SINGULAR DIRICHLET (p,q)-EQUATIONS

NIKOLAOS S. PAPAGEORGIOU AND PATRICK WINKERT

ABSTRACT. We consider a nonlinear Dirichlet problem driven by the (p, q)-
Laplacian and with a reaction having the combined effects of a singular term
and of a parametric (p — 1)-superlinear perturbation. We prove a bifurcation-
type result describing the changes in the set of positive solutions as the pa-
rameter A > 0 varies. Moreover, we prove the existence of a minimal positive
solution u} and study the monotonicity and continuity properties of the map

A= uj.
1. INTRODUCTION
In a recent paper, the authors [15] studied the following singular parametric
p-Laplacian Dirichlet problem
—Apu=u""T+ M (x,u) in Q,
u=20 on 012,

u>0, A>0, 0<n<l, 1<np.

They proved a result describing the dependence of the set of positive solutions as
the parameter A > 0 varies, assuming that f(x,-) is (p — 1)-superlinear.

In the present paper, we consider a singular parametric Dirichlet problem driven
by the (p, ¢)-Laplacian, that is, the sum of a p-Laplacian and of a g-Laplacian with
1 < ¢ < p. To be more precise, the problem under consideration is the following

—Apu—Agu=u""T+ \f(x,u) in Q,
u=0 on 02, (Pa)
u>0, A>0, 0<n<l, 1<gqg<p,

where Q C R¥ is a bounded domain with a C%-boundary 0. In this problem,
the differential operator is not homogeneous and so many of the techniques used in
Papageorgiou-Winkert [15] are not applicable here. More precisely, in the proof of
Proposition 3.1 in [15], the homogeneity of the p-Laplacian is crucial in the argu-
ment. It provides naturally an upper solution @ which is an appropriate multiple of
the unique solution e € int (C§(Q)4) of problem (3.2) in [15] (see also the argument
in (3.7)). In our setting, this is no longer possible since the differential operator,
so the (p, ¢)-Laplacian, is not homogeneous. This makes our proof here of the fact
that £ # 0 (existence of admissible parameters, see Proposition 3.1) more involved
and requires some preparation which involves Propositions 2.3 and 2.4. Moreover,
the proof that the critical parameter A* > 0 is finite differs for the same reason and
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here is more involved and requires the use of a different strong comparison princi-
ple. In [15] (see Proposition 3.6) this is done easily since we can use the spectrum
of (=A,, W, P(Q)) and in particular the principal eigenvalue A; > 0 thanks to the
homogeneity of the differential operator (see (3.25) in [15]). This reasoning fails in
our setting and leads to a different geometry near zero (compare hypothesis H(iv)
in [15] with hypothesis H(iv) in this paper). Furthermore, we now need to employ
a different comparison argument based on a recent strong comparison principle due
to Papageorgiou-Radulescu-Repovs [12]. In addition, the proof of Proposition 3.7
in [15] cannot be extended to our problem (see the part from (3.42) and below).
The presence of the ¢-Laplacian leads to difficulties. For this reason, our superlin-
earity condition (see hypothesis H(iii)) differs from the one used in [15]. However,
we stress that both go beyond the classical Ambrosetti-Rabinowitz condition.

For the parametric perturbation of the singular term, Af(-,-) with f: QxR — R,
we assume that f is a Carathéodory function, that is, x — f(z, s) is measurable for
all s € R and s — f(z,s) is continuous for almost all (a.a.) = € Q. Moreover we
assume that f(z,-) exhibits (p — 1)-superlinear growth as s — -+oo but it need not
satisfy the usual Ambrosetti-Rabinowitz condition (the AR-condition for short) in
such cases. Applying variational tools from critical point theory along with suitable
truncation and comparison techniques, we prove a bifurcation-type result as in [15],
which describes in a precise way the dependence of the set of positive solutions as
the parameter A > 0 changes.

In this direction we mention the recent works of Papageorgiou-Radulescu-Repovs
[12] and Papageorgiou-Vetro-Vetro [14] which also deal with nonlinear singular para-
metric Dirichlet problems. In theses works the parameter multiplies the singular
term. Indeed, in Papageorgiou-Radulescu-Repovs [12] the equation is driven by a
nonhomogeneous differential operator and in the reaction we have the competing
effects of a parametric singular term and of a (p — 1)-superlinear perturbation. In
Papageorgiou-Vetro-Vetro [14] the equation is driven by the (p, 2)-Laplacian and in
the reaction we have the competing effects of a parametric singular term and of a
(p — 1)-linear, resonant perturbation. The work of Papageorgiou-Vetro-Vetro [14]
was continued by Bai-Motreanu-Zeng [2] where the authors examine the continuity
properties with respect to the parameter of the solution multifunction.

Boundary value problems monitored by a combination of differential operators
of different nature (such as (p, g)-equations), arise in many mathematical processes.
We refer, for example, to the works of Bahrouni-Réadulescu-Repovs [1] (transonic
flows), Benci-D’Avenia-Fortunato-Pisani [3] (quantum physics), Cherfils-II'yasov [4]
(reaction diffusion systems) and Zhikov [19] (elasticity theory). We also mention
the survey paper of Radulescu [18] on anistropic (p, g)-equations.

2. PRELIMINARIES AND HYPOTHESES

The main spaces which we will be using in the study of problem (P,) are the
Sobolev space W, (Q) and the Banach space C}(Q). By || - || we denote the norm
of the Sobolev space WO1 P(Q) and because of the Poincaré inequality, we have

Jul| = |Vull, for all u e WyP(Q),

where || - ||, denotes norm in LP(£2) and also in LP(£; RY). From the context it will
be clear which one is used.
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The Banach space
Co(Q) ={ueC () : ul,, =0}
is an ordered Banach space with positive cone
Co() 4 ={ueCy(Q) : u(z)>0foralzeQ}.

This cone has a nonempty interior given by
int (Cy(Q)4) = {u € C( Q)4 s u(x) >0 for all z € Q, g—u(x) <0Oforallz e GQ} ,
n

where n(-) stands for the outward unit normal on 9.
For every r € (1,00), let A,: Wy (Q) — W=17"(Q) = Wy " (Q)* with 2+ L =1
be the nonlinear map defined by

(A (u), h) :/ |Vu|""2Vu - Vhdz for all u,h € W) (Q). (2.1)
Q

From Gasitiski-Papageorgiou [5, Problem 2.192; p.279] we have the following
properties of A,.

Proposition 2.1. The map A,.: Wy () = W17 (Q) defined in (2.1) is bounded,
that is, it maps bounded sets to bounded sets, continuous, strictly monotone, hence
mazimal monotone and it is of type (S)4, that is,

Uy S uin Wy () and  limsup(A,(uy), u, —u) <0,

n—oo
imply u, — u in Wy (Q).

For s € R, we set s¥ = max{=s,0} and for u € W "*(Q2) we define u®(-) = u(-)*.
It is well known that

ut e WyP(Q), Jul=ut+u", u=u"—u".
For u,v € W, P(Q) with u(z) < v(z) for a.a.z € Q we define
[u,v] = {h € WyP(Q) : u(z) < h(z) < v(z) for a.a.a € Q},
[w) = {h € Wy P(Q) : u(z) < h(z) for a.a.x € Q}.

Given a set S C WHP(Q) we say that it is “downward directed”, if for any given
ui,us € S we can find u € S such that v < u; and u < us.

If hi,hs: Q — R are two measurable functions, then we write h; < ho if and
only if for every compact K C  we have 0 < cx < ha(x) — hi(z) for a.a.x € K.

If X is a Banach space and ¢ € C'(X,R), then we define

K,={ue X : ¢(u)=0}

being the critical set of ¢. Furthermore, we say that ¢ satisfies the Cerami condition
(C-condition for short), if every sequence {uy,},>1 C X such that {¢(u,)}n>1 CR
is bounded and such that (14 ||u,||x) ¢ (un) — 0 in X* as n — oo, admits a
strongly convergent subsequence.

Our Hypotheses on the perturbation f: 2 x R — R are the following:

H: f: QxR — Ris a Carathéodory function such that f(x,0) =0 for a.a.z €
Q and
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fla,s) <a(x) (1+s")

for a.a.x € Q, for all s > 0, with a € L>®(Q) and p < r < p*, where p*
denotes the critical Sobolev exponent with respect to p given by

N .
o= N—f;) if p< N,
4+oo if N < p;
(i) if F(z,s) = [, f(z,t)dt, then
F
lim 7(37’5)

= 400 uniformly for a.a.x €
s—+oo sP

(iii) there exists T € ((r — p) max {%7 1} ,p*) with 7 > ¢ such that

0 < eo < liminf £&8)5 —PF(@,5)
s—+4o00 sT
(iv)

uniformly for a.a.z € ;

b 19)

s—0+ 8971

=0 uniformly for a.a.z € Q

and there exists 7 € (g, p) such that
f(z,s)

ST*l

liminf > 17 >0 uniformly for a.a.x €
s—0t

(v) for every § > 0 we have
flz,8) >ms >0
for a.a.z € Q and for all s > § and for every p > 0 there exists ép >0
such that the function
s— f(x,s) + épsp_l
is nondecreasing on [0, p] for a.a.x € Q.

Remark 2.2. Since we are looking for positive solutions and the hypotheses above
concern the positive semiazis Ry = [0,400), without any loss generality, we may
assume that

f(z,s) =0 fora.a.xe€Q and for all s <0. (2.2)
Hypotheses H(ii), H(iii) imply that
lim @ s) = +4o00 uniformly for a.a.x € §Q.

s—+o0 Sp_l

Hence, the perturbation f(x,-) is (p — 1)-superlinear. In the literature, superlinear
equations are usually treated by using the AR-condition. In our case, taking (2.2)
into account, we refer to a unilateral version of this condition which says that there
exist M > 0 and p > p such that

0 < puF(x,s) < f(x,s)s fora.a.x € Q and for all s > M, (2.3)
0< essQian(~,M).
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If we integrate (2.3) and use (2.4), we obtain the weaker condition
ast < F(z,s) fora.a.x e, forall s> M and for some ¢; > 0.
This implies, due to (2.3), that
c1sV < f(x,s)  for a.a.x € Q and for all s > M.

We see that the AR-condition is dictating that f(x,-) eventually has (n — 1)-
polynomial growth. Here, instead of the AR-condition, see (2.3), (2.4), we employ
a less restrictive behavior near +00, see hypothesis H(iii). This way we are able to
incorporate in our framework superlinear nonlinearities with “slower” growth near
+oo. For example, consider the function f: R — R (for the sake of simplicity we
drop the x-dependence) defined by

f(x):{sﬂl if0<s<l,

sP~ln(z) + 5571 ifl<s

with ¢ < u < p and § < p, see (2.2). This function satisfies hypotheses H, but fails
to satisfy the AR-condition.

By a solution of (P,) we mean a function u € Wy ?(Q), u > 0, u # 0, such that
uh € LY(Q) for all h € Wy*(€) and

(Ap(u),h) + (Ag(u), h) = / u "hdx + )\/ flx,u)hdz for all h € W, P(%).
Q Q
The energy functional ¢y : Wol’p(Q) — R of the problem (P)) is given by
1 1 1 _
ea(u) = =[|Vullp + = ||Vul|Z - 7/ (u+)1 " dx — )\/ F (z,u") dx
P q L=nJg Q

for all h € WP ().

We can find solutions of (P,) among the critical points of ¢y. The problem
that we face is that because of the third term, so the singular one, the energy
functional ¢y is not C'. So, we cannot apply directly the minimax theorems of the
critical point theory on ¢,. Solving related auxiliary Dirichlet problems and then
using suitable truncation and comparison techniques, we are able to overcome this
difficulty, isolate the singularity and deal with C*-functionals on which the classical
critical point theory can be used.

To this end, first we consider the following purely singular Dirichlet problem

—Apu—Agu=u"" in €,
u=0 on 02, (2.5)
u>0, 0<n<l, 1<qg<p.

From Proposition 10 of Papageorgiou-Radulescu-Repovs [12] we have the following
result concerning problem (2.5).

Proposition 2.3. Problem (2.5) admits a unique solution u € int (C§()4).

From the Lemma in Lazer-McKenna [9] we know that

uw e LHQ).
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Moreover, from Hardy’s inequality we have
u=h € LNQ) and / lu™"h| dz < &|)h]
Q
for all h € WyP(€). Tt follows that u™" + 1 € W12 (Q) = WP (Q)*.
So, we can consider a second auxiliary Dirichlet problem
“Apu—Agu=u""T+1 in €,
u=0 on 01}, (2.6)
O<n<l, 1<g<p.
We show that (2.6) has a unique solution.
Proposition 2.4. Problem (2.6) admits a unique solution U € int (C§(2)4).
Proof. Consider the operator L: Wy (Q) — W~ (Q) with %—I— ﬁ = 1 defined by

L(u) = Ay(u) + Ay(u) for all u € WyP(Q).

This operator is continuous, strictly monotone, hence maximal monotone and co-
ercive. Since u="7+1 € W17 (Y (see the comments after Proposition 2.3), we can
find @ € Wy (Q),a # 0 such that

L(@)=u"+1.

The strict monotonicity of L implies the uniqueness of u while Theorem B.1 of
Giacomoni-Schindler-Také¢ [7] implies that uw € C}(Q)4 \ {0}. Furthermore, we
have

Ayu(z) + Agu(x) <0 for a.a.z € Q.

Hence, from the nonlinear maximum principle, see Pucci-Serrin [17, pp.111 and
120], we conclude that @ € int (C3(Q)4). O
3. POSITIVE SOLUTIONS

We introduce the following two sets
L ={X > 0:problem (P,) has a positive solution},
Sy = {u : u is a positive solution of problem (P,)}.
Proposition 3.1. If hypotheses H hold, then L # ().

Proof. Let u € int (C§(2)4+) be as in Proposition 2.4. Hypothesis H(i) implies that
f(,a@(s) € L*°(). So, we can find Ag > 0 such that

0<XMf(x,u(x)) <1 fora.a.xzeq. (3.1)

From the weak comparison principle (see Pucci-Serrin [17, Theorem 3.4.1, p.61]),
we have u < @. So, for given A € (0, \g], we can define the following truncation of
the reaction of problem (P))

w(x) ™"+ A (z,u(x)) if s < u(x),
ax(z,s) = ¢ s T+ Nf(z,s) if u(z) <s <u(x), (3.2)
u(x) "+ M (z,u(x)) ifulx) <s
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This is a Carathéodory function. We set Gx(z, s) = [; gx(,t) dt and consider the
C'-functional 1y : Wy P(€2) — R defined by

1 1
(@) = SVl + C Tl - /Q G(z,u)de for all w € WIP(Q),

see also Papageorgiou-Smyrlis [13, Proposition 3]. From (3.2) we see that 1, is
coercive. Also, using the Sobolev embedding theorem, we see that 1y is sequentially
weakly lower semicontinuous. So, by the WeierstraB3-Tonelli theorem, we can find
uy € W, P(2) such that

¥a(uy) = min [1&,\(u) Cue Wi
This means, in particular, that ¢ (u)) = 0, which gives
(Ap (), B + (Aq(un), h) = / (@ u)hdr forall he WEP(Q).  (3.3)
Q

First, we choose h = (u — uy)* € Wy?(Q) in (3.3). This yields, because of (3.2),
f >0 and Proposition 2.3 that

<Ap(u>\)v (u— uA)+> i <Aq(uA), (u— UA)+>

= /Q [ﬁin + )\f(x,g)] (u— u}\)“’ dx

> /Qﬂin (u— U)\)Jr dx

= <Ap(ﬂ)a (u— UA)+> + <Aq(@), (u — u)\)+> )
This implies

/ (IVulP2Vu — |Vur P2V, ) - (Vu — Vuy) dz
{u>ux}

+/ (IVul9*Vu — |[Vu|7Vuy) - (Vu — Vuy) do
{u>ux}
<0,
which means |{u > uy}|x = 0 with ||y being the Lebesgue measure of R". Hence,
u < uy. (3.4)

Next, we choose h = (uy — @)t € WP (Q) in (3.3). Applying (3.2), (3.4), (3.1) and
recall that 0 < A < A\g, we obtain

(Apun), (un =0)") + (Ay (). (wr =) ")

[@ + \f(2,0)] (ux —w)" da

IN
ST~

[u™ + 1] (uy — )" da

p(@, (wy = 1)) + (A, (@, (1r — D))
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From this we see that

/ (IVux[P>Vuy — [Va|P~?Va) - (Vuy — V) dz
{ux>u}

+/ (IVux|9?Vuy — |Va|?~?Va) - (Vuy — Va) do
{ux>u}
<0
and so [{ux > u}|y = 0. Thus, uy <u. So, we have proved that
uy € [u,Tl. (3.5)
Then, (3.5), (3.2) and (3.3) imply that uy € Sx and so (0, \g] C L # 0. O
Proposition 3.2. If hypotheses H hold and A € L, then u < u for all u € Sy.

Proof. Let u € Sy. On Q x (0,400) we introduce the Carathéodory function (-, -)
defined by

Hos) = {Z(;)ﬂ i 2(;)85:(96)’ (36)
for all (z,s) € Qx (0, +00). Then we consider the following Dirichlet (p, ¢)-problem
—Apu — Agu = k(z,u) in Q,
u=20 on 092,
u>0, 1<qg<np.
Proposition 10 of Papageorgiou-Radulescu-Repovs [12] implies that this problem
admits a solution
i€ int (CLQ)4). (3.7)
This means
(A, (@) h) + (A, (i) b = /Q k(x,@) hdr forall h € WIP(Q).  (3.8)

Choosing h = (& — u)" € Wy *(Q) in (3.8) and applying (3.6), f > 0 and u € Sy

gives

(Ap(@), @~ w") + (4@, @—w)")

:/u"u—u dx
Q

This implies

/ (IValP~?Va — |VulP>Vu) - (Vi — Vu) dz
{a>u}

+ / (IVa|?=*Va — [Vul|?*Vu) - (Vi — Vu) dx
{a>u}

<0,
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which means |[{& > u}|y = 0. Thus,

o < u. (3.9)

From (3.9), (3.7), (3.6), (3.8) and Proposition 2.3 it follows that & = u. Therefore,
u < u for all u € S). O
As before, using Theorem B.1 of Giacomoni-Schindler-Tak4¢ [7], we have the

following result about the solution set Sy .
Proposition 3.3. If hypotheses H hold and X € L, then Sy C int (C& (§)+)
Let \* =sup L.
Proposition 3.4. If hypotheses H hold, then A* < oo.
Proof. Hypotheses H(ii), (iii) imply that we can find M > 0 such that
f(z,s) >sP~! for a.a.z € Q and for all s > M.

Moreover, hypothesis H(iv) implies that there exist § € (0,1) and 7, € (0,7) such
that

fla,s) = is™ > st

for a.a.z € Q and for all 0 < s < § since 7 < p and § < 1. This yields

1
—f(x,8) > 5?7t for a.a.z € Qand for all 0 < 5 < 4.
Uit

In addition, on account of hypothesis H(v) we can find A>0 large enough such
that

S\f(a:,s) > MP™' fora.a.zeQandforald<s<M.

Therefore, taking into account the calculations above, there exists A >0 large
enough such that

P71 < Af(x,s) fora.a.z € Qand for all s > 0. (3.10)

Let A > A and suppose that A € £. Then we can find u, € Sy C int (C& (ﬁ)+), see
Proposition 3.3. Let €' CC Q with C?-boundary 9. Then my = mingruy > 0
since uy € int (CJ(Q)4). Let p = [luallc and let ép > 0 be as postulated by
hypothesis H(v). For § > 0, we set my = mg + 6. Applying (3.10), hypothesis H(v)
and uy € Sy, we have for a.a.x €

— Ay — A+ A&, (md)” = A (md)

< AEmbt 4+ x(8)  with x(6) = 0% as § — 0F

< M, + 1] mb !+ x(0)

< Af(@,mo) + Apmf ™" + x(5)

=X [f(@.mo) + &b = (A= 1) f(2.mo) + x(9)

<A {f (z,ux(z)) + épw\(x)p_l} for 6 > 0 small enough
= —Aur(z) — Agua(x) + Apun ()P — Auy(z) 7"
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Note that for § > 0 small enough, we will have
0<n< [)\ - /A\} f(x,mo) — x(6) fora.a.z e,

see hypothesis H(v). Then, invoking Proposition 6 of Papageorgiou-Radulescu-
Repovs [12], it follows that

mf < uy(x) fora.a.z € Q and for § > 0 small enough,

whichAcontradicts the definition of mgy. Therefore, A € £ and so we conclude that
A<\ < 0. O

Next, we are going to show that £ is an interval. So, we have
(0,A") C L C (0, \"].
Proposition 3.5. If hypotheses H hold, A € L and 0 < u < X, then u € L.

Proof. Since A € L, we can find uy € Sy C int (C§(Q)4). We know that u < uy,
see Proposition 3.2. So, we can define the following truncation e,: £ x R — R of
the reaction for problem (P))

u(@) ™"+ pf(rule) if s <w(z),
en(z,8) =< s+ puf(z,s) if u(z) < s <wuy(z), (3.11)
ux(@)T" + pf (z,un(x) if ua(z) <s,

which is a Carathéodory function. We set E,(z,s) = fos eu(x,t)dt and consider
the C'-functional @, : W, *(2) — R defined by

1 1
Bulw) = STl + 2Vl - / Ey(z,u)de for all u € WP(Q),
Q
see Papageorgiou-Vetro-Vetro [14]. From (3.11) it is clear that ¢, is coercive.
Moreover, it is sequentially weakly lower semicontinuous. Therefore, we can find
u, € Wy (Q) such that
&y (u,,) = min {@H(u) ue Wol’p(Q)} .

In particular, we have ], (u,) = 0 which means

(A, (1), h) + (A, (u#),h>:/ﬂe#(z,u)hdas for all h € WP(Q).  (3.12)

Choosing h = (u—u,)" € Wy P(Q) in (3.12) and applying (3.11), f > 0 and
Proposition 2.3 yields

<Ap (up), (uw— “u)+> + <Aq (up), (uw— uu)+>
— [+ s ] (- )t do

Q
> /Qg_” (uw—u,)" do

= (Ap (W) (=) )+ (A (W), (w— )"
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We obtain u < u,. Furthermore, choosing h = (u,, —ux)" € W, P(Q) in (3.12)
and applying (3.11), p < A and uy € Sy, we get

<Ap (up) , (up — UA)+> + <Aq (up) s (uy — UA)+>

— /Q [uy T+ puf (z,un)] (uy, — uy) " dx

< /Q [w™ + Mf(z,un)] (w, — uy)t dx

= (Ap () (= ua) ") + (Ag () (s =) )

Hence, u, < uy and so we have proved that
Uy € (U, uy]. (3.13)
From (3.13), (3.11) and (3.12) we infer that
u, €8, Cint (CH(Q)4).
Thus, p € L. ]
A byproduct of the proof above is the following corollary.

Corollary 3.6. If hypotheses H hold, A € L, uy € S C int (C&(Q)Jr) and p €
(0,\), then p € L and there exists u, € S, C int (C§(Q)4) such that u,, < uy.

Using the strong comparison principle of Papageorgiou-Riadulescu-Repovs [12]
we can improve the conclusion of this corollary as follows.

Proposition 3.7. If hypotheses H hold, A € L, uy € S, C int (C’&(ﬁ)+) and

€ (0,X), then p € L and there exists u, € S, C int (C§(Q)4) such that
ux —uy, € int (C5(Q)4) .

Proof. From Corollary 3.6 we already have that u € £ and we also know that there
exists u, € S, C int (C§()4) such that
Uy < UN- (314)

Let p = |lua|loo and let fp > 0 be as postulated by hypothesis H(v). Applying
u, € Sy, (3.14), hypothesis H(v) and ¢ < A, we obtain

— Ayt (@) = Aguy(@) + Mpu (@)~ uy(x) "
= (2, u (@) + M ()P
=\ [F@ (@) + S @)Y = O = ) (@, up(a)) (3.15)
<A [ f@un@) + pun (@)
= —Apur () — Agur () + Apun(z)P~t —up(z)™" for a.a.x € Q.
Since u,, € int (C§ ()4 ), because of hypothesis H(v), we have

0 <A =mfCuu))

Then, from (3.15) and Proposition 7 of Papageorgiou-Radulescu-Repovs [12] we
conclude that uy — u, € int (C§(Q)4). O
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Proposition 3.8. If hypotheses H hold and X\ € (0, \*), then problem (P)) has at
least two positive solutions

Uug, U € int (06(6)4_) ;o ug <1, ug 75 .

Proof. Let A <9 < A*. Due to Proposition 3.7, we can find ug € Sy C int (C}(Q)4)
and ug € Sy such that

uy —ug € int (C3(Q)4) . (3.16)

From Proposition 3.2 we know that u < ug. Therefore, u, " € L*(Q2). So, we can
define the following truncation wy:  x R — R of the reaction in problem (P))

~ Juo(x) T+ A f(z,ue(x)) if s < ug(w),
wa(®, ) = {577 + Af(z,8) if ug(x) < s. (8:17)

Also, using (3.16), we can consider the truncation @y : 2 xR — R of wy(z, -) defined
by

. _Jwx(z,s) if s < wug(x),
DA, ) = {w,\(z,ulg(x)) if ug(x) < s. (8.18)

It is clear that both are Carathéodory function. We set
S S
Wi(z,s) = / wy(z,t)dt and Wy(z,s) = / Wy (x,t)dt
0 0

and consider the C'-functionals oy, 8y : Wi ?(Q) — R defined by

1 1
ox(u) = 5||Vu||1’; + QHVUHS - /QWA(x,u) dz for all u € W, (),

1 1 R
ox(u) = 5||Vu||g + QHVUHZ - /Q Wi (z,u)dx  for all u € WyP(Q).

From (3.17) and (3.18) it is clear that

U’\|[0,u19] = &A|[O,Uﬂ] and U&’[o,uﬂ] =5 0us] (3.19)

Using (3.17), (3.18) and the nonlinear regularity theory of Lieberman [10] we obtain
that

Ko, Cluo) Nint (C3(Q)4) and Ks, C [ug, ug) Nint (C5(Q)4) . (3.20)
From (3.20) we see that we may assume that
K, is finite and K, N [ug, us] = {uo}. (3.21)

Otherwise we already have a second positive smooth solution larger that ug and so
we are done.

From (3.18) and since u, " € L'(Q), it is clear that &, is coercive and it is
also sequentially weakly lower semicontinuous. Hence, we find its global minimizer
iip € Wy () such that

& (d) = min [&A(u) ue W&*’(Q)} .
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By (3.20) we see that @9 € K, C [ug,ug] Nint (C§(2)+). Then, (3.19) and (3.21)
imply @ = up € int (C§(Q)). Finally, from (3.16) we obtain that ug is a local
C2(Q)-minimizer of oy and then by Gasifiski-Papageorgiou [6] we have that

ug is also a local WP (€2)-minimizer of oy. (3.22)

From (3.22), (3.21) and Theorem 5.7.6 of Papageorgiou-Radulescu-Repovs [11,
p.449] we know that we can find p € (0,1) small enough such that

oxa(ug) < infox(u) : [Ju — ugl] = p] = ma. (3.23)
Hypothesis H(ii) implies that if u € int (C§(2)4), then
oa(tu) = —co  ast — +oo. (3.24)

Claim: The functional o) satisfies the C-condition.
Consider a sequence {u, },>1 € W, ?(Q) such that

|oa(un)| < cg for some ¢g > 0 and for all n € N, (3.25)
(1 + |Jun ) oA (un) — 0 in W1 (Q) as n — oo. (3.26)
From (3.26) we have

(Aplan). 1) + (A1) = [ unouaias] < 200 (a7)

) T L ffun

for all h € Wy P(Q) with &, — 07. We choose h = —u;,, € W, P(Q) in (3.27) and
obtain, by applying (3.17), that

Hu;”p < ¢; for some c; > 0 and for all n € N.
This shows that
{uy },5, WP () is bounded. (3.28)
From (3.25) and (3.28) it follows that

||w;||§+§|;w;|;g_/ﬂpp () da < e [1+ || ]] (3.20)

for some cg > 0 and for all n € N, see (3.17). Moreover, choosing h = u,} € Wolp(Q)
in (3.27), we obtain by using (3.17)

— HVUTTHIZZ - HVU,THE + /Q [ (@, ub)ut de < co (3.30)
for some cg > 0 and for all n € N. Adding (3.29) and (3.30) and recall that ¢ < p,
gives

/Q [f () it — pF () ] der < exo [1+ ||u ]| ] (3.31)

for some c19 > 0 and for all n € N.
Taking hypotheses H(i), (iii) into account, we see that we can find constants
C11,C12 > 0 such that

c118” —ci12 < f(z,s)s —pF(z,s) for a.a.x € Q and for all s > 0. (3.32)
Applying (3.32) in (3.31), we infer that

e 7" < exs
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for some c¢;3 > 0 and for all n € N. Therefore,

{uf} C L7(Q) is bounded. (3.33)

n>1 —

First assume that p # N. From hypothesis H(iii), we see that we can always
assume that 7 < r < p*. So, we can find ¢ € (0,1) such that

1 1—-t t
T T D
Invoking the interpolation inequality, see Papageorgiou-Winkert [16, Proposition

2.3.17, p. 116], we have

el < Tl 117" s

t
p*’
Hence, by (3.33),

il < eas [l I (3.35)

for some ¢14 > 0 and for all n € N. We choose h = u; € Wy (Q) in (3.27) to get
1P < [ s (o) e
Q
Then, from (3.17) and hypothesis H(i), it follows that

a7 < [ ens 1+ ()] o
for some ¢;5 > 0 and for all n € N. 'I?his implies
et |7 < exs [1+ et |1]
for some c15 > 0 and for all n € N. Finally, from (3.35), we then obtain
st " < err [1+ s | (3.36)

for some c¢17 > 0 and for all n € N,

If N < p, then p* = 0o and so from (3.34) we have tr = r—7, which by hypothesis
H(iii) leads to tr < p.

If N > p, then p* = 2. From (3.34) it follows

N-p*
P Gk i
pr=T
which implies

(r—7)Np
lr=——"-""—<p.
" Np-7)+71p P

Therefore, from (3.36) we infer that
{7 },51 € WoP(9) is bounded. (3.37)

If N = p, then by the Sobolev embedding theorem, we know that WOLP(Q) —
L*(9) continuously for all 1 < s < co. So, for the argument above to work, we
need to replace p* by s > r > 7 in (3.34) which yields

11—t ¢
= +

r T S
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Then, by hypothesis H(iii), we obtain
(r—m)s
tr=-——"——=r—7<p ass— +0o0.
§—T
We choose s > r large enough so that ¢r < p. Then, we reach again (3.37).
From (3.37) and (3.28) it follows that

{un},> C WP () is bounded.
So, we may assume that
Up 5 win WyP(Q) and  w, — uin L7(). (3.38)

In (3.27) we choose h = u, —u € W}"(2), pass to the limit as n — oo and use
(3.38). This gives
i [(Ay ().t — ) + (g (1), — )] = 0.
The monotonicity of A, implies
i (A1), — )+ (Ag(u), )] < 0

and from (3.38) one has
lim sup (A, (up), un, —u) <O0.

n—oo

Hence, by Proposition 2.1, it follows
U, —u in WyP().

Therefore, o) satisfies the C-condition and this proves the Claim.
Then, (3.23), (3.24) and the Claim permit the use of the mountain pass theorem.
So, we can find @ € Wy?(€) such that

@€ Ky, Clup)Nint (C5(Q)+) and ox(ug) < my < oy (4), (3.39)

see (3.20) and (3.23), respectively.
From (3.39), (3.17) and (3.27), we conclude that

G eS8y Cint (C5(V)+), wo<a, up # .

Proposition 3.9. If hypotheses H hold, then \* € L.

Proof. Let 0 < A, < A* with n € N and assume that A, /* A*. By Proposition 3.2
we can find u, € Sy, Cint (C§(€2)4) such that

u<u, forallneN

and
(Ap(tn), B) + (Ag(un), ) = / [+ A f (2, un)] hda (3.40)

for all h € Wy'?(€) and for all n € N. From hypothesis H(iii), we have
ea(un) < cis (3.41)

for some c1g > 0 and for all n € N, where ¢, is the energy functional of problem
(P)-
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From (3.40), (3.41) and reasoning as in the Claim in the proof of Proposition
3.8, we obtain that

Up — Uy 0 WP (). (3.42)

So, if in (3.40) we pass to the limit as n — co and use (3.42), then

(Apla)o ) + (A ) = [ [+ (@) hda

for all h € Wy?(Q) and u < u,. It follows that u, € Sy- C int (C3(Q)4) and so
A*e L. ([

Therefore, we have
L =(0,\"].

We can state the following bifurcation-type theorem describing the variations in
the set of positive solutions as the parameter A moves in (0, 400).

Theorem 3.10. If hypotheses H hold, then there exist \* > 0 such that
(a) for every 0 < XA < X*, problem (P)) has at least two positive solutions
Uug, U € int (C’é(ﬁ)Jr) ;o ug < U, ug F U
(b) for A= X*, problem (P)) has at least one positive solution
Uy € int (C’é Q)4);

(c) for every A > X*, problem (P)) has no positive solutions.

4. MINIMAL POSITIVE SOLUTIONS

In this section we show that for every A € £ = (0,\*], problem (P,) has a
smallest positive solutions u* € int (C& (Q)+) and we investigate the monotonicity
and continuity properties of the map A — u3.

Proposition 4.1. If hypotheses H hold and A € L, then problem (P)) has a small-
est positive solution uy € Sy C int (C& (§)+), that is, v} < u for all u € Sy.

Proof. From Proposition 18 of Papageorgiou-Riadulescu-Repovs [12] we know that
the set Sy C W,?(Q) is downward directed. So, invoking Lemma 3.10 of Hu-
Papageorgiou [8, p.178], we can find a decreasing sequence {uy},>1 C Sx such
that

u < u, <wuy foralln eN, iI;f’lun:infSA, (4.1)
see Proposition 3.2. From (4.1) we see that {u,}n>1 C Wol’p(Q) is bounded. From
this, as in the proof of Proposition 3.8, using Proposition 2.1, we obtain

Up, — uy  In Wol’p(Q), u < ujy.
From (4.1) it follows

uy €Sy Cint (C)(Q)4) and uf = infS).

[

In the next proposition we examine the monotonicity and continuity properties
of the map A — u} from £ = (0, \*] into C§(Q).
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Proposition 4.2. If hypotheses H hold, then the minimal solution map A — u}
from L = (0,\*] into C3(Q) is
(a) strictly increasing in the sense that
0<p<A<X implies u}—u), €int (Co(Q)4);
(b) left continuous.

Proof. (a) Let 0 < p < A < X*. According to Proposition 3.2 we can find u, €
S, C int (C§(2)4) such that u} —u, € int (C§(Q)4). Since u} < u, we obtain the
desired conclusion.

(b) Suppose that A\, — A~ < A*. Then {uy }n>1 1= {u} }n>1 Cint (CA(Q)4) is
increasing and

u<ur <u). forallneN. (4.2)

From (4.2) and the nonlinear regularity theory of Lieberman [10] we have that
{us}n>1 € CF(9) is relatively compact and so

ul — @} in Cy(Q). (4.3)

If @} # u}, then we can find 2y € 2 such that
ux(z0) < @x(20)-
From (4.3) we then derive
ux(z0) < uy(zo0) for all n > ny,

which contradicts (a). So, a} = u} and we conclude the left continuity of A —
uy. O

Summarizing our findings in this section, we can state the following theorem.

Theorem 4.3. If hypotheses H hold and A € L = (0,\*], then problem (P))
admits a smallest positive solution uy € Sy C int (C& (ﬁ)+) and the map A — uj
from L = (0,\*] into C3(Q) is

(a) strictly increasing;

(b) left continuous.
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