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ABSTRACT. The first part of this paper deals with existence of solutions to the

quasilinear elliptic problem

—diva(z, Vu) = f(z,u, Vu) in Q,
P
a(z, Vu) - v = g(z,u) — ClulP"2u  on 99, ®)

involving a general nonhomogeneous differential operator, namely diva, and
Carathéodory functions f : @ x Rx RV — R and g : 90 x R — R. Under
appropriate conditions on the perturbations, we show that (P) possesses a
bounded solution. In the second part, we consider the special case when div a
is the (p,q)-Laplacian with a parameter p > 0, and study the asymptotic
behavior of solutions as p goes to zero or to infinity. A uniqueness result is
also provided.

1. INTRODUCTION

Let Q C R¥ be a bounded domain with a C2-boundary 9. In this paper, we are
interested in the existence of solutions to the following quasilinear problem, driven
by a nonhomogeneous differential operator and with nonlinear boundary condition,

—diva(z, Vu) = f(z,u, Vu) in Q,

1.1
a(z,Vu) - v = g(x,u) — |ulP*u on 09, (1.1)

where v(z) denotes the outer unit normal of Q at z € 9Q, 1 < p < oo, ¢ > 0, and
a: QxRN = RY is a continuous strictly monotone map in the second variable
satisfying appropriate regularity and growth conditions, listed in hypotheses H(a)
of Section 2.

The nonlinearities f: O x R x RY — R and ¢ : 99 x R — R are Carathéodory
functions, that is, z +— f(z,s,&), z +— g(z, s) are measurable for all (s,£) € RxRY,
while (s,&) — f(x,s,£), s+ g(x, s) are continuous for a.e. = € Q, respectively, for
a.e. x € 0fd.

In the first part of this paper we prove that, under general growth conditions
on the perturbations, problem (1.1) admits a bounded weak solution. This result
is obtained via the classical main theorem on pseudomonotone operators. If diva
coincides with the weighted (p, ¢)-Laplacian, namely

Apu+ pAgu = div (|VulP*Vu + p|Vu|"*Vu) , (1.2)
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where 1 < ¢ < p < 0o, >0, and u € W1P(Q), then (1.1) becomes
—Apu — pAgu = f(z,u, Vu) in Q,

1.3
(IVulP~2Vu + p|Vu|!>Vu) - v = g(z,u) — (Ju[’">u  on Q. (1.3)

The second part treats the uniqueness of solutions to (1.3) and its asymptotic
behavior as i — 0% and pu — oo, respectively.

It should be noted that the presence of a reaction depending also on the gradient
of the solution prevents to apply variational methods, like critical point theory. This
difficulty is overcome by adapting the approach of Averna-Motreanu-Tornatore [2],
who considered problem (1.1) with a homogeneous Dirichlet boundary condition
and weighted (p, ¢)-Laplacian as defined in (1.2). Our paper exhibits at least two
novelties:

e a more general differential operator, which may also depend on = € §,
appears;

e nonlinear Robin boundary conditions with perturbation g : 02 x R — R
are taken on.

Moreover, a bounded solution to (1.1) exists once a suitable inequality involving
the first eigenvalue of the Robin eigenvalue problem for the p-Laplacian (cf. (2.7)
in Section 2 and (3.6) of Section 3) holds.

For other existence results on quasilinear equations with convection term we refer
to the papers of De Figueiredo-Girardi-Matzeu [3], Dupaigne-Ghergu-Radulescu [4],
Faraci-Motreanu-Puglisi [5], Faria-Miyagaki-Motreanu [6], Faria-Miyagaki-
Motreanu-Tanaka [7], Motreanu- Motreanu-Moussaoui [14], Motreanu-Tanaka [15],
Motreanu-Tornatore [16], Ruiz [20], Tanaka [21], and the references therein.
Finally, we mention the works of Filippucci-Pucci-Radulescu [8] and Winkert [22]
concerning problems with nonlinear boundary condition and the recent monograph
of Papageorgiou-Réadulescu-Repovs [18].

2. PRELIMINARIES

For 1 < p < oo, we denote by LP(Q2) and LP(£2, RY) the usual Lebesgue spaces,
equipped with the norm || - [|,. If 1 < p < co then WP(Q) stands for the Sobolev
space, endowed with the norm || - ||1,,. The duality pairing between W?(Q) and
its dual W1P(Q)* will be denoted by (-, -).

On the boundary 02 we consider the (N — 1)-dimensional Hausdorff (surface)
measure o, by which we can define in the usual way the boundary Lebesgue space
LP(0R), with norm | - |lp.00. It is known that there exists a unique continuous
linear operator v : W1P(Q) — L4(0€), where p < q < p, (see (3.3) below), called
trace map, such that

y(u) = u‘BQ for all u € WP (Q) N C°(Q).

Henceforth, although all restrictions of Sobolev functions to 02 are understood
in the sense of traces, we will avoid the usage of the trace operator v to simplify
notation.

Given any g > 0, consider the norm

1
lllop = IVl + ol 50) " (2.1)
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which is equivalent to the standard one || - ||1,p; see Papageorgiou-Winkert [19]. If
s > 1 then s’ := %5 denotes its conjugate, x - z is the inner product of z, z € RY,
while R := [0, 4+00). The well-known inequality

(|51|T7281 - |82|T7282) (81 - 82) Z 227T|51 — 82|T vsl,Sg eR (22)

holds, where r > 2; see Lindqvist [12, p. 71, inequality I]. The Lebesgue measure is
denoted by |- | and the same notation is used for the Hausdorff surface measure (it
will be clear from the context which one is used).

Let us now introduce the hypotheses on the map a : Q x RY — R¥ involved in
the definition of the differential operator. Suppose ¥ € C1((0,00)) satisfies

5 L (t)
0<dy<
D0
for all £ > 0, with 1 < p < oo and appropriate constants (20,621,6227(1A3 > 0. The
conditions on a : Q x RN — R read as follows.
H(a): a(z,§) :=a(z,]¢]) € in Q x RY, where & € C°(Q x R,) and a(x,t) > 0 for
every (z,t) € Q x (0,+00). Moreover,

<di  and  dot?™' < () <ds (1177 (2.3)

(i) a € CH(Q2 x (0,00)), t — ta(z,t) is strictly increasing in (0, 00), and

A1
lim ta(z,t) = 0, let) _Go 1 veeq
t—0+ t—ot a(x,t)
(ii) |Vea(z, 9| < cZ419 |(é|_€|) for every (r,€&) € Q x RV \ {0}, with suitable

624 > O;
(iii) (Vea(z,&)y) -y =

Remark 2.1. Setting

v (I€])

€] ly|? for all 2 € Q, ¢ € RV \ {0}, and y € RV,

t
Go(z,t) = / a(z,s)sds, (z,t) € Q xRy,
0

one has Gy € C'(Q x Ry) as well as t — Go(x,t) increasing and strictly convex.
Accordingly, the function G(z,€) = Go(x, |£]) lies in C*(Q x RN) and is convex
with respect to £&. Since an easy computation shows that

VeG(x,€) = (Go)i(x, |€|)|§| = a(z, [¢))¢ = a(z,§) VEERY\ {0}
while VeG(x,0) = 0, the function G(x,-) turns out a primitive of a(x,-). When
combined with G(x,0) =0 and & — G(x,&) convez, this entails

G(z,6) <a(z,6)-&  (2,6) € A xRV (2.4)
The next lemma summarizes the main properties of @ : & x RY — RN, It

immediately follows from (2.3) and H(a).

Lemma 2.2. Let H(a) be satisfied. Then:
(i) a € COQUxRN RM)NCL(Qx (RV\{0}),RN). Moreover, the map & +— a(z, €),
x € RN, is continuous and strictly monotone, whence mazimal monotone too.
(ii) la(z,&)| < ds (14 |EP~1) for every (z,€) € Q@ x RN, where ds > 0.

(iii) a(z,§)-€> %\ﬂp for all (z,€) € A x RN, with dy given by (2.3).
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Gathering Lemma 2.2 and (2.4) together yields the estimates below for the prim-
itive G(z, ).

Corollary 2.3. Under assumptions H(a) one has, for appropriate de > 0,

d, : o
———[€|P < G(x,&) < dg (L +|£P) in Q x RY.
€ < Gle6) < da L+ IeP)
Example 2.4. The following functions, where we drop the x-dependence for the
sake of simplicity, fulfill H(a).
(a) a(§) :=|&|P~2€, with 1 < p < co. It corresponds to the p-Laplacian
Apu = div (|VulP?Vu) Vue WHP(Q).

The potential is G(§) = %|§|p.
(b) a(§) := |&|P72& + pl€]972¢, where 1 < q < p < oo and p > 0. It arises from
the parametric (p, q)-Laplacian

u— Apu+pAgu Yue WHP(Q).
The potential is G(§) = %|§|p + %|f‘q~

p_2
(c) a(§) == (14 ¢?) = & with 1 < p < oo, It represents the generalized p-mean
curvature differential operator

wes div [(L+[VuP) 5 Vu] Yue Q).
The potential is G(§) = %(1 + |§|2)%-

Let A: WhP(Q) — WLP(Q)* be defined by

(A(u), @) == /Qa(x,Vu) Vodr, u,pc WhHP(Q). (2.5)

The next proposition collects some basic properties of A; proofs can be found in
Gasinski-Papageorgiou [9].

Proposition 2.5. Let H(a) be satisfied and let A be as in (2.5). Then the operator
A is bounded, continuous, monotone (hence mazimal monotone), and of type (S4).

Evidently,
(Ap(u), @) := / |VulP2Vu - Vodr Yu,p € WHP(Q) (2.6)
Q

represents a meaningful special case of A.
Given 8 > 0, consider the Robin eigenvalue problem
—Apu = Nu[P?u in £,
L L (2.7)
[VulP~*Vu-v=—FlulP™“u on oN.

It is known (see Lé [10]) that the first eigenvalue A1 , g of (2.7) is positive, simple,
and isolated. Moreover, it can be variationally characterized through

- inf p Pdo : Pdr=15,. 2.
Moy uevérllyp(m{/ﬂw dx+6/aﬂ lulPdo /Q|u\ do } (2.8)
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3. EXISTENCE RESULTS

The assumptions on the perturbations f: @ xRxRY - Randg: 00 xR =R
read as follow. To avoid unnecessary technicalities, ‘for all 2’ will take the place of
‘for almost all z’.

H) f: QxR xRY -5 Rand g: 0902 x R — R are Carathéodory functions such
that:

(i) There exist a; € L9(Q), ap € L%(N) and ay, a2, a3 € Ry satisfying

(@, 5,6)| < aré] ™ + azls|" ™" + au(2) in @ xRxRY, (3.1)
lg(x, 5)| < as|s|®™ + as(z) on 00 xR, (3.2)

where 1 < ¢1 < p* and 1 < g2 < p,, with critical exponents

Np ; (N-1)p :
P L P b (3.3)
400 otherwise, 400 otherwise.
(ii) There exist wy € L1(Q),w, € L'(99) and by, ba, by € Ry such that
f(x,5,8)s < b1]€|P + ba|s? + wy(x) in QxRxRY, (3.4)
g(x,s)s < bzls|P + wy(x) on 00 x R. (3.5)
Moreover,

b4 il d 0<B< 3.6
1+2Lp76+?<m1n ]i, an <ﬁ7< ()

Definition 3.1. We say that u € WP(Q) is a weak solution of problem (1.1) if it
satisfies

/Qa(x,Vu) -Vedr = /Qf(a?,qu)Lpdx—i— /89 [9(z,u) = ClulP"?u] pdo (3.7)

for all test functions o € WHP(Q).
Using the embeddings (cf. Adams [1])
i WhP(Q) — LT(Q) and v: WhP(Q) — L2(0Q), (3.8)

Hélder’s inequality, as well as (H)(i), one easily verifies that all the integrals involved
in (3.7) are finite.

We are now ready to formulate our existence result, whose proof chiefly exploits
the main theorem on pseudomonotone operators.

Theorem 3.2. Under hypotheses H(a) and (H), problem (1.1) admits at least one
weak solution u € WHP(Q) N L*>(Q).

Proof. Let N ¢ and Ng the Nemytskij operators associated with f and g, respec-
tively, let 4% : L9 () — WP(Q)* and ~* : L% (9) — WP(Q)* be the adjoints of
embeddings (3.8), and let

Njmito Ny NymatoNyoy, Nemyto((-P2)oy (39
Set, provided u € WhP(Q),
A(u) = A(u) — Ng(u) — Ng(u) + N(u). (3.10)
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From (H)(i) it immediately follows that A : W1P(Q) — WP(Q)* maps bounded
sets into bounded sets. Moreover, the operator A is pseudomonotone. Indeed, if
{un} C WHP(Q) fulfills

Uy S u in WHP(Q),  limsup(A(uy,), un — u) <0

n—oo

then, by compactness of embeddings (3.8), one has
Up, = u in LP(Q), wu, - u in L2(0N).

When combined with (3.1)—(3.2) this entails, after using Holder’s inequality,

lim | f(x,un, Vug)(u, —u)de =0,

n—oo Q
lim g(x, up)(uy, —u)do =0, (3.11)
lim Cltn P~ 2 (U, — u) do = 0,
whence
lim sup(A(uy,), u, — u) = limsup{A(uy), u, — u) <O0. (3.12)
n— o0 n—00

Since A enjoys property (S, ), the weak convergence of {u,,} in WP(Q2) and (3.12)
yield u, — u. So, A(u,) — A(u) in WHP(Q)*, because A is continuous. Let us
finally show that the operator A turns out coercive, i.e.,

(Au, u)

1m
lulle.p—oo [[ull¢,p

= 400, (3.13)

where || - [|¢ , denotes the equivalent norm on W?(Q) defined in (2.1), for ¢ := .
Via (2.8) and (3.6) we have

IVullp + Bllullpon _ Iulle,

Alps < 5 < —=F vueWwhr(Q)\ {0}. (3.14)
[l [[ells
Exploiting Lemma 2.2 (iii), (3.4), (3.5), and (3.14) leads to
(A(u), u)

:/a(m,Vu)-Vudac—l—(”u”g’aﬂ—/f(x,u,Vu)udac—/ g(z, w)udz
Q Q o9

| ds
> min {pr 1} ull¢ , = balIVully = ballully = llwrlls = bsllully oo = lwgll1o0

. do _ b3
> [mln {pr 1} — b1 —bay, 5 — C] [ullg , = llwglln = llwgll1,60-

On account of (3.6), conclusion (3.13) follows at once from p > 1.

Summing up, A : WHP(Q) — WHP(Q)* is bounded, pseudomonotone, and coer-
cive. Thus, the main theorem on pseudomonotone operators (see, e.g., Motreanu-
Motreanu-Papageorgiou [17]) provides u € W1P(Q) such that A(u) = 0. Thanks to
(3.10) the function u turns out a weak solution of problem (1.1), while Theorem 3.1
in Marino-Winkert [13] gives u € WP(Q) N L>°(£2). This completes the proof. [
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Remark 3.3. To achieve the CY7 -reqularity of the solution given by Theorem 3.2,
we need an additional condition on the boundary term g, namely

lg(z,8) =gy, )] < L{lz —y|* +|s = t[*],  |g(z,s)[ < L

for all (z,s), (y,t) € O x [—My, M|, with appropriate L € Ry, a € (0,1], My > 0.
In such a case, the desired result follows from Marino-Winkert [13, Theorem 3.9],
which is a direct consequence of the famous Lieberman’s regularity theory [11].

4. ASYMPTOTIC BEHAVIOR AND UNIQUENESS RESULTS FOR THE
(p, q)-LAPLACIAN

Throughout this section, a(x,£) = [£[P72¢ + pl€]972¢, where 1 < ¢ < p < 0
and p > 0. Hence, problem (1.1) writes

—Apu — pAgu = f(z,u, Vu) in ©,

(IVul[P~2Vu + p|Vu|!2Vu) - v = g(z,u) — (Ju[’">u  on 99, )
while (3.6) becomes
b1+ bai, 5+ %3 <1 and B<(, (4.1)
because dy = p — 1. If 1 := 0 then (P,,) reduces to
—-Apu = f(z,u, Vu) in Q, Po)

IVulP2Vu - v = g(x,u) — ClulP"%u on 0Q.
Using Example 2.4 and Theorem 3.2 we directly infer the following theorem.

Theorem 4.1. Let (H) be satisfied. Then, for each p > 0, problem (P,) possesses
at least one weak solution u, € WHP(Q) N L>(R).

To investigate the asymptotic behavior of (P,) as u goes to zero and oo,
respectively, the next elementary a priori estimate will be employed.

Proposition 4.2. Let hypotheses (H) be satisfied and let u, € WHP(Q) N L*>®(Q)
be the weak solution of problem (P,,) obtained from Theorem 4.1. Then there exists
a constant C' > 0, independent of u, such that

lupllep <C V€ Ry (4.2)
Proof. Note that v, fulfills (3.7), pick ¢ := u,, and recall (3.14), to arrive at
luullé p = IVl + Cllunllp o0

< / (IVup|? + | Vuy,|?) dx—l—C/ |u,|Pdo

Q a0
= / fz,up, Vuy)uy, de —|—/ g9(z,uy)u, do

Q a0
<0l Vuplf + bellunllf + llwpllh + bsllunlly oo + llwgllo0

_ bs
< (bl ool C) lllZ, + gl + gl 00
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Therefore, by (4.1), setting

=

lwells + [lwgll1,00
1= (b +baArh s+ )

inequality (4.2) holds true for any p € R. O

C .= >0

We first treat the case when u — 0F.

Theorem 4.3. Let (H) be satisfied. Then to every sequence i, — 0% there corre-
spond a (not relabeled) subsequence {u,,, } € WP(Q) N L>*(Q) such that

(1) w,, is a weak solution of (P, ) for alln € N,

(2) u,, —uin WHP(Q), and

(3) u € WHP(Q) is a weak solution of (Py).
Proof. Fixed {yu,} as above, Theorem 4.1 gives {u,,, } C WHP(Q)NL>(Q) enjoying
(1). Thanks to Proposition 4.2, the sequence {u,,, } turns out bounded. So, we may
assume

uy, ~>uw in WHP(Q), wy,, —u in L?(Q) and L%(09), (4.3)

which easily produce (3.11); cf. the proof of Theorem 3.2. From (3.7) written for
U= Uy, , P = Uy, — u it thus follows

lim (Ap(uy, ), uu, —u) =0,

n—+

with A, given by (2.6), because p, — 0. The (S;)-property of A, now entails
uy, — uw in WHP(Q), namely (2) holds. Finally, due to (H)(i) and standard results
on the Nemytskij operator, we have

Nf (u/"n) - Nf (u)7 Ng(u.“'n) - Ng (u)7 N(uﬂn) - N(u) (4'4)
in WHP(Q)*; see (3.9) for the meaning of symbols Ny, Ny, N. Since

/ |V, |P~2Vu,, - Vedr — ,un/ |V, |9 *Vu,, - Vedr
Q Q

(4.5)
= / f(.'l:, u,“'n’ vul”n)w d‘r + / [g(x7 u#n) - <|uﬂn |p72u,u'n] ' da? n e N7
Q a0
and, moreover,
(Ap(up, ), 0) = (Ap(u), ), (Ag(up,), ) = (Aq(u), @)
whatever ¢ € W1P(Q), while p,, — 0, letting n — +o0 in (4.5) shows (3). O

We now come to the case when p — +o0.

Theorem 4.4. If hypotheses (H) hold, j,, — 400, and {u,, } C WHP(Q)NL>(Q)
fulfills conclusion (1) of Theorem 4.3 then u,,, — ¢ in WH4(Q) for some ¢ € R.

Proof. The same arguments employed in the previous proof yield here (4.3), (4.4),
as well as

1

| [V, 2V, Vido+ [ Va7V, - Vpds
= — f(:c Uy, Vg, Jpde + — [Q(xvuun) Clup, [P~ Uun] pdo,
un Hn Jog
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with arbitrary ¢ € WHP(Q). Put ¢ =: u,, —u and recall that u,, — +00 to achieve

nETm<Aq(uun)a Up,, — u) =0,

ie., u,, — uin WH9(Q) by the (Sy)-property of A,. From (4.6) it next follows,
after letting n — +o0,

/ |Vul|?2Vu - Veodr =0, ¢ WhHP(Q),
Q

which clearly means
Aju=0in Q, |Vu|!?Vu-v=0on 00,

Hence, u = ¢ for some ¢ € R. Since these arguments apply to every subsequence of
{uy, }, the proof is complete. O

Remark 4.5. Theorems 4.5—4.4 remain valid for the more general problem
—div [aq (z, Vu) + paz(z, Vu)] = f(z,u, Vu) in Q,
a1 (2, V) + paz(e, V)] - v = gla,w) - Clul’>u on O
where a1, as : Q x RY — RY satisfy assumptions H(a).

The last part of this section addresses uniqueness of weak solutions to problem
(P,). Adapting the approach of Averna-Motreanu-Tornatore [2], we will treat the
cases p = 2 or ¢ = 2 under the following assumptions.

(Ul) There exist ¢1,co € Ry such that

(f(x,5,6) — flx,t,6))(s —t) < ci]s —t]> Ve € Q, s,t €R, £ € RV,
(g(z,s) — g(x,t))(s —t) < ca|ls — t|* Vo € 09, s,t € R.

(U2) With appropriate p € L™ (Q), where 1 < 7/ < p*, and ¢3 € R, one has both
& f(x,s,€) — p(x) linear for every (z,s) € Q@ x R and

\f(x,s,g) - p(93)| < C3|£‘ in QxR xRY.
Theorem 4.6. Let (H), (Ul), and (U2) be satisfied.
(a) Ifp:=2>q>1 and cl)\;_éﬁ + 63)‘1_,2%,B + co¢™t < 1 then (P,) admits a

unique weak solution for every p > 0.
(b) If p> q :=2 then (P,) possesses only one weak solution provided

min { 4, 227_]:72 > A\ 5+ 03)\;2%ﬁ + 2 (4.7)
1+ 1095 - S

Proof. Fix g > 0. Theorem 4.1 gives a weak solution u, € WHP(Q)NL>(Q) of (P,,).
Suppose v, € WHP() enjoys the same property. Using (3.7) with ¢ = u, — v,
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easily leads to
(Ap(up) — Ap(vp)s up — vu) + p(Ag(un) — Ag(vp), up — vp)
m

p
+</E)Q(|u ‘pizuu - ‘Uu|p72vu)(uu —wy,)do
= /Q(f(z,uu,Vuu) — f(@, v, Vuy)) (uy —vy,) do (4.8)
+ / (f(z,vy, Vuy,) — f(z, v, Vo)) (u, —v,) do
Q

+ /@ (9o 1,) = 9,0, (0, — 1) o

(a) Let p := 2 > ¢ > 1. By monotonicity of A,, the left-hand side in (4.8) can be
estimated through

<A2(Uu) - A2(Uu)a Uy — Uu> + .U<Aq(uu) - Aq(vu)a Uy — Uu>
+¢ 8Q(uu - Uu)(uu - Uu) do (4.9)
> | V(uy, - Uu)”% + CHU’P« - Uu”%,aﬂ = ||uu - Uu”%,%

where || - ||¢c,2 denotes the equivalent norm (2.1). As regards the right-hand side,
due to (U1), (U2), Holder’s inequality, and (3.14), we have

/Q(f(xv“w V) = f(@, 04, Vup)) (uy — vy) da
+ /Q(f(wvvw Vu) = f(z, v, Vop)) (uy — vy) da

+ [ (o) = gl 0) (0, = v,) do
1 (4.10)
<l = ulg+ [ (1 (0007 (Gl —00?) ) = ote)) as
Q

+ callu,, — UHH%,@Q
< cl””u - Uu”% +c3 /Q |uu - Uu”v(uu - Uu)‘ dr + CQHUM - Uu”%,aﬂ
< )\71 )\_% —1 _ 2
< (@Ala st esA 5+l ) [luy — vullg o

Gathering (4.8)—(4.10) together now yields
2 -1 -3 -1 2
ot = vlZe < (1035 + oMy + e2C )l — w2y

_1
which implies u,, = v,, because cl)\iéﬁ + 03/\1722,6 + %2 < 1.
(b) Let p > ¢ := 2. Likewise before, the left-hand side of (4.8) becomes

(Ap(up) — Ap(vp)s wp — vp) + p(A2(uy) — A2(vu), uy — vp)
+</3Q (|uu|p*2uH — |Uu|p*2vu) (uu — Uu) do (4.11)

> |V — 0,2+ /a (lud 2= 0,P20,) (= v,) do
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while (2.2) entails

/em (Jup P2 uy — |vulP 20, (uy, — vy,) do > 227P|uy, — Oullb o0 (4.12)

Via Holder’s inequality we then get

[l — Uu”%,aﬂ < lup — vy

p=2 p=2
20010907 < Jluy = vl o (1410907 ). (4.13)

Thus, from (4.11)—(4.13) it follows

<AP(uM) + Ap(“u)v Uy — Uu> + M<A2(“u) + A2(Uu)» Uy, — 1}#)

" g/m ("2 = [oulP"20,) (uyy = v) dor

2 2%~
> plV(up = v)llz + Cj“uu
1+1[09] (4.14)
> min = IV (e = )13 + Clluge = vull3 )
\3Ql
— min { s, T
{ Ljoa)s [T
Combining (4. 8) with (4.14) and (4.10) yields
. -1 -1 _
min § W, W ||U# UILHC 2 S (Cl)\172,5 + C3>\1,227,8 + CQC 1) Hu# _
Therefore, if p satisfies (4.7) then u, = v,,. O
ACKNOWLEDGMENT

The authors wish to thank the referees for their corrections and insightful re-
marks that helped to improve the paper.

The second author thanks the University of Catania for the kind hospitality
during a research stay in March 2018.

(1]
2]
(3]

(4]

(5]

(6]

(7]

REFERENCES

R. A. Adams, “Sobolev Spaces”, Academic Press Publishers, New York-London, 1975.

D. Averna, D.Motreanu, E. Tornatore, Ezistence and asymptotic properties for quasilinear
elliptic equations with gradient dependence, Appl. Math. Lett. 61 (2016), 102-107.

D. De Figueiredo, M. Girardi, M. Matzeu, Semilinear elliptic equations with dependence on
the gradient via mountain-pass techniques, Differential Integral Equations 17 (2004), no. 1-2,
119-126

L. Dupaigne, M. Ghergu, V.D.Ré&dulescu, Lane-Emden-Fowler equations with convection
and singular potential, J. Math. Pures Appl. (9) 89 (2007), no. 6, 563-581.

F.Faraci, D. Motreanu, D.Puglisi, Positive solutions of quasi-linear elliptic equations with
dependence on the gradient, Calc. Var. Partial Differential Equations 54 (2015), no. 1, 525—
538.

L. F. O. Faria, O. H. Miyagaki, D. Motreanu, Comparison and positive solutions for problems
with the (p, q)-Laplacian and a convection term, Proc. Edinb. Math. Soc. (2) 57 (2014), no. 3,
687-698.

L.F.O. Faria, O. H. Miyagaki, D. Motreanu, M. Tanaka, Ezistence results for nonlinear ellip-
tic equations with Leray-Lions operator and dependence on the gradient, Nonlinear Anal. 96
(2014), 154-166.



12

(8]

(9]
[10]
(11]
[12]
(13]

14]

[15]
[16]
(17]
(18]
(19]
20]
21]

22]

S.A. MARANO AND P. WINKERT

R. Filippucci, P. Pucci, V.D. Radulescu, Ezistence and non-existence results for quasilinear
elliptic exterior problems with nonlinear boundary conditions, Comm. Partial Differential
Equations 33 (2008), no. 4-6, 706-717.

L. Gasiniski, N.S.Papageorgiou, “Exercises in Analysis. Part 1: Nonlinear Analysis”,
Springer, Heidelberg, 2014.

A.Lé, Figenvalue problems for the p-Laplacian, Nonlinear Anal. 64 (2006), no. 5, 1057-1099.
G. M. Lieberman, The natural generalization of the natural conditions of Ladyzhenskaya and
Ural'tseva for elliptic equations, Comm. Partial Differential Equations 16 (1991), no.2-3,
311-361.

P. Lindqvist, “Notes on the p-Laplace Equation”, Report. University of Jyvaskyla Department
of Mathematics and Statistics, vol. 102, University of Jyvaskyla, Jyvéskyld, 2006.

G. Marino, P. Winkert Moser iteration applied to elliptic equations with critical growth on
the boundary, Nonlinear Anal. 180 (2019), 154-169.

D. Motreanu, V.V.Motreanu, A. Moussaoui, Location of nodal solutions for quasilinear el-
liptic equations with gradient dependence, Discrete Contin. Dyn. Syst. Ser. S 11 (2018), no. 2,
293-307.

D. Motreanu, M. Tanaka, Ezistence of positive solutions for nonlinear elliptic equations with
convection terms, Nonlinear Anal. 152 (2017), 38-60.

D. Motreanu, E. Tornatore, Location of solutions for quasi-linear elliptic equations with gen-
eral gradient dependence, Electron. J. Qual. Theory Differ. Equ. 2017, no. 10, 1-10.

D. Motreanu, V. V. Motreanu, N. S. Papageorgiou, “Topological and Variational Methods with
Applications to Nonlinear Boundary Value Problems”, Springer, New York, 2014.

N.S. Papageorgiou, V. D. Radulescu, D. D. Repovs, “Nonlinear Analysis - Theory and Meth-
ods”, Springer Monographs in Mathematics, Springer, Switzerland, 2019.

N.S. Papageorgiou, P. Winkert Solutions with sign information for nonlinear nonhomoge-
neous problems, Math. Z. 292 (2019), no. 4, 871-891.

D.Ruiz, A priori estimates and existence of positive solutions for strongly nonlinear prob-
lems, J. Differential Equations 199 (2004), no. 1, 96-114.

M. Tanaka, Ezxistence of a positive solution for quasilinear elliptic equations with nonlinearity
including the gradient, Bound. Value Probl. (2013), no. 173, 1-11.

P. Winkert, Multiplicity results for a class of elliptic problems with nonlinear boundary con-
dition, Commun. Pure Appl. Anal. 12 (2013), no. 2, 785-802.

(S. A. Marano) DIPARTIMENTO DI MATEMATICA E INFORMATICA, UNIVERSITA DEGLI STUDI DI

CATANIA, VIALE A. DORIA 6, 95125 CATANIA, ITALY

17.

E-mail address: marano@dmi.unict.it

(P. Winkert) TECHNISCHE UNIVERSITAT BERLIN, INSTITUT FUR MATHEMATIK, STRASSE DES
JuNI 136, 10623 BERLIN, GERMANY
E-mail address: winkert@math.tu-berlin.de



	1. Introduction
	2. Preliminaries
	3. Existence results
	4. Asymptotic Behavior and Uniqueness Results for the p-q-Laplacian
	Acknowledgment
	References

