Lemma 2.4, we get

R— 00 n—00

lim lim / V(| Vun|? + |V, ) dz = wee, (6.16)
RN
Similarly, we can deduce the following limits:

lim lim/ Yr|tn| v, |? de = lim/ YrdV = Vs, (6.17)
RN R—oo RN

R—ocon—o0

lim lim/ Yrlu,l?de = lim/ Yrlu|?dz
RN R—oo JpN

R—ocon—o0

(6.18)
= lim Yrlulfdr =0,
R— o0 |I|>%R
lim lim/ Yr|vp|!de = lim/ Yrlv|?de
R—ocon—oo JpN R—oo JpN
(6.19)

= lim Yrlv|?dz = 0.

R—o0 |I|>%R
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lim lim/ M ngul dr =0, (6.20)
N

R—ocon—oo Jp

and

lim lim Ao.nthgrv2 dz = 0. (6.21)

R—ocon—oo JpN
Then, from (6.16)—(6.21), taking the limit as n — oo, and then the limit as
R — o0, we conclude that
Weoo = 2V

Step 3. We prove that v; = 0 for any j € J and voc = 0. Suppose by
contradiction that there exists jo € J such that v;, > 0 or v, > 0. Steps 1 and 2
along with Lemmas 2.3 and 2.4 imply that

_ atB —otf atB
vio < (Sqpwin) T =Sa5" (20j) T, (6.22)
or
Voo < (57 hwe) T = 5, 2 * (20.0)“F (6.23)
from which we find either v;, > (Sz") 2 O Voo > (S‘* 2)%. We first consider

the case that (6.22) holds. It follows from Lemma 6.3 that there exists a positive

constant p* large enough, such that
N

1 1 Sa\ ?
Yular,a <2(—*)< )
w(ar, az) .2 5

for any p > p*. Recalling I,(un,vn) = vu(a1,a2) and P(uy,v,) = 0, we have

Yu(a1,a2) = lim <Iu(un,vn) — 1P(un,vn)>

n—oo q’yq

1
) (
q7q

( 1
q7q

( 1
2 P
d7q

1
2 (
d7q

in contradiction to the fact that

Y

hmbup/ Ppltin]*vn|? dz
RN

n—

/ ppdv
RN

1 1 Sas\?
Yular,a <2<—*>( )
;1,(1 2) q7q 2 2

If (6.23) holds, the proof is similar to the above statement and we get a contradic-
tion. Therefore, we have proved that v; =0 for any j € J and v, = 0.
Moreover, by combining this with Lemmas 2.3 and 2.4, we have

/N |t | ¥ v |? dz — /N lu|*|v|® dz, as n — oo,
R R

Y
)

Y

SR

S
o

N— " — 7
oz

Y

I
N =
N———
7N

n
N R

@

which completes the proof. O
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Proof of Theorem 1.4. We note that all calculations above can be repeated simi-
larly, replacing I,, by the functional

I (u,v) = 1/ (IVul]® + |Vo|?) dz — g/ (|u+|q + |v+|q) dz
RN RN

2
) (6.24)
- — lut vt |? da.
2* RN
Using (u~,0) and (0,v7) as test functions in (6.24), in view of (I,})'(u,v)(u~,0) =0
and (IF)'(u,v)(0,07) = 0, where w™ := min{w, 0}, we get u~ = 0,v~ = 0, and so,

u > 0,v > 0. Therefore, we have that u,, — 0,v;; — 0 a.e.in R as n — co. Then
it follows from Lemma 2.5 and Lemmas 6.4, 6.5 that the proof of Theorem 1.4 is
finished. ([
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