MULTIPLE SOLUTION RESULTS FOR ELLIPTIC NEUMANN
PROBLEMS INVOLVING SET-VALUED NONLINEARITIES

PATRICK WINKERT

ABSTRACT. The main goal of this paper is to present multiple solution re-
sults for elliptic inclusions of Clarke’s gradient type under nonlinear Neumann
boundary conditions involving the p-Laplacian and set-valued nonlinearities.
To be more precise, we study the inclusion

—Apu € OF (z,u) — |uP~2u in Q,

with the boundary condition
=22 ¢ a(ut = by G on 00,
v

We prove the existence of two constant-sign solutions and one sign-changing
solution depending on the parameters a and b. Our approach is based on
truncation techniques and comparison principles for elliptic inclusions along
with variational tools like the nonsmooth Mountain-Pass Theorem, the Second
Deformation Lemma for locally Lipschitz functionals as well as comparison
results of local C!(Q)-minimizers and local W 1P (Q)-minimizers of nonsmooth
functionals.

1. INTRODUCTION

Let © C RN be a bounded domain with a smooth boundary and let 1 < p < oo.
We consider the following elliptic inclusion: Find v € W1?(£2) and constants a,b €
R such that

—Apu € OF (z,u) — |ulP~2u in Q,

_,0u I o (1.1)
|VulP gea(u P —b(uT )P 4+ 0G(z, u) on 09,

where —A,u = — div(|Vu[P~?Vu) is the negative p-Laplacian, % denotes the outer
normal derivative and u+ = max(u, 0) as well as u~ = max(—wu,0) are the positive
and negative part of u, respectively. The multivalued functions s — 9F(x, s) and
s +— 0G(xz, s) stand for Clarke’s generalized gradient of the functions F' : QxR — R
and G : 902 x R — R, respectively, which have the form

n 13
F(x,n) :/0 f(z,s)ds, VneR, G(z,¢) :/0 g(z,s)ds, VEeR, (1.2)

where we suppose the following conditions on the nonlinearities f : 2 x R — R and
g:00 xR —R.

(F1) (z,s) — f(x,s) is measurable in each variable separately.
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(F2) There exist ¢; > 0 and ¢g € [p, p*) such that
[f(z,8)] < er(1+[s]71),
for a.a. x € Q and for all s € R, where p* is given by

o= NN—Q if p<N,
+00 if p> N.

(G1) (z,s) — g(=z,s) is measurable in each variable separately.
(G2) There exist co > 0 and ¢1 € [p, p«) such that

l9(z,5)] < a1+ [s]"7),
for a.a. x € 9N and for all s € R, where p, is given by

(N—Dp ;
b= N ifp< N,
+00 ifp>N.

Note that for v € WHP(Q) defined on the boundary, we make use of the trace
operator v : WHP(Q) — L9 (9Q) with p < q; < p. which is known to be bounded,
linear and compact, where WH?(Q) and L9 (992) indicate the usual Sobolev and
Lebesgue spaces, respectively. For the sake of simplicity we will drop the notation
v(u) and write u for short. Concerning the assumptions above the functions F'(z, -) :
R — R and G(z, ) : R — R given in (1.2) are well defined and locally Lipschitz.
This guarantees that their generalized gradients given in problem (1.1) exist. In
order to characterize Clarke’s generalized gradients OF (z,-) and 0G(z, -), we set

filz,s):

= lim essinf f(z,7 r,s) := lim ess su T, T
S0+ \Tfs\<5f( ) )7 f2( ’ ) 50+ |7—75|<I;f( s )a

t) := lim ess inf t) := lim esss
gi(z,1) := lim, ess infg(z,7),  g>(w,1) := lim, hiﬂggg(x, ok
for all (z,s) € Q xR and all (z,t) € 90 x R, respectively. Using Proposition 1.7 in
[21] yields the representation

5F($77)) = [fl(xan)va(xan)]ﬂ 8G(m,§) = [gl(x,g),g2(1’,f)] (13)

Throughout the paper, we denote by ¢, and ¢} the Holder conjugates to go and g1,
respectively, meaning that 1/qo +1/¢), =1 as well as 1/q1 + 1/¢} = 1.

Definition 1.1. A function u € WP(Q) is said to be a solution of problem (1.1)
if there exist n € L%(Q) and & € L4 (Q) such that
(i) n(z) € OF (z,u(x))  for a.a. x €,
(i) &(z) € 0G(z,u(x))  for a.a. x € 09,
(i) [ |Vu|P~2Vu-Vodr = Joln— |u|p_2u]g0da:+faﬂ[a(u+)p_l —b(u™)P Ypdo
+ [oq Epdo, Ve e wir(Q).

If f and g are Carathéodory functions, problem (1.1) reduces to the single-valued
elliptic Neumann boundary value problem

—Apu = f(z,u) — |ulP2u in Q,
_,0u I 1 (1.4)
Va2 = a(u™)P" = b(u” ) 4 g(@,u) on O,

With a view to the relation

=2 = =2 (=) = (= ) (1:5)
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we see that in case a = b = X problem (1.4) becomes

~Apu = f(z,u) — |ulf~?u in Q,
0 (1.6)
|Vu\p72a—5 = NulP~?u + g(z, u) on 0N.

Multiple solution results for problems of type (1.6) were obtained by a number
of authors, such as e.g. [1],
[12], [13], [14], [19], [28], [31]. The main purpose of this paper is to provide a de-
tailed multiplicity analysis of the nonsmooth elliptic problem (1.1) in dependence
of the two parameters a and b. A main tool in our considerations is the method
of sub- and supersolution. The idea is to construct two pairs of sub-supersolutions
of problem (1.1), one with positive sign and one with negative sign, with the aid
of some auxiliary problems, for example the so-called Steklov eigenvalue problem
of the p-Laplacian. The existence of such pairs provides a positive and a nega-
tive solution, respectively, of the inclusion (1.1) within these pairs. Afterwards,
we show the existence of extremal solutions of (1.1), meaning a smallest positive
solution u as well as a greatest negative solution u_, by using the qualities of the
eigenfunctions of the Steklov eigenvalue problem and the (S, )-property of the p-
Laplacian on W1?(Q) (see Theorem 3.1). More details about the Steklov problem
will be explained also in this section. In order to find a third nontrivial solution
with changing sign, we use some important tools like the nonsmooth Mountain-Pass
Theorem or the Second Deformation Lemma for locally Lipschitz functionals.

The main tool is the comparison of local C(2)-minimizers and local W1P(Q)-
minimizers of nonsmooth functionals. Let J : W1P(Q) — R be a nonsmooth
functional given in the form

1 1
s =3 [varass o [ upds+ [ st [ galeude
P Ja P Jo Q f5}9]

with nonsmooth potentials j; : 2 x R — R and js : Q2 x R — R which are mea-
surable in the first argument and locally Lipschitz in the second one. Furthermore,
growth conditions are also supposed on the elements of their Clarke’s gradients
similar to the assumptions (F2) and (G2). Then, every local C!(Q)-minimizer of
the functional J is also a local W1P(Q)-minimizer of J. This result was recently
published by the author in [30] and is required to find a sign-changing solution
of (1.1). The proof of the comparison of local minimizers is mainly based on a
boundedness-result for weak solutions of nonlinear elliptic equations with nonho-
mogeneous Neumann boundary conditions obtained in [29] with the aid of the Moser
iteration along with continuous embeddings in Besov and Lizorkin-Triebel spaces,
respectively. Summarizing, we find a third nontrivial solution ug of our inclusion
(1.1) which lies between the smallest positive solution w4 and the greatest negative
solution u_. Hence, it must be a sign-changing solution if it is unequal to w4 and
u_. Indeed, we prove that ug # u4,u_ which is stated in Theorem 5.1.

Problems of the form (1.1) under homogeneous Dirichlet boundary conditions
and homogeneous Neumann boundary conditions, respectively, were studied in some
recent papers. We refer, for example, to [2, 4, 5, 6] and [15, 24], respectively. A
very related reference that contains multivalued problems with a variational treat-
ment is the monograph of Motreanu and Radulescu in [22]. Therein, the authors
study many different topics, for example critical point theory for nonsmooth func-
tionals, multivalued elliptic problems in variational form as well as hemivariational
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and variational-hemivariational inequalities. Some existence results of (variational-
)hemivariational inequalities which are related to differential inclusions of the form
(1.1) can be found in [8, 23, 26] as well.

In order to show our results, we require some additional assumptions given below.

(F3) li 1 {STZ’Z =0, uniformly with respect to a.a. z € Q.
S5—r
(F4) | ‘lim ﬁ:’ji = —oo, uniformly with respect to a.a. x € Q.
s|—-+o00
(F5) There exists §; > 0 such that ﬁ:lj) >0 for all 0 < |s| < §; and for a.a.
s[pP—2s

r € Q.

(G3) 1ir% |g(|23,<;) =0, uniformly with respect to a.a. x € 9.
S—> S S

g(z,s)
G4

(G4) |s|]—>+oo |$[P72s
(G5) Let u € WP(Q). Then every £ € OG(x,u) satisfies the condition

|€(w1) — &(w2)| < Llzy — 22|%,

for all 1, z2 in O with a € (0, 1).

= —o00, uniformly with respect to a.a. x € 9f.

Remark 1.2. Due to the conditions (F3) and (G3) along with the representations
(1.3), we conclude that fi(x,0) < 0 < fo(x,0) as well as g1(x,0) < 0 < go(z,0).
This guarantees, in particular, that problem (1.1) possesses the trivial solution u = 0
(cf. Definition 1.1).

Remark 1.3. Note that condition (G5) is required to apply the CY®-reqularity
results of Lieberman. This means that every bounded weak solution u of problem
(1.1) belongs to C1*(Q) if the assumption (G5) is satisfied. We refer the reader to

[17] for more details.
Let us now introduce the definition of a sub- and supersolution of problem (1.1).

Definition 1.4. A functionw € W1P(Q) is called a supersolution of problem (1.1)
if there exist j € L%(Q) and € € LU (Q) such that

(i) n(x) € OF (z,u(x))  for a.a. x €1,
(ii) &(z) € 0G(z,u(xz))  for a.a. x € 0N,
(iii) [, |ValP=2Va-Vedz > [ [7—[alP~*uledz+ [, la@h)P~ —b(@™ )P~ ]pdo

+ [o Epda, Vo € WhP(Q) N LP(Q)s.

Definition 1.5. A function u € W1P(Q) is called a subsolution of problem (1.1)
if there exist n € L% () and § € L9(09Q) such that

(i) n(x) € OF (x,u(x))  for a.a. x € Q,

(ii) &(z) € 0G(z,u(z)) for a.a. x € 09,

(it)) [ [VulP2Vu-Vodz < [[n—|ulP2uledz+ [ la(wh)P~ —b(u™ )P~ pdo
+ [og Epda, Vo € WHP(Q) N LP(Q)4.

Next, we give a brief overview of the Fucik spectrum ip for the p-Laplacian with
a nonlinear boundary condition. The set ¥, is defined by all pairs (a,b) € R x R
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such that
—Apu = —|ulP~2u in ,
B (L.7)
|Vu|p72a—1: =a(ut)P™t —bu )Pt on 09,
has a nontrivial solution. If @ = b = X problem (1.7) reduces to the Steklov
eigenvalue problem
—Apu = —|ulP%u in €,
0 (1.8)
|Vu|p_28—u = MulP~?u on 99,
v

because of relation (1.5). It is known that (1.8) has a first eigenvalue Ay > 0
which is isolated and simple. Moreover, its corresponding first eigenfunction ¢
is strictly positive in Q (see [18]) and belongs to L*°(Q) (cf. [16, Lemma 5.6 and
Theorem 4.3] or [29]). The regularity results of Lieberman in [17, Theorem 2] imply
01 € CH(Q),a € (0,1), and hence, 1 € int(C1(Q),), where int(C*(2),) denotes
the interior of the positive cone C1(Q)y = {u € C1(Q) : u(z) > 0,Vx € Q} in the
Banach space C1(€2), given by

int(C'(Q)4) = {ue C*(Q) :u(z) >0,vz € Q}.

If X is an eigenvalue for (1.8), then the point (A, A) belongs to ¥,. Since the first
eigenfunction of (1.8) is positive, ip clearly contains the two lines R x {A;} and
{A\} x R. A first nontrivial curve C in %, through (A, A2) was constructed and
variationally characterized by a mountain-pass procedure by Martinez and Rossi
[20] which implies the existence of a continuous path in {u € WP(Q) : I(*¥) (u) <
0, [JullLr(s0) = 1} joining —p1 and ¢; provided (a,b) is above the curve C. The
functional 1(®*) on W?(Q) is given by

1@ () = /Q (|Vu|p+|u\p)dx— /8 ) (a(u+)p+b(u*)p)da.

The existence of a sign-changing solution of problem (1.1) needs an additional
assumption on the constants ¢ and b in the following way.

(H) The pair (a,b) € R x R lies above the first nontrivial curve C of the Fucik
spectrum constructed in [20].

As demonstrated in [28], the elliptic equation

—Apu = —slulP2u+1 in Q,
(1.9)
|Vu|p*2? =1 on 092,
v

has a unique weak solution e € int(C(2);) where ¢ > 1 is a constant. We will use
the function e to construct sub- and supersolutions of problem (1.1).

Let us recall some basic facts from nonsmooth analysis. We denote by (X, |- ||) a
real Banach space and by X* its dual space. By (-,-) we mean the duality pairing
between X and X*. Let J : X — R be a locally Lipschitz functional. Clarke’s
generalized directional derivative of J at w in the direction v € X is defined by

JO(u;v) = limsup Jz+tv) - J(x)’
z—u,t)0 t
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where v — J°(u;v) is finite, convex, positively homogeneous, subadditive on X and
satisfies the estimate |J°(u;v)| < K||u|, where K > 0 is the Lipschitz constant of
J near the point u € X (see [10, Chapter 2]). Then, Clarke’s generalized gradient
of J at u € X is defined by

oJ(u) ={€ € X*: J°(u;v) > (&,v),Vv € X}.

By means of [10], it is known that 0.J(u) is a convex, weak*-compact subset of X*
with [|€]|x- < K for all £ € 8J(u). Furthermore, it holds

JO(u;v) = max{(&,v) : £ € dJ(u)}, veEX.

From [10, Proposition 2.1.2] we also know that 9.J(u) is nonempty. Hence, it makes
sense to set

my(u) == min{[|¢]|x- : § € 9T (u)}.

We say that v € X is a critical point of J if 0 € 9J(u) which is equivalent to
JO(u;v) > 0 for all v € X. It is clear that each local minimizer or maximizer of J is
a critical point. Let us recall the nonsmooth version of the Palais-Smale condition

(ct. [9]).

Definition 1.6 (Palais-Smale condition). Let X be real Banach space and let J :
X — R be a locally Lipschitz functional. We say that J fulfills the Palais-Smale
condition if any sequence (u,) with (J(uy,)) is bounded and lim, oo mj(u,) = 0
has a convergent subsequence.

The nonsmooth Mountain-Pass Theorem due to Chang is stated as follows (see
[9, Theorem 3.4]).

Theorem 1.7 (Mountain-Pass Theorem). Let X be a reflexive real Banach space
and let J : X — R be a locally Lipschitz functional satisfying the Palais-Smale
condition. If there exist xg,21 € X and a constant r > 0 such that ||z1 — x| > r
and max{J(zo), J(21)} < infrcpp, (z)/(2), then J has a critical point ug € X
such that
inf J(z)<J = inf J(m(t
L (z) < J(uo) = inf Jnax, (m(t)),

where II = {7 € C(]0,1],X) : m(0) = zo,7(1) = 21} and OB,(x9) = {u € X :
lu — o] = 7}

Now, we want to recall some existence and comparison results involving the
method of sub- and supersolutions apply on problem (1.1). We have the following
results.

Theorem 1.8. Let the hypotheses (F1)-(F2) and (G1)-(G2) be fulfilled and assume
the existence of a subsolution u and a supersolution T of problem (1.1) satisfying
u <@. Then there exists a solution w of (1.1) with u < u <.

The proof of the theorem above was recently published in [7]. Let S denote the
set of all solutions of (1.1) within the ordered interval [u, @] which is nonempty due
to Theorem 1.8. A solution u, € S is said to be the smallest solution of & if for any
element u € S the inequality u, < u holds. Likewise, u* € § is called the greatest
solution of & if u < u* holds for all u € S. We say S possesses extremal solutions
if S has a smallest and greatest solution.
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Theorem 1.9. Let hypotheses (F1)-(F2) and (G1)-(G2) be satisfied and assume
the existence of a subsolution u and a supersolution @ of (1.1) such that u < .
Then there exist extremal solutions of (1.1) within [u,u).

The proof of Theorem 1.9 can be done as in [3]. Note that the one-sided growth
condition on Clarke’s generalized gradient, which is required in [3], is not needed
in the proof of the existence of extremal solutions.

2. EXISTENCE OF SUB- AND SUPERSOLUTIONS

In this section we prove the existence of some sub- and supersolutions of problem
(1.1) according to Definition 1.4 and 1.5. Let e € int(C*(Q),) be the unique
solution of the auxiliary problem (1.9). Then we have the following.

Lemma 2.1. Let the conditions (F1)-(F5) and (G1)-(G5) be satisfied. If a > A1,
then there exists a constant ¥, > 0 such that for any b € R the function 9,¢e is a
positive supersolution of problem (1.1).

Proof. We put a > A1 and set u = 9J,e with a positive constant ¥, to be specified.
The weak formulation of the Neumann problem (1.9) reads as

/ |V(9q€)|P2V (Yqe) - Vda
Q

=~ / (Pae)? Lo + / ()P Lo + / ()P pdo, Vi € WP(Q).
Q Q 19

Combining the equation above with Definition 1.4 yields a sufficient condition for
u = YJ,e to be a supersolution of problem (1.1). We have to show that

/ (057" + (1= ) (Wae)’™" = Mpda
@ (2.1)
+/ (P~ —a(W,e)P™t — E)pdo >0, Yo e WHP(Q)NLP(Q),,
o0
holds true, where 77 € L%(Q) and 7j(z) € OF(z,9qe(x)) for a.a. z € Q as well as
€ e L%(80Q) and £(z) € G(x,9.e(x)) for a.a. = € ON. Note that ¢ > 1. The
hypothesis (F4) provides a constant sc > 0 such that

f(z,s)

sp—1

<1l-—g, foraa. xzeandalls> s

and by (F2) we get
| = fz,8) + (L=o)s" | < |f(, )|+ (¢ + 1)s"! <,
for a.a. x € Q and all s € [0, s¢]. This leads to
flz,s) <(1—¢)sP P +c., foraa z€Qandalls>0,
and due to the definition of f; we finally obtain

fi(z,s) <(1—¢)sP ¢, foraa x€Qandalls>0. (2.2)
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_1
Setting 7j(x) = f1(z,9q4e(x)) as well as 9, > ¢! and applying (2.2) to the first
integral in (2.1) yields

/9(195_1 + (1= ) Wae)’ ™" = f1(x,Yae()))pda

2 /(195_1 + (1= )Wae)" ™" + (s = D(Wae)’™" = c)pda
Q

> 0.

Let us now study the second term in (2.1). Since a > A; > 0 there exists a constant
$q > 0 due to condition (G4) such that

g(z, s)

T < G for a.a. € 90 and all s > s,.
o

The assumption (G2) ensures the existence of a constant ¢, > 0 such that
| — g(@,5) — as?™| < |g(a,5)| + a5 < ca,
for a.a. € 0N and all s € [0, s,] which results in
g(z,5) < —as?™t +¢,, foraa. xcdQandalls>0,
and hence,

g1(z,s) < —asP"t +¢,, foraa. zedQandalls>0.

We put £(z) = g1(x,9qe(x)) and I, > i . One gets

/ (92— a(@ae)" — g (2, Dac))pdo
onN

> / (21 — a(9,e)P ! 4 a(Pae)P ™ — co)pdo > 0.
19)

1 1
If 9, > max(cZ*,ct™"), then U = Yse is, in fact, a positive supersolution of
problem (1.1). O

The next lemma can be proven very similarly.

Lemma 2.2. Let the assumptions (F1)-(F5) and (G1)-(G5) be satisfied. Ifb > Aq,
then there exists a constant 9y > 0 such that for any a € R the function —Vye is a
negative subsolution of problem (1.1).

Let A1 > 0 be the first eigenvalue of the Steklov eigenvalue problem and let
¢1 € int(C1(2)4) be its corresponding first eigenfunction. The next result shows
that constant multipliers of ¢ may be sub- and supersolution of problem (1.1).

Lemma 2.3. Assume (F1)-(F5) and (G1)-(G5). If a > A1, then for e > 0
sufficiently small and any b € R the function ep; is a positive subsolution of problem
(1.1). If b > Ay, then for € > 0 sufficiently small and any a € R the function —ep;
is a negative supersolution of problem (1.1).
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Proof. Let a > A\ and let u = ;. From the Steklov eigenvalue problem (1.8) we
conclude

/ IV (e1) P>V (ep1) - Vipda
@ (2.3)

T / (ep1)P ™ pdx +/ M (epr)P pdo, Vo € WHP(Q).
Q o

Taking into account (2.3), a sufficient condition for u = £¢; to be a positive subso-
lution is

/ —ned —|—/ (M —a)(ep1)Pt — E)pdo <0, (2.4)
Q 990

with n € L% () and n(x) € OF (x,ep1(x)) for a.a. x € Qaswellas € L9 (99Q) and
£(x) € 0G(x,e01(x)) for a.a. x € 0Q. Let us prove inequality (2.4). Concerning
condition (F5) we see at once that the first integral in (2.4) is negative. Setting

0(2) = fa(a, e (x)) and € € (0,57/[/p1 o] leads to

f2(1‘7€§01) -1 f(xvgwl) -1
—npde = — | T2 (epn)’ T pde < — | T (e01)P T pde <0,
I e e
where || - || denotes the usual supremum norm. In order to estimate the second

integral in (2.4) we may apply the assumption (G3) which ensures the existence of
a number d, > 0 such that

lg(x, 5)|
Elias

a—A;, foraa. xze€dandall0<|s| <d,.

Let ¢ € (0’ Hgo&ﬁ} and let £(z) = ga(x,ep1(x)) which implies that —{(z) <
—g(z,ep1). Then it holds

/ (1 — a)(epn)?P ™! — E)pdo < / (O — a)(e01)? ™ + [g(z, 201)] oo
o0 o0

§/ A —a+a—X\)(ep1)?P Lodo
o0
=0.

Finally, we select ¢ > 0 such that 0 < ¢ < min{d;/||¢1|lcos 0a/ll¢1llcc} which
yields that both integrals in (2.4) are nonpositive and hence, u = ¢, is a positive
subsolution of problem (1.1). The proof of the existence of a negative supersolution
u = —ep; acts in the same way and is dropped now. O

To sum up, we proved the existence of two sub- and two supersolutions of problem
(1.1). If we choose ¢ > 0 sufficiently small, we get u; = ep; < ¥, = Uy and
Uy = —pe < —ep1 = Uy which means that we have two ordered pairs of sub- and
supersolution namely [u,,u1] and [u,,Us], respectively. The next result gives an
answer about the regularity of weak solutions of problem (1.1).

Lemma 2.4. Let the conditions (F1)-(F5) and (G1)-(G5) be satisfied and let
a,b > A. If u € [0,94€] (respectively, u € [—9pe,0]) is a solution of problem
(1.1) which is not identically zero in S0, then it holds u € int(C*(Q)) (respectively,
u € —int(CH(Q)4)).
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Proof. Let u € [0,9,¢] be a solution of problem (1.1) satisfying u #Z 0. Then we
directly obtain the boundedness of © meaning u € L>(2). Applying the results of
Lieberman in [17, Theorem 2] guarantees that u € C*(Q) with a € (0,1). By the
assumptions (F2) and (F3) as well as (G2) and (G3), we find constants ¢, ¢y > 0
such that

|f(2,8)] <cpsP™t,  foraa. z€Qandall 0<s<3,leloo,

2.5
g(x,8)| < cgsP™h,  for a.a. x € 9Q and all 0 < s < Yy |e]|0o- (2:5)

Applying (2.5) to (1.1) implies
Apu < (1+cp)uP™  ae. in Q.

Then, we set 3(s) = (14 ¢f)s?~! for all s > 0 and note that [, 1/(36(8))%d3 =
+0o. Hence, the assumptions of Vdzquez’s strong maximum principle (cf. [25]) are
satisfied and we obtain u > 0 in . In order to prove that w is strictly positive in
the closure of €2, we suppose there exists zo € 9 such that u(xg) = 0. Applying
again the maximum principle yields %(xo) < 0. However, we know that 0 €
0G (9, u(z)) = 0G(x0,0) which leads to a contradiction in view of problem (1.1)
because in this case we have %(IEO) = 0. Therefore, it holds u > 0 in Q which
implies u € int(C*(Q);). The case u € [—Ype,0] can be shown by using similar
arguments. O

3. EXTREMAL CONSTANT-SIGN SOLUTIONS

One of our main results about the existence of constant-sign solutions of (1.1)
reads as follows.

Theorem 3.1. Let the conditions (F1)-(F5) and (G1)-(G5) be satisfied. For ev-

ery a > A and b € R there exists a smallest positive solution uy = uy(a) €
int(C1(Q)4) of (1.1) in the order interval [0,9,€] with the constant 9, as in Lemma
2.1. For every b > A\ and a € R there exists a greatest solution u_ = u_(b) €

—int(CY(Q) ) in the order interval [—Jye, 0] with the constant 9y, as in Lemma 2.2.

Proof. Let a > \;. By means of Lemma 2.3 we know that u = ep; € int(C*(Q))
is a positive subsolution of problem (1.1) provided e > 0 is sufficiently small and
Lemma 2.1 ensures that @ = ¥,e € int(C*(Q),) is a positive supersolution of
problem (1.1). Additionally, we can take ¢ > 0 such that ep; < ¥,e. Due to
Theorem 1.9 there exists a smallest positive solution u. = wu.(a) of problem (1.1)
satisfying ep; < we < ¥ge. The regularity results in Lemma 2.4 can be applied
because u. # 0 which ensures that u. € int(C*(Q);). Consequently, we find
for every positive integer n choosing sufficiently large a smallest positive solution
u, € int(C'(Q)4) of problem (1.1) which lies in [L¢1,J4e]. This construction
creates a sequence (uy) of smallest solutions which is monotone decreasing. One
gets

up Lugp foraa. xeQ (3.1)

with some function uy : Q — R satisfying 0 < uy < Y4e. Note that u, € [%npl, Vo€]
and y(u,) € [v(1¢1),7(9q€)] imply, in particular, that u, belongs to L*°(£2) and
L>(09), respectively. As u, € int(C'(Q)4) solves problem (1.1), we obtain by
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taking the test function ¢ = u,, in the weak formulation of problem (1.1) along
with (F2) and (G2)

IV oy < [ b+ a g+ allen oy + [ felindo

< Gllunllze) + erlluallT: Lo T ||Un||lzp(g) + aHunHip(ag) (3.2)
+ C2||un||Lp(aQ) + C3HU7LHLq1 (090)
<C,
where 1, € L% () with 7, () € OF (x, up(z)) for a.a. € Qas well as &, € L% (5Q)
with &, (z) € 0G(z,un(z)) for a.a. x € 9. Relation (3.2) yields the boundedness
of Vu, in LP(Q2) and thus, [|us|wir) < C, foralln € N with some positive
constant C' independent of n. The reflexivity of the Sobolev space W1?(Q) in case
1 < p < oo yields the existence of a weakly convergent subsequence of u,. The
compact embedding W1P(Q) < LP(Q), the monotony of the sequence u,, and the
compactness of WHP(Q) < LP(9) provide for the entire sequence u,
Uy — uy  in WHP(Q),
Up, = ugr in LP(Q) and for a.a. x € Q, (3.3)
Up, = uy in LP(0NQ) and for a.a. x € OS.

The solution u, of problem (1.1) fulfills

/ |V, P2V, - Veds

@ (3.4)

— [ o+ [ (@ a)pdo, Ve W),
Q o0

where n,, € L% (Q) with 7, (z) € dF (x,u,(z)) for a.a. = € Qas well as &, € L9 (9Q)
with &,(z) € 0G(z,u,(x)) for a.a. z € Q. Setting p = u,, — uy € WHP(Q) in
(3.4) it results in

/|Vu P2V, - V(up — uy )dx

—/(77 —uP™ ) (uy, —u+)da¢—|—/ (aul™t 4+ &,) (up — uy)do.
Q 09

The convergence properties of (u,) along with the assumptions (F2) and (G2) as
well as the uniform boundedness of the sequence (u,) allow us to apply Lebesgue’s
dominated convergence theorem. We obtain

limsup/ |V, P2V, - V(u, —uy)de <0,
Q

n—oo
which provides by the (S )-property of —A, on WP (Q) along with (3.3) the strong
convergence in W1P(Q), meaning
Up — uy  in WHP(Q).

Due to (F2) and (G2) in conjunction with the uniform boundedness of (u,,), there
exist constants by, by > 0 such that

[7n(z)] < by for a.a. x € Q,VneN,

|€n(z)| < by for a.a. z € 0Q,Vn € N.
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Hence, we get
Mo — s in L9(Q),
=& in L(09),

for some subsequences, not relabeled. From calculus of Clarke’s generalized gradient
one gets that ny(x) € OF (z,uy(x)) for a.a. x € Q and &, (z) € IG(x,uy(z)) for
a.a. © € 00, respectively. Passing to the limit in (3.4) for some subsequences if
necessary proves that u, is a solution of problem (1.1).

Applying Lemma 2.4 yields uy € int(C1(2);) provided uy # 0 in . Assume
uy = 0in Q. Then, by (3.1), we obtain

up, L 0 for a.a. z € Q. (3.5)
We set
Uy = U foralln
[wnllwr )

The boundedness of the sequence (i) in W1P(Q) can be proved similarly as for
(un). Hence, we find a subsequence, not relabelled, such that

Up —u in WHP(Q),

U, — u in LP(Q) and for a.a. z € Q, (3.6)

U, = u in LP(0Q) and for a.a. x € 092,
with some function @ : Q — R belonging to W1P(Q). Furthermore, there exist
functions z; € LP(Q)4 and zo € LP(09Q)+ such that

[tn(2)| < z1(x) for a.a. z € Q,

[tn(2)] < z9(x) for a.a. z € ON. (3.7)

Due to the representation u, = Uy - ||un|w1.r(q) and because u, solves (1.1), we
get the following variational equation

/ Vi [PV, - Viedz :/ (;’ﬁlag;l —a1;;1> <pdx+/ ai? ' pdo
Q Q o0

Un

(3.8)

+ gilﬂﬁflwda, Vo € WHP(Q).
o Un

Selecting ¢ = @, —u € W1P(Q) in (3.8) provides

/ Vi, |P~ 2V, - V (i, — u)dr
Q

:/ ( T L —aﬁl) (tin —ﬁ)dx+/ atiy, (U, —W)do (3.9)
Q

Un [519)

+/ Sn = (@ — W)do
o0 U

Applying (2.5) and (3.7), one obtains

mﬂﬁﬂ(mmn(w) ()] < epz (@) @)+ @), (310)



MULTIPLE SOLUTION RESULTS FOR ELLIPTIC NEUMANN PROBLEMS 13

respectively,
[€n ()]
e
un(x)
Obviously, the right-hand sides of (3.10) and (3.11) belong to L'(£2) and L'(09),

respectively, which allows us to apply Lebesgue’s dominated convergence theorem
which in conjunction with (3.6) yields

(@)[tin () — ()] < cgza(x)"™ (22(2) + [u(@)])- (3.11)

. T ~p—1,~ ~
lim %uf’l Y@, — w)dz =0,

(3.12)

nh—>H;o a0 uiil ﬂfl_l(ﬁn —u)do = 0.
n

Taking into account (3.6) and (3.12) we get from (3.9)

lim sup/ |V, |P 2V, - V(tn — uy)dz = 0.
Q

n—oo
As before, the (S )-property of —A,, corresponding to W?(Q) implies
Up, —u  in WHP(Q). (3.13)

From the definition of %, we see at once that [|u[|y1.»(q) = 1, meaning u # 0. Pass-
ing to the limit in (3.8) in conjunction with (3.5), (3.13) as well as the assumptions
(F3) and (G3) it results in

/ |Vﬂ|p*2Vﬂ Vedr = _/ wP " rpdx +/ aP " todo, Vo€ Wl’p(Q).
Q Q a0

The equation above is nothing less than the weak formulation of the Steklov eigen-
value problem corresponding to the eigenvalue a > \; and the eigenfunction u > 0.
However, this is a contradiction because @ must change sign on 02 (see [18, Lemma
2.4]). Hence, uy # 0 which guarantees that u, € int(C*(Q),).

Finally, we have to prove that uy is the smallest solution in [0,J,¢e]. Fix a pos-
itive solution u € W1P(Q) of (1.1) such that 0 < u < ¥,e. Lemma 2.4 pro-
vides u € int(C*(Q)y). Then, there exists an integer n sufficiently large such
that v € [%gpl, J,.€]. However, u, is the smallest solution in [%cpl, Jq€] which yields
uy, < uif n is large enough. Due to the monotonicity of u,,, we obtain u; < u which
proves that uy is, indeed, the smallest positive solution of (1.1) in [0,9,e]. The
existence of a greatest negative solution can be done similarly and is omitted. [

4. VARIATIONAL CHARACTERIZATION OF EXTREMAL SOLUTIONS

In this section we give a variational characterization of the extremal solutions of
(1.1) which we obtained in the last section. To this end, we introduce truncation
operators Ty, T_ : Q@ x R — R as well as TfQ, 799 : 90 x R — R in the following
way:

0 ifs<0 0 if s<0
Ti(z,8)=<s if0<s<uy(zx), ng(x,s)z s if 0<s<uy(x)
up(z) if s > up(x) ugp(zr) if s > ug(x)
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u_(x) ifs<u_(x) u_(z) ifs<u_(x)
T (z,8)=14s ifu_(x)<s<0, T?Q(;v,s): s ifu_(x) <s<0
0 ifs>0 0 ifs>0

Note that the truncation operators on 92 apply to the corresponding traces y(u),
where u € W1P(Q). For the sake of simplicity we just write 799 (z, u) and T2 (z, u)
without the notation . It is clear that the truncation operators are continuous,
uniformly bounded, and Lipschitz continuous with respect to the second argument.
Additionally, we introduce truncations related to the nonlinearities f: 2 x R - R
and g : 90 x R — R as follows:

0 ifs <0 0 ifs<0
Felos) = fos) HO<s<up(), go(0,8)=1g(@s) H0<s<uy()
(@) s> uy() () ifs>u (o)
n-(z) ifs<u_(x) E(z) ifs<u_(x)
fo(z,8) =1 flz,s) ifu_(r)<s<0, g-(z,5)=<g(z,s) ifu_(x)<s<0
0 ifs>0 0 ifs>0

n-(zx) ifs<u_(x)
folz,s) = ¢ flz,s) ifu_(z) <s<uyp(z),
ne(z)  if s> uy(z)

E_(x) ifs<u_(x)
90(2,5) = { 9lw8)  Hu_(2) < 5 <y (2)
§r(z)  ifs>uyp(z)

Here, n4,&, and n_,¢_ correspond to the extremal solutions uy € int(C1(Q);)
and u_ € —int(C1(2),), respectively. By means of these truncations, we define
the following associated functionals given by

Bow) =51Vl + [l = [ [ felws)isae

- / / [anQ(a:, $)P + gy (z, 8)] dsdo,
e Jo

1 u(w)
E_(u) =4||Vu||’zm )= [ [ 1o

/ / b|T’9§2 (z,8)[P~" = g_(z,s)] dsdo,
o0 Jo

1 u(z)
Bo() = {190l )+ Nelle) - /Q | i syisds

u(x)
/ / T89 (z,5)P~1 — b T (z, 5)[P~ + go(z, s)| dsdo.
[5}9]

With a view to (F2) and (G2), we see that the functionals Ey, E_, Ey : WhP(Q) —
R are locally Lipschitz continuous. The truncations involved guarantee that these
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functionals are bounded below, coercive and weakly sequentially lower semicontin-
uous which implies that their global minimizers exist. A characterization of the
critical points of these functionals is stated in the next lemma.

Lemma 4.1. The extremal constant-sign solutions of (1.1) are denoted by uy and
u_. Then one has:
(i) A critical point v € WHP(Q) of E+ is a nonnegative solution of (1.1) sat-
isfying 0 < v < uy.
(ii) A critical point v € WLP(Q) of E_ is a nonpositive solution of (1.1) satis-
fying u_ <wv <0.
(iii) A critical point v € WHP(Q) of Eq is a solution of (1.1) satisfying u_ <
v < Ut

Proof. Let us only prove the third assertion, because the other cases can be done

likewise. Let v be a critical point of Ey which means 0 € 0Ey(v). By the definition
of Fy we obtain

/ |Vo|P~2Vv - Vipdz

@ (4.1)

- / 7 — [0l 2o)odz + / [T (2, 0)P " — BTz, ) P~ + Elpdo,
Q oN

for all ¢ € WHP(Q) with some n € L%(Q) and ¢ € L9(dQ) such that n(z) €
OFy(z,v(x)) for a.a. x € Q and £(x) € 0Go(x,v(x)) for a.a. x € OS2, where

n 1
Fo(x,n):/o folx, s)ds, Go(m7§):/0 go(x, s)ds.

The function uy is the smallest positive solution of (1.1) meaning that it satisfies
the weak formulation given in Definition 1.1 by

/ |Vuy|P~2Vu, - Vdz
@ (4.2)

= [ = tusPPudoda + [ faluny ™ + oo
Q oQ

for all ¢ € W'2(Q) where 1, € L%(Q) with n, (z) € OF (x,u, (z)) for a.a. = € Q
and &, € L1(9Q) with &, (z) € 8G(z,uy(z)) for a.a. = € dQ. Subtracting (4.2)
from (4.1) and setting ¢ = (v —uy)t € WHP(Q) provides

/ [VolP~2Vv — |[Vuy [P 2Vuy] - V(v — uy)Tde + / [[o[P=2v — w8 (0 — uy ) Tda
) Q

— [l = wn)tdot [ @20t BT o) - ) do
Q o0

- [ o= wtdo+ [ e- gl ) e
o0 o0

Clearly, it holds n(z) = n4(z) for a.a. x € {z € Q : v(z) > uy(z)}. Furthermore,
we get T7(z,v) = uy, T?(x,v) = 0 and £(z) = & (z) for a.a. @ € O satisfying
v(x) > uq(x). Thus, the right-hand side of the equality above vanishes. However,
the left-hand side is strictly positive in case v > u4 which is a contradiction and
hence v < u4. The proof for v > u_ acts in the same way. Summarizing, v belongs
to the ordered interval [u_, u. ] which provides that T79%(z,v) = v and T%?(z,v) =
v~. Since 0Fy(z,v(x)) C IF(x,v(x)) as well as 0Go(x,v(x)) C OG(z,v(z)), from
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(4.1) it follows that v solves our original problem (1.1) satisfying u_ < v < uy.
This completes the proof. ([

Let us now consider some results about local and global minimizers with respect
to the functionals E,, E_, Ey : W'P(Q) — R.

Lemma 4.2. Let a > Ay and b > A\1. Then the extremal positive solution uy of
(1.1) is the unique global minimizer of the functional Ey and the extremal negative
solution u_ of (1.1) is the unique global minimizer of the functional E_. Both
uy and u_ are local minimizers of the functional Ey. Moreover, the functional
Eo : WHP(Q) — R has a global minimizer vy which is a nontrivial solution of (1.1)
satisfying u— < vy < uy.

Proof. The functional E; : WP(2) — R is bounded below, coercive and weakly
sequentially lower semicontinuous. This ensures that its global minimizer, namely
vy € WHP(Q), exists. Since vy is a critical point of E, Lemma 4.1 can be applied
which yields that vy is a nonnegative solution of (1.1) fulfilling 0 < vy < wuy.
Applying the condition (G3) guarantees the existence of a number 4, > 0 such that

lg(z,8)] < (a—A)sP™, Vs:0< s <4, (4.3)

We take ¢ < min{ﬁ, Hs@ﬁ\ } Then, due to (F5) and (4.3) in combination

with the Steklov eigenvalue problem in (1.8), we obtain

ep1(x) AN —a
Ei(ep1) = — /Q/o [z, s)dsdx + e lle1llZn (a0

p
ep1(z)
- / / g(x, 8)dsdo
o0 Jo

A —a
<M

ep1(x) .
5p||S01HLP(aQ) +/ / (a — A1)sP” "dsdo
o Jo
=0.

We see that Fi(vy) # 0 which means vy # 0. Applying Lemma 2.4 yields
vy € int(CH ()4 ). As uy is the smallest positive solution of (1.1) in the ordered
interval [0, ¥,€] satisfying 0 < vy < uy, it must hold vy = wy. This proves that
uy is the unique global minimizer of the functional E, : W1P(Q) — R. Likewise,
u_ is the unique global minimizer of E_. In order to show that u; and u_ are
local minimizers of Ep, we argue as follows. As uy € int(C1(Q);) there exists
a neighborhood V,,, of uy in the space C'(€2) satisfying V,,, C C'(Q)4. Hence,
E, = Ey on V,,, meaning that v is a local minimizer of Ey on C1(Q). Applying
the recent results of the author in [30, Theorem 3.1] ensures that u, is also a local
minimizer of Ey on the space WP(Q). The same arguments can be applied on u_
which point out that u_ is a local minimizer of Fy as well.

In the last step we have to show the existence of a global minimizer of Ey. As
already mentioned the functional Ey : W1P(Q) — R is coercive and weakly sequen-
tially lower semicontinuous. Thus, a global minimizer vy of Fy exists which is, in
particular, a critical point of Fy. Taking into account Lemma 4.1 proves that vy
is a solution of (1.1) satisfying u_ < vy < uy. Since Ep(uy) = Ey(uy) < 0, it
guarantees vy # 0 which completes the proof. O
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5. EXISTENCE OF SIGN-CHANGING SOLUTIONS

This section is devoted to the proof of the existence of a sign-changing solution
of problem (1.1). The idea is to find a nontrivial solution ug of problem (1.1)
which belongs to [u—_,ut]. If up # u_ and wy # w4, then it must be a sign-
changing solution of (1.1), because Theorem 3.1 ensures that u, € int(C*(Q),) is
the smallest positive solution in [0,9,e] and u— € —int(C*(Q)4) is the greatest
negative solution in [—dye, 0].

Theorem 5.1. Let the assumptions (F1)-(F5), (G1)-(G5) and (H) be satisfied.
Then problem (1.1) has a nontrivial sign-changing solution ug € C(€2).

Proof. As regards Lemma 4.2, the function vg € W1?(Q2)\ {0} is a global minimizer
of Ey lying in [u_,u4]. Obviously, in the cases vy # u_ and vy # u4, the function
ug := vy must be a sign-changing solutions of (1.1) because of the extremality
properties of u_ and wu,, respectively. Let us now consider the case vg = uy,
the other case vg = u_ can be done similarly. With a view to Lemma 4.2, we
know that u_ is a local minimizer of Ey which can be assumed to be a strict local
minimizer. Otherwise we would find infinitely many critical points v # 0 of Ej
having changing sign due to u_ < v < uy and the extremality of the solutions u_
and u., respectively. Clearly, in this case the proof of the theorem would be done.
The assumptions above ensure the existence of p € (0, [[uy —u_|lw1.r(q)) such that

FEo(ut) < Ep(u—) < inf{Ey(u) : u € 9B, (u_)}, (5.1)

with OB, (u_) = {u € WHP(Q) : [|u — u_|lw1.rq) = p}. The functional Ey satisfies
the Palais-Smale condition (see Definition 1.6) because it is bounded below, locally
Lipschitz and coercive. Hence, we can apply the Mountain-Pass Theorem as stated
in Theorem 1.7 to Ey. This yields the existence of a critical point uy € W1 (£2)
satisfying 0 € 9Fy(ug) with

inf{Ey(u) : u € 0B,(u—)} < Ep(ug) = 71I€1fn ten[ljll},{l] Eo(n(t)), (5.2)

where
= {recC(-1,1],W?(Q)): 7(~1) =u_,7(1) = uy }.

Clearly, (5.1) and (5.2) ensure that up # u— and ug # w4 which means that wug is
a sign-changing solution provided ug # 0. In order to prove that ug # 0, we must
show that Eg(ug) # 0 which is satisfied if there exists a path 7 € II such that

Eo(®(t)) £0, Vte[-1,1].

Such a path can be constructed as it was done in [27] with slight modifications.
Additionally, the use of the Second Deformation Lemma in [27] has to be replaced
by the Second Deformation Lemma for locally Lipschitz functionals as it can be
found in [11, Theorem 2.10]. This completes the proof. |
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