SOLUTIONS WITH SIGN INFORMATION FOR NONLINEAR
NONHOMOGENEOUS PROBLEMS

NIKOLAOS S. PAPAGEORGIOU AND PATRICK WINKERT

ABSTRACT. We consider a parametric elliptic equation driven by a nonlin-
ear nonhomogeneous differential operator and with a Robin boundary condi-
tion. In the first part we prove the existence of positive solutions and state a
bifurcation-type result describing how the set of positive solutions changes as
the parameter A > 0 varies. In the second part we show that problem admits
nodal (sign-changing) solutions provided the parameter A > 0 is sufficiently
large.

1. INTRODUCTION

Let © C RY be a bounded domain with a C?-boundary 9. In this paper, we
study the following nonlinear nonhomogeneous parametric Robin problem

—diva(z, Vu) = f(z,u, \) in €,
Oou
ong

where a : Q x RY — R¥ is a continuous map which is strictly monotone in the
second variable and satisfies appropriate regularity and growth conditions listed in
hypotheses H(a) below. These hypotheses are general enough to incorporate many
differential operators of interest in our framework such as the weighted p-Laplacian
(1 < p < o) and the weighted (p, q)-differential operator (1 < ¢ < p < ©0),
that is, a sum of weighted p- and g-Laplacians. In the reaction term f : 2 x R x
(0,00) — R on the right-hand side, A > 0 is a parameter and (x,s) — f(x,s,\)
is a Carathéodory function for every A > 0, that is, z — f(x, s, \) is measurable
for all z € R and s — f(z,s, ) is continuous for a.a. (almost all) z € Q. In the
boundary condition, the term 6‘21‘0 denotes the generalized normal derivative defined
by extension of the map

(Px)

+ B(x)|ufP~2u =0 on 99,

C'(Q) 3 u — (a(z, Vu),n)gy

with n being the outward unit normal on 02 according to Green’s theorem.

In the first part of the paper, we are interested in the existence of positive
solutions and examine how the set of positive solutions varies with A > 0 which
is known as a bifurcation-type result. We also prove the existence of a smallest
positive solution u} and study the monotonicity as well as the continuity properties
of the map A — u3. In the second part of the paper we are interested in finding
so called nodal (sign-changing) solutions. Indeed, we can prove that such solutions
exist provided the parameter A > 0 is sufficiently large.
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In the past such problems were investigated primarily in the context of Dirichlet
problems and usually for equations with competing nonlinearities which are called
“concave-convex problems”. We mention the works of Ambrosetti-Brezis-Cerami
[2], Brock-Tturriaga-Ubilla [5], Garcia Azorero-Peral Alonso-Manfredi [9], Gasiriski-
Papageorgiou [11], Guo [13], Guo-Zhang [14], Takeuchi [22]. For the Neumann
problem there is the work of Cardinali-Papageorgiou-Rubbioni [6] for logistic equa-
tions while there is a recent work of Fragnelli-Mugnai-Papageorgiou [8] for a class
of nonlinear parametric Robin problems driven by the p-Laplacian.

Our approach is variational based on the critical point theory. We also make use
of critical groups in order to distinguish between solutions. In the next section we
recall the main analytical tools which we will use in the sequel.

2. PRELIMINARIES

Let X be a Banach space and let X* be its topological dual while (-,-) denotes
the duality brackets to the pair (X*, X). Given ¢ € C'(X,R) we say that ¢
satisfies the Palais-Smale condition, the PS-condition for short, if every sequence
(un)n>1 € X such that (¢(un))n>1 € R is bounded and such that ¢’(u,) — 0 in
X* as n — 0o, admits a strongly convergent subsequence.

This compactness-type condition on the functional ¢ leads to a deformation
theorem from which one can derive the minimax theory for the critical values of
. A central result of this theory is the so-called mountain pass theorem due to
Ambrosetti-Rabinowitz [3] which we recall next.

Theorem 2.1. Let ¢ € C1(X,R) be a functional satisfying the PS-condition and
let U, U € X, ||U2 —ulHX >p > 0,

max{p(u1), p(uz)} < inf{p(u) : |u —ux = p} = m,

and ¢ = inf,er maxo<i<1 @(y(t)) with I' = {y € C([0,1], X) : v(0) = u1,v(1) =
uz}. Then ¢ > m, with ¢ being a critical value of .

We denote by W1P(Q) for 1 < p < oo the usual Sobolev space equipped with
the norm

lell,p = |llullf + IIVUIlﬁ] " forue WHP(Q)
where || - ||, denotes the norm of LP(Q), resp. LP(Q,RY). It is well-known that
W1LP(Q) is a separable, reflexive Banach space. The boundary Lebesgue space is
denoted by L4(99Q) for 1 < ¢ < co.
In addition to the Sobolev space W1P(Q) we will also use the ordered Banach
space C*(Q) and its positive cone
Cl Q) = {u e CL(Q) : u(z) > 0 for all z € Q}

This cone has a nonempty interior containing the open set

D, = {u € CHQ)y s u(x) >0 forall z € ﬁ}
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and

int (C'(Q)4) = Dy = {u € CHQ)4 :u(x) > 0 for all x € Q,

Ju
on

< 0if 92N u1(0) ;A(Z)}.

a0Nu—1(0)

Evidently, we have Dy C ﬁ+.

The norm of RY is denoted by || - ||z~ and (-, )z~ stands for the inner product
in RV, For s € R, we set s¥ = max{+s,0} and for u € W'P(Q) we define
u®(-) = u(-)*. Tt is well known that

uF e WP(Q), |ul=ut+u", u=ut—u".

For u,v € WHP(Q) with u < v we denote by [u,v] the order interval defined by the
two Sobolev functions, that is,

[u,v] = {h € W'"P(Q) : u(z) < h(z) < v(z) for a.a.z € Q}.

By |- |n we denote the Lebesgue measure on RY. On the boundary 9 we consider
the (N —1)-dimensional Hausdorff (surface) measure o. Having this measure, we can
define in the usual way the boundary Lebesgue spaces LI(02) for 1 < ¢ < co. From
the theory of Sobolev spaces we know that there exists a unique linear, continuous
map o : WHP(Q) — LP+(9€) with

_ % ifp< N,
any q € [1,00) ifp > N.

called the trace map such that
Yo(u) = u’ag for all u € WP(Q) N C(Q).

The trace map gives meaning to the notion of boundary values for an arbitrary
Sobolev function. Furthermore, the trace map -y is compact into L2(99Q) for all
q < px. Moreover it holds

1 1 1
keryp = Wol’p(Q) and im-~yy = W7 ’p(aQ) for —+-=1
p p

In what follows, for the sake of notational simplicity we drop the usage of the trace
operator vg. All restrictions of Sobolev functions on 9f2 are understood in the sense
of traces.

Now let us introduce the hypotheses on the map a : @ x RY — RY involved in
the definition of the differential operator. So, let ¥ € C(0,00) be a function such
that

. ' (t
0<é < 19(55)) < ¢

for all ¢ > 0, with some constants ¢, co,c1,¢2 > 0 and for 1 <7 < p < co. The
hypotheses on a : Q x RN — R¥ read as follows.

H(a): a(x,&) = ag (z,||¢|lrn) € with ag € C(Q x Ry) for all £ € RY where R, =
[0, +00) and with ag(x,t) > 0 for all z € €, for all ¢ > 0 and

and  ctP L <O(t) < e (TP (2.1)
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(i) ag € CH(Q x (0,00)), t — tag(x,t) is strictly increasing in (0, 00),
1ir(r)1+ tag(z,t) =0 for all x € Q and
t

tag(x,t)
t—0t agp(z,1)

=c>—-1 forallzeQ;

(i) |[Vea(z,&)|lgn < c319|(||§|”ﬂw for all z € Q, for all £ € RV \ {0} and
RN

for some c3 > 0;
(iii) (Vea(z, &)y, y)pn > |(|!“§||$N) ly||2~ for all z € Q, for all ¢ € RN\ {0}
and for all y € RY;
(iv) there exists 6 € (0,1) such that
(IVzao(z,t)|lgy < ca (14 |Ind])ao(z,t)
for all x € Q, for all t € [§,1] and for some c4 > 0.

Remark 2.2. These conditions on the map a : Q x RN — RN are designed in
order to use the nonlinear regularity theory of Lieberman [10] and the nonlinear
mazimum principle of Zhang [25]. If we set

t
Go(m,t):/ ap(z, s)sds,
0

then Go € CH(Q x Ry) and the function Go(z,-) is increasing and strictly convex
for all x € Q. We set G(x,€) = Go(x, ||¢||gn) for all (z,€) € Q x RN and obtain
that G € C1(Q x RY) and that the function & — G(x,€) is convex. Moreover, we
easily derive that

G(z,8) = (Go)i(, I€llpv) 77— = ao(, [€llrv )€ = a(x,§)

H§||

for all ¢ € RN\ {0} and V¢G(z,0) = 0. So, G(z,-) is the primitive of a(z,-). This

fact, the convexity of G(z,-) and since G(z,0) =0 for all x € Q imply that
G(x,€) < (a(z,8), &)y for all (x,&) € QA x RV, (2.2)

The next lemma summarizes the main properties of a : @ x RY — RN, The
result is an easy consequence of (2.1) and the hypotheses H(a)(i), (i), (iii).

Lemma 2.3. If hypotheses H(a)(i)—(iii) are satisfied, the the following hold:
(i) a € C(Q x RN RM)n CHQ x (RN \ {0}),RY) and the map & — a(x,€) is
continuous and strictly monotone and so maximal monotone as well for all

x€Q;

(it) ||a(z,&)|lgn < c5 (1 + ||£||§J_V1) for all x € Q, for all £ € RN and for some
cs > 0;

(iii) (a(z,€),E)pn > -2 [|€][fn for all z € Q and for all & € RV,

From this lemma along with (2.2) we easily deduce the following growth estimates
for the primitive G(z, -).
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Corollary 2.4. If hypotheses H(a)(i)-(iii) hold, then

ﬁllﬁllfw < G(2,6) < c6 (1+ [I€]B)

for all z € Q, for all € € RN and for some cg > 0.
Example 2.5. Let a € C1(Q) be such that
0<no<a(x)<m and 0<ny<||Va(z)|gy <n1  for all x € Q.
We consider the following maps:
ar(z,y) = a(z)|yllEx"y  with 1 < p < oo,
az(z,y) = a(@)|yllha"y + lylix"y  with 1 < g <p < oo,

p=2

p
az(x,y) = a(z) (L+ ylg~) >y with 1 <p < oo.

These maps satisfy hypotheses H(a). The map a1 corresponds to a weighted version
of the p-Laplacian

div (d(x)HVuH%J_VzVu) for all w € WHP(Q)
while the map ay corresponds to a weighted (p, q)-Laplacian given by
div (a(x)nvung;?w) + Ay for allu € WHP(Q).
Now, let A : WHP(Q) — WHP(Q)* be the nonlinear map defined by
(A(u), h) = /Q (a(, Vo), Vh)gw d for all u, h € WEP(Q).

Hypotheses H(a) imply that A is continuous, monotone, hence maximal monotone
as well.
Consider now a Carathéodory function fy: Q2 x R — R such that

|fo(z,s)| < ao(z) (1+|s|""") for a.a.z € Q and for all z € R

with ag € L>®(Q)+ and 1 < 7 < p*, where p* denotes the critical Sobolev exponent
given by

o= NN—% if p<N,
+oo if N <p.

We set Fy(z,s) = [; fo(z,t)dt and consider the C'-functional ¢ : W'P(Q) — R
defined by

1
wo(u) = / G(z,Vu)dz + 7/ B(x)|ulPdo — / Fo(x,u)dz.
Q P Jaq Q
From Papageorgiou-Radulescu [19] we have the following result.

Proposition 2.6. Let the assumptions in H(a)(i)—(iii) be satisfied. If ug € WHP(Q)
is a local C1(Q)-minimizer of @o, that is, there exists py > 0 such that

woluo) < po(ug +h)  for all h € C*(Q) with Ihllcr @y < pos
then ug € C1*(Q) for some a € (0,1) and ug is a local WYP(Q)-minimizer of o,
that is, there exists p1 > 0 such that

wo(uo) < polug +h)  for all h € WHP(Q) with ||h|1, < p1.
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The hypotheses on the boundary coefficient 3 are the following ones.
H(B): B € C%*(09) for some a € (0,1) and B(x) > 0 for all z € ON.

Remark 2.7. This hypothesis excludes the Neumann problem, that is, 8 =0, from
our consideration. Indeed, as we will see in Section 3, the Neumann problem does
not have positive solutions for any A > 0. The requirement that 5(z) > 0 for all
x € 0N is in order to use the strong comparison principles, see Propositions 2.9
and 2.10.

The next result will be useful in obtaining a priori estimates. It extends a
corresponding result of Zeidler [24, p.1033].

Proposition 2.8. If € L*(99Q), f(x) > 0 o-a.e. on I and  # 0, then

1
ws lulay = 19l + ([ paalvao)
o0
with 1 < g < % ifN>pandl < qg<ooifp> N, is an equivalent norm on
WLhr(Q).

Proof. Taking the continuity of the trace map into account, we have for every
u € WHP(Q)

lul1,p < IVullp + 18]l L o0) 1o ()l Laae) < IVullp + B8]l @e) ol Lerllullp
for some ¢7 > 0 where ||y||z denotes the operator norm of . This gives
lul1,p < csllull1,, for some cg > 0. (2.3)
Next we show that
llullg < cglulr,p for some cg > 0. (2.4)

Arguing by contradiction, suppose that (2.4) is not true. Then there exists a
sequence {uy, },>1 C WHP(Q) such that ||u, ||, > n|u,| for alln € N. Let y,, = e
for all n € N. Then |ly,|q =1 for all n > 1 and we have

1
> [alis (25)

which shows that |y,|1, — 0 as n — co. Recall that u — |Vul, + |lull, is an
equivalent norm on W1?(0), see, for example, Gasinski-Papageorgiou [10), Theorem
2.5.24, p.227]. So, it follows that {y,},>1 € WHP(Q) is bounded. Hence we may
assume that

Yn -y in WHP(Q) and y, —y in LY(Q) and in L1(0R). (2.6)

Here we have used the Rellich-Kondrachov theorem and the compactness of the
trace map. From (2.5) and (2.6) we obtain

¥yl + ( / Qﬁ(a:)wqda)é <0, (2.7)

which implies, due to H(3), that y = £ € R. From (2.7) and hypothesis H(3) it

follows that
1
0< ¢l ( / ﬁ(ar>d0> <0,
Q
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a contradiction. Therefore, (2.4) is true and we have
lull1p < crolulr, for some cig > 0 and for all u € WHP(Q). (2.8)

From (2.3) and (2.8) we conclude that |-|; , is an equivalent norm on WP(Q2). O

It is well known that it is difficult to have strong comparison principles for
nonlinear equations. We refer to the works of Arcoya-Ruiz [1] and Cuesta-Tak4é
[7] who proved such results for Dirichlet problems. The result of Arcoya-Ruiz [4]
was extended to Robin problems by Fragnelli-Mugnai-Papageorgiou [8]. We recall
their result for future use.

Let hq,hg € L(2). We write hy < hg if for every compact K C € there exists
e = ¢(K) > 0 such that

hi(xz) + e < hg(x) fora.a.x € K.
Evidently, if hy,hy € C(Q) and hi(z) < ho(x) for all z € Q, then h; < hy. The

strong comparison result of Fragnelli-Mugnai-Papageorgiou [3] extends Proposition
6 of Arcoya-Ruiz [1].
Proposition 2.9. If hypotheses H(a)(i), (i), (iii) hold, & € L>®(Q)4,h1,he €
L>®(Q) with hy < ha, u € C1(Q),u # 0,v € Dy,u < v and they satisfy
—diva(z, Vu(z)) + &(2)|u(z) P 2u(z) = hi(z) for a.a.z € Q,
—diva(z, Vo(z)) + &(z)v(z)P ! = he(z)  for a.a.x € Q

o N
and ﬁ‘fm <0, thenv—u€ Dy.

The next strong comparison principle extends Theorem 2.1 of Cuesta-Takaé [7].
Proposition 2.10. If hypotheses H(a)(i), (i), (iii) hold, hy, he € L (Q), hi(z) <
ha(x) for 0.0.% € Q and the inequality is strict on a set of positive measure and
u,v € CH(Q) satisfy u < v on Q and

—diva(z, Vu(z)) = hi(x) for a.a.x € Q, Ou <0,
on |yq
. ov
—diva(z, Vu(z)) = he(z) foraaz e, —| <0,
on |5,

thenvfueﬁJr.

Proof. From the hypotheses on the normal derivatives of u and v we see that for
0 > 0 small enough we have

|V[(1 = t)u(z) + tv(z)]| > e >0 forall t € [0,1] and for all z € Qs, (2.9)

where Qs = {x € Q : d(z,090) < 6}. Then from the hypotheses of the proposition
we get

—div [a(z, Vu(z)) — a(z, Vu(z)] >0 for a.a.z € Q. (2.10)

Let a = (ax)Y_,. Then for k € {1,..., N}, by the mean value theorem, we obtain

ak(xag) - ak(xvf/) = zN:/l % (l',f/ +t(§ _5/)) (gm - 5/ )dt
k=170 aym "
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for all ¢ = (&,)N_; and & = (&,)N_;. On Qs we define the following coefficients

! (96Lk-
0 aym
Using these coefficients we introduce the following second order differential operator

(Vu(z) + t(Vo(z) — Vu(x)))dt.

Ck,m (1‘) -

N
0
L(w) = —div (; ckm<x)3;:1> for all w € WP (Qs).
From (2.9) we see that the operator L is strictly elliptic and due to (2.10) one has
Llv—wu)(z) >0 fora.a.xzecQy. (2.11)

We will show that u # v on Qs. Arguing by contradiction, suppose that © = v on
Qs. Since by hypotheses hy # hs, we obtain hy # hg on Q\ Qs. Then we choose
Y € WHP(Q) such that

¥ >0 on Q and 19‘9\95 =1 (2.12)
In what follows we denote by (-, -)sq the duality brackets for the pair
Ay 1 1 1
(W v (90), W ’P(aQ)) with — 4+~ =1.
p p

Applying the nonlinear Green’s identity, see, for example Gasiniski-Papageorgiou
[10, Theorem 2.4.53, p.210], (2.12) and the fact that w = v on Qs give

/ hi9da = /(a(x,Vu),Vﬁ)RNdxf < Ou ,19>
Q Q e/ 5
ou >
= a(z,Vu), Vi)py — ( 7—,
| a0, ), (o B

(2.13)

- / (a(z, Vo), V9) < Ov 19>
- ) ) RN — a9

Qs Ong 90
= / h219d$

Q

But from (2.12) and since hy # hg we see that
Q

Comparing (2.13) and (2.14) we reach a contradiction. Hence, u # v on Q.
Then from (2.11) and the strong maximum principle, see, for example Motreanu-
Motreanu-Papageorgiou [17, Theorem 8.27, p. 217], we obtain
(v —u)

< 0.
on QN (v—u)~1(0)

(v—u)(z) >0 forallzeq,

Therefore, v —u € D O

Next, let us recall some basic definitions and facts about critical groups which
will be used in the sequel. Let X be a Banach space and let (Y7, ¥2) be a topological
pair such that Y5 C Y7 C X. For every integer k > 0 the term Hy(Y7,Ys) stands

for the k Z-relative singular homology group with integer coefficients. Recall that

H(Y1,Ys) = Zk(Y17Y2)/Bk(}/1,}/2) for all k£ € Ny,
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where Zi(Y7,Y3) is the group of relative singular k-cycles of Y7 mod Y5 (that is,
Zy(Y1,Y2) = ker 0y with Oy being the boundary homomorphism) and By(Y1,Y3)
is the group of relative singular k-boundaries of Y7 mod Y> (that is, Bk (Y1,Ys) =
im dgy1). We know that 91 09 = 0 for all k € N, hence By(Y7,Y2) C Z(Y1,Y5)
and so the quotient

Zk(Yl,Yz)/

By(Y1,Ya)
makes sense.

Given ¢ € C1(X) and ¢ € R, we introduce the following sets:
e¢={ueX:pu)<c} (the sublevel set of ¢ at ¢),
K,={ueX:¢ (u)=0} (the critical set of ¢),

Kg={u€ K,:p(u)=c} (the critical set of ¢ at the level c).

For every isolated critical point u € K the critical groups of ¢ at u € K¢ are
defined by

Cr(p,u) = Hy(¢*NU, ¢ NU\ {u}) forall k>0,

where U is a neighborhood of u such that K,Np°NU = {u}. The excision property
of singular homology theory implies that the definition of critical groups above is
independent of the particular choice of the neighborhood U.

3. POSITIVE SOLUTIONS

In this section we study the existence and multiplicity of the positive solutions
as the parameter A > 0 varies.

The hypotheses on the reaction term f : Q x R x (0, +00) — R are the following
ones.

H(f): f: Q2 XxRx (0,400) — R is a function such that (z,s) — f(z,s,\) is a
Carathéodory function for every A > 0, f(z,0,\) =0 for a.a.z € Q, for all
A >0 and

(i) for every p > 0 and every Ao > 0 there exists %\0 € L>=(9Q)4 such that
0 < f(x,5,)) < ap° ()
for a.a.z € Q, for all s € [0, p] and for all 0 < A < Ag;
(ii) for every A > 0 there holds

I T = 0 uniformly for a.a.x € €Q;
s—-+o00 SP—

(iii) for every A > 0 there holds
lim fla s )

. 0 uniformly for a.a.x € Q;
s—0 sP—

(iv) e s — f(z,s,A) is nondecreasing on Ry for a.a.z € Q and for every
A >0

o X\ — f(x,s,A) is strictly increasing on (0, +00) for a.a.z € Q and
for all s > 0;
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e f(z,5,)) = 0" as A — 0T uniformly for a.a.z € Q and for all
z € K C Ry with K being compact; moreover f(z,s,A\) = +o00 as
A — +oo for a.a.z € Q and for all s > 0.

Remark 3.1. Since we are interested in the existence of positive solutions and
all hypotheses above concern the positive semiazis Ry = [0, 400), without any loss
of generality, we may assume that f(x, ~,)\)|(700 o = 0 for a.a.x € Q and for all
A > 0.

Example 3.2. For the sake of simplicity we drop the x-dependence. Let fy :
R x (0,00) — R be defined by

AsT1 if s € [0,1],

s n(s) + As"71 if 1 < s,

fl(S, )\) = {

with 1 < ¢,n < p < 7 < 4oo. Then f1 salisfies hypotheses H(f). Let fo :
R x (0,00) = R be defined by
As™ 1 if s € [0,7(N\)],
fa(s2) = B f [0,7(N)]
AsT™H 4+ u(A)  if r(N) < s,

with a strictly increasing differentiable function r : (0,400) — (1,+00) such that
r(A) = 17 as A = 07, p(A) = A[r(A)" 1 =r(A)7!] and 1 < ¢ <p <7 < +o0.
Then fo satisfies hypotheses H(f ).

We introduce the following two sets:
L ={\>0:problem (P,) admits a positive solution},
S(A) = {u : u is a positive solution of problem (P))}.
Moreover, we set A\* = inf £ > 0.

Proposition 3.3. If hypotheses H(a), H(B) and H(f) hold, then S(A\) C Dy for
every A >0 and \* > 0.

Proof. Let u € S(\). From Papageorgiou-Radulescu [18] we have
—diva(z, Vu(z)) = f(z,u(z), \) for a.a.x € Q,

0 3.1
3711 + B(z)uP~t =0 on 99). 31)
Moreover, from Winkert [23] we obtain that v € L>°(£2) and the nonlinear regularity

theory of Lieberman [16] gives u € C1(Q); \ {0}. Note that f(z,s,\) > 0 for
a.a.x € Q, for all s > 0 and for all A > 0. Then, (3.1) implies diva(x, Vu(x)) <0
for a.a.z € Q. Applying Theorem 1.2 of Zhang [25] gives u € D.

We have proved that S(A\) C D, for all A > 0. Using Proposition 2.8 there exists
c11 > 0 such that

C
cuflullf, < —

o [Vullp + /BQ B(z)|ulPdo  for all u € WHP(Q). (3.2)

Hypotheses H(f)(iii) imply that for a given & € (0, ¢11) there exists A > 0 such that

o< f (x, s, 5\) <esP™! for a.a.z € Q and for all s > 0. (3.3)
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Let A € (0, ] and suppose that A € £. Then we find uy € S(\) € D, which means
/ B(x)ub " hdo = / f(x,ux, \)hdz  for all h € WHP(Q). (3.4)

Choosing h = uy € D+ in (3.4) and using Lemma 2.3 gives

/ Bz doﬁ[)f(x,uA,A)uAd:r.

Applying (3.2), (33) and hypothesis H(f)(iv) implies c11[lux[]}, < elluall}, and so
c11 < g, a contradiction. Therefore, A ¢ £, hence 0 < A< AR O

Proposition 3.4. If hypotheses H(a), H(B) and H(f) hold, then L # ().

Proof. Using hypotheses H(f)(i), (ii) we see that for given € > 0 and A > 0 there
exists c12 = ¢12(g, A) > 0 such that

F(z,s,)) < %Sp_l +c1a for a.a.z € Q and for all s > 0. (3.5)
We consider the C'-functional ¢y : W1P(Q) — R defined by

ox(w) = [ Gl Vuyda + /B IUIpda—/Fxs/\)d

Using Corollary 2.4, (3.5) and Proposition 2.8 results in
C1

1 €
m‘w”g + » /69 B(x)|uPdo — ;Hu*”ﬁ —c12|Qn

> cugllullf , — 12N

ox(u) =

for some ¢33 > 0. Hence, ¢, is coercive. Applying the Rellich-Kondrachov theorem
and the compactness of the trace map, we easily see that o, is sequentially weakly
lower semicontinuous. So, by the Weierstra3-Tonelli theorem there exists u) €
WLP(Q) such that

pa(uy) = inf [py(u) : u € WHP(Q)]. (3.6)
Hypothesis H(f)(iv) implies that
f(z,8,A) >0 for aa.x € Q, for all s >0 and for all A > 0.
This gives
F(z,s,\) >0 foraa.xz e, forall s >0 and for all A > 0.
So, if & € D, then

F (z,u,\)dx >0
Q

and by Fatou’s lemma we have

/F(x,ﬂ,)\)dx—>+oo as A — +o00.
Q

Therefore, we can find X > 0 such that

/Gx Vu)d:c-l- B(x )upd0</F(:E,ﬂ,)\)dx for all A > A.

D Joa Q
Hence oy (1) < 0 = ©5(0) for all A > X and so, due to (3.6), we have @y (uy) < 0=

©x(0) for all A > X. This shows that uy # 0 for all A > \.
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Since uy is a global minimizer of ¢, we have ¢! (uy) = 0 which is equivalent to
(A(ur), ) +/ B(@)|ur[P~*urhdo = / f(@,ux, \hdz (3.7)
a0 Q

for all h € WP(Q2). We choose h = —uy € WP(Q) in (3.7) and use Lemma 2.3
to obtain

C1
p—1

Vsl + [ 8o <o
19]9)
Proposition 2.8 then implies that

cralluy[|7,, <0 for some ¢4 > 0.

Hence, uy > 0 and uy # 0 for all A > A. Therefore, uy € S(\) C D for all A > X
and so £ # . O

Proposition 3.5. If hypotheses H(a), H(3), H(f) hold and X € L, then (A, +oc0) C
L.

Proof. Let p > X and let uy € S(A) € Dy. We introduce the following truncation
perturbation of the right-hand side nonlinearity in (P)

oo s) = {f(x,m(x),m (@)P s <us(a), (58)

fla,s,p) + 5P if uy(z) <s.

It is easy to see that this is a Carathéodory function. Furthermore, we set K,,(z, s) =
Jy ku(,t)dt and consider the C*-functional ¢,, : WP (Q) — R defined by

1 1
outw) = [ Gl Vuyda+ Sl + [ p@lurar = [ hula.u)ie
Q p P Joo Q

As we did in Proposition 3.4 for the functional ¢y, we can show that ¢, is coercive
and sequentially weakly lower semicontinuous. Therefore, there exists a global
minimizer u, € W1P(Q) of 4, that is,

Buluy) = inf [fu(u) : w € WH(Q)].

Hence, ¢/, (u,) = 0 which means

<A(uu),h>+/ \uu|p72u“hd:c+/ ﬂ(z)|uu|p72uuhd(j:/ku(:c,uu)hdos (3.9)
Q o Q
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for all h € W'P(Q). We choose h = (uy —u,)" € WHP(Q) in (3.9). This along
with (3.8), hypothesis H(f)(iv) and the fact that u) € S(\) yields

(Aug), (ux — u#)+> + /Q |u#|p72uﬂ(u>\ - uu)+d$
" /89 B(x)‘uﬂpﬂ“u(%\ —u,) " do

= [ )+ s =) e

> [ 1) N = ) o

= (Al =0 + [ 7 =) da

+ ﬁ(m)uzj\_l(uA — uu)*‘da.
o0

This implies
<A(u>\) - A(uu)v (U)\ - Uﬂ)+> +/Q |:U§71 - \u#|p72u#} (U)\ — u#)+dx
+ B(x) [“};\71 - |uu|p72“u} (ux — up)"do < 0.
o0

Hence, due to Lemma 2.3 and hypotheses H(3), ux < u,. Then from (3.8) and
(3.9) it follows that u, € S(u) € Dy which says that 4 € £. So we have proved
that [\, +o00) C L. O

An interesting byproduct of the proof above is the following monotonicity result.

Corollary 3.6. If hypotheses H(a), H(3), H(f) hold, A € L,uy € S(\) and u > A,
then there exists u, € S(u) such that uy < u,.

Proposition 3.5 implies that
(A", 400) T L C [N, +00). (3.10)
Next we show that problem (P,) has multiple solutions for all A > \*.

Proposition 3.7. If hypotheses H(a), H(B), H(f) hold and A > \*, then problem
(Py) has at least two positive solutions uy, iy € Dy.

Proof. Let \* < 7 < A < p. From (3.10) we know that 7,u € L and applying
Corollary 3.6 there exist u, € S(7) C D, and u, € S(u) C Dy such that

Ur Uy,  Ur F Uy

We introduce the following truncation perturbation of the right-hand side nonlin-
earity of problem (P))

f(x,uT(m),)\)—i—(uT(x))p_l lfS <UT(I),
ex(@,s) =% f(x,8,\) +sP71 if ur(z) < s <wy(z), (3.11)
Flauu (@), A) + (wu(2)P71 i uy(z) <s,
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which is a Carathéodory function. Setting Ej(z,s) = [ ex(z,t)dt we then intro-
duce the C'-functional ¥ : WHP(Q) — R defined by

Pa(u) = /QG(:[, Vu)dz + %HUHZ + % /asz B(x)|ulPdo — /Q Ey(z,u)dx.

From (3.11) and hypotheses H(8) we see that ¢ is coercive. Moreover, the Rellich-
Kondrachov theorem and the compactness of the trace operator imply that ) is
sequentially weakly lower semicontinuous. Hence, we find uy € W1P(Q) such that

Ya(uy) = inf [¢y(u) 1 u € WHP(Q)]. (3.12)

From (3.12) we have ¢} (uy) = 0 which gives
A P=2y\hd P=2y\hdo = hdz. (3.13
(A(uy), h /|'LL)\| Uy x—i—/ B(x)|urP"*urhdo = /QeA(ac uy)hdz. (3.13)

We choose h = (uy — u,)" € WHP(Q) in (3.13). Then using (3.11), hypothesis
H(f)(iv) and u,, € S(u) we obtain

(A(un), (ux — ) + /Q Wy — ) da

Bla)uy " (ux — u,)*do
o0

- /Q[f(gc,u;“)\) + uﬁ_l](uA —u,) T dz
< / (@t ) + 12 (0 — )i
= (Al (0 = ))& [ 7 =) da
B( )up Ly —uu)+d0
This gives
(A() = Al (=) ) + [ [ =] (=) o

+ /89 B(x) [u’; ! uﬂ’l} (ux — uy,)*do <0.

Then Lemma 2.3 and hypotheses H(5) imply that uy < wu,. If we choose h =
(ur —uy)t € WHP(Q) and reason as above, we obtain u, < uy. So we have proved
that

ux € [ur,uy),  ux & {ur,u,t, (3.14)

see hypothesis H(f)(iv). Then from (3.13), (3.14) and (3.11) it follows that uy €
S(A) € D;. We have

—diva(z, Vur () = f(z,ur(z),7) = hi(x) for a.a.x € Q,
—diva(z, Vux(z)) = f(z,ur(x),A) =: ho(x) for a.a.x € €,
—diva(z, Vu,(z)) = f(z,uu(x), u) = ha(z) for a.a.z € Q.
Note that (3.14) and hypothesis H(f)(iv) imply that
hi <hs <hg, hi#ha, ho#hs.
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Furthermore, we have

ou,
on,

since ur,ux,u, € Dy. Thus, we can apply Proposition 2.10 and obtain

Oouy Ouy, <0

o0

<0
a0 " Ong

<0
a0 " Ona

uy —u, € Dy and Uy — U eD,. (3.15)

Consider now the C!-functional ¢y introduced in the proof of Proposition 3.4. From
(3.11) we see that

Py = x + & on [ur, u,] with € € R.
Then, due to (3.15), we see that uy is a local C'*(Q)-minimizer of ¢y and so,
uy is a local WP (Q)-minimizer of ¢y, (3.16)

see Proposition 2.6. Hypothesis H(f)(iii) implies that for a given € > 0 there exists
0 = d0(g) > 0 such that

0< F(z,8,A) < Esp for a.a.z € Q and for all 0 < s < 4. (3.17)

bS]

Let u € CY(Q) with lullc1 @) < 6. Then from Corollary 2.4, (3.17) and Proposition
2.8 we see that

C1 1 9
u27Vu”+f/ o)|ulPdo — —||ul||?
ea(u) _1)H 15 p mﬂ( )l pH 15

p(p

3
= ensllully, = Cllul,

for some cj5 > 0. Let ¢ € (0,pc15). Then we see that u = 0 is a local C*(Q)-
minimizer of ¢, and so, again due to Proposition 2.6, u = 0 is a local WP(Q)-
minimizer of py.

We may assume, without any loss of generality, that 0 = ¢ (0) < @x(uy). The
treatment is similar if the opposite inequality holds. Moreover, we assume that
K, is finite, otherwise we already have an infinite number of positive solutions of
problem (P,). From (3.16) it follows that there exists p € (0,1) small enough such
that

0=pA(0) < @alun) <infpr(u) : lu —uxll = pl =mx,  furll > o, (3.18)

see Aizicovici-Papageorgiou-Staicu [1, Proof of Proposition 29]. Recall that @) is
coercive, see the proof of Proposition 3.4. Hence

@y satisfies the PS-condition. (3.19)

From (3.18) and (3.19) we see that we can apply the mountain pass theorem stated
as Theorem 2.1. This gives 4y € W?(Q) such that 4y € K, and my < @y (dy).
Hence, 4y € S(A) C D4 and due to (3.18) we obtain that 4y ¢ {0, ux}. O

It is natural to ask whether the critical parameter A* > 0 is admissible. The
next proposition shows that A\* is indeed admissible, that is, \* € L.

Proposition 3.8. If hypotheses H(a), H(B) and H(f) hold, then \* € L, that is,
L =[N, +00), see (3.10).
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Proof. Let {\,}n>1 C (A*, 4+00) be a sequence such that A, \, A*. From the proof

of Proposition 3.7 we see that we can find w, € S(\,) C D4 for n € N such that
{tn}n>1 is decreasing. Since u,, € S(A,) we have

(A(w), b + | Blayu'do = / £l un, \)hdz for all b € WHP(Q). (3.20)
09 Q

We choose h = u,, € WHP(Q) in (3.20). Then, from Lemma 2.3, hypothesis H(f)(i)

and since 0 < u,, <y for all n € N, we obtain

c

1 - [Vun b +/ B(x)uldo < c¢16 for some ¢16 > 0 and for all n € N.
19)

Hence
{tn}n>1 € WHP(Q) is bounded, (3.21)
see Proposition 2.8. So, we may assume that
Up — upe in WHP(Q)  and  w, — up- in LP(Q) and LP(09). (3.22)
From (3.21) and Winkert [23] we see that there exists ¢17 > 0 such that ||up|e < c17
for all n € N. Then from Lieberman [16] we know that we can find o’ € (0,1) and
c1s8 > 0 such that
up € CHY(Q) and luplgror g < c1s foralln € N. (3.23)

From the compact embedding C1' (Q) into C*(€2) and from (3.22) as well as (3.23)
it follows that

Up — uy- in CH(Q). (3.24)

Hypothesis H(f)(iii) implies that for a given ¢ > 0 there exists § = d(¢) > 0 such
that

0< fx,8,M\)s <esP? fora.a.xzeandforall 0<s <4
Then, by hypothesis H(f)(iv) we obtain
0< f(z,8,\n)s <es? foraaxzel forall )0 <s<§andforallneN. (3.25)
Suppose that uy~ = 0. From (3.24) we see that there exists ng € N such that
un(z) € (0,6] for all z € Q and for all n > ny. (3.26)
So, if we choose h = u,, € D4 in (3.20), we obtain, due to (3.25) and (3.26), that

c

1 5
1 [ Vun b —i—/ﬂ,@’(m)uﬁdd < ;Hunﬂg for all n > ng.

Hence cigllun |y, < ellunlf, for all n > ng and for some c19 > 0. Therefore,
c19 < €. Since € > 0 is arbitrary, letting € N\, 0, we reach a contradiction. Thus,
uy+ 7 0. If we pass to the limit in (3.20) as n — oo and use (3.24), then we conclude

that uy~ € S(A*) € Dy and so A* € L. O

So we can state our first theorem. This is a bifurcation-type result describing
the changes in the set of positive solutions as the parameter A > 0 varies.

Theorem 3.9. If hypotheses H(a), H(j3) and H(f) hold, then there exists \* > 0
such that the following is satisfied:

(a) problem (P)) has at least two positive solutions uy, 4y € Dy for all A > \*;
(b) problem (P)) has at least one positive solution ux~ € Dy for A = \*;
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(¢) problem (Py) has no positive solution for all A € (0, \*);

Remark 3.10. Hypothesis H(3) leaves out the Neumann problem of our consider-
ations, that is, the case 8 = 0. Indeed, under hypotheses H(f ), problem (P)) with
B =0 and A > 0 cannot have positive solutions. In order to see this, suppose we
could find a positive solution uy. Then, as before, using the nonlinear regularity
theory and the nonlinear mazimum principle, we can show that uy € Dy. Moreover

(A(uy), h) = / f(z,ux, \hdz  for all h € WHP(Q).
Q
Choosing h =1 € WHP(Q) gives

/ f(z,ux, N)dx = 0.
Q

Since uy € Dy we get 0 < my = minguy and then for 7 < X\ we have

/ f(zymy, 7)dz <0,
Q

see hypothesis H(f)(iv), a contradiction. So, the Neumann problem cannot have
positive solutions.

In the last part of this section we show that problem (P)) has a smallest pos-
itive solution u} € Dy for every A € £ and we investigate the monotonicity and
continuity properties of the map A — u3.

First we prove the existence of a smallest positive solution uy € D, for every
Ae L.

Proposition 3.11. If hypotheses H(a), H(B) and H(f) hold, then problem (P)
admits a smallest positive solution uy € Dy for every A € L.

Proof. From Papageorgiou-Radulescu-Repovs [20, see the proof of Proposition 7]
we know that S(A) is downward directed, that is, if u, 4 € S()), then there exists
@ € S(A\) such that @ < v and @ < 4. Invoking Lemma 3.10 of Hu-Papageorgiou [15]
there exists a decreasing sequence {uy, }n>1 € S(A) such that inf S(\) = inf,,>1 uy,.
We have 0 < u,, <wuy € Dy for all n € N and

(A(un), h) + B(z)ul~ hdx = / f(z, up, \)hdx (3.27)
o0 Q

for all h € W1P(Q) and for all n € N. Choosing h = u,, € D, and using Lemma
2.3, Proposition 2.8 as well as hypothesis H(f)(i) we easily see that

{tn}n>1 € WHP(9Q) is bounded. (3.28)

As in the proof Proposition 3.8, using (3.28) and the nonlinear regularity theory,
we obtain, at least for a subsequence, that

u, — v}y in CY(Q) as n — oco. (3.29)
Again, as in the proof of Proposition 3.8, using hypothesis H(f)(iii) and (3.29), we
show that u} # 0. Then, if we pass to the limit in (3.27) as n — oo and use (3.29),
we infer that u} € S(A) C D;. Therefore, u} = inf S(A). O
Next we consider the map v : £ — C1(Q) defined by
Y(A) =wuy forall A € L =]\, 400).
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Proposition 3.12. If hypotheses H(a), H(B) and H(f) hold, then the map v is
* —uy € Dy. Moreover, v is

strictly increasing in the sense that A < p implies uy,

left continuous on Lo = (\*, +00).

Proof. Let A € £ and let u > A. Then p € L. We consider uj, € S(u) € Dy which
is the minimal positive solution of problem (P,). According to Corollary 3.6 there
exists uy € S C Dy such that uy < u;; Hence, u} < u; In fact, as in the proof of

Proposition 3.7, using Proposition 2.10, we can show that u;, —u} € ﬁJr.

Now we prove the left continuity of v on £y = (A*,+00). So, suppose that
An — A7 with A\, > \* for all n € N. We have uy, < uy for all n € N. As in the
proof of Proposition 3.8, we can show that

uy, —ay in C1(Q). (3.30)

If @y # u}, then we can find 2o € Q such that u3(20) < @x(20). From (3.30) we see
that u3(z0) < u}, (20) for all n > ng which contradicts the monotonicity of 7. [

4. NODAL SOLUTIONS

In this section we are interested in the existence of nodal solutions for problem
(Py). In order to do this, we need to impose the conditions on f(x,-) on all of R.
So, we introduce the following bilateral version of hypothesis H(f).

H(f)1: f: QxR x(0,400) — R is a function such that (z,s) — f(z,s,\) is a
Carathéodory function for every A > 0, f(z,0,\) = 0 for a.a.x € Q, for all
A >0 and

(i) for every p > 0 and every Ao > 0 there exists af)‘o € L>=(9)4 such that
0< flw,5,)) < a3 ()
for a.a.x € Q, for all |s| < p and for all 0 < A < Ag;
(ii) for every A > 0 there holds

p F@s )

=0 uniformly for a.a.x €
s—+oo |s|1’*23

(iii) for every A > 0 there holds
[z, s, )

=0 uniformly for a.a.z € ;
s—0 |5|P—23

(iv) e s — f(x,s,A) is nondecreasing on R for a.a.x € Q and for every
A>0;

e A\ — f(z,s,\) is strictly increasing (resp.strictly decreasing) for
a.a.z € Q and for all s > 0 (resp. s < 0);

e f(z,5,)) — 0 as A — 0" uniformly for a.a.z € Q and for all
z € K C R with K being compact; moreover f(z,s,A) — +oo
(resp. —00) as A — +oo for a.a. z € Q and for all s > 0 (resp. s < 0).

The new conditions also apply on the negative semiaxis (—oo, 0]. So, working as
in the first part of this section, we can have a bifurcation-type result for negative
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solutions of (P)). More precisely, let
L ={\>0: problem (P,) has a negative solution},
S(X\) = {u : u is a negative solution of problem (P,)}.
Then there exists A* > 0 such that
L= P\*,—Foo) , S(\)C—D, forall XeL,

problem (P, ) has two negative solutions for all A > X\* and problem (P)) admits a
greatest negative solution v5 € S(\) C —D, for every \ € L.

Let \§ = max{)\*,)\*}. Then problem (P)) has a smallest positive solution

uy € D and a greatest negative solution vy € —D, for all A > A§. Using them
we can generate a nodal solution when A > A§ is large enough.

Theorem 4.1. If hypotheses H(a), H(B) and H(f 1 hold, then there exists Xy > A§
such that problem (P)) admits a nodal solution yy € [v},u}]NCY(Q) for all X > X}.

Proof. We consider the following truncation perturbation of the right-hand side
nonlinearity of problem (P )

A f@03(2),A) + i (@) P2 (@)ox (@) if s < v}(2),
Iz, s) =< f(z,8,A) + |s]P72s if v}(z) < s <uj(z), (4.1)
(3 (), A) + (u ()~ if 43 (z) < .

Of course, f)\ : 2 xR — R is a Carathéodory function for every A > Aj. We set
Fx(z,s) = [; fi(z,t)dt and consider the C''-functional ¥ : W'P(Q) — R defined
by

2| + Pl — 7
P (u /G x, Vu)dz + ||u|| /aQ B(x)|ulPdo /QF,\(;mu)da:.

Furthermore, let f/\ be the positive and negative truncations of f,\(a:, -), that is,
ff({r,s) = fa(z,+£sF). Both are Carathéod9ry functions. We set F‘f(x,s) =
fos fif (z,t)dt and consider the C'-functionals ¢§ : W1P(Q) — R defined by

Z|wllP + Plo — [+ )
1/}/\ /G (z, Vu)dx + ||uH /{m B(x)|ulPd /QFA (z,u)dzx

Claim 1: K; C [v},u}] nct (Q), o+ = {0,u3}, Ky = {0,v3} for all A > Aj
Let u € K . Then

(A(u), h) + /Q luP~2uhdz + /8 . B(z)|u|P2uhdo = /Q fa(z, w)hdzx

for all h € W1P(Q). First, let h = (u —u})t € WHP(Q) in the equality above.
Applying (4.1) and the fact that u} € S(\) gives

(A(w), (u—uy)™) + / uP ™ (u — u¥)Tdr + B( JuP~Hu — u)Tdo
Q
— [ @+ @)™ -y de
Q

:<A(U§)7(U*UK)+>+/ (3)" (w—uf)de+ [ Ba) ()" (u—uf)"do.

Q o0
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As before, see the proof of Proposition 3.5 or Proposition 3.7, this shows that
uw < uX. Similarly, using h = (v* —u)*™ € WHP(Q), we obtain v{ < u. Hence,
u € [v},u}]. Taking (4.1) into account, we see that u is a solution of (P)). Then,
as before, the nonlinear regularity theory implies that v € C(Q). Hence, K oy ©

(v}, ui] N CHQ).

In a similar way we prove that

Kt € [0,u3] NC*'(Q) and K- C [v%,0] N C* ().
The extremality of u3 and vy, see Proposition 3.11 and recall A > A, implies that
Kzz?;’ = {O,ui} and Kzﬁ; = {v}*\,O}.

This proves Claim 1.

Claim 2: There exists A} > A§ such that v} € Dy and v} € —D4 are local
minimizers for the functional zﬁ,\ for all A > A}.

From (4.1) we see that 1) is coercive. Moreover, it is sequentially weakly lower

semicontinuous. So, by the Weierstraf-Tonelli theorem there exists @} € W1?(Q)
such that

o (a3) = inf [q[a(u) cue whe)]. (4.2)

Recall that F(x,n,A) > 0 for a.a.x € €, for all A > 0 and for all n € (0, 4+00).
Hence

/ F(z,n,N)dz — +oo0 as A — +oo. (4.3)
Q

Fix A > 0, recall that ui; € Dy and choose n € (0,mingu}). On account of
Proposition 3.12 we have

n <minuj <minu) forall A > A
Q Q

This fact along with (4.1) yields

) P -

i (n) = %HB”Ll(aQ) — / F(z,n,N)dx for all A > A

Q

From (4.3) we see that by choosing A>0 large enough we obtain z/;:\"(n) < 0 for all
A > \. Then

GF (i) < 0= (0) forall A >\ = max{X,A;;} 7
see (4.2). Therefore, @3 # 0 for all A > A7,

Since 43 € KTZJI’ invoking Claim 1, we have
uy =u) € Dy forall A > AJ. (4.4)

Note that

p — gt

Wlo@, =Wo@,:
Thus, u} is a local C''(Q)-minimizer of ¥y for all A > A%, see (4.4). Then, Propo-
sition 2.6 implies that u} is a local WP (£2)-minimizer of ¥y for all A > \*. This

proves Claim 2.
We may assume that

Ua (V3) < Pa (u})-
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The reasoning is similar if the opposite inequality holds. Moreover, we assume that
K 5 18 finite, otherwise we already have an infinite number of nodal solutions on
account of Claim 1 and the extremality of v} and v}. This fact and Claim 2 imply
that there exists p € (0,1) such that

da (03) < Oa (u3) < inf [Palu) : flu—ufl| = p| =ma, [l} —ull| >p  (4.5)

for A > A7.
Because of (4.1) we know that 1y is coercive for all A > A\§ and this implies that

¥y satisfies the PS-condition for all A > \}. (4.6)

Then (4.5) and (4.6) permit the use of the mountain pass theorem stated as Theo-
rem 2.1. Therefore, we find yy € WP(Q) such that

yx € K% and my < @A(yx). (4.7)
From (4.5) and (4.7) it follows that
yx & {ui, vy} for all A > AT (4.8)
In addition, from (4.7) and Claim 1, we have
yx € [, ui]NCHQ) for all A > A}, (4.9)

From (4.8) and (4.9) we see that if we can show the nontriviality of yy, then this
will be a nodal solution of (P,). To this end, note that y, is a critical point of
mountain pass type for 1. Therefore, we obtain

Cd@M%)¢o for all A > A%, (4.10)

see Motreanu-Motreanu-Papageorgiou [17, Corollary 6.81, p. 168]. We consider the
homotopy hy : [0,1] x W1P(Q) — R defined by

ha(t,u) = (1 — t)ihx(u) 4 tox(u) for all A > AL,

Suppose we could find sequences {t,}n,>1 C [0,1] and {up}n,>1 € WHP(Q) such
that

tn = t, up —0in WHP(Q) and  (hy)) (tn,u,) =0 foralln €N, (4.11)
which results in
(A(upn),h) + (1 — tn)/ |t [P~ %, hd —|—/ B(x)|un [P 2uphdo
Q 19)
= / [(1 — ) o, (5 1) + o f (2, U, )\n)} hdz  for all h € WP(Q).
Q

This means
—diva(z, Vi, (2)) + (1 = t,) |un (2)|P 2u, ()
= (1 —t) fr, (@, un (2) + to f (2, un (), Ay)  for aa.z € Q,

P=2,
8’1’La +ﬂ( )|un| Up 0 on 0N.
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From Winkert [23] we know that there exists cgp > 0 such that ||u,||eo < oo for all

n € N. Then the nonlinear regularity theory of Lieberman [10] implies that we can
find n € (0,1) and cg; > 0 such that

up, € CH1(Q)  and [unllcrngy < c21 foralln € N.
From (4.11) and the compact embedding of C'(Q) into C'(Q) it follows that
up, — 0in C1(Q) as n — oo. Hence, u, € [v},u3] for all n > ng and so, due
to Claim 1, {u,}rn>n, C K%. This contradicts the finiteness of K%. Therefore,

(4.11) cannot occur and so from the homotopy invariance of critical groups, see
Gasinski-Papageorgiou [12, Theorem 5.125, p. 836], we have

o (1[))\, 0) = Oy (px,0)  for all k € Ny and for all A > A%
Since u = 0 is a local minimizer of ¢y, see the proof of Proposition 3.7, we obtain
o (%, 0) = 6p0Z for all k € No. (4.12)
Comparing (4.10) and (4.12) we see that yy # 0. Hence
y € [13, 3] N CH(Q)
is a nodal solution of problem (P ) for all A > Aj. O

We can improve the conclusion of the previous theorem by strengthening the
conditions on the map a : Q@ x RY — RY. The new conditions read as follows.

H(a)i: a(z,€) = ag (z, |€]|gy) € with ag € C(Q x Ry) for all £ € RN where Ry =
[0,4+00) and with ag(z,t) > 0 for all x € Q, for all ¢ > 0, hypotheses
H(a)q (i), (ii), (iv) are the same as the corresponding hypotheses H(a)(i),
(ii), (iv) and

(i) (Vea(z, &)y, y)gn > cozlly|? for all z € Q, for all £ € RV \ {0}, for all

y € RV and for some czo > 0.
Remark 4.2. So, we have strengthened the coercivity condition on Vea(x,-).
Example 4.3. Let a € C1(Q) be such that
0<mo<a(z)<m and 0<mn <||Va(z)|gy <m foralzeq.

Then the following maps satisfy hypotheses H(a) :

a1(z,€) = allélfa"¢ + n (e + [|€]lpv) € with 2<p< oo, ¢>1,

as(z,€) = a(z)||€|Bn 6+ € with 2<p< oo,

az(z,&) = Ag(z)€  with Ay € C* (QRY*N) positive definite.

We have the following result.

Proposition 4.4. If hypotheses H(a)1, H(B) and H(f)1 hold, then there exists
A} > A} such that problem (P)) has a nodal solution

yx € int [v}*\,u}‘\]
cl(Q)

for all A > A7.



SOLUTIONS WITH SIGN INFORMATION FOR NONLINEAR PROBLEMS 23

Proof. From Theorem 4.1 we know that there exists A\] > A§ such that problem
(P,) admits a nodal solution

yx € [v3,ui] N CH(Q)
for all A > A]. Since yx < u} we obtain
—diva(z, Vya(@)) + [ya(@)[P?ya(@) = f (2, 92(2), A) + |y (@) P~?ya(2)
< f (@, ui (@), A) + (uh ()" (4.13)
= —diva (z, Vui(z)) + (uf(z)"".

Hypotheses H(a); (iii) and the tangency principle of Pucci-Serrin [21, Theorem 2.5.2,
p.35] imply that

ya(z) <ui(z) forall z € Q. (4.14)
We set

hi(@) = f (z,y2(2), A) + [ya(@) [P 2 ya (@),
ha(@) = f (w,u3(2), A) + (u} ()"~

Evidently, hi,he € L*®(Q2) and since yy,u} € C*(Q) we infer from (4.14) that
hi < hs. Then because of (4.13) and Proposition 2.9 we obtain

uy —yx € Dy.
In a similar way we prove that
yx — vy € Dy.

Therefore, we conclude that yx € intq g)[v}, u3]- O
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