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ABSTRACT. This paper deals with critical logarithmic double phase problems
of the form

—divK(u) = g(z,u) + \u\p*_Qu inQ, w=0 ondQ,
where div K is the logarithmic double phase operator defined by

div (|Vu|p72Vu + p(x) (log(e + |Vu|) + &) \Vu|q72Vu) ,
q(e +|Vul)
e is Euler’s number, @ C RY, N > 2, is a bounded domain with Lipschitz
boundary 092, 1 < p < N, p < q < p* = ]\],pr, 0 < p(-) € L*°(Q) and
g: Q x [-&€& — R for &€ > 0 is a locally defined Carathéodory function
satisfying a certain behavior near the origin. Based on appropriate truncation

techniques and a suitable auxiliary problem, we prove the existence of a whole

sequence of sign-changing solutions of the problem above which converges to 0
1
in the logarithmic Musielak-Orlicz Sobolev space W) Hog (22) and in L>°(Q).

1. INTRODUCTION

In the recent work by Arora—Crespo-Blanco-Winkert [5], the authors introduced
and studied the properties of the functional
VulP Vul|?
I(u) :/ < : +,u(m)| ;' log(e+|Vu|)> dz (1.1)
Q

and of the corresponding logarithmic double phase operator given by

div K(u) = div <|Vu|p_2Vu
(1.2)

|vu| q—2

with u € WO1 Hos () being the related logarithmic Musielak-Orlicz Sobolev space

while
Hiog(w,t) = 1P + p(z)t?log(e + ) for all (z,t) € Q x [0, 00),

for 1 <p< N,p<qgand 0 < p(-) € L*°(Q). In the past, special cases of the
functional given in (1.1) have been investigated. The local Holder continuity of the
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gradient of local minimizers of
u / [\Vu\p + p(z)|Vu|P log(e + |Vu|)] dz,
Q

(p = ¢ in (1.1)), was shown by Baroni-Colombo-Mingione [7] for 1 < p < oo and
0 < u(-) € C%%(Q) while in a more recent work by De Filippis-Mingione [9], the
local Holder continuity of the gradient of local minimizers of the functional

" I—>/ [IVul log(1 + [Vaul) + () [Vul?] da, (1.3)
Q

has been examined whenever 0 < p(-) € C%*(Q) and 1 < ¢ < 1+ 2. It should be
noted that (1.3) originates from functionals with nearly linear growth of the form

w / IVl log(1 + [Val) da, (1.4)
Q

which has been studied, for example, in the papers by Fuchs—Mingione [13] and
Marcellini-Papi [25]. We point out that (1.4) occur in the theory of plasticity with
logarithmic hardening, see, for example, Seregin-Frehse [34] and Fuchs—Seregin [14].
Moreover, the famous work of Marcellini [24] includes as a special case functionals
with logarithmic term of the form

U / (14 |Vul?)% log(1 + |Vu|) da.
Q

In the present work we study critical elliptic problems involving the logarithmic
double phase operator given in (1.2). To be more precise, given a bounded domain
Q C RN, N > 2, with Lipschitz boundary 952, we investigate the Dirichlet problem

—divK(u) = g(z,u) + [ulP 20 inQ, w=0 ondL, (1.5)
where divK is as in (1.2) while we suppose the following assumptions on the
exponents p, ¢, the weight function p(-) and the perturbation g(-,-):

(A1) 1<p<N,p<qg<p* ::NN—i)andogu(-)eLoo(Q);
(A2) g: @ x [-£,£] — R is a Carathéodory function for fixed & > 0 with

g(x,0) =0 and g(z,-) is odd for a.a.x € §;
(A3) there exists n € L*>(Q2) such that

lg(x,s)] < n(x) for a.a.z € Q and for all |s| < &;
(A4) there exists v € (1, min {p, Np—ip + 1}) such that

g(z,s)
im
s—0 |s|’Y_23

=0 uniformly for a.a.z € ;

(A5)
g(z, s)

s—0 |3|P—23

= 400 uniformly for a.a.z € Q.
We call a function u € WO1 Hos () a weak solution of problem (1.5) if
\Y
/ (|Vu|p_2Vu+,u(m) (1og(e + |Vu|) + . Vel )> |Vu|q_2Vu> -Veodx
Q

(e + |Vul
B / (9(1?»“) + IUI”tQU) pdz
Q
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is satisfied for all p € Wy "% (Q).
Our main result reads as follows.

Theorem 1.1. Suppose the assumptions (A1)—(A5), then problem (1.5) admits
a sequence {wy}tnen C WOI’H“’g(Q) N L% (Q) of sign-changing solutions such that
lwn]l = 0 and ||wy|loo — 0 as n — oo, where || - || and || - || are the norms in
Wol’ch’g(Q) and in L*°(Q), respectively.

We point out that the right-hand side of (1.5) consists of the combined effect
of a locally defined Carathéodory perturbation g(z,-) along with the critical term
U — |u|p**2u with p* = NN—E) being the critical exponent related to the given
number 1 < p < N. The main difficulty in the study of (1.5) is the appearance of
the critical term and the lack of compactness. In order to overcome this fact, we
are going to study an appropriate auxiliary problem by using suitable truncation
functions which makes the auxiliary problem coercive. Then we are able to show the
existence of extremal constant sign solutions of this auxiliary problem which will
be used in order to apply the symmetric mountain pass theorem due to Kajikiya
[19]. With our work, we are not only extending the work of Liu-Papageorgiou
[22] from the double phase setting to the logarithmic double phase one, but we
are also in the position to weaken the assumptions so that assumption Hj (iii) in
[22] is not needed anymore. For additional information and details we also refer to
Papageorgiou—Vetro-Winkert [29] in which the double phase problem with variable
exponent has been discussed.

As mentioned at the beginning of the Introduction, the logarithmic double phase
operator (1.2) has been recently introduced and so only few papers exist involving
such operator. The first one has been published by Arora—Crespo-Blanco—Winkert
[5] who treated the problem

—divK(u) = f(z,u) inQ, wu=0 ondQ, (1.6)

where div K is as in (1.2) but with variable exponents and with a Carathéodory
function f: Q2 x R — R having subcritical growth and a certain behavior at infinity
and near the origin. The authors prove the existence of a least energy sign-changing
solution by minimization of the related energy function over the corresponding
Nehari manifold of (1.6) under the stronger assumption that ¢ + 1 < p*. We also

refer to a recent work by the same authors [1] concerning new embeddings and
existence results. Another logarithmic double phase operator different from the
one in (1.2) has been introduced by Vetro-Zeng [10] who studied existence and
uniqueness of equations involving the operator
. [ Hy(z,|[Vu
ur Agy,u=div (L(lvl)Vu> , UE WOI’HL(Q),
U

where Hy,: 2 x [0,00) — [0, 00) is given by

Hip(z,t) = (7 + p(x)t?)log(e + 1),
with 1 < p < ¢ and #H/, stands for the derivative of H with respect to the second
variable. The operator (1.2) also appeared in the work by Vetro-Winkert [39] who

proved the boundedness, closedness and compactness of the solution set to the
problem

—divKk(u) = f(z,u,Vu) inQ, uw=0 ondQ,
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where div K is as in (1.2) but with variable exponents and f: Q x Rx RY — R is a
convection term with very mild structures conditions. Finally, the operator in [39]
is also involved in a Kirchhoff type context by Vetro [38].

We also mention the recent work by Tran—Nguyen [37] who showed existence
results for equations involving (1.2) when p = ¢. In addition, we also refer to some
works dealing with logarithmic perturbations on the right-hand side for Schrodinger
equations or p-Laplace problems. In 2009, Montenegro—de Queiroz [20] studied the
problem

—Au = xyso(log(u) + Af(z,u)) in€Q, w=0 ondQ, (1.7)

with a function f(z,-) being nondecreasing and sublinear while f;, is supposed to be
continuous. They showed that problem (1.7) has a maximal solution uy > 0 of type
C17(Q). We also refer to the works by Figueiredo-Montenegro—Stapenhorst [11, 12]
who considered a similar problem in planar domains with f being of exponential
growth. Furthermore, logarithmic Schrédinger equations of the form

—Au+V(x)u = Q(x)ulog(u?) in RN (1.8)

have been studied by Squassina—Szulkin [36] who showed the existence of infinitely
many solutions of (1.8). More results for logarithmic Schrodinger equations have
been published by Alves—de Morais Filho [2], Alves—Ji [3] and Shuai [35], see also
Alves—da Silva [1] about logarithmic Schrédinger equations on exterior domains
and Bahrouni-Fiscella-Winkert [6] for sign-changing potentials in RY. Finally, we
mention some related works for double phase problems without logarithmic terms,
see the papers by Ge-Pucci [15], Guo-Liang-Lin-Pucci [16], and Liu-Pucci [23].

The paper is organized as follows. In Section 2 we recall the main properties of
the logarithmic Musielak-Orlicz Sobolev spaces and the logarithmic double phase
operator (1.2). Moreover, we point out the main results about the eigenvalue
problem of the p-Laplacian with homogeneous Dirichlet boundary condition. In
Section 3 we first study an auxiliary problem and prove the existence of extremal
constant sign solutions and then we apply the results of Kajikiya [19] to give the
proof of Theorem 1.1.

2. PRELIMINARIES

This section is devoted to the main properties of logarithmic Musielak-Orlicz
Sobolev spaces, the corresponding logarithmic double phase operator and some
tools which will be used in the sequel. Most of the results are taken from the
recent paper by Arora—Crespo-Blanco—Winkert [5]. We also refer to the monographs
by Diening—Harjulehto-Hast6—Ruzicka [10] , Harjulehto—Hé&sto [17], Papageorgiou—
Winkert [30] and the paper by Crespo-Blanco—Gasiniski-Harjulehto-Winkert [3].
First, for 1 < r < oo, L"(2) stands for the usual Lebesgue space with norm || - ||,-
while W, " (Q) denotes the related Sobolev space with zero traces endowed with the
equivalent norm ||V - ||, for 1 < r < oco.

Now, we introduce the nonlinear map Hjog: € x [0,00) — [0, 00) defined by

Hiog(z,t) = tP + pu(z)t?log(e +t),
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where we assume hypothesis (Al). Denoting by M(Q) the set of all measurable
function u: 2 — R, we can introduce the space L7os(§2) by

LHies(Q) = {u € M(Q): puy, (u) = / Hiog(, [ul) doz < oo} ,
Q
equipped with the norm
U

l|u/|#4,, := inf {)\ > 0: Py, ()\

where py,,, is called modular function corresponding to Hiog. We know that
L2 (Q) is a separable and reflexive Banach space. The corresponding logarithmic
Musielak-Orlicz Sobolev space W17 ios () is then given by

WhHes(Q) = {u € L™= (Q): |Vu| € LMes(Q)}

endowed with the norm

) < 1} for u € L*e=(Q),

[l #10s = lull#0s + VUl

Furthermore, we set

WiHes () = G (! s,

Note that both spaces W!7s(Q) and VVO1 Hiog (Q) are separable, reflexive Banach

spaces. In addition, we can equip the space WO1 ’H“g(ﬂ) with the equivalent norm
[[ull == [Vull3,,

see Arora—Crespo-Blanco-Winkert [5, Proposition 3.9]. In the following, we use

the abbreviations py,,, (Vu) 1= py,,, (|Vu|) and Hieg(-, Vu) = Hiog( -, |Vul) for

w e Wy es(q).
The following embedding results can be found in the work by Arora—Crespo-
Blanco—Winkert [5, Proposition 3.7].

Proposition 2.1. Let hypotheses (A1) be satisfied. Then the following hold:
(i) T/VOLHlog (Q) < WP (Q) is continuous;
(ii) VVOI’H“’g (Q) < LP"(Q) is continuous;

(iii) I/VOLH“’g (Q) — L"(Q) is compact for all 1 <r < p*.

Moreover, the relation between the norm | - || in WO1 ’H“’g(Q) and the modular
function py,,, is stated in the next proposition, see Arora-Crespo-Blanco-Winkert
[5, Proposition 3.6]. In the following, we denote by  the constant given by

e
e+ t(] ’
where e is Euler’s number and ty is the positive number that satisfies tg =
elog(e + tg).

(2.1)

Proposition 2.2. Let hypotheses (A1) be satisfied, A > 0, u € V[/'Ol’?-[log (Q), and K

as in (2.1). Then the following hold:
(1) [lull = X if and only if pa,,, (F*) = 1;
(ii) |lull < 1(resp.=1,> 1) if and only if py,,, (Vu) <1 (resp.=1,>1);
(i) if Jull < 1 then a7 < pyg,, (Vo) < [u]P;
(iv) if lull > 1 then [lull? < pa,, (Vu) < Jlul|77%;
)

(

V) |lun| — 0 if and only if py,,,(Vu,) — 0 as n — oo.
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The following lemma will be used later, see Arora—Crespo-Blanco-Winkert [5,
Lemma 5.4].

Lemma 2.3. Let @ > 1 and h: [0,00) — [0,00) given by h(t) = m.
Then h attains its maximum value at to and the value is %, where ty and k are the
same as in (2.1).

Next, we introduce the nonlinear operator A: Wy 1°5(Q) — Wy 715 (Q)* defined
by

= ulP~2Vu - Vodz
(A(u),v)—/QW [P7*Vu - Vod 0

[Vl
+/Q,u(x) <log(e + |Vul) + .

S I e B q—2 .
et |Vu|)) [Vul!™*Vu - Vudez,

where (-,-) denotes the duality pairing between WO1 ’ch’g(Q) and its dual space
Wol’Hl"g(Q)*. The properties of A: VVOLHI"g Q) — Wol’Hl”g(Q)* are summarized in
the following proposition, see Arora—Crespo-Blanco—Winkert [5, Theorem 4.4].

Theorem 2.4. Let hypotheses (Al) be satisfied and A be given as in (2.2). Then
A is bounded, continuous, strictly monotone, and satisfies the (Si)-property, that

is, any sequence {un}nen C Wol’Hl"g(Q) such that u, — u weakly in Wol,Hlog (Q)
and limsup,,_, . (A(uy), un, —u) <0 converges strongly to u in Wol’%"g(Q).

In the following, CZ(£2) stands for the ordered Banach space given by
Cy(Q) = {ueC'(Q): u‘ag =0},
while C}(Q2), is the positive cone defined by
Co(Q) 4+ ={ueCy(Q): u(z) >0 for all z € O},
which has a nonempty interior
int (C5(Q)4) = {u € Cy(Q): u(x) >0 Vo € Q and %(w) <0Vze 39} ,

where n = n(x) is the outer unit normal at z € 9. For any ¢ € R we put
ty = max{=£t,0}, that is, ¢ = ¢4 —t_ and |¢t| = t4 + t_. Furthermore, for any
function u: @ — R we write us () = [u(-)]+.

Let us now recall some known results about the eigenvalue problem of the p-
Laplacian for 1 < p < co with homogeneous Dirichlet boundary condition which is
defined by

~Apu=Auf?u inQ, u=0 ondN. (2.3)
We know from Lé [20] that there exists a smallest eigenvalue Ay of (2.3) which is
positive, isolated, simple and can be written as
Vul|P
A1 —inf{'H ||I|)p: ueWOI’p(Q),u7é0}. (2.4)
Ullp

We denote by wuy the LP-normalized positive eigenfunction corresponding to Ag,
that is, [Ju1||, = 1. Furthermore, u; € int (C§(€2)) due to the regularity theory of
Lieberman [21] and the maximum principle by Pucci-Serrin [32].
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Let X be a Banach space and X* be its dual space. We say that a functional
¢ € CY(X) satisfies the Palais-Smale condition (PS-condition for short), if every
sequence {uy tnen € X such that {o(un)}nen € R is bounded and

¢ (up) = 0 in X* as n — oo,
admits a strongly convergent subsequence. We also set
K, :={ueX: ¢ (u)=0},

which is the set of all critical points of ¢. Recall that a set S C X is called
downward directed if for given u;,us € S there exists u € S such that v < w; and
u < ug. Similarly, S C X is called upward directed if for given vy, v9 € S one can
find v € S such that v < v and vy < v.

The proof of Theorem 1.1 relies on the following abstract critical point result
established by Kajikiya [19, Theorem 1], which extends the symmetric mountain
pass theorem.

Theorem 2.5. Let (X, || - ||) be an infinite dimensional Banach space and ¢ €
CY(X,R) such that the following hold:

(i) ¢ is even, bounded from below, ©(0) = 0 and it satisfies the (PS)-condition.
(ii) For any n € N, there exist a n-dimensional subspace X,, of X and a number
Tn >0 such that supy, g, (u) <0, where S, = {u € X: [lul| =r,}.

Then, the functional ¢ admits a sequence of critical points {v,}nen satisfying
[lvn]l = 0 as n — co.

3. ASYMPTOTICALLY VANISHING SIGN-CHANGING SOLUTIONS

We first study a truncated auxiliary problem which helps us to deal with the
critical term in (1.5). To this end, let ¥ € C*(R) be an even cut-off function such
that

supp ¥ C [-¢,€], \I/“;E ‘] =1 and 0<V¥ <1 on(=£¢). (3.1)
202

Next, we introduce the function ¥:  x R — R by
Ww,s) = (s) [gla.s) + s 25| + (1= W(s) s s, (3.2)

which is a Carathéodory function, whereby - is from hypothesis (A4). It is easy to
see that from the choice of ¥ in (3.1) along with (3.2) and (A4) we have the growth
condition

[0(z,5)] < C(1+s]"7) (3-3)

for a.a.z € 2 and for all s € R with some C > 0.

The strategy for dealing with the critical term in problem (1.5) relies on the
cut-off function ¥, introduced above and satisfying the properties listed in (3.1).
In this framework, the function ¥ has subcritical growth (see (3.3)), and therefore,
by considering the auxiliary problem formulated below, extremal constant sign
solutions can be obtained through standard variational methods. Furthermore,
Theorem 2.5 yields a sequence of sign-changing solutions w, to the auxiliary
problem converging to zero. This convergence makes it possible to select a
sufficiently large ng € N such that U(w,(z)) = 1 for a.a.x € Q and for all n > nyg
(by virtue of the second property in (3.1)), which in turn ensures that ¥ coincides
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with the right-hand side of the original problem (1.5). Note again that the number
€ > 0 is fixed from the beginning, see (A2).
Now, we are interested in the solvability of the auxiliary problem

—divK(u) =9Y(z,u) inQ, wu=0 ondQ, (3.4)

where div IC(u) is the logarithmic double phase operator given in (1.2). We are
going to prove the existence of extremal constant sign solutions of (3.4) which will
be used in the construction of sign-changing solutions to our original problem (1.5).

For this purpose, let S; and S_ be the sets of positive and negative solutions of

problem (3.4), respectively. In the following, we denote by &y : Wol’H“’g Q) —-R

the truncated energy functionals related to (3.4) given by

1
Ex(u) :/ [|Vu|p + M|Vu\qlog(e—|— |Vu|)} dz —/ O(z,tuy)dz, (3.5)
Q LP q Q
for all u € WOI’H]“’g(Q), where O(z,s) = [; 9(z,t)dt. It is obvious to see that
Ex € CH W, Mos(Q)).
First, we show that Si are nonempty.

Proposition 3.1. Let hypotheses (A1)—(A5) be satisfied. Then Sy and S_ are
nonempty subsets in Wol’Hl"g(Q) N L>(£).

Proof. We start by showing that Sy # ). Due to

1
E4w) > Lpm(Vul) = [ O ) da

along with the growth in (3.3), v < p by (A4) as well as Proposition 2.2 (iv),
we see that &, is coercive. Moreover, from Proposition 2.1 (iii), we know that
WO1 ’Hl"g(Q) — L"(Q) is compact for any 1 < r < p*. Therefore, the functional
&, is also sequentially weakly lower semicontinuous. Then, we can find an element
4 € Wol’HlOg () such that

£, (a) = inf [5+(u): ue W(}”’“‘)g(g)} .

We show that @ # 0. Taking hypothesis (A5) into account, for each € > 0, there
exists w € (O,min{g, 1}) such that

Glz,s) = / glz,t)dt > S|s|P for all |s| < w. (3.6)
0 p

Recall that w; € int(C}(Q)4) is the LP-normalized positive eigenfunction
corresponding to A1 of the eigenvalue problem (2.3). Now we choose t € (0,1) small
enough such that tu(z) € (0,w] for all 2 € Q. Then, since w € (0, min{5,1}), we
get from (3.1) that

Iz, tuy) = g(x, tur) + (tug)? " *tuy > g(z, tuy). (3.7)

Now, using the representation of A; in (2.4), [Juill, = 1 and the inequality
log(e + zy) < log(e + =) + log(e + y) for all z,y > 0 as well as (3.6) and (3.7),



ON CRITICAL LOGARITHMIC DOUBLE PHASE PROBLEMS 9

we obtain

cou) = | [;|v<tu1>|p+‘f]”|v<tu1>|q1og<e+t|wl|> da

*/@(I,tul) dz
Q
P q]
<LA +M/u(x)|vul|qu
Q

P
—/ x)|Vui|?log(e + |Vuq|) do — 58

e) 4 losle 1) k’g; )/Qu(:c)Vu1|qda:

()\1
—/ x)|Vuy|91og(e + |Vuq|) de

Taking € > A1, we see from (3.8), for ¢ > 0 sufficiently small, since p < ¢, that
54_ (tul) < 0.

This shows that @ # 0.
Since 4 is a global minimizer of £, it holds &' (@) = 0, which means

_ Vi _
ValP72Via + plx (10 e+ |Vi +|> Vil 2va>-v dz
[ (w29 -+ o) (toste + (v + L) vl 0

Iz, ty) pde
Q

for all € Wy’ Mo (). Testing the above equation with ¢ = —i_ € Wy’ Hios ()
(see Arora— Crespo—Blanco ~Winkert [5, Proposition 3.8 (iii)]) yields 4 = 0.
Therefore, & > 0 and since @ #* 0, it is a nontrivial positive weak solution of
problem (3.4). This proves S # () and from Radulescu-Stapenhorst—Winkert [33],
we know that 4 € WOI’HI"g(Q) N L>®(Q).

Similarly, we can show the existence of a nontrivial negative bounded weak
solution ¥ of problem (3.4) which is the global minimizer of £_: VVO1 ’Hl"g(Q) — R
defined in (3.5). O

In the next step, we will show that the auxiliary problem (3.4) has extremal
constant sign solutions in the sense that there exist a smallest positive solution
4 € S4 and a largest negative solution 0 € S_.

Proposition 3.2. Let hypotheses (A1)—(A5) be satisfied. Then there exists i € St
such that @ < u for all w € S and there exists 0 € S_ such that © > v for all
veS_.

Proof. We start with the existence of @. First, note that the set Sy is downward
directed. This is a standard proof and can be done as in the paper by Papageorgiou—
Radulescu—Repovs [28, Proposition 7]. From this fact, using Lemma 3.10 by Hu—
Papageorgiou [18], there exists a decreasing sequence {uy }neny C Sy such that

inf u,, =infSy.
neN
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As u, € 84 it holds

/ (|Vunp2Vun
Q

v mn
T ) (1og<e+ V) + [V

= / I, up)pde
Q

for all p € I/Vol’Hl”g (Q) and for all n € N. Choosing ¢ = u,, € I/Vol’Hlog (Q) in (3.9)
and using (3.3) as well as 0 < u,, < u; leads to

P10 (Vn) = / |[Vu,|P dz —|—/ w(x)|Vu,|?log(e + |Vuy,|) de < ¢
Q Q

for some ¢; > 0 and for all n € N. Therefore, Proposition 2.2 (iii),(iv) implies
that {un fnen C Wol’Hl“g(Q) is bounded. Furthermore, taking hypothesis (A4) into
account, we see that v < Np—ierl and so %('yfl) < p*. Next, we can take a number
t> % such that ¢(y—1) < p*. Then, by the boundedness of {uy, }nen C WOI’Hlog Q)
and Proposition 2.1 (iii) we may assume that

Uy =@ in Wes(Q) and w, — @ in LOTD(Q) (3.10)

for a subsequence if necessary (not relabeled) and @ € WO1 Hios (©). Moreover,
combining (3.1), (3.2) and hypothesis (A4) we get

|0(x, 8)| < cals|7t (3.11)

for a.a.z € Q, for all s € R and for some ¢z > 0. Now, from (3.9) and (3.11),
because of ¢t > %7 we obtain that

1

-
[unlloo < C3||un||tp(;l_1) (3.12)

for some c3 > 0 and for all n € N. The proof of this result can be done as in Perera—
Squassina [31, Proposition 2.4] since Wol’Hlog (Q) < W, P(Q) by Proposition 2.1 (i).

We are going to prove that @ # 0. Suppose by contradiction that @ = 0. Then
from (3.10) and (3.12) we have ||uy||cc — 0 as n — 400 which implies the existence
of ng € N such that 0 < u,(z) < w for a.a.z € Q and for all n > ng, where
w e (O,min{g, 1}). Hence, taking (3.1) and (3.2) into account yields

U@, un(2)) = g(@, un(2)) + up(2)? ! (3.13)
for a.a.z € Q and for all n > ny. Next, we set y, = H:jﬁ for all n € N which gives
lynll = 1 and y,, > 0 for all n € N. Therefore, we may assume, for a subsequence

if necessary (not relabeled), that
Yp — Y in Wol’Hl“g(Q) and y, —y in LP(Q)

for y € Wy "% () with y > 0. Applying u, = |lun|yn in (3.9) and using (3.13)
results in

/ (wmﬂvmﬂv%
Q
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Vu, _
+ () ||un |91 <log(e+|Vun|)+ [Vuin| )> [Vyn|? QVyn> -Vepdz

q(e+ |Vuy]

X, U *
= [ bl |2 ]
n

for all p € WO1 Hos(()) and for all n > ng. From this we conclude that

/ (|Vyn|p2vyn
Q

\Y%
o) a7 (Lol + 9, + L

(e + |Vuy|)
= [ [Emt) ]

Un

) IVan"QVyn> -Vedr (3.14)

for all ¢ € W&’H“’g(ﬂ) and for all n > ng. Note that
log(e +[Vun|) = log(e + [[un|[Vynal)

< log(e + [Vynl) if |Jun|l <1, (3.15)
| lunlllog(e + [Vynl)  if [lunll > 1,

where we used in case |[uy,|| < 1 the monotonicity of the logarithmic function while
for ||uy|| > 1 the standard inequality log(e + Ct) < C'log(e + t) for all ¢ > 0 and
C > 1. Therefore, using (3.15) and Lemma 2.3, we see that the left-hand side of
(3.14) is bounded for all ¢ € Wol’Hl"g(Q) (similar to the proof of Theorem 4.4 by
Arora—Crespo-Blanco—Winkert [5]) and so the same holds for the right-hand side
of (3.14). But then, using (A5), we see that

(, un(2))

_ g
y=0 and ()71

Next, choosing ¢ = y,, in (3.14) and passing to the limit as n — +oo, we arrive at

lim / |Vyn|? de = 0.
Q

yn(x)P~1 =0 for a.a.z € Q.

n—-+4+oo

Therefore, we have Vy,(x) — 0 for a.a.z € Q for a subsequence if necessary,
not relabeled. This implies that Hiog(x, Vy,) — 0 for a.a.z € Q. From Vitali’s
convergence theorem we know that {Hiog( -, Vyn(-)tnen C L'(2) is uniformly
integrable which yields

Prr, (Vyn) = 0 in Wy P(0). (3.16)

Recall that by construction we have ||y,|| = 1 for all n € N. Taking Proposition
2.2 (ii) into account, this is equivalent to py,,, (Vy,) = 1 for all n € N which is a
contradiction to (3.16). Thus, we have & # 0 and @ € S; is the smallest positive
solution of (3.4) in &;. Using similar arguments, one can prove that ¢ € S_ such
that o =supS_. O

Remark 3.3. By definition, g(x,-) is defined only locally. Then, because of
hypothesis (A5), namely

g(z,s)
s—0 |s|1’—23

= +oo uniformly for a.a.x € Q,
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without any loss of generality, we can assume that

g(x,s)
|s[P=2s

>0 foraa.x€Q and for all |s| <.
This implies
g(z,s) >0 forall0<s<& and g(x,s) <0 forall —&<s<0.
Let
[0,q] := {u eWy Hos () : B(x) < u(z) < di(z) for aa.x € Q},

where 4 and v are the extremal constant sign solutions from Proposition 3.2. Next,
we introduce the cut-off function 9¥: 2 x R — R defined by

i W, v(z)) if s < v(x),
I(z,s) =< I(z,s) if o(x) < s < a(z), (3.17)
W, u(x)) ifalz) <s

and consider the truncated C'-functional £ : W1 Hes(Q) - R by

é(u):/Q [Vu|p+'u(x)|Vu|qlog(e+|Vu|)] dx—/g(:)(a:,u)dx,

for all u € Wy ""°*(Q), where O(x, s) = J5 d(z,t) dt

Note that Kz = {u € W1 Hhes () 2): (&) (u) = O} C [0,u). Indeed, taking
u € Kz \ {u,0} gives

/ <|Vu|p_2Vu
Q

+ p(z) <log(e+|Vu|)+ Vel )>|Vu|q2Vu) -Vedr (3.18)

q(e+|Vul
= / I(z,u)pdr forall ¢ € Wol’%"g(ﬂ).

Testing (3.18) with ¢ = (u —@)4 € W1 HlOg(Q) and using that @ solves (3.4), we
obtain

(Aw), (u— 1))

= / |VulP~2Vu - V(u — @) do
Q

+ /Q u(z) <1og(e + |Vul) + (|Vu|> |Vul|T2Vu - V(u — @)y do

q(e +|Vu|)
:/5(x,u)(u—ﬂ)+ dz
Q

— /919(33, @) (u— @) da

=/ Va2V - V(u — @)y do
Q

i)+~ a2 Vi — i) de
—&-/ﬂu(ax) <log(e+|Vu)+q(e+|va|)>|V| Vi - V( )y d

— (A(@), (u - )4).
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Therefore,
(A(u) — A(a), (u —u)4) =0,

which implies, due to the strict monotonicity of A (see Proposition 2.4), that u < 4.
Testing (3.18) with ¢ = (0 — u)4 and reasoning as above shows that o < u. Thus,
it holds Kz C [0, ).

Now, let V' C VV1 Hios () N L () be a finite dimensional subspace.

Proposition 3.4. Let hypotheses (A1)—(Ab) be satisfied. Then, there exists a
number hy > 0 such that

sup [g(v) veV, ||| = hv} < 0.

Proof. Recall that all norms on V are equivalent since V' is finite dimensional (see
Papageorgiou—Winkert [30, Proposition 3.1.17]). Then we can find hy > 0 such
that

veV and ||| <hy imply [|v(z)]<w fora.a.xzecQ,

where w € (O,min{g, 1}) is as in the proof of Proposition 3.1. Since w < 2, by
(3.1), we have ¥(v(z)) = 1 for a.a.z € Q. From this, v € V with |[v|| < hy, we see
that

*

i g9(x,9(x)) + [0(=)[" ~*0(x) i v(@) < 0(2),
I, v(x)) = { gla,v(@)) + Jo(@) " Po(e) i o(z) < v(z) < a(z),
g(z,a(2)) + la(x)|”" 2a(z) i a(z) < v().
Let g: Q x R — R be the function defined by
gla, i) if olz) < o),
gz, v(x)) = § glz,v(x) i 5(x) < v(@) < alz),
gz, u(x)) if a(x) < v(x).

For G(z,s) := [} §(z,t)dt and v < & we have

&

v

dws)ds= [ gles)ds+ [ gan)ds
0 v

7{})5

G(z,v) = /OU g(x,s)ds +
=G(z,0) + g(z,0)

e =

where G(z,s) = fo z,t)dt. By Remark 3.3, we know that g(z,v) < 0 for
a.a.z € . Then it follows g(z,v)(v — ) >0 for a.a.x € Q and so

G(z,v) — G(x,v) = G(x,v) — G(x, ) + g(x,0) (7 — v)
< G(z,v) — G(z, D).
Arguing in the same way, for 4 < v it holds
G(z,v) = Gz, @) + g(z, @) (v — @),
and so, since g(z,@)(% — v) < 0 by Remark 3.3,
G(x,v) — G(z,v) = G(z,v) — G(x,0) + g(x, @) (@ — v)
< G(z,v) — G(z, ).
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On account of this, we can write
N 1 N
E(w) :/ {|Vv|p+ @|Vv|qlog(e+ |Vv|)] dx—/ O(z,v)dx
QLP q Q
1 1
:f/ |Vv|pdx—|—f/u(x)\Vv|qlog(e+|Vv\)dx
Q qJa

~ 1 .
-/ (G(:c,v) - ) da
{z€Q: v(z)<v(z)} p

1 «
/ {G(m,v) + —[vl? ) dz
{zeQ: v(z)<v(z)<ua(z)} p

. 1 .
/ G(z,v) + —al? ) dzx
{zeQ: a(z)<v(z p

(
/|Vv|pdx+ /u(x)\Vv|qlog(e+|Vv\)dx

N
-

1
q

/ G(z,v)dx
{zeQ: v(z)<v(z)<ua(z)}

/{xEQ a(x)<v(z)}

+ ’B\»—*

ooy (6650 =G0

" /{’UEQ @(z)<v(z)} ( )) dx

/|Vv|pdx+ / )| Vo|?log(e + |Vvl) dx—/Gx v)

+/ (G(z,v) — G(z,?)) dz
{zeQ: v(z)<v(x)}

+/ (G(z,v) — G(z,w)) dz.
{zeQ: a(x)<v(x)}

Recall (3.6), that is, by (A5

that
\ [P for all |s| < w.

G(z,s) >

Now we can choose hy > 0 sufficiently small such that

/ (G(2,0) — G(w, 7)) da
{zeQ: v(z)<v(x)}

+ / (Gl2,v) = Gla, i) do < .
{zeQ: a(x)<v(z)}

/|Vv|pdx—|— / 7)|Vo|?log(e + [Vol) dx—/Gm v

), for each & > 0, we can find w € (0, min{§,1}) such

(3.19)

(3.20)
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Using (3.19) and (3.20) in the observations above we obtain

~ 1 1
E) < 7/ |Vo|P dz + f/ w(z)|Vou|?log(e + |Vol|) dx
P Jao qJo

; (3.21)
- 7/ [P da + wP.
pJa
From Proposition 2.2 (iii), (iv) we know that
/ p(@)|Vo|*log(e + Vo)) dz < pay,,, (Vo) < max{|jv]|?, [[of|*™}. (3.22)
Q

Recall that all norms on V are equivalent since V is finite dimensional. Using this
fact and (3.22) in (3.21) we can find positive constants ¢1, ca, ¢3, independent of w,
such that

E(v) < erf|ollE, + comax{||v]%, [0ll&*} — ecsl|vl + .

Then, for v € V with ||v|| = hy along with the equivalence of the norms on V, it
follows, due to w < 1, that

E() < c1wP 4 ¢ max{w?, wiF} — ceqw? + WP
= (61 +co —ec3 + 1)wp_
Choosing ¢ > % yields £(v) < 0 for all v € V with |[v]| = hy. O

Now we are in the position to prove Theorem 1.1 by applying the symmetric
mountain pass theorem due to Kajikiya [19, Theorem 1].

Proof of Theorem 1.1. First note that the truncated functional £ : V[/'Ol’f’]{log Q) —R
is even and coercive. In particular, it is bounded from below. Then, from
Proposition 5.1.15 by Papageorgiou—R&dulescu—Repovs [27] we know that it fulfills
the PS-condition. Using this and Proposition 3.4 we are able to apply Theorem 2.5
to get a sequence {wy bneny C Wy 715 (Q) N L*°(Q) such that

w, € Kg C 0,4, wy,#0, E(w,) <0 forallneN
and
lwn] =0 asn — +oo. (3.23)

Recall that the functions ¢ and @ are the extremal constant sign solutions of (3.4),
see Proposition 3.2. Since w,, € Kz C [0, 4] and w,, # 0 for all n € N, we know that
w,, is a critical point of I3 belonging to [0, @]. Then, due to the truncation defined in
(3.17), it follows that 9(x,s) = ¥(z, s) for a.a.z € Q and for all s € R. Therefore,
wy, is a solution of our auxiliary problem (3.4) and since w,, € [0, @] with ¥, @ being
the extremal constant sign solutions of (3.4), w, must be a sign-changing solution
of problem (3.4) for all n € N. Furthermore, as already pointed out in (3.12), we
have the estimate

!

t(y=1)

for some C' > 0 and for all n € N with ¢ > % and t(y—1) < p*. Then, due to (3.23),
we obtain ||wy|lec — 0 as n — +oo. In addition, there exists a number ny € N
such that |w,(x)| < % for a.a.x € Q and for all n > ng. From this we deduce that
U(wy(x)) =1 for a.a.z € Q and for all n > ng, see (3.1). From this and (3.2) we
see that w,, is a sign-changing solution of problem (1.5) for all n > ng. (]

[wnlloo < Cfjwn|
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