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ABSTRACT. This work is concerned with the existence of solutions to paramet-
ric elliptic equations driven by a nonhomogeneous differential operator with
a nonhomogeneous Neumann boundary condition. The assumptions on the
operator involve the p-Laplacian, the (p, ¢)-Laplacian, and the generalized p-
mean curvature differential operator. Based on variational tools combined
with truncation and comparison techniques we prove the existence of at least
three nontrivial solutions provided the parameter is sufficiently large whereby
the first solution is positive, the second one is negative and the third one has
changing sign (nodal).

1. INTRODUCTION

Let Q C RY be a bounded domain with a C2-boundary 9Q and let 1 < ¢ < p.
We study the following nonlinear nonhomogeneous Neumann problem

—diva(Vu) = —x|uP%u — f(z,u) in Q,
ou
on,

where Ou/0n, denotes the conormal derivative with respect to the mapping a :
RY — RY which is supposed to be continuous and strictly monotone with (p — 1)-
growth. The nonlinearities f : @ X R — R and A : 9Q x R — R are assumed
to be Carathéodory functions being (p — 1)-superlinear near oo and bounded
on bounded sets while x, A are real parameters to be specified. The aim of this
paper is to establish the existence of at least three nontrivial solutions provided
A > 0 is sufficiently large depending on the first two eigenvalues of the negative
g-Laplacian —A, with Steklov boundary condition. In addition we give complete
sign information of the solutions obtained, that is, the first solution is positive, the
second one is negative and finally, the third one has changing sign.

Such results are known for quasilinear elliptic equations involving the p-Laplacian
and were obtained by a number of authors in the last years with different meth-
ods. Without guarantee of completeness we refer to the papers of Abreu-Marcos do
O-Medeiros [1], Fernédndez Bonder-Rossi [6], Fernandez Bonder [7], [], Li-Li [14],
Liu-Zheng [16], Martinez-Rossi [18], Winkert [23], [25], Zhao-Zhao [27], and the ref-
erences therein. To the best of our knowledge, the results presented here are the first

(1.1)

= Mu|?%u — h(z,u) on 04,
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one concerning multiplicity of solutions for equations involving a nonhomogeneous
operator with nonhomogeneous Neumann boundary condition.

Our paper extends the results of Winkert [23] in different ways. On the one hand
we can replace the p-Laplacian used in [23] by a more general nonhomogeneous
operator and on the other hand we can drop a hypothesis on the function f :
1 x R — R required in [23], namely:

f(@,5) >0 for all 0 < |s] < &y

(H) There exists a number §; > 0 such that Isjp—2s =
s s

and for a.a. x € Q.

Assumption (H) implies that the function f must change sign near zero. Now, we
do not need this condition on f. It is also worth pointing out that we do not need
differentiability, polynomial growth or some integral conditions on the mappings f
and h. Our approach is based on variational methods coupled with truncation and
comparison techniques.

2. PRELIMINARIES AND HYPOTHESES

In this section we recall some basic facts about critical point theory which will
be needed in Section 3. For this purpose, let X be a Banach space with norm |- || x
and denote by X* its dual space equipped with the dual norm || - || x«, that is

1€]lx- = sup { (&, v)(x-x) 1 v € X, [lv]|x <1},
where (-, -)(x+ x) stands for the duality paring of (X*, X).
Definition 2.1. The functional ¢ € C*(X) fulfills the Palais-Smale condition at
the level ¢ € R (the PS.-condition for short) if every sequence (un)n>1 € X satis-
fying o(uyn) — ¢ and ¢'(u,) — 0 in X*, admits a strongly convergent subsequence.

We say that ¢ satisfies the Palais-Smale condition (the PS-condition for short) if
it satisfies the PS.-condition for every c¢ € R.

This compactness-type condition on ¢ leads to a deformation theorem which is
the main ingredient in the minimax theory of the critical values of ¢. A basic result
in that theory is the so-called mountain pass theorem.

Theorem 2.2. If p € CH(X),u1,us € X, |lug —ur||x > p >0,
max{p(u), p(uz)} < inf {p(u) : lu —uillx = p} = m,
and ¢ satisfies the PS.-condition where

=i f
c= inf max (v(t))

with T' = {v € C([0,1], X) : ¥(0) = u1,v(1) = us}, then ¢ > m, and c is a critical
value of .
Given ¢ € C1(X) and ¢ € R, we introduce the following sets:
e ={ueX:pu) <c} (the sublevel set of ¢ at c¢),
K,={ue X:¢(u)=0} (the critical set of ¢),
Kg={ue K,:p(u)=c} (the critical set of ¢ at the level ¢).

The following result is the so-called second deformation theorem (see, for exam-
ple, Gasinski and Papageorgiou [11, p. 628]).
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Theorem 2.3. If p € C1(X),a € R,a < b < 400, ¢ satisfies the PS.-condition
for every c € [a,b), ¢ has no critical values in (a,b) and p~1(a) contains at most
a ﬁm'te number of critical points of ¢, then there exists a continuous map h :

(gp \Kf;) — ® such that
(a) h(O,u) =u for allu € ¢\ Kg;
(b) h(1, "\ KY) C o7
(c) h(t,u) u for all (t,u) € [0,1] x ¢*;

(d) o(h(t,u)) < @(h(s,u)) for allt,s e [0,1],s <t, and all u € "\ Kb,

By LP(Q) (or L? (;RY)), LP(0%2), and W'?(Q) we denote the usual Lebesgue
and Sobolev spaces with their norms || - [|,.0, || - |lp,00, respectively, || - |1, which
is given by

1
lullp = (IFul o + [l )" for all ue Wh2(@).

The norm of RY is denoted by || - |gv and (-,-)g~ stands for the inner product in
RY. In addition to the Sobolev space W1?(£2), we will also use the ordered Banach
space C*(Q) with norm || - o1 (@) and its positive cone
C'(Q); ={ueC'(Q):u(z)>0foralzeQ},
which has a nonempty interior given by
int (C'(Q)1) = {ueC'(Q)4 :u(z)>0forall z € Q}.
Now let w € C1(0,+00) be a function satisfying
tw' (t
< Zj(i)) <e¢ and  etPTl< w(t) <ecs (1 + tp_l)
for all t > 0 and with some constants cg, ¢1, ¢, c3 > 0. The hypotheses on a : RY —
RY read as follows.
H(a): a(&) = ag (||¢]|rn) € for all € € RY with ag(t) > 0 for all ¢ > 0 and

(i) agp € C1(0,00),t > tap(t) is strictly increasing, lim,_,o+ tag(t) = 0,

and lim tag(t —1;
t—0t ag(t)
(i) [Va(§)|gr < C4UJ|(|!§|]RN) for all ¢ € RV \ {0} and some ¢4 > 0;
RN
(iil) (Va(&)y,y)gy > w|<||§|iHRN)|y||]§N for all ¢ € RV )\ {0} and all y € RY.
RN

It is easy to see that condition H(a)(i) implies that a € C* (R \ {0},R") N
C (RY,RY ) and so, the assumptions in hypotheses H(a)(ii), (iii) are reasonable.
Let Go(t) = [ sag(s)ds and let G(€) = Gy (||¢[[gw) for all € € RN. Then

VG(€) = Go ([[€llew) = ap ([€llgy) € = a(€)  for all £ € RV \ {0},

&
1€l
which means that G(+) is the primitive of a(-). Obviously, G(+) is convex and since
G(0) = 0 we have the estimate

G(&) < (a(€),&)gn  for all £ € RV, (2.1)
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The following lemma gives some basic properties of the mapping a : RV — R,

Lemma 2.4. Under the hypotheses H(a) there holds
(i) € = a(§) is mazimal monotone and strictly monotone;

(i) la(§)|lgn < cs (1 + ||§||§7V1) for all ¢ € RN and some c5 > 0;
(iii) (a(§), &)y = ;27 [I€llw for all € € RY.

Taking into account Lemma 2.4 combined with (2.1) we infer the following growth
estimates for the primitive G(-).

Corollary 2.5. If hypotheses H(a) hold, then
p(pciil)HfHﬁN <G(€) <cg (1 + ||€||ﬁN) for all € € RN and some cg > 0.
It should be mentioned that the operator ¢ : RN — RY defined through hy-
potheses H(a) contains several interesting differential operators as special cases.

(i) Let 1 < p < o0 and let a(§) = ||§||§}2§ with 1 < p < co. Then a(-) represents
the well-known p-Laplace differential operator defined by
Apu = div (HVuHﬁfVu) for all u € W'P(Q).

The corresponding potential is given by G(&) = %||§||%N for all ¢ € RV,

(ii) Let 1 < ¢ < p and let a(€) = [|€]|2%"€ + [|€]|%:°¢. Then a(-) becomes the
(p, q)-differential operator defined by
Apu+ Agu = div (||vu||§;2vu) + div (||Vu||g§;,2Vu>
for all u € WP(Q). The associated potential is G(€) = J||¢[lpx + 5 [[€][Fw for
all € € RV,

(iii) Let 1 < p < oo and let a(§) = (1+ ||£||§N)p% . In this case a(-) represents
the generalized p-mean curvature differential operator which is defined by

p=2

diV |:(1 + HVUH]?{N) 1”2 VU:| fOI' au = Wl’p(Q),

The potential is G(£) = % [(1 + H§||]§N)g - 1] for all £ € RY.

Now, let fo: QxR — R, hg: 92 x R — R be Carathéodory functions satisfying
the subsequent growth conditions

\fo(z,s)| < cpy (L+1]s|7")  for aa. € Qandall s €R,
\ho(z, 8)| < cpy (14 |s[>7")  for a.a. z € 0N and all s € R,

with cf,,cp, > 0 and 1 < r; < p*, 1 < ry < p,, where p*, p, denote the critical
exponents of p given by

Np_ i (N-1)p ;
p= N ifp< N and po=d N 1fp<N.
400 ifp>N 400 ifp>N
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Setting Fy(z, s) = [y fo(z,t)dt, Hy(z,s) = [; ho(z,t)dt we define the C'-functional
0o : WHP(Q) — R through

<p0(u):/QG(Vu)da:—/QFO(x,u)dx— 8QHo(x,u)dU.

The following result concerning local minimizers is originally due to Brezis-Nirenberg
[2] and was extended by Garcia Azorero-Peral Alonso-Manfredi [9], Motreanu-
Papageorgiou [20], Winkert [24], and Khan-Motreanu [12].

Proposition 2.6. Let the assumptions in H(a) be satisfied. If ug € WHP(Q) is a
local CY(Q)-minimizer of @, i.e., there exists pg > 0 such that

wo(up) < @o(ug +h) for all h € CH(Q) with Ihllcr @) < pos
then ug is also a local WP (Q)-minimizer of g, i.e., there exists py > 0 such that
vo(uo) < @olug +h) for all h € WHP(Q) with ||h|1, < p1.

Proof. The theorem follows directly from the abstract result obtained by Khan-
Motreanu [12]. Indeed, let X = C*(Q),Y = WHP(Q), and let

J(u) = [ G(Vu)de and FE(u)= /Q Fo(x,u)dx + Hy(z,u)do.

Q o0
Setting
max(ri,r2)
o) = (Il g + ull2 o0 ,
it is straightforward to verify that the assumptions in [12, Theorem 2.1] are satisfied.
This completes the proof. (I

Now, let A : WHP(Q) — (W'P(Q))” be the nonlinear map defined by
(A(u),v) = / (a(Vu), Vo)gn dz for all u,v € WHP(Q). (2.2)
Q

The next proposition gives the main properties of A (see, for example, Gasiriski-
Papageorgiou [10, p. 562]).
Proposition 2.7. Let hypotheses H(a) be satisfied. Then A : WHP(Q) — (Wl’p(Q))*
defined by (2.2) is continuous, monotone (hence mazimal monotone) and of type
(S)s, i-e., if up, — win WHP(Q) and limsup,,_, o (A(un), u, —u) <0, then u, — u
in WHP(Q).

Given 1 < r < oo, we denote by A, : W7 (Q) — (W“(Q))* the r-Laplacian
which is defined by

(Ayu,v) = / HVuH&},Q (Vu, Vo)gn dz for all u,v € W ().
Q

If r = 2, then A, = A becomes the well-known Laplace operator and we have
A€ L(Hg(Q),H1(Q)), where £ (Hg (), H1()) denotes the vector space of all
bounded linear operators from Hg(£2) into H ().

A main role in our treatment plays the spectrum of the r-Laplacian with a Steklov
boundary condition. To this end, we consider the following eigenvalue problem

~Ayu=—lu/""?u  inQ,

r—2 0
RY On

(2.3)

| V| =Aul""%2u  on 09,
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where Ou/8n is the outer normal derivative of u at 9. A number A € R is an
eigenvalue of (—A,, W' (2)) if problem (2.3) admits a nontrivial weak solution
@ € WHP(Q) which is called an eigenfunction corresponding to the eigenvalue A
The set of eigenvalues is denoted by &(r) which has a smallest element A;(r).
The spectrum of (2.3) were intensively studied by Lé [13] and Martinez-Rossi [17]
whereby the main facts read as follows:

° 5\1(7”) is positive, isolated, and simple;
[ )

)= it o 4 [ I9ulde [ e oo =1}

e &(r) is closed.
We further point out that every eigenfunction corresponding to the first eigenvalue
A1(r) does not change sign in Q. In fact it turns out that every eigenfunction
associated to an eigenvalue A # Ay (1) changes sign on 9.

In what follows we denote by 1 (r) the normalized (i.e., ||G1(r)|r00 = 1) pos-
itive eigenfunction corresponding to A;(r). As shown in Lé [13], thanks to the
nonlinear regularity theory and the nonlinear maximum principle, we can suppose
that @y (r) € int (C*(Q)4). Additionally, due to the fact that A1(r) is isolated, the

second eigenvalue Ay (r) is well-defined by
Ao(r) = inf [X €o(r): A> Xl(r)] .

Now, let 9B;”" = {u € L"(9Q) : ||ull,.on = 1} and S, = W' (Q) N 9B,
Then, due to Martinez-Rossi [19], we have the following variational characterization
of 5\2 (’/‘)

Proposition 2.8. There holds

Ao(r) = inf max [/ V4 (t ||RNdx+/|'y dx],

Sef(r) —1<t<1

where T(r) = {§ € O ([-1,1],5,) : 4(=1) = =@ (r), 7(1) = @ (r)}.

Recall that if a functional satisfies the PS-condition (or the C-condition) and
it is bounded below, then it is coercive (see Caklovié-Li-Willem [3] and Gasiniski-
Papageorgiou [11, p. 614]). The converse assertion is in general not true, but in
our setting we can give a positive answer.

Indeed, let f O xR — R, h:00xR =R be Carathéodory functions satisfying

’f(x,s)‘ <¢ (1+|s|*"!)  for a.a. z € Qand all s € R,
‘il(sc,s)‘ <c¢j (1+]s[™7")  for a.a. x € 0Q and all s € R,

Wlthcf,ch >0,1<r <p*and1<ry <p,. Weset F(z,s) fo x,t)dt, H(z, s) =
fo h(x,t)dt and consider the C'-functional ¢ : W1P(€) — R defined by

/ G(Vu)dz —/ F(z,u)dz — - H(z,u)do.

Proposition 2.9. If ¢ is coercive, then it satisfies the PS-condition.
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Proof. Let (uy)n>1 € WHP(Q) be a PS-sequence, that is
|@(un)| < M for some M > 0, for all n > 1, (2.4)
(@) (up) =0 in (WHP(Q))". (2.5)

Since ¢ is coercive and due to (2.4) we easily verify that (uy)n>1 is bounded in
WLP(Q). Because of that we may assume

Up —u in WHP(Q) w, —u in LP(Q) and wu, —u in LP(0).  (2.6)
The assertion in (2.5) implies that

/Q(a(VunLVU)RN dr — /Q f(;v,un)vdac — /aQ ﬁ(x,un)vda

for all v € W1P(Q) with ¢,, — 07. Now, choosing v = u,, — u, passing to the limit
as n — oo, and using the convergence properties in (2.6), we have

< éenllvll1,p,

lim (A(up),up, —u) = lim [ (a(Vuy),V (uy — u))gny dz =0,

n—oo n—oo Q
which by the (S)-property of A (see Proposition 2.7) gives u,, — u in W1P(£2)
proving that ¢ satisfies the PS-condition. O

Finally, for s € R, we set s = max{+s,0} and for u € WP(Q) we define
u®(-) = u(-)*. Recall that
utF e WrP(Q), |ul=ut+uT, u=u"—u".

The Lebesgue measure on RY is given by | - | .

3. THREE SOLUTIONS DEPENDING ON STEKLOV EIGENVALUES

We are now interested in the existence of weak solutions to equation (1.1) de-
pending on Steklov eigenvalues of the g-Laplacian with 1 < ¢ < p < co. In order
to prove this we need some additional assumptions on the map a : RY — R¥.

H(a)1: a(§) = ag (|¢]|gn) € for all € € RY with ag(t) > 0 for all ¢ > 0, hypotheses
H(a)1(i)—(iii) are the same as the corresponding hypotheses H(a)(i)—(iii)

and
(iv) if Go(t) = fot sag(s)ds for all ¢ > 0, then t — Gy (t%) is convex in
(0, +00) and
t
lim sup Golt) < 40
t—0+ 14

Remark 3.1. The examples presented in Section 2 still satisfy hypotheses H(a);.
Note that by hypothesis H(a)y (iv) we find ¢z > 0 such that
G() < et (lEllgn +lIElEN)  for all € € RY. (3.1)
The hypotheses on the Carathéodory functions f: QxR - R, h: 02 xR - R
and the number y read as follows.
(H1) f is bounded on bounded sets;

(s _ | |
(H2) Sggloo Is|P2s +o0o  uniformly for a.a. z € §;

(H3) lim f(@5)

s—0 ‘s‘P—Qs

=0 uniformly for a.a. z € €;
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(H4) h is bounded on bounded sets;

. h(z,s) ) .
(H5) Slninoo SZs +o0o  uniformly for a.a. x € 9Q;
h
(H6) lim (z,5) =0 uniformly for a.a. z € 9%;

s—0 ‘s‘q—2s
(HT7) h satisfies the condition

(b, 51) = h(@z, 52)] < Llor = wa]® + |s1 = s2]°]

for all pairs (x1, $1), (22, s2) in 9N x [~ K, K], where K is a positive constant
and o € (0,1];
(H8) y is a real fixed number such that

)

< 400 ifg<p
<2pc; ifg=p

where c7 is the positive constant given in Remark 3.1.

Remark 3.2. Note that hypothesis (H7) is needed for the usage of the Ct-regularity
results of Lieberman [15]. It is obvious that s — \|s|9=2s fulfills condition (H7) for
A>0and 1l < q<p We also point out that no growth condition is imposed on
f, h and thanks to (H3), (H6) we easily verify that f(x,0) = h(z,0) = 0 for a.a.
x € Q, resp., x € 0. Hence, u=0 is a solution of problem (1.1).

A function u € WHP(Q) is said to be a (weak) solution of (1.1) if it satisfies the
equation

/ (a(Vu), Vo)pn dx
Q

= / (—=x|u|?u — f(z,u)) pdz + / (Au|?™%u — h(z,u)) ¢do
Q

o0

for all test functions ¢ € W1P(Q) while do denotes the usual (N — 1)-surface
measure.

The conditions in (H2), (H5) imply the existence of constants My, My = Ma(X) >
1 such that

s|P for a.a. x € Q and all |s| > M,

|
3.2
s|P for a.a. x € Q and all |s| > Mo. (32)

Let M3 = max (M7, Ms). Taking uw = ¢ € [M3,+00) and applying (3.2), ¢ < p, and
Ms > 1, we conclude

0> —f(z,u) ae inQ and 0> X\a? ' —h(z,@) a.e. in . (3.3)
In the same way, choosing v = —¢, we obtain

0<—f(r,v) ae inQ and 0<Ao|? %0 —h(z,v) ae. in IN.
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Now, we introduce the truncation functions

0 ifs<0
bt (z,s) = —f(x,s) if0<s<m,
—f(z,u) fu<s
(3.4)
0 ifs<0

b (w,8) = As? ' —h(x,s) f0<s<T,
AXad™t — h(x,u) ifu<s

and
—f(z,v) ifs<w
b~ (z,8) =< —f(z,3) ifv<s<o0,
0 if0<s
Av]|9=20 — h(z,v) ifs<uw
by (z,5) = ¢ Ns|77%s — h(x, s) ifv<s<O0,
0 if0<s

which are well-known to be Carathéodory functions. Settlng B*(z,s) fo bE (z,t)dt,
B (z,s) = [ by (x,t)dt, we consider the C'-functionals ¢} : W1P(€2) — R defined

by
:/G(Vu)derK/ \u|pd:v7/Bi(x,u)dfc7/ B (x,u)do.
Q p Q o0

Furthermore we write F'(z, s) fo x,t)dt and H(x,s) fo x,t)dt. Recall that
@1(q) € int (C'(Q)) denotes the normalized eigenfunction (i.e. Hul( MNig.00 =1)

corresponding to the first eigenvalue 5\1((1) of the Steklov eigenvalue problem of the
g-Laplacian given in (2.3).

We start with the existence of constant sign solutions to problem (1.1) provided
A > 0 is sufficiently large.

Proposition 3.3. Let the assumptions in H(a); and (H1)-(H8) be satisfied and
suppose that

e {q675\1(q) ifq<p (3.5)

2pcrhi(p)  ifq=p

with the positive constant c; given in Remark 3.1. Then problem (1.1) has at least
two nontrivial constant sign solutions

up € [0,7) Nint (C(Q)4) and vo € [v,0]N (—int (C*()4)).

Proof. Let us begin the proof with the existence of the positive solution. By means
of the truncation in (3.4) standard arguments ensure that ¢y is coercive and se-
quentially weakly lower semicontinuous. Therefore, the Weierstrass theorem yields
the existence of ug € W1P(Q) such that

¢ (up) = inf [} (u) : u € W'P(Q)] = m]. (3.6)
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Given €1,e2 > 0, from Hypotheses (H3), (H6) we find §; = d1(g1),02 = da2(e2) €
(0,@) such that

F(x,s) < 6—1|5|p for a.a. € Q and for all |s| < 4y,
p

(3.7)
H(z,s) < %2|3|q for a.a. x € 9Q and for all |s| < da.

Let § := min(dy,d2). Since 41(g) € int (C*(Q)4), we may choose ¢ € (0,1) small
enough such that tiy(q)(z) € [0, 4] for all # € Q. Because of (3.1), (3.4), (3.7) along

with ||41(q)]lq,00 =1 and ¢ < @ it follows

o5 (ti(q))

= [ G(V(tui(q)))dz + K/ iy (q)|Pdx — / Bt (x,ti1(q))dx
Q P Ja Q

— B;(x, tiy (q))do
o0
- [ eV t@)dr+ X o+ [ F @) d
Q p Q
Atd

-—+ H (x,th1(q)) do
q 0

< cr (B9 (@ @)l + IV (@) 0) + X i @)l

€1tp N At €2tq
+ S i@l 7

(3.8)

q q
< e (<t @l + £951(0) + 79 0 (0)) 5.,
Eltp

Y X NI eqtd
+ =@l o+ @l q — =+ =
i@l + 2@l - 5+ 2

:t‘1< Cq7q> ||a1(q)HZ,Q+tq <QC7 1(Q)q +€2>

Xt E€1

L (c7wa1<q>>||§;,g n ||m<q>||§,g) -

If ¢ < p we may choose €1, 5 such that
0<eg<oo and 0<ey <)\—q075\1(q)
(see (3.5)), then (3.8) becomes
ol (tn (q)) < —t9My + tP M (3.9)
with some My, M5 > 0. Since ¢ < p, (3.9) implies
@i (ta1(q)) <0 for all sufficiently small ¢ > 0. (3.10)
If ¢ = p, (3.8) reduces to

of (tii(p))

< <2p07 +x+ 61) i D)|P o + 7 <2pc75\1(p) -+ 62) (3.11)
= p,Q .

b b
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If 2pc; > x we may choose
0<ep <2pc;—x and 0<eg < A\— 2p675\1(p)
(see (H8) and (3.5)) to obtain again (3.10). Finally, if 2pc; = x, (3.11) becomes

2C7p5\1(p) - A + Eg)
p

Choosing 0 < g9 < A — 2p073\1(p) we find a constant Mg = Mg(A\) > 0 such that
N €1 A
L) < (Ll - M)

Taking 0 < g1 < W provides inequality (3.10) again in this case. In summary
the choices of £1,e5 above lead to (see also (3.6))

@I(UO) <0= 801_(0),
implying ug # 0. Moreover, as ug is the global minimizer of go>+\7 there holds
(goj)/ (up) = 0 meaning that

[ (V00 ) o+ x [ uol~uogi
Q Q

:/b+(x,u0)g0dx+/ bl (z,u0)pdo,
Q 20

for all p € W1P(Q). We take p = —uy; € WHP(Q) as test function in (3.12) and
by virtue of Lemma 2.4(iii) in combination with the definition of the truncations
(see (3.4)), we obtain

. C2 _ _
min (2 ) (1935 10 + g 6) <0,

which means that ug > 0. Choosing ¢ = (ug—u)" € WHP(Q) in (3.12) and making
use of (3.3) as well as (3.4), it follows

/Q (a(Vug), V(ug — ﬂ)Jr)RN dz + X/ ub ™ (ug — )" da

Q

:/b+(z,u0)(uo—ﬂ)+dx+/ by (z,u0)(uo — @) T do
Q

o0

(3.12)

— / (—f(z,7)) (v —u) " dx +/ ()\ﬂqfl - h(x,ﬂ)) (up —u) " do
Q a0
<0.

This gives, due to Lemma 2.4(iii),

0> / (a(Vug), Vug)gn dx + X/ ub ™ (ug — ) da
{uo>u} {

ug >ﬂ}

c
21/ Vo || dx—i—/ (up — ) dz
{uo>u} {uo>u}

p
/ uo—u+ dx
0.

IV
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Hence [{up > u}|ny = 0, that is uy < w. We conclude that ug € [0,7] with ug Z 0.
Then, by means of the truncations in (3.4), equation (3.12) becomes

/ (a(Vup), Vo)pn dz + x/ uf)’*lgodx
Q Q
= /Q (—f(z,up)) pdx + /aQ ()\ug*1 - h(x,uo)) wdo

which means that ug € W1?(£2) solves the problem

—diva(Vug) = —xub ™" — f(x,u0) in Q,

3.13
a@u = Ml — h(x,up) on 0N. (3.13)
N

Since ug € [0,u] we have ug € L*°(2) (see also Winkert-Zacher [26, Corollary 1.2])
and from the regularity results of Lieberman [15] it follows that ug € C1(Q2) \ {0}.
Taking into account (H1), (H3) we find a constant M7 > 0 such that

f(z,s) < MysP™! fora.a. 2 € Q and for all 0 < s <. (3.14)
Combining (3.13) and (3.14) yields
diva(Vug) < (x + Mz)uf™"  ae. in Q.

Now, we may apply the strong maximum principle (see Pucci-Serrin [21, Theorem
2.5.1]) to obtain ug(z) > 0 for all z € Q.
Let zg € 09 be such that ug(zg) = 0. Applying the boundary point lemma (see

again Pucci-Serrin [21, Theorem 5.5.1]) gives
ou ou
5, (20) = ao ([ Vuo||) 52 (0) <0, (3.15)

where (Jug/0n)(xo) stands for the outer normal derivative of ug at z¢ € 9§2. Since
h(zo,uo(x0)) = h(x0,0) = 0 we get a contradiction from (3.13) and (3.15). Hence,
ug(x) > 0 for all z € O and consequently ug € int (C*(Q);). That finishes the first
part of the theorem.
The second assertion can be shown similarly using ¢} instead of gai’ to obtain
the existence of a nontrivial negative solution vy € [v,0] N (—int (C*(Q)4)). d

Now we are going to prove the existence of extremal constant sign solutions of
(1.1) provided A > 0 is large enough as before.

To this end, let S;(A) (S—(X)) be the set of all nontrivial positive (negative)
solutions of problem (1.1). Thanks to the monotonicity of a (see Lemma 2.4(i))
one can show that S;(A\) (S—(A)) is downward (upward) directed, that means if
up,ug € Sy(A) (S—(A)), then there is an element ¢ € S;(A\) (S—(A)) such that
0 < (>)ur,® < (>)ug. Therefore, without loss of generality, we can focus on the
sets

ScW=s:Mnfoa,  S-(\)=5-(N)N,0].
R As a consequence of Proposition 3.3 we know that both sets are nonempty, i.e.,
S+ (A) # 0 and S_(\) # 0. We can further suppose, without loss of generality, that
|f(x,8)| < Mg foraa. x€QandallseR,

3.16
|h(z,s)| < My for a.a. z € 9Q and all s € R, (3.16)
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with positive constants Mg, Mg which can be seen by truncation of f(z,-),h(x,-)
at v (from below) and @ (from above) combined with (H1), (H4). Then, taking into
account hypotheses (H3), (H6) along with (3.16) we find for given £1,e2 > 0 and
r1 € (p,p*),r2 € (p,p«) numbers Myg = Mio(e1,r1), M11 = Mii(e2,72) > 0 such
that

flz,s)s <eyls|P + Mygls|™ for a.a. x € Q and all s € R,

3.17
h(z,s)s < esls|? + Myq|s|™ for a.a. 2 € Q and all s € R. (3.17)

In order to prove the existence of a smallest positive and a greatest negative
solution to (1.1) we will consider an auxiliary problem. To this end, let A > 0,
€1 >0, 5 € (0,\) and consider the subsequent equation

—div(a(Vu)) = —(x + e1)|[u|P2u — Myo|u|" >u in Q,
ou
ong

We are going to prove the uniqueness of constant sign solutions of problem (3.18).

(3.18)

= (A —e2)|u|T2u — My|ul?%u on ON.

Proposition 3.4. Let hypotheses H(a); and (H8) be satisfied and suppose

\ - wAg@ if ¢ <p,
2pcrAi(p)  if g =p.

Then, problem (3.18) has a unique positive solution u, € int (Cl (§)+) and a unique
negative solution v, € int (C*(€)4).
Proof. Due to the oddness of (3.18) it suffices to prove the existence of a unique
positive solution u, € int (C’l(ﬁ)Jr), the existence of a unique negative solution
follows directly by setting v, = —u, € —int (C*(Q)).

Let UF : WhP(Q) — R be the C'-functional defined by

X €1 Mo
WXWPjLGﬂMMx+;MM@+}ﬂWW$m+7;MﬂK@
A—e3 My
el (4 PP sl [ 1P

Since ¢ < p <1y < p*,q < p < re < p, we note that \Ilj\r is coercive and sequentially
weakly lower semicontinuous. Hence, its global minimizer u, € W1P(Q) exists and
as in Proposition 3.3, the choice of A > 0 yields

Ul (uy) <0=T7(0)

guaranteeing u, # 0. Since u, is a global minimizer of \If;f we have (1&;)/ (us) =0,
that is

[ @V, 9e)an datx [ s
Q Q

= —51/ (uj)p_l odw — Mm/ (uj)h_l pdz (3.19)
Q Q

+ (A= 62)/ (uj)qi1 pdo — M1 / (uj)mf1 odo,
o0 oQ



14 S. EL MANOUNI, N. S. PAPAGEORGIOU, AND P. WINKERT

for all o € WLP(Q). Taking ¢ = —u; € WHP(Q) and applying Lemma 2.4(iii), we
get u, > 0 (cf. the proof of Proposition 3.3). Then, (3.19) becomes

/ (a(Vui), Vo) dz + X/ ul ™ pd
Q Q

:—51/ ufflcpdx—Mlo/ ul " tpdr
Q Q
- (A= 52)/ ulYpdo — My, / u" " Lopdo,
o0 o0

meaning that u. is a nontrivial positive solution of (3.18). Moreover, the nonlin-
ear regularity theory (see Winkert-Zacher [26] and Lieberman [15]) combined with
the nonlinear maximum principle (see Pucci-Serrin [21]) yields u, € int (C*(Q)4)
(similar to the proof of Proposition 3.3).

We are done with the proof provided wu, is shown to be the unique positive
solution of (3.18). Let Y : L}(f2) — R U {oc} be the integral functional defined
by

M r
/ G(Vu%> dx—&-i/ lu| 7 do if u>0,us € Whv(Q),
Q 2 Joq

+00 otherwise.

Ti(u)=

Let uy, uz be in the domain of Y, i.e. uy,uz € dom(Y1) = {u € L*() : T4 (u) < +oo}
and let further u = (tuq +(1 7t)u2)é with ¢ € [0,1]. Applying Lemma 1 in Diaz-Sad
[4] there holds

;N F(1—1) Hvuz(x)% ;N

V() gy < (tHvul(xﬁ )% ae. in Q.

Since Gy is increasing and thanks to condition H(a);(iv) it follows

Go (IVu(a) )
)

<o (7],
RN) +(1-1)Go (HVUQ({E)% ]RN> a.e. in €.
By definition G(&) = Go(||€]]) for all £ € RY| hence
G(Vu(z)) 4G (Vur(@)7) + (1 =G (Vus(2)7)  ae. in 0

F(1-1t) Hvuz(x)%

<1Go (Hvul(x)%

Therefore, T, is convex and due to Fatou’s lemma it is also lower semicontinuous.

Now, taking two positive solutions u,v € WP(Q) of (3.18) and recalling that
u,v € int (C*(Q)4) (see the first part of the proof) we have u,v € dom(Y,).
For h € CY(Q) and t € (0,1) sufficiently small we see that u? + th,v? + th €
int (C*(Q)4). Thus, Ty is Gateaux differentiable at u? and v? in the direction
h. Applying the chain rule and the nonlinear Green’s identity (see, for example,
Gasinski-Papageorgiou [11, p. 210]) yields

1 [ —diva(Vu) A—e2
T (u?) (h :f/ hdx + hdo, 3.20
AUIDERY = (3.20)
Y, (v%) (h) = 1/ ’dlvf(lvv)hdx+ A*52/ hdo. (3.21)
qJo VI q Jao
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Since Y’ is monotone (follows from the convexity of YT, ) and thanks to (3.20) as
well as (3.21), we obtain

0 < (Y, (u?) — 7T\ (v?),ul —ov?)

LY(Q)

_ 1/ <—diva(1Vu) B —diva(Vv)> (u? — o) dz

q.Ja (O vt

—1 ri—1 -1 r1—1

= 1/ <—(X+51)Up - Mygu ™" —(x+e)o?”" = Myov™ > (u? —v?) dz

q.Jo ud™ it
My =g ri—q\ (,d _ . X+teé P—q _ p—q) (7,0 _ 0y
=— [ (v —u" ) (u! —v?) dx + (P~ —uP™9) (u? — v9) dx.

q Q q Q

Since s — s~ 9 and s+ sP~? are strictly increasing in (0, 00) we obtain that u = v
and therefore, u, € int (C*(Q)4) is the unique positive solution of (3.18). O

With the aid of these solutions obtained in the last proposition we are now in the
position to prove the existence of extremal constant sign solutions of our original
problem (1.1) provided A > 0 is sufficiently large.

Proposition 3.5. Let the assumptions in H(a)y and (H1)-(HS8) be satisfied and
assume

o ek ifa<p,
2perhi(p)  ifqa=p.
Then problem (1.1) has a smallest positive solution uy. € int (C*(Q)4) and a great-
est negative solution v_ € —int (C*(Q)4).
Proof. As mentioned Abefore it is enough to prove the existence oAf these extremal
solutions in the sets S (A) = S (A) N[0,7] C int (C*(Q2)4) and S_(A) = S_(A) N
[v,0] € —int (C1(Q)4).
First, we are going to prove that u, < u for all u € S’+()\). For this purpose, let

o € S, (\) and define the Carathéodory functions ¢ : QxR — R, (M OOxR = R
through

0 if s <0
Ct(x,8) = —e1sP~ 1 — Mygs™ ! if0<s<o(zx), (3.22)
—e10(z)P~ — Mygd(x) 1 if 6(z) < s
and
0 if s <0
Gi(x,8) = ¢ (N —e9)s97 ! — Myysm2 1 if0<s<d(x). (3.23)

(A —e2)d(x)?7 1 — Myd(z)™2"1 if d(z) < s
Moreover, we define the C''-functional =} : WP(Q) — R given by
= (u) = / G(Vu)dz + K/ |ulPdx — / Zt (z,u)dz — / Z(z,u)do
Q pJja Q o0
with Z*(z,s) = [§ (T (x,t)dt and Z} (2, s) = [; (I (2, t)dt. Thanks to the trunca-
tions we easily verify that E; is coercive and sequentially weakly lower semicontin-
uous. Hence, there exists the global minimizer of Ej\r on WhP(Q), i.e.

=5 (6,) = inf [Z] (u) 1 uw € WHP(Q)]. (3.24)



16 S. EL MANOUNI, N. S. PAPAGEORGIOU, AND P. WINKERT

As in the proof of Proposition 3.3 we can show that
=Y (4.) < 0=Z21(0),
meaning @, # 0. Moreover, due to (3.24), there holds

[ @V, Foperdo x| fiulr Pipds
@ @ (3.25)

— [t maedos [ ¢ (@) edo
Q 0
for all p € WHP(Q). Taking ¢ = —a; € WHP(Q) in (3.25) and applying Lemma
2.4(iii) we derive
: C2 ~— 1P S|P
win (S22 0) (198710 + 4 150) <0,
which implies @, > 0. Since 0 is a positive solution of (1.1) it satisfies

/ (a(V0),Ve)pn dr + X/ Pt odr
@ @ (3.26)

:/ (—f(a:,f)))godx—&—/ (V01 — b (2, 9)) pdo,
Q o0

for all ¢ € W'P(Q). Choosing (i, — )" € WP(Q) in (3.25) and (3.26), sub-
tracting (3.26) from (3.25), and making use of (3.17), (3.22) as well as (3.23) we
derive

/Q (a (Vi) — a(V0),V (it — @)*)RN do + x/ ()" = 071 (i1, — 0)F da

Q

= [ (H i)+ 0) e~ ) e
F(x,d,) — Ao x,0 ’&*—f}+ o
+/{m(é}(, ) = AT+ b (,9)) (e — )" d
= /Q (—e10P™" — Mygd™ ! + f (2,0)) (4 — 0)" dx

+ / (A= e2) 0771 — My 0™~ = M09 + h(2,9)) (it — 0) " do
o0
<0.

This implies for @, > 0, due to Lemma 2.4(i),

OZ/Q(a(Vﬁ*)fa(Vﬁ),V(ﬁ*fﬁﬁ) dz

RN
+ x/ ()P~ = o771 (g — 0)F da
Q
> 0,

which is a contradiction. Therefore @, < ©. To sum up, we have shown that
G € [0,0] and @G, # 0. Then, by definition of the truncations, we obtain that .
is a positive solution of (3.18) which by Proposition 3.4 implies that G, = u, €
int (C*(€)4). Hence

Uy <u for all u € S.(N). (3.27)
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Now let C C 84 (\) be a chain, that means, a totally ordered subset of Sy ().
Then there exists a sequence (up)n>1 € S+ (A) (see Dunford-Schwartz [5, p. 336])
such that inf C = inf,,>1 up. As u, is a positive solution of (1.1) we have

/ (@(Vtn), Vi) do
Q

- / (—Xufl_l — fz,up)) pda +/ ()\u?l_l — h(z,un)) pdo,
Q

o0

(3.28)

for all o € WHP(Q) with u, < u,, < for all n > 1 (see (3.27)). Since f and h are
bounded on bounded sets we obtain the boundedness of u,, in W1P(Q). Therefore,
we may assume that

Up — u in WHP(Q), U — u in LP(Q), U, — u in LP(09). (3.29)
Taking ¢ = u, —u € WHP(Q) in (3.28) and passing to the limit as n — oo, one
gets, thanks to the convergence properties in (3.29),

lim (A(up), un —u) = lim [ (a(Vug), V(u, —u))gn do = 0. (3.30)

n—oo n—oo Q

Since A satisfies the (S, )-property (see Proposition 2.7), (3.29) and (3.30) imply
Up — uw in WHP(€). Using this fact we can pass again to the limit in (3.28) which
gives

[ @90, 90w e = [ (™  fowppds+ [ urt = b u)gdo

o2

with u, < u <w. That meansu € $+(A) and v = inf C. Then, the Kuratowski-Zorn
Lemma implies that S; (\) has a minimal element u, € Sy (\) and since Sy (\) is
downward directed, we infer that w4 is the smallest positive solution of (1.1).

The existence of a greatest negative solution v_ € —int (C*(Q)4) of (1.1) can

be shown in the same way, working with the set S_ (\) instead of 5’+ (M\). The proof
is complete. [l

Now, we are going to prove the existence of a nontrivial solution yq of (1.1) which
turns out to be a sign changing solution.

Proposition 3.6. If hypotheses H(a); and (H1)-(H8) hold and if
\ o Jaerda(0) ifa<p
2perda(p)  ifq=p
is satisfied, then problem (1.1) has a nodal solution yo € C* (ﬁ)

Proof. Recall that uy € int (C*(€)4) and v— € —int (C*(Q)4) are the two ex-
tremal constant sign solutions of (1.1) obtained by Proposition 3.5. Let ¥ : Q@ xR —
R, 9y : 0 x R — R, be truncation functions defined by

—f(z,v_(x)) if s <v_(z)
Hx,s) =< —f(x,9) ifv_(z) <s <us(z) (3.31)
(@) () <s
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and

AMo_ (@)% v_(z) = b (z,v_(z)) if s <v_(x)
Ox(z,8) = A|s|T % s — h(z,s) ifvo_(z) <s<uy(x). (3.32)
Mg ()97 — h(z,uy(x)) ifup(z) <s

Furthermore, let 9% (z,s) = 9 (v, £s%) ,0f(x, 5) = Oy (x,+sT) and define
O (r.5) = / I(wtydt, Oy (x,s) = / 0 (. ) d,
0 0
OF (2,5) = / O (a0 dt,  OF (2,5) = / OE (1) dt.
0 0
We consider the C'-functionals ®y, ®F : W1?(Q) — R defined by
@A(u):/G(Vu)dx—FK/ \u|pdm—/ @(:c,u)dx—/ O (z,u)do,
Q b Ja Q o0
Y (u) = / G(Vu)dz + X/ |u|Pdx —/ OF (z,u)dx f/ O3 (z,u)do.
Q pJa Q o0

First, we will prove that
K‘I’A c [’U,,U+], K@;\r = {07u+}a K@; = {U,,O} . (333)

To this end, let © € K, , that is

[ @(¥a), Fohen do -t x [ Jul Pupds
Q Q

(3.34)
= / Ha, u)odz +/ Ix(z,u)pdo  for all p € WHP(Q).
Q o0
Since w4 is a positive solution of (1.1), we have
[ @V, Tohg o+ x [ s
. “ (3.35)

- /Q(—f(x,u+))g0dm + /aQ ()\uﬁ_l - h($,U+)) edo,

for all o € WHP(Q). Choosing ¢ = (u —uy)" € WP(Q) in (3.34) and (3.35) and
subtracting (3.35) from (3.34) results in

/Q (a(Vu) —a(Vuy ),V (u— u+)+)RN dx
+ X/Q <|u|p*2u — u{fl) (u—uy)t de
= [ 00 + Flou) (0= ) da

+ / (1%\(:10, u) — Mub 4 h(x,u+)) (u—uy)t do
09



PARAMETRIC NONLINEAR NONHOMOGENEOUS NEUMANN EQUATIONS 19

due to the definition of the truncations in (3.31) and (3.32). Since a : RN — R¥ is
strictly monotone (see Lemma 2.4(i)), we derive for u > uy

o= [ (w0 - avu . v w))

+ X/ (|u|p72u — up_l) (u—uy)t da
Q
> 0,
which is a contradiction. This gives u < uy.

Acting on (3.34) and (3.35) with ¢ = (v_ —u)t € WHP(Q) and subtracting
again we obtain v_ < u. Hence

K@A Q [1}_711,4,_].
Following the same ideas we can prove that
Kot € [0,uy] and Kgo C [v_,0].

By Proposition 3.5 we have that 4 and v_ are the extremal constant sign solutions
of (1.1). Therefore

Kq&r ={0,uy+} and ch; = {v_,0}.

This proves (3.33).
Next, we are going to show that

uy €int (C'(Q)4) and v_ € —int (C'(€)4) are local

minimizers of ®,.

(3.36)

We easily verify that the functional @j{ is coercive and sequentially weakly lower
semicontinuous. Then, by the Weierstrass theorem, there exists @ € W1?(£2) such
that

®F (a) = inf { @ (u) :u e W'P(Q)}.

Applying the same arguments as in the proof of Proposition 3.3, we can show that
®f (@) < 0 = ®{(0) which implies & # 0. Hence, because of (3.33), & = uy €
int (C*(Q)4). Since (I)/\|Cl(§)+ = (I):\~_|Cl(§)+ we know that uy € int (C1(Q)4) is a
local C1(2)-minimizer of ®, and thanks to Proposition 2.6 it follows that uy is a
local WP (€2)-minimizer of ®). The assertion for ® can be shown using similar
arguments. This proves (3.36).

Now, we may assume, without loss of generality, that ®)(v_) < ®(u4) and
that uy is an isolated element of Kg,, otherwise we would have a whole sequence
of distinct nontrivial solutions of (1.1). Then, we can find a number p € (0, 1) such
that ||[v— —utll1,, > p and

Dy (v_) < By (ug) < inf [®y(u) : |Ju—uyl1y = p] =m). (3.37)

p

From Proposition 2.9 we have that ®, satisfies the PS-condition because it is co-
ercive. This fact along with (3.37) allow us the application of the mountain pass
theorem stated in Theorem 2.2 which guarantees the existence of yo € W1P(£2)
such that

Yo € Ko, and  m) < ®x(yo). (3.38)
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Note that the first assertion in (3.38) combined with (3.33) and the definition of
the truncations in (3.31), (3.32) implies that yo is a solution of problem (1.1). The
second assertion in (3.38) along with (3.37) gives yo & {v_,uy} and the nonlinear
regularity theory yields that yo € C1(2). Since v_ and u, are the extremal constant
sign solutions of (1.1) we know that yo € [v_,u] \ {v—,us} has changing sign
provided yo # 0.

Moreover, since yq is of mountain pass type, we obtain, due to Theorem 2.2,

®a(yo) = inf max ®x(v(1)), (3.39)

where I' = {y € C ([0,1], W"?(Q)) : 7(0) = v_, (1) = uy }. In order to complete
the proof we have to show that yg is unequal zero which is satisfied if there exists
a path ~, € T" such that (see (3.39))

D) (74(t)) #0 for all t € [0, 1].

Taking hypotheses (H3), (H6) into account, for given 1,69 > 0, there exist
numbers 6; = d1(e1),d2 = da(e2) > 0 such that

|f(z,5)] <eq]s|P~ for a.a. x € Q and all |s| < 6y,
|h(z,5)| < eals|97t for a.a. x € 0Q and all |s| < &,

which implies that

F(x,s) < i|s|p for a.a. z € Q and all |s| < 4y,
L (3.40)
H(z,s) < E|S|q for a.a. x € 90 and all |s| < ds.

Let S, = Wh9(Q) N 8B§"8Q and S = S, N C*(Q) be equipped with the rela-
tive WP (Q)-topology and the relative C'(Q)-topology, respectively. Recall that
OBTYY = [y e LI(9D) : ||ulq.00 =1} and

D(q) = {5 € C([=1,1),8,) : 4(=1) = ~i(9). (1) = @ (9)}
Moreover, we consider the set of continuous paths
Te(q) = {7 € C ([-1,1],55) : 4(=1) = —a(q),4(1) = @1 () } -
Let § := min {1, 02}. From the variational characterization of the second eigen-

value Az(q) (see Proposition 2.8), we find 4 € I'(¢) such that

. 0
~ q e
“max [0, <A20) + 5. (3.41)
It is well known that Sy is dense in S;. This implies the density of I'.(q) in T'(q)
(see, for example, Winkert [22, Proof of Theorem 3.1.16]). Therefore, for a given
e > 0, there exists 49 € I'c(q) such that

_max [15(t) —Fo(®)ll,, << (3.42)
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. 1 . 1
Selecting ¢ € (0, ()\g(q) + 5) - ()\g(q) + %) q) we derive from (3.41) and (3.42)
Fo@®ll1,q < 170(E) =@l + 17O 4
< ]
<e+ | A(q) + 3

< (5\2(61) + 5)5 for all t € [-1,1],

aq

which results in
max [|50(t)[{,, < Aa(g) + 6. (3.43)

—1<t<1

Recall that u € int (C*(Q)4) and v € —int (C*(Q)4 ). Then, since 5o ([—1,1]) C
C1() is compact, there exists a number £ € (0,1) such that

|€u(z)| <6 for all z € Q, for all u € o ([-1,1]), (3.44)
and
Eu € v_,uy] forall u € 9o ([-1,1]).

Due to (3.1) along with |lull400 = 1, (3.31), (3.32), (3.40), (3.43), (3.44), and
u € 4o ([—1,1]), it follows

D (§u)
= X ulPdx — x,&u)dr — x,u)do
- [ evends+ X [ lepds - [ ow.eds— [ erw.eua

x&?
< er (€Yl o+ €1Vl o) + 2> ull

A
—|—/QF(m,§u)dm . —|—/BQH(w,§u)dU

< cr (€21Vullg o + €7l

18P

o

qer (5\2(61) + 6) —A+e9
q

Ca+ VUL o) - Eerllull g (3.45)

ST p AT e
+ = lullpq + ullp o — — +—¢*
Sl g+ el g - S+

< ¢

— lerllullg o

X+ ér
e (c7||w||z,g PXEAy, ) |

Furthermore, since 4 ([—1,1]) € C*(Q) is compact, we find a number £* > 0 such
that

fully, <& forall u € Fo([-1,1]). (3.46)
First, suppose that ¢ < p. We choose €1 € (0,00), £2 > 0 and § € (0,&2) such that
qc7d + 3 < A — gerAe(q). Taking (3.46) into account, (3.45) becomes
D)y (Eu) < —EIMyo + EPMy3  for some Mo, M3 > 0.
Since ¢ < p, by choosing £ € (0, 1) small enough, we obtain
@y (&u) <0 for all uw € 4o([—1,1)). (3.47)
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If ¢ = p, by applying (3.46) and again (3.43), estimate (3.45) becomes

_pC7 (5\2(17) + 5) —Ateg

@ (gu) < & p ~&erllull g
X+er
#& (er (IVall 0 + i) = el + <52 i) (39
[2pes <;\2(p) + 5) —A+e2 -
< g L X Zer
p b

If 2per > x, we choose 0 < &1 < 2pey — x as well as e > 0 and 0 € (0,e2) such that
perd 4+ g2 < A — perAa(p) which proves (3.47). If 2pc; = x, then we select again
g2 > 0and ¢ € (0,e2) such that pc7d +e2 < A —perAq(p) for which (3.48) results in

x(fu) < &P [—M14 + 25*} (3.49)

with some M4 > 0. Choosing 0 < g1 < plgj“

Now, we set vo = &4o which is a continuous path in WP(£2) connecting —&iy (q)
and £1iq(g) and which fulfills

proves (3.47) in this case, too.

@A|70 <0. (3.50)

Recall that, due to (3.33), Ko+ = {0, us}. Moreover, the proof of (3.36) shows
that

O (uy) = uemi/l}fp(n) ®F(u) < 0= o5(0). (3.51)

Now we may apply the second deformation theorem stated in Theorem 2.3 with
o =®7, a=®f(uy) < 0= ®f(0) = b to find a continuous map h : [0,1] x
((@j)o \ {0}) — (@j)o such that, because of (3.51) and (3.33),

5 0

A (1 @)\ {0}) = fus} (3.52)
and

o} (h(t,u)) < (u) for all £ € [0,1] and all u € (®F)"\ {0}. (3.53)

. +
Defining v (t) := (h(t, §a1(q))) for all ¢t € [0, 1], it is clear that 4 is a continuous
path in W1P(Q) satisfying

~ +
74(0) = (h(0, 61 (0))) " = €ir(a)
and, due to (3.52),
. +
(1) = (h(Lgin() = us.
In addition, thanks to (3.53) and (3.50), one gets
OF (v1 (1) < % (¢in(q)) <0 forall t € [0,1]
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implying 1 . <0. Moreover, since

<1>A|W£:q>j|w+p and im~y, C WY,

with W¥ = {u € W'P(Q) : u(z) > 0 a.e. in Q}, we have

@, <o. (3.54)

T+

Following the same ideas we can construct a continuous path y_ in W?(2) which
joins v— and —£a;(q) satisfying
®,|. <o. (3.55)

vY—

The union of the curves v_, 79, and 4 forms a continuous path v, € I' such that,
because of (3.50), (3.54), and (3.55),

O], <0
This implies that yo € C1(Q) N [v_, u4] is a nodal solution of (1.1). O

Combining the results in Propositions 3.3, 3.5, and 3.6 we have the following
multiplicity result.

Theorem 3.7. Let hypotheses H(a), and (H1)-(H8) be satisfied and assume

. gerda(a)  ifa<p,
2pcra(p)  ifq=p.

Then problem (1.1) has at least three nontrivial solutions uy € int (C’l(ﬁ)+) ,Vo €
—int (C*(Q)+) and a nodal solution yo € [vo, ug) N C*(Q). Additionally, (1.1) has
a smallest nontrivial positive solution uy € int (Cl (§)+) and a greatest nontrivial
negative solution v_ € —int (C*(€)4).

Remark 3.8. As mentioned in the Introduction recall that the results in Theorem

3.7 recover those ones obtained in Winkert [23]. Indeed, if ¢ = p and a(§) = ||f||§z_vQ

for all ¢ € RY is the p-Laplacian, then c; = ﬁ and 2p075\2(p) = 5\2(}7) being the
second eigenvalue of the p-Laplacian with Steklov boundary condition. In this case

problem (1.1) becomes

—Apu = —x|ulP"?u — f(z,u) in €,

_o0u
||Vu||§N26— = Mu|P~2u — h(z,u) on 9.
n
with
0<x<1.
In contrast to [23] we have on the one hand a more general operator being possibly

nonhomogeneous and on the other hand we do not need a sign-changing condition
on f near the origin.
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