A MULTIPLICITY THEOREM FOR ANISOTROPIC ROBIN
EQUATIONS

NIKOLAOS S.PAPAGEORGIOU AND PATRICK WINKERT

ABSTRACT. In this paper we consider an anisotropic Robin problem driven
by the p(z)-Laplacian and a superlinear reaction. Applying variational tools
along with truncation and comparison techniques as well as critical groups,
we prove that the problem has at least five nontrivial smooth solutions to be
ordered and with sign information: two positive, two negative and the fifth
nodal.

1. INTRODUCTION

Let Q C RY be a bounded domain with a C2-boundary Q. In this paper, we
study the following anisotropic Robin problem

—Apou+ @) = f(z,u)  in Q,

(1.1)

|VulP @2V - v + B(x) [ulP™ 2 =0 on 052,
where v(x) denotes the outer unit normal at = € 99, 8 € C%*(9Q) with « € (0, 1),
B >0 and for p € C*'(Q) with 1 < min,gp(z) we denote by A, the p(z)-
Laplacian which is given by

Ap()u = div (|Vu|P(z)—2vu) for all u € Wl’p()(ﬂ)

In the left-hand side of (1.1) there is also a potential term &(z)|u[?(*)~2u with & €
L>(Q) and ¢ > 0. In the right-hand side of (1.1) there is a Carathéodory function
f: QxR — R, that is,  — f(z, s) is measurable for all s € R and s — f(x,s)
is continuous for a.a.x € Q. We suppose that f(z,-) is (p; — 1)-superlinear as
s — Fo00 but without assuming the usual Ambrosetti-Rabinowitz condition, where
py = max, g p(z). Near zero f(z,-) exhibits an oscillatory behavior.

Using variational tools from the critical point theory along with appropriate trun-
cation and comparison techniques, we prove the existence of at least five nontrivial
smooth solutions, all with sign information and ordered.

Elliptic equations driven by the anisotropic Dirichlet p-Laplacian have been stud-
ied extensively in the last decade. The books of Diening-Harjulehto-Hésto-Ruzicka
[6] and Radulescu-Repovs [19] contain a rich bibliography on the subject. In con-
trast, the study of anisotropic Robin problems is lagging behind. Deng [2] studied
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the Robin problem
—Apyu = Af(z,u) in Q,

1.2
IVulP 2V v 4 B(z)ufP ) e =0 on 0, )

and proved the existence of two positive solutions of problem (1.2) when p € C*(Q)
and under the Ambrosetti-Rabinowitz condition. A similar problem under the same

assumptions as in [2] was treated by Fan-Deng [10], namely
—Apyu+ AufPP = f(z,u)  in Q, w3
|VuP@ 2Ty v = ¢ on 99. .

Only positive solutions for (1.3) is shown but no sign-changing solution is obtained.
In 2010, Deng-Wang [3] considered existence and nonexistence of a nonhomogeneous
Neumann problem given by

—Apyu+ AP 20 = f(a,u) in Q,

(1.4)
|VulP® =2V - v = g(z,u) on 9N.

It is proved that there exists a parameter A* > 0 such that problem (1.4) has at
least two positive solutions for all A > A*. We also mention the works of Gasinski-
Papageorgiou [11], Papageorgiou-Radulescu-Tang [18] and Wang-Fan-Ge [21]. Ex-
cept for [11], the above mentioned works consider parametric equations and focus
on the existence and multiplicity of positive solutions. Gasinski-Papageorgiou [11]
considered the Neumann problem

—Apyu = f(z,u) in Q,
[VulP®) =2V v =0 on 09.

and proved the existence of three nontrivial smooth solutions but they did not pro-
duce nodal solutions. The novelties in our work in contrast to the above mentioned
papers can be summarized in the following:

e We only need p to be Lipschitz continuous.

e We do not need to assume the Ambrosetti-Rabinowitz condition. We can
weaken the assumptions, see hypotheses Hy (ii), (iii) in Section 2 and Remark
2.4.

e We obtain not only constant sign solutions, but also a sign-changing solution.

e All the solutions we obtain are ordered with concrete sign information.

Finally we mention the works of Deng [1] and Deng-Wang-Cheng [4] concerning
the Steklov and Robin eigenvalue problems of the anisotropic p-Laplacian, respec-
tively.

The paper is organized as follows. In Section 2 we recall the basic properties of
the variable exponent Sobolev spaces and the anisotropic p-Laplacian, mention some
tools/definitions we need later (Cerami-condition, critical groups) and state the
main hypotheses on the data of our problem. Section 3 deals with the existence of
constant sign solutions. The first pair of positive and negative solutions is obtained
in Proposition 3.1 by using the direct method of calculus and the existence of the
second pair of positive and negative solutions, stated in Proposition 3.2, is proved
via the mountain pass theorem. The rest of the section is devoted to the existence
of extremal constant sign solutions, see Proposition 3.5, which are needed later in



A MULTIPLICITY THEOREM FOR ANISOTROPIC ROBIN EQUATIONS 3

order to find a sign-changing solution. Finally, Section 4 is concerned with the
existence of a nodal solution to problem (1.1) which lies between the extremal
constant sign solutions. This result is stated in Proposition 4.1 and the proof relies
on the combination of the mountain pass theorem and critical groups. The full
multiplicity result is given at the end in Theorem 4.2.

2. PRELIMINARIES AND HYPOTHESES

The study of problem (1.1) uses function spaces with variable exponents. A
comprehensive introduction on the subject can be found in the book of Diening-
Harjulehto-Hésto-Ruzicka [6].

In what follows we denote by M () the vector space of functions u:  — R
which are measurable. As usual, we identify two such functions when they differ
only on a Lebesgue-null set. Given r € C(£2) we define

r— =minr(z) and ry =maxr(z)
zeQ zeQ

and introduce the set
Ei={reCc(@):1<r_}.

Then, for r € E;, we introduce the variable exponent Lebesgue space L"()(Q)
defined by

LOQ) = {u € M(Q) : /Q|uv<z> dr < oo}.

We equip this space with the Luxemburg norm defined by

lul r(w)
lul[ry =inf § A >0 : / () de<1;.
a\A

Then L") () is a separable, reflexive Banach space.

Moreover, we denote by r/(x) = 7&()111 the conjugate variable exponent to r €

FEq, that is,

1,1

r(z)  r'(x)
It is clear that ' € E;. We know that L')(Q)* = L"'()(Q) and the following
version of Holder’s inequality

1 1
de < |— 4+ — : (-
[ hrlao < |2 ] Balbololl

=1 foralzeq.

holds for all u € L") (Q) and for all v € L™ ()(9Q).

On the boundary 02 we consider the (N — 1)-dimensional Hausdorff (surface)
measure o. Using this measure we can define the boundary variable exponent
Lebesgue spaces L"()(99) for r € E;.

The corresponding variable exponent Sobolev spaces can be defined in a natural
way using the variable exponent Lebesgue spaces. So, given r € E7, we define

WhrO(Q) = {u e L'OQ) : |Vu| € LT(‘)(Q)}
with Vu being the gradient of u: 2 — R. This space is equipped with the norm

lull ey = lulleey + [ Vull ) for all uw € WHO(Q)
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with [|[Vul[.y = || |Vul][;y. The space WhHr()(Q) is a separable and reflexive
Banach space.

For r € F; we introduce the critical Sobolev variable exponents r* and r, defined
by

N—r(z)
l(z)  if N <r(x),

for all z € Q.

. { Nr(z)  gf r(x) < N,
r(z) =

and

N—r(z)

for all x € 09,
12169 if N <r(x),

{(Nl)r(a”) if r(z) < N,
ry(x) =

where {1 € C(Q), {3 € C(99Q) are arbitrarily chosen such that r(x) < ¢1(z) for all
z € Q and r(x) < f3(z) for all z € 9.
Suppose that r € C%1(Q) N Ey and ¢ € C(Q) with 1 < ¢g_. Then we have the
following anisotropic Sobolev embeddings
WhrO(Q) — LIO(Q)  continuously if ¢(z) < r*(z) for all z € Q,
WrO(Q) — LIO(Q)  compactly if ¢(z) < r*(z) for all € Q.
Similarly, if 7 € C%1(Q) N E; and ¢ € C(9Q) with 1 < ¢_, then we have the
anisotropic trace embeddings
WhrO(Q) — LIO(HQ)  continuously if ¢(z) < r.(z) for all z € Q,
Whr(Q) < LIO(9Q)  compactly if g(z) < r.(z) for all z € Q.
We refer to Diening-Harjulehto-Hést6-Ruzicka [6] and Fan [7].

In the study of these variable exponent spaces, the following modular function
is useful

Qr(.)(u) = / |u|r(m) dr forallue LT(‘)(Q).
Q

For u € WHrO(Q) we write 0,y (Vu) = o0, (|Vul).
The following proposition illustrates the relation between this modular and the
Luxemburg norm.

Proposition 2.1. Let r € Ey, let u € L"(Q) and let {un}nen € L7O(Q). The
following assertions hold:

@) llull-cy=n <= o (%) =1;

(i) [Jullr¢y <1 (resp. =1, >1) <= opy(u) <1 (resp. =1, >1);

i) fuloy <1 = ull’f, < 0y () < Jlull;

lley 21 = Jull) < orio(w) < JullF):
(iv) llunllrcy =0 <= or¢)(un) — 0;
(V) unllr(y =00 <= or)(un) — 00;

Let A,y: WETO(Q) — WH)(Q)* be the nonlinear operator defined by
(Ary(u),h) = / (Vu["®=2Vy . Vhdz for all u,h € WHO(Q).
Q

This operator has the following properties, see, for example Gasinski-Papageorgiou
[11] and Radulescu-Repovs [19, p. 40].
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Proposition 2.2. The operator A,(.: WhrO(Q) — WO (Q)* is bounded (so it
maps bounded sets to bounded sets), continuous, strictly monotone (which implies
it is also mazrimal monotone) and of type (S,), that is,

Up 5w in WHO(Q)  and  limsup (Ary(un), iy —u) <0

n—oo
imply un, — u in WHO)(Q).

In the anisotropic regularity theory we need the Banach space C1(€2). This is
an ordered Banach space with positive order cone

C' )y ={ueC Q) : ulx)>0foralzeQ}.
This cone has a nonempty interior given by
int (C'(Q)1) ={ueC' Q)4 : u(z) >0 forall z € Q}.

We will also use another open cone in C1(Q2) defined by

D, = {u c 01(5) :u(z) >0 for all x € Q and %’agmuﬂw) < 0}

where % =Vu-v.

Given u € W) (Q), we set u™ = max{=+wu, 0} being the positive and negative
part of u, respectively. We know that u = vt —u™, |u| = u™ + u~ and ut €
WLre)(Q). If u,v: Q — R are measurable functions and u(x) < v(z) for a.a.z € €,
then we introduce the following order interval in W () (Q)

[u,v] = {h e WHO(Q) s u(z) < h(z) < wv(zx) for a.a.x € Q} .

Moreover, we denote by intq. g [u, v] the interior of [u,v] N C(Q) in C1(Q2). Fur-
thermore, we define

[u) = {h e WLTO(Q) : u(z) < h(z) for a.a.z € Q} .

Suppose that X is a Banach space and ¢ € C*(X). We introduce the following
sets

K,={ueX : ¢ (u)=0},
e={uveX :pu)<ct withceR

We say that ¢ satisfies the “Cerami condition”, C-condition for short, if every
sequence {uy tneny € X such that {o(u,)}nen € R is bounded and

(1 + Junllx) @' (un) = 0 in X* asn — oo,

admits a strongly convergent subsequence.

If Y5 C Y, C X, then we denote by Hy(Y7,Ys) with k € Ny, the k t:h—lrelative
singular homology group with integer coefficients. If u € K, is isolated, then the

k2 critical group of ¢ at u is defined by
Cr(p,u) = Hp (¢°NU, (¢ NU)\ {u}) forall ke Ny
with ¢ = ¢(u) and a neighborhood U of u such that ¢ N K, NU = {u}. The

excision property of singular homology implies that this definition of critical groups
is independent of the isolating neighborhood U.



6 N.S. PAPAGEORGIOU AND P. WINKERT

Now we introduce our hypotheses on the exponent p(-), the potential £(-) and
the boundary coefficient §(-):

Ho: p € C%1(Q), 1 < p_(z) = min, gp(z) < N, £ € L=(Q), B € C"*(8Q)
with a € (0,1), £(z) > 0 for a.a.x € Q, B(x) > 0 for all z € O and £ £ 0
or B #0.

Note that the case 8 = 0 is also included and corresponds to the Neumann
problem.
We introduce the C*-functional ,.): Wr)(Q) — R defined by

Y I e £x) ) B(x) )
Vp() () /Qp(x)wm dx—&-/ﬂp(z)m\ dz + o (@) | do

for all u € WHP()(Q). We have
(o) = (Ao, + [ €@ul® 2uhdo+ [ 6a)uP® 2undo
Q o0

for all u, h € WHP()(Q). Moreover, let go: W'?()(Q) — R be the modular function
defined by

00(u) = 0p( (V) +/Qg(m)|uv’<w> 01x+/aQ B(z)|uP™ do

for all u € W1PO)(Q).
In the sequel we denote by || - || the norm of the Sobolev space W1P()(Q) defined
by

lull = llullpey + 1Vullyey  for uwe WHO(Q).

The following estimates for +,.)(-) will be useful in what follows. The result can
be found in the recent work of Papageorgiou-Radulescu-Tang [18].

Proposition 2.3. If hypothesis Hy holds, then there exist ¢o,¢ > 0 such that
R 1 1 . )
eflullPr < —po(u) < vpy(u) < —eo(u) < éoflull”~ if flul <1,
P+ -
. 1 1 . .
efullP~ < FQO(U) < Yoy (u) < F@o(u) < éollull™  of [Jull = 1.

Now we are ready to state our hypotheses on the nonlinearity f: 2 x R — R.

Hy: f: QxR — Ris a Carathéodory function such that f(x,0) =0 for a.a.z €
Q and
(i) there exists a € L*°(Q) such that

|f(z, )| < a(x) {1 + \sy‘(r)fl}
for a.a.z € Q, for all s € R with r € L>®() such that p; < r(z) <

p*(z) for a.a.x € §;

(ii) if F(z,s) :/0 f(z,t)dt, then

lim Flw,s)

s—+oo |S|p+

= 400 uniformly for a.a.x € Q;
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(iii) there exists a function ¢ € C(2) such that

q(z) € ((r+ —p-) ;V,p*(x)) for all z € Q

and

—piF

s—+o0 |3|‘J(1)

uniformly for a.a.x € €; -
(iv) there exist n— < 0 <ny, 7 € C(Q) and ¢ > 0 such that

f@ng) <—co<0<ca < f(x,n-)
for a.a.z € Q, for some positive constants co, c1, 7+ < p— and
f@,5)s > cals|™™)

for a.a.z € Q, for all s € R and for some ¢y > 0;
(v) there exists & > 0 such that

s = f(x,8) +[s]P s
is nondecreasing on [n_,n4] for a.a.z € Q.
Remark 2.4. Hypotheses Hy (ii), (iii) imply that f(x,-) is (p+ — 1)-superlinear for
a.a.x € Q. However, we do not use the Ambrosetti-Rabinowitz condition as it was
done in most previous works on the subject, see Deng [2], Deng-Wang [3] and Fan-
Deng [10], for example. Hypothesis Hy(iv) dictates an oscillatory behavior near
zero. In contrast, in [2], [3] and [10] the reaction f(x,-) is required to be positive.
Moreover, in [10], f(z,-) is nondecreasing. So we see that our hypotheses provide a
broader framework for the analysis of problem (1.1). The following function satisfies

hypothesis Hy, but fails to fulfill the Ambrosetti- Rabinowitz condition, where we drop
the x-dependence for simplification:

; |s| (@) =25 — 2|s|H(®) =2 if |s| <1,
S) =
s 2snjs]) — [s102sif 1 <s],

(
with 7 € Ey, p,q € L>®(Q) and q(z) < py for a.a.x € Q. Note that f fails to
satisfy the requirements in [2], [3] and [10].

3. CONSTANT SIGN SOLUTIONS

We start by producing two localized constant sign solutions. To do this, we do
not need the complete set of hypothesis Hy. More precisely we do not need the
asymptotic conditions Hy (i), (iii) as s — £oo.

Proposition 3.1. If hypotheses Hy, Hy(i), (iv), (v) hold, then problem (1.1) has
two constant sign solutions

up € int (C'(Q)1) and vy € —int (C*(Q)4)
such that

n- <wo(z) <0 <wup(z) <my forallze.
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Proof. First we show the existence of the positive solution. To this end, we intro-
duce the Carathéodory function fy: 2 x R — R defined by

PN f(aj?s—i_) if3§77+7
er(va) = .
f@my) ifng <s.

We set Fy (z,s) = I fi(z,t)dt and consider the C-functional ¢, : W120)(Q) —
R defined by

Uy (u) = Yoy (w) — / Fy(z,u)dz for all u € WHPO(Q).
Q

(3.1)

From the truncation in (3.1) and Proposition 2.3 it is clear that ¢, : W12()(Q) —
R is coercive. Moreover, the anisotropic Sobolev embedding theorem and the com-
pactness of the anisotropic trace map imply that z/;+: whr)(Q) — R is also se-
quentially weakly lower semicontinuous. So, by the Weierstra-Tonelli theorem we

can find ug € WHP0)(Q) such that
¥y (up) = min [Q/Aur(u) fu € Wl’p(')(Q)} . (3.2)
Let u € int (C*(€2)4) and choose t € (0,1) small enough such that

0 < tu(z) <min{n,,d} forall z € Q,

see hypothesis Hy (iv). Applying hypothesis H; (iv) and recalling that ¢ € (0,1), we
have

A tP- 7+
Yy (tu) < —o00(u) — —co0r()(u).
p T+

Since 7, < p_ we can choose t € (0,1) sufficiently small such that ¢ (tu) < 0.
Hence, since ug is the global minimizer of ¢, see (3.2), we know that

1 (ug) < 0=11(0).
Thus, ug # 0. R
From (3.2) we have (¢4)'(ug) = 0 which is equivalent to
<71')(_)(u0), h> = / fo(z,up)hdz  for all h € WP (Q). (3.3)
Q
Choosing h = —u; € WHP()(Q) in (3.3) and using (3.1) gives

oo(ug ) =0.
Hence, from Proposition 2.3, we get ug > 0 with ug # 0.
Next, we choose h = (ug — )" € WHP0)(Q) in (3.3). Applying the definition
of the truncation in (3.1) and hypothesis H; (iv) we obtain

(s (w0 =)™ = [ 7 o) (= )"

<0= <7,',(.)(Tl+), (uo — ﬂ+)+> :

So, ug < 14, see hypothesis Hy.
We have proved that

Ug € [O,HJJ ,  Ug 7é 0. (34)
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Then, (3.4), (3.1) and (3.3) imply that ug is a positive solution of problem (1.1).
From the anisotropic regularity theory, see Fan [8, Theorem 1.3], we have ug €
CH(Q) 4+ \ {0}. Finally the anisotropic maximum principle of Zhang [23, Theorem
1.2] implies that ug € int (C*(Q)4.).
Let € > 0 be as given in hypothesis H;(v). Then, by using (3.4) and hypothesis
H; (v) one gets
_Ap(')u() + (f(m) _,_é) u;g(.r)—l = f(z,uo) _’_éug(m)—l

< flzn) + €O
< —c¢o + énﬁ“)_l

< —Ayyns + <§(x) + é) 727 in Q.
From Proposition 2.5 of Papageorgiou-Radulescu-Repovs [15] we then conclude that
Ny —uo € D4 K
Similarly, using the Carathéodory function f_:  x R — R defined by
. flz,n) ifs<n_,
{f(x,S) ifn- <s
and reasoning as above, we produce a negative solution
vo € —int (C*(Q)4) and vy —n_ € Dy.
O
From Proposition 3.1 it follows that
up € inter g [0,m4] and  vg € inteu gy [n-,0]. (3.5)

Now, using these localized constant sign solutions, we are going to show the
existence of two more such solutions, one is larger than ug and the other one is
smaller than vg. So, we will have four smooth constant sign solutions which are
ordered. For this we will use the asymptotic conditions Hj (ii), (iii) as s — oc.

Proposition 3.2. If hypotheses Hy, Hy hold, then problem (1.1) has two more
constant sign solutions

a€int (C*(Q);) and o€ —int (C1(Q)4)
such that
U # ug, g < U and U F# v, < vg.

Proof. We start with the existence of a second positive solution. To this end, we
introduce the Carathéodory function g, : 2 x R — R defined by

x, ug(x if s < ug(x),
Mw):{f( o(@)) o(a) .

f(z,s) if ug(x) < s.

Moreover, we will use the truncation of g4 (z,-) at n4, recall that ug(z) < ny for
all z € . So we introduce the Carathéodory function g;: Q x R — R defined by

R {g(x,S) if s <1y,

g (,5) = | (3.7)
g(z,my) ifny <s.
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We set Gi(x,5) = [) g+(z,t)dt, Go(x,8) = [; §+(x,t)dt and consider the C'-
functionals o, 6, : WP()(Q) — R defined by

o4 (u) = vpy(u) —/ Gy (z,u)dz  for all u € WHPO)(Q),
Q

G4 (u) = Yp(y(u) —/ Gy (z,u)dz  for all u € WHPO(Q).
Q

Using (3.6), (3.7) and the anisotropic regularity theory, see Winkert-Zacher [22]
(see also Ho-Kim-Winkert-Zhang [12]) and Fan [3], we have

Ko, Cluo)Nint (C*(Q)1) and Ks, C [ug,ne] Nint (CM(Q)4) . (3.8)

o4 =

Moreover, it is clear that from (3.6) and (3.7) we know that
7+ lf0.m1 = O+l io.m,1 (3:9)
From (3.8) we see that we can always assume that
K&+ = {’u,o} (310)

Otherwise, we would infer from (3.8) and (3.7) that we already have a second
positive smooth solution of (1.1) larger than ug and so we are done.

From (3.7) and Proposition 2.3 it is clear that 6, : W'P()(Q) — R is coercive.
Also it is sequentially weakly lower semicontinuous. Hence, its global minimizer
exists, that is, we find &g € WP()(Q) such that

G4+ (Gp) = min [&Jr(u) fu € Wl’p(')(Q)} .

Because of (3.10) we conclude that @y = ug.
From (3.9) and (3.5) it follows that ug is a local C(Q)-minimizer of oy. Then
we know that

ug is a local WHPO)(Q)-minimizer of o, (3.11)

see Fan [9] and Gasiniski-Papageorgiou [11].

Note that from (3.8) and (3.6) we see that we may assume that
Ko, is finite. (3.12)
Otherwise we already have an infinity of positive smooth solutions of (1.1) all larger
than ug and so we are done.

From (3.11), (3.12) and Theorem 5.7.6 of Papageorgiou-Radulescu-Repovs [16,
p.449] we can find p € (0,1) small enough such that

oy (ug) < inf oy (u) : [Ju—ugll = p] = m. (3.13)
On account of hypothesis H; (ii), if u € int (C*(Q)4.), we have
op(tu) = —o0 ast — +o00. (3.14)

Moreover, hypotheses H; (ii), (iii) and Proposition 4.1 of Gasiriski-Papageorgiou
[11] imply that

o4 satisfies the C-condition. (3.15)

From (3.13), (3.14) and (3.15) we see that we can use the mountain pass theorem
and find @ € WHP()(Q) such that

@€ K,, Clu)nint (C'(Q);) and oy(ug) <my <oy (4), (3.16)
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see (3.8) and (3.13). From (3.16) and (3.6) it follows that @ € int (C'(Q)4) is the
second positive smooth solution of problem (1.1) with uy < 4 and 4 # uo.
In a similar way, starting with the Carathéodory function

{f(rc,s) if 5 < vo(),
g_(z,s) = )
[ (@, vo(x)) ifvo(w) <s

and continuing as above, we can produce a second negative smooth solution ¢ €
—int (C*(Q)4) with ¢ < vy and © # vg. O

In fact we will show that problem (1.1) admits extremal constant sign solutions,
that is, there is a smallest positive solution w, € int (C*(Q);) and a greatest
negative solution v, € —int (C'(Q)1). In Section 4 we will use these extremal
constant sign solutions in order to prove the existence of a sign-changing solution,
also called nodal solution.

Hypotheses H; (i), (iv) imply that

flx,8)s > 62|5|T(”)71 - 63|S|T(m)71 (3.17)

for a.a.z € Q, for all s € R and for some c3 > 0. This unilateral growth condition

on f(xz,-) leads to the following auxiliary Robin problem
—Apyu+ () ulP® 20 = eo|u]" ™20 — eslul" @24 in Q, (3.18)
|VulP @2V - v + B(x) [ulP ™20 = 0 on Of). '

For this problem we have the following existence and uniqueness result.

Proposition 3.3. If hypothesis Ho holds, then problem (3.18) admits a unique
positive solution u € int (C*(Q)4) and since problem (3.18) is odd, v = —u €
—int (C1(Q)4) is the unique negative solution of (3.18).

Proof. First we show the existence of a positive smooth solution for problem (3.18).
To this end, we introduce the C*-functional 9, : W'*()(Q) — R defined by

V4 (u) = yp(y (u) —|—/Q o (uﬂr(x) dz —/ 2 (u+)7(m) dz

r(z) o 7(2)

for all u € WHPH)(Q).
Using Proposition 2.3 we have for all |jul| > 1

o C2 ~
O+(u) 2 EllullP™ = oy (u) 2 el — callul™

for some ¢4 > 0, see also Proposition 2.1 and recall that WP()(Q) < L70)(Q).

Since 7, < p_, see hypothesis H;(iv), we infer that 9, : WP()(Q) — R is
coercive. Since it is also sequentially weakly lover semicontinuous, we can find
@ € WHP()(Q) such that

O (@) = min [0, (u) : u e WLP(')(Q)] . (3.19)
Since 74 < p— < p(x) < r(z) for all z € Q, if u € int (C*(Q)4) and ¢ € (0,1) is
<0=

sufficiently small, we have 9 (tu) < 0. Then, due to (3.19), it holds 9 (a)
9Y4(0) and so, @ # 0.



12 N.S. PAPAGEORGIOU AND P. WINKERT
From (3.19) we know that 9’ (@) = 0 and so

<Ar;(.> (ﬂ),h> :/QCZ (aﬂ““’lhdx—/ﬂc?, (@) hda (3.20)

for all h € WP()(Q). Choosing h = —a~ € WP (Q) in (3.20), we get go(@~) =0
and so, 4 > 0 with @ # 0, see Proposition 2.3.

Therefore, @ is a positive solution of (3.18) and as before, using the anisotropic
regularity theory, see Winkert-Zacher [22] and Fan [8], and the anisotropic maxi-
mum principle, see Zhang [23], we infer that @ € int (C*(Q)4.).

Next we show that this positive solution of (3.18) is unique. For this purpose,
we introduce the integral functional j, : L'(Q) — R = RU {+oco} defined by

1 2
. () (Vupf) if u>0,uP- € WhrH)(Q),
J+(u) =
+00 otherwise.

From Theorem 2.2 of Tak4¢-Giacomoni [20], see also Diaz-Sa4 [5] for the isotropic
case, we have that j, : L'(Q) — RU {400} is convex.

Suppose that § € Wl*p(')(QLis another positive solution of problem (3.18).
As before, we have § € int (C’l(Q)+). Using Proposition 4.1.22 of Papageorgiou-
Radulescu-Repovs [16, p. 274], we see that

Yer=Q) and Ze L) (3.21)
] a
Let h = @P- —gP- € WHP()(Q). Then, from (3.21) and if || < 1 is small enough,
we conclude that
P~ +th € domj; and gP- +th € domj,.

Hence, on account of the convexity of j, we infer that j; is Gateaux differentiable
at uP- and at gP- in the direction h. Using Green’s identity, see Takac-Giacomoni
[20, Remark 2.6], and the chain rule, we obtain

1 / _Ap(_)a+£(l.)ap(w)—l
Q

i (@) (h) = — P hde

p—

1
= / [ — e e
p— Jqo Lur- T(x

and

L[ At e
) ) = o [ 2Rl T

P-Ja
_ 1 €2 iT@=r—| hq
= ol -

The convexity of j; implies the monotonicity of j’ . Therefore, we have

1 1
— P— _ 5P—
0< /962 [@p—ﬂm) gp—rm] (@ —g")dz

+/ cs {gr(ﬂ*pf _ ar(w)*pf] (@’ — P~ ) da.
Q

hdx

Recall that 7y < p_ < 7(x) for all 2 € Q, we conclude that % = §. This proves the
uniqueness of the positive solution @ € int (C*(€2) ) for problem (3.18).
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Since the problem is odd, & = —& € —int (C*(€)4) is the unique negative
solution of (3.18). O

We introduce the following two sets
S+ = {u: u is a positive solution of problem (1.1)},
S_ = {u: u is a negative solution of problem (1.1)}.
We have already seen in Proposition 3.1 that
0#S. Cint (C*(Q)4) and P#S- C —int (C1(Q)4).
The solutions @, of (3.18) provide bounds for the sets S; and S_, where @ €

int (C*(Q)4) is a lower bound for S; and o € —int (C*(Q)4) is an upper bound
for S_.

Proposition 3.4. If hypotheses Hy, Hy hold, then u < u for allu € Sy and v < ¥
forallveS_.

Proof. Let u € §; and consider the Carathéodory function k4 : 2 x R — R defined
by
+\7(@)-1 et r(z)—1 .
co (sT) cs (s™) if s <wu(z),
ki(z,s) = ()1 r(@)—1 (3.22)
ca (u(x)) —c3 (u(x)) if u(z) < s.

We set K (z,s) = [ k4 (z,t)dt and consider the C''-functional Dy WhrO(Q) —
R defined by

Uy (u) = Yp(y(u) — / K (z,u)dz for all u € WHPO)(Q).
Q

Evidently, 9, : W'P()(Q) — R is coercive, see (3.22) and Proposition 2.3, and
sequentially weakly lower semicontinuous. Hence, we find @, € Wl’p(')(ﬂ) such
that
D4 (i) = min [1§+(u) ue WLP(?(Q)} . (3.23)
As before, see the proof of Proposition 3.3, if w € int (C*(Q)1) and t € (0,1)
sufficiently small, at least so that tw < u we have 1§+(tw) < 0, recall that u €
int (Cl(§)+) and use Proposition 4.1.22 of Papageorgiou-Radulescu-Repovs [16,
p.274]. Then, due to (3.23), it follows that 9 (i.) < 0 = 9 (0). Hence, i, # 0.
From (3.23) we have (¢)'(@.) = 0, that is,

(g (@) 1) = / ki (z,i)hde forall he WWO(Q).  (3.24)
Q
First we choose h = —a~ € WHP()(Q) and obtain @, > 0 with @. # 0, see

(3.22). Next, we take h = (i, —u)™ € WP (Q). Then, from (3.22), (3.17) and
the fact that u € S, we obtain

<71/7(-) () , (s — U)+> = /Q {QUTW*I - Cgur(w)fl} (i —u)" dz
< [ flz,u) (G —u) " dz
Q

= (9 (), (@ = ).



14 N.S. PAPAGEORGIOU AND P. WINKERT

Hence, 1, < u. So, we have proved
€ [0,u], @, #0. (3.25)

From (3.25), (3.22), (3.24) and Proposition 3.3, it follows that @, = 4. Thus, see
(3.25), u < u for all u € S4.
Similarly, we show that v < o forall v € S_. (]

Now we are ready to produce extremal constant sign solutions for problem (1.1).

Proposition 3.5. If hypotheses Ho, Hy hold, then problem (1.1) has a small-
est positive solution u, € int (CI(Q)+) and a greatest negative solution v, €
~int (C1(Q)).

Proof. From the proof of Proposition 7 of Papageorgiou-Radulescu-Repovs [17], we
know that S; is downward directed, that is, if w1, ue € Sy, then we can find u € S
such that v < u; and u < us. Then Lemma 3.10 of Hu-Papageorgiou [13, p. 178§]
implies that there exists a decreasing sequence {u, }nen C St such that

infS; = érellf\l Up,.
On account of Proposition 3.1 we have that {u, }nen € W) (Q) is bounded.
Hence, we may assume that
Up 5wy in WHPO(Q)  and  u, — u,  in LPO(Q) and in LPO(8Q).  (3.26)

Since u,, € S, we have
<fy;(_) (un) ,h> = /Qf(x,un)h dx (3.27)

for all h € WHP()(Q) and for all n € N. Choosing h = u, — u, € WHP()(Q) in
(3.27), passing to the limit as n — oo and using (3.26), we obtain

lim (Ape)(un), up — us) = 0.

n— oo

Then, from Proposition 2.2, we infer that
Up — uy  in WHPO(Q). (3.28)

So, passing to the limit as n — oo in (3.27) and using (3.28), one gets

<'yz')(_)(u*),h> = / f(z,u,)hdz for all h e WHPO)(Q).
Q

Furthermore, by Proposition 3.4, we conclude that @, < wu,. It follows that
uyx € Sy and u, = inf Sy

Similarly, we show that there exists v, € S_ such that v < v, for all v € S_.
We mention that S_ is upward directed, that is, if v1,v9 € S_, we can find v € S_
such that v1 < v and vy < v. O

4. NODAL SOLUTION

In this section, using the extremal constant sign solutions of problem (1.1) ob-
tained in Proposition 3.5, we show the existence of a nodal solution located between
them.
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Proposition 4.1. If hypotheses Hy, Hy hold, then problem (1.1) admits a nodal
solution

Yo € [Us, us] N CH(Q).

Proof. Let u, € int (C*(Q)4) and v, € —int (C'(Q);) be the two extremal con-
stant sign solutions produced in Proposition 3.5. We introduce the Carathéodory
function 7: Q x R — R defined by

[ (xue(z)) if s < wvi(x),
lz,s) =1 f(z,s) if vi(zr) <s <), (4.1)
fzyue(z)) if ue(z) < s.

We also consider the positive and negative truncations of I(xz, -), namely the Cara-
théodory functions [+ : 2 x R — R defined by

l+(z,s) =1 (=, +s%) . (4.2)
We set L(z,s) = [;l(z,t)dt and Ly(x,s) = [, l+(z,t)dt and consider the C'-
functional i, ps: WHPO(Q) — R defined by

p(u) = vpey(u) — / L(z,u)dz for all u € WHPO)(Q)
Q
and

pt (u) = Yp(y(u) — / Li(z,u)dz for all u € WHPO)(Q).
Q

Using (4.1) and (4.2) we easily show that
K, C [v.,u] NCHQ),
K,, C0,u]nC' ()4
K, Cv.,0n(-C'(Q)).
The extremality of the solutions w, and v, implies that
K, Ceu]nCH(Q), K, ={0,u}, K, ={v.,0}. (4.3)

Due to (4.1) and (4.2) it is clear that puy: WHP()(Q) — R is coercive and it is
also sequentially weakly lower semicontinuous. Hence, @, € WP()(Q) exists such
that

p+ () = min [M+(U) TuE Wl’p(')(Q)} < 0= p4(0),
see the proof of Proposition 3.3. Hence, @i, # 0 and so, @, = u, see (4.3).
It is clear that
Hor@, =r+lo@,

Since u, € int (C*()4), it follows that u, is a local C*(Q)-minimizer of y. There-
fore,

u, is a local WP()(Q)-minimizer of y, (4.4)

see Fan [9] and Gasinski-Papageorgiou [11].
Similarly, working this time with the functional pu_, we show that

v, is a local W'P) (Q)-minimizer of 4. (4.5)
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We may assume that p(vs) < p(us). The reasoning is similar if the opposite in-
equality holds using (4.5) instead of (4.4). From (4.3) it is clear that we may assume
that K, is finite. Otherwise, taking (4.1) and the extremality of the solutions u,
and v, into account, we already have an infinity of smooth nodal solutions and so we
are done. Then, from (4.4) and Theorem 5.7.6 of Papageorgiou-Radulescu-Repovs
[16, p.449], we know that we can find p € (0, 1) small enough such that

p(vs) < plus) <inf [p(u) @ flu — .| = p| = m.. (4.6)
The coercivity of p implies that p satisfies the C-condition, see Papageorgiou-
R&dulescu-Repovs [16, Proposition 5.1.15 on p.369]. This fact along with (4.6)

permit the use of the mountain pass theorem. So, there exists yg € Wl’p(')(Q) such
that

Yo € K, C [, u ] NCHQ),  m. < plyo). (4.7)

From (4.6) and (4.7) it follows that yo ¢ {v., u.}. Moreover, from Corollary 6.6.9
of Papageorgiou-Radulescu-Repovs [16, p. 533] we have

C1 (1, 90) # 0. (4.8)

On the other hand, from hypothesis H; (iv) and Proposition 3.7 of Papageorgiou-
R&dulescu [14], we obtain

Cr (11,0) =0 for all k € Ny. (4.9)

Comparing (4.8) and (4.9), we conclude that yo # 0. Since yg € [vs,us] N CH(Q)
with yo & {0, u., v}, the extremality of u, and v, implies that yo is a smooth nodal
solution of (1.1). O

Finally, we can state the following multiplicity theorem for problem (1.1), see
Propositions 3.1, 3.2 and 4.1.

Theorem 4.2. If hypotheses Hy, Hy hold, then problem (1.1) has at least five
nontrivial smooth solutions

up, @ € int (C'(Q)4) and wo,d € —int (C'(Q)4) and yo € C'(Q) nodal
with ug # 4, vg # 0 and
3(x) < vo(x) < yo(x) < wo(x) < (x) for all z €T
as well as

n- <wvo(x) <0 <ug(z) <ngy forallzel.
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