POSITIVE SOLUTIONS FOR SINGULAR ANISOTROPIC
(p, 9)-EQUATIONS

NIKOLAOS S. PAPAGEORGIOU AND PATRICK WINKERT

ABSTRACT. In this paper we consider a Dirichlet problem driven by an aniso-
tropic (p, g)-differential operator and a parametric reaction having the com-
peting effects of a singular term and of a superlinear perturbation. We prove
a bifurcation-type theorem describing the changes in the set of positive solu-
tions as the parameter moves. Moreover, we prove the existence of a minimal
positive solution and determine the monotonicity and continuity properties of
the minimal solution map.

1. INTRODUCTION

Let © C RY be a bounded domain with a C?-boundary 9. In this paper, we
deal with the following parametric anisotropic singular (p, ¢)-equation

— Apyu— Ayyu = A [u*n(r) + flz,u)| i Q, P))
Uy =0, u>0, A>0.

Given r € C(2) we define
r— =minr(z) and ry =maxr(z)
e e
and introduce the set

Ei={reC(@):1<r_}.
For r € F; the anisotropic r-Laplace differential operator is defined by
A, yu = div <|vu|r<f>*2vu) for all u € WE(Q).

This operator is nonhomogeneous on account of the variable exponent r(-). If
r(-) is a constant function, then we have the usual r-Laplace differential operator.
In problem (P,) we have the sum of two such anisotropic differential operators
with distinct exponents. So, even in the case of constant exponents, the differential
operator in (P,) is not homogeneous. This makes the study of problem (P,) more
difficult. Boundary values problems driven by a combination of differential opera-
tors of different nature, such as (p, ¢)-equations, arise in many mathematical models
of physical processes. We mention the works of Benci-D’Avenia-Fortunato-Pisani
[3], where (p, 2)-equations were used as a model for elementary particles in order to
produce soliton-type solutions. We also mention the works of Cherfils-Il'yasov [5],
where the authors studied the steady state solutions of reaction-diffusion systems
and of Zhikov [31, 32] who studied problems related to nonlinear elasticity theory.

2020 Mathematics Subject Classification. 35J60, 35J92.
Key words and phrases. Anisotropic (p, ¢)-operator, comparison principles, maximum princi-
ple, minimal positive solution, singular term, regularity theory.
1



2 N.S. PAPAGEORGIOU AND P. WINKERT

In the reaction of (P,) we have the competing effects of a singular term s —
577®) and of a Carathéodory function f: Q x R — R, that is,  — f(x,s) is
measurable for all s € R and s — f(x, s) is continuous for a.a.z € Q. We assume
that f(x,-) exhibits (p+ —1)-superlinear growth uniformly for a.a.x € Q as s — 400
but need not satisfy the Ambrosetti-Rabinowitz condition (the AR-condition for
short) which is common in the literature when dealing with superlinear problems.
The sum of the two terms is multiplied with a parameter A > 0.

Applying a combination of variational tools from the critical point theory along
with truncation and comparison techniques, we prove a bifurcation-type theorem
describing the changes in the set of positive solutions as the parameter A moves on

[e]

the open positive semiaxis Ry = (0,400). We also show that for every admissible
parameter A > 0, problem (P, ) has a smallest positive solution @) and we determine
the monotonicity and continuity properties of the minimal solution map A — ).

Boundary values problems driven by the anisotropic p-Laplacian have been stud-
ied extensively in the last decade. We refer to the books of Diening-Harjulehto-
Hasto-Ruzicka [6] and Radulescu-Repovs [24] and the references therein. In con-
trast, the study of singular anisotropic equations is lagging behind. There are very
few works on this subject. We mention two such papers which are close to our prob-
lem (P,). These are the works of Byun-Ko [4] and Saoudi-Ghanmi [26] who examine
equations driven by the anisotropic p-Laplacian and the parameter multiplies only
the singular term. Moreover, the overall conditions on the data of the problem are
more restrictive, see hypotheses (pas) in [4] and hypotheses (H1)—(H4) in [26]. We
also mention the isotropic works of the authors [21, 22] on singular equations driven
by the (p, ¢)-Laplacian and the p-Laplacian, respectively. Finally, related works to
the topic can be found in the papers of Ambrosio [1], Ambrosio-Radulescu [2],
Liu-Motreanu-Zeng [15], Papageorgiou-Zhang [23], Ragusa-Tachikawa [25], Zeng-
Bai-Gasinski-Winkert [28, 29] and the references therein.

2. PRELIMINARIES AND HYPOTHESES

In this section we recall some basic facts about Lebesgue and Sobolev spaces with
variable exponents. We refer to the book of Diening-Harjulehto-H&st6-Ruzicka [6]
for details.

Let M(2) be the space of all measurable functions u: @ — R. We identify two
such functions when they differ only on a Lebesgue-null set. Given r € Ej, the
anisotropic Lebesgue space L") () is defined by

L'OQ) = {u e M(Q) : / Ju|"® dz < oo}.
Q
This space is equipped with the Luxemburg norm defined by

r(x)
u||r<.>=inf{u>o | (“') dazgl}.
Q \ M

The modular function related to these spaces is defined by

0r(y(u) :/ lu|"® dz for all u € L™O)().
Q
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It is clear that [ - ||,y is the Minkowski functional of the set {u € L'O(Q) -
0r(y(u) < 1}. The following proposition states the relation between || - ||..) and the
modular g,y: L™ (Q) — R.

Proposition 2.1. Let r € Ey, let u € L"(Q) and let {un}nen € L"O(Q). The
following assertions hold:

(@) lully =1 = 0 (2) =1

() llullrcy <1 (resp. =1, >1) <= o )(u) <1 (resp. =1, >1);
() lullocy <1 = lullofy < oy (u) < Jullygys

(@A) lullyy 21 =l < ory(w) < Nlullf):

(e) lunlry =0 (resp. = o0) <= 0p)(un) =0 (resp. = 00);
(f) llun —ullr(y =0 <= op(y(un —u) = 0.

We know that (L")(Q), || - [|.(,) is a separable and reflexive Banach space. Fur-

ther we denote by r/(z) = T(TI()“”ZI the conjugate variable exponent to r € Ey, that

is,

1 1

@) @)
It is clear that '/ € E;. We know that L™0)(Q)* = L”()(Q) and the following

version of Holder’s inequality holds

1 1
[ hrlao < |25 ] hallololl

for all w € L") (Q) and for all v € L™ ()(1).
Moreover, if r1,79 € By and ri(z) < 7o(x) for all x € Q, then we have the
continuous embedding

=1 foralzeq.

L20(Q) < L1 O(Q).

The corresponding variable exponent Sobolev spaces can be defined in a natural
way using the variable exponent Lebesgue spaces. So, given r € E7, we define

Wi (Q) = {u e L"O(Q) : |Vl € LT(')(Q)}
with Vu being the gradient of u: 2 — R. This space is equipped with the norm
lull1,rcy = llullrey + [Vl forall u e wrO(Q)
with [[Vull) = [[[Vul [[¢)-
Let r € E; be Lipschitz continuous, that is, r; € E; N C%(Q). We define
Wol,r(~)(Q) _ WIHILT«-)_

The spaces W) (Q) and Wol’r(')(Q) are both separable and reflexive Banach

spaces. On the space WO1 ’r(')(Q) we have the Poincaré inequality, namely there
exists ¢ > 0 such that

[ullriy < &Vl for all uw € Wy (Q).
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Let r € By N C%Y(Q) and set

Nr(x) .
(z) = | @ if r(x) < N,
+oo if N <r(x),

for all z € Q,

which is the critical variable Sobolev exponent corresponding to . Let ¢ € C(£2)
be such that 1 < ¢_ < g(z) < r*(x) (resp. 1 < ¢_ < q(z) < r*(z)) for all z € Q. If
X =WO(Q)or X = Wol’r(')(ﬂ), then we have

X < L0(Q)  continuously (resp. compactly).

This is the anisotropic Sobolev embedding theorem.
For r € E; N C%(Q), we have

WOLT(‘)(Q)* _ Wfl,r’(-)(Q).
Let A,(y: I/V1 () (Q) = W~ 0)(Q) be the nonlinear operator defined by
(A (u), / V| @2V - Vhdz for all u,h € W’ r( )(Q)

This map has the following properties, see, for example Gasiniski-Papageorgiou [9,
Proposition 2.5] and Radulescu-Repovs [24, p.40].

Proposition 2.2. The operator A, .y: VV1 ot )(Q) — WL 0(Q) is bounded (so it
maps bounded sets to bounded sets), continuous, strictly monotone (which implies
it is also mazimal monotone) and of type (S)4, that is,

Uy ~> U N Wol’r(')(Q) and limsup (A, (un), un —u) <0
n— oo

imply w, — u in Wol’r(')(Q).

The anisotropic singular regularity theory, see Saoudi-Ghanmi [26, Appendix 2],
leads to another Banach space namely the space
Cy(Q {ueC :u’ag—O}

This is an ordered Banach space with positive (order) cone
Co() 4 ={ueCy(Q) :u(z) >0forall z € Q}.

This cone has a nonempty interior given by

int (C5(Q)4) = {u € Cy(Q)4 s u(x) >0 forall z € Q, gn

< o} ,
where 2 n = Vu-n with n being the outward unit normal on 9<2.
Our hypotheses on the exponents p(-), ¢(-) and n(-) are the following ones:

Ho: p,g € ExNC%1(Q), n € C(Q), 1 <q- < gy <p- <pyand 0 <n(z) <1

for all z € €.
Using these conditions on the exponents and following the arguments in the
papers of Papageorgiou-Radulescu-Repovs [16, Proposition 2.4], [18, Proposition 6]

we can have two strong comparison principles.

For the first, we will need the following ordering notion on M ().

So, given y1,y2: 2 — R two measurable functions, we write y; < yo if for every
compact set K C Q, we have 0 < c¢x < yo(x) —y1(z) for a.a.z € K. Note that
if y1,y2 € C(Q) and y1(x) < yo(x) for all z € Q, then y; < yo. The first strong
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comparison principle is the following one, see Papageorgiou-Radulescu-Repovs [16,
Proposition 2.4].

Proposition 2.3. If hypotheses Hy hold, £ € L=(Q), £&(z) > 0 for a.a.x € Q,
Yoy € L¥Q), 1 < yo, u € WWOWQ), u > 0 for aaz € Q u#0, v e
int (C§(Q)+) and

—Apyu — Agyu + E(@)uP@ =1 — @) = gy (2) in Q,

—Apyv = Agyv + E(x)oP@ =1 — @) = o (2) in Q,
then v —u € int (CF(Q)4).

In the second strong comparison principle, we strengthen the order condition
on y; and ys but drop the boundary requirements on u and v, see Papageorgiou-
Radulescu-Repovs [18, Proposition 6].

Proposition 2.4. If hypotheses Ho hold, & € L (), £> 0 fora.a.x € y,y2 €
L>(Q), 0 < cg < yo(x) —y1(x) for a.a.z € Q, u,v € CH*(Q), 0 < u(x) < v(x) for
all z € Q and

—Apyu—Agyu+ E()uP@ =1 — @) = gy () in Q,
—Apyv — Agyv + E(z)oP@ =1 — @) — o (1) in Q,
then u(x) < v(x) for all x € Q.

Given u € M(9), we define u* = max{4u,0} being the positive and negative
part of u, respectively. We know that u = vt —u™, |u| = u™ +u~ and if u €
Wy P(Q), then ut € WP (Q).

If u,v € M(Q) and u(z) < v(x) for a.a.x € Q, then we define

[u,v] = {h € Wol’p(')(ﬂ) su(z) < h(x) <wv(x) for a.a.x € Q},

[u) = {h € Wol’p(')(ﬂ) cu(x) < h(x) for a.a.x € Q}

Moreover, we denote by intqi g [u,v] the interior of [u, v] N C(Q) in C4(9).
In what follows, for notational simplicity, we denote by || - || the norm of the
anisotropic Sobolev space WO1 P (')(Q). On account of Poincaré’s inequality we have

[ull = [[Vullny for all u e Wy Q).
Given a Banach space X and a functional ¢ € C1(X), we define
K,={ue X:¢(u)=0}

being the critical set of . We say that ¢ satisfies the “Cerami condition”, C-
condition for short, if every sequence {uy tneny € X such that {¢(un)}neny C R is
bounded and

(14 [Junllx) @' (uy) = 0 in X* as n — oo,

admits a strongly convergent subsequence. This is a compactness-type condition
on the functional ¢ which compensates for the fact that the ambient space X
is not locally compact in general, since it could be infinite dimensional. Using
this condition, we can prove a deformation theorem which leads to the minimax
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theorems of the critical point theory, see, for example, Papageorgiou-Radulescu-
Repovs [17, Section 5.4].
Now we are ready to state our hypotheses on the nonlinearity f: Q x R — R.

Hi: f: QxR — Ris a Carathéodory function such that f(z,0) =0 for a.a.x €
Q and
(i) there exists a € L°°(Q) such that

0< f(z,s) < alx) {1 + sr(m)’l]

for a.a.z € Q, for all s > 0 with r € C(Q) such that py <r_ <7r(z) <
p*(x) for all z € Q;
S

(ii) if F(z,s) = /0 f(z,t) dt, then

lim L(z, )

= 400 uniformly for a.a.x € Q;
s—+oo  sP+

(iii) there exists a function pu € C(Q) such that

() € (m — p_)max {;V 1} ,p*(:c)) for all = € Q

and

—p+F
s—>+00 Sﬂ(x)

uniformly for a.a.z € Q;

f(z,s)

q+—1

0 < <liminf

uniformly for a.a.z € Q
s—0t S

and for every ¢ > 0 there exists my > 0 such that m, < f(x,s) for
a.a.x € Q and for all s > /;
(v) for every p > 0 there exists £, > 0 such that the function

5 f(z,5) + Epsp@1
is nondecreasing on [0, p] for a.a.z € Q.

Remark 2.5. Without any loss of generality we can assume that f(x,s) = 0 for
a.a.z €  and for all s < 0 since we are interested in positive solutions of (Py).
Hypotheses Hj (i), (iii) imply that f(x,-) is (p+ — 1)-superlinear for a.a.x € Q.
In most papers in the literature, superlinear problems are treated by using the AR-
condition which in the present context has the following form:

(AR);: There exist 6 > py and M > 0 such that
0<0F(z,s) < f(x,s)s for a.a.x € Q and for all s > M, (2.1)
0 < essinf F(z, M).
zeQ
This is a unilateral version of the AR-condition since we assume that f(x,s) =0
for a.a.x € Q and for all s < 0. Integrating (2.1) and using (2.2) gives

c15? < F(z,s)
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for a.a.xz € Q, for all s > M and for some ¢; > 0. Hence,
c18°71 < f(x,s)

for a.a.x € Q and for all s > M, see (2.1). Therefore, the (AR),-condition
dictates that f(x,-) has at least (6 — 1)-polynomial growth as s — +oo. By this
way we exclude superlinear nonlinearities with “slower” growth near 400 from our
considerations. The following example fulfills Hy, but fails to satisfy the (AR), -

condition:
T(x)—1 .
f(z,s) = (8+)() fs<1,
’ sP+1In(z) +s2@-1 if1<s

with 7 € C(Q), 7+ < qy and 0 € C(Q) such that 0, < p,.
Hypotheses H (iv) implies that f(x,-) is strictly (g+ — 1)-sublinear.

When studying singular problems of isotropic and anisotropic type, the presence
of the singular term leads to an energy function which is not C* and so we cannot
apply directly the minimax theorems of the critical point theory on it. We need
to find a way to bypass the singularity and deal with C!'-functionals. To this end,
we examine a purely singular problem in the next section. The unique solution of
this problem will be helpful in our effort to bypass the singularity of our original
problem (P)).

3. AN AUXILIARY PURELY SINGULAR PROBLEM

In this section we study the following purely singular anisotropic Dirichlet prob-
lem

—Apu—Ayu= A" in Q,

We have the main result in this section.

Uy =0, u>0, A>0. (Auy)

Proposition 3.1. If hypotheses Hy hold, then problem (Auy) has a unique positive
solution uy € int (C&(Q)Jr), Moreover, the mapping \ — u) is nondecreasing, that
18, if 0 < N < A, then we have Uy < Uy.

Proof. For the existence and uniqueness part of the proof we assume for simplicity
that A = 1.

To this end, let g € LP)(Q) and let € € (0, 1]. We consider the following Dirichlet
problem

—Apiyu— Agoyu = [Jg(@)| +e] " i, 0, u>0. (3.1)

ulpq =
Let V: Wol’p(')(Q) — Wol’p(')(Q)* = W~12()(Q) be the nonlinear operator de-
fined by
V(u) = Apey(u) + Agey(u)  for all w € Wy P (9).

This operator is bounded, continuous, strictly monotone and so maximal mono-
tone, see Proposition 2.2. It is clear that it is also coercive, see Proposition 2.1.
From Corollary 2.8.7 of Papageorgiou-Radulescu-Repovs [17, p. 135] we know that

V: Wol’p(')(ﬂ) — WLP'0)(Q) is surjective. Since [|g(-)| + €]~ € L=(Q) we can
find 5. € W) () such that

V(oe) = [lgl +] " i wPO(Q),
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From the strict monotonicity of V' we know that 0. is the unique solution of (3.1).

Moreover, by acting with —d_ € Wol’p(‘)(Q) we obtain ¥, > 0 and 9. #Z 0. Thus,
we have

~ ~ —n(z) . ~
—Apy0e = Dg(y0e = [lg] + €] ) in €, vﬁ’asz =0.

Theorem 4.1 of Fan-Zhao [7] implies that o, € L°°(€). Invoking Corollary
1.1 of Tan-Fang [27] (see also Lemma 3.3 of Fukagai-Narukawa [3]) we have that
b € CH(Q)4 \ {0}. Finally, the anisotropic maximum principle of Zhang [30,
Theorem 1.2] says that 0. € int (Cg(€2)4).

Now we can define the solution map K, : LP()(Q) — LPO)(Q) given by

Ke(g) = e

We have

(Ap(y (Be) 1) + (Ag(y (8) 1) = /Q W dz (3:2)
for all h € Wy P)(Q). Choosing h = o = K.(g) € WP (Q) in (3.2) gives

0p(-) (V) + 0q() (V) < ¢ ||0e]|  for some ¢, > 0.
Assume that ||0.|| > 1, then, by Proposition 2.1, one gets

191"~ < e |||

and so,

917~ = | Ko (g)|P~ 7! < e forall g€ LPU(Q). (3.3)

It follows that K.: LP()(Q) — LPO)(Q) maps LPO)(Q) onto a bounded subset of
1,p(-
W,y PO ().
Claim 1: K.: LP0)(Q) — LP()(Q) is continuous.
Let g, — g in LPO)(Q) and let 0, = K.(g,) with n € N. From (3.3) we know
that

{0n}nen = {Ke(9n)}pen © Wol’p(')(ﬂ) is bounded.

We may assume that

b S0 i WePYQ) and 6, —» 0 in LPO(Q). (3.4)
‘We have
h
Ao (6) 1) + (A (62) b =/7dx (3.5)
(Ap() )+ (Aq() ) o loul 4 o"®

for all h € Wg’p(')(Q) and for all n € N. We choose h = 0,, — 0 € Wol’p(')(ﬂ) in
(3.5), pass to the limit as n — oo and use (3.4) and the fact that

1
{n()} C L*°(Q) is bounded.
(lgnl +)"7 ) en
This yields
lim [(Ap() (0n), 0 — 0) 4+ (Ag() (Bn) , 0 — )] = 0.

n—oo
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Due to the monotonicity of A,.)(-) we obtain
lim sup [<Ap() (@n) O — IA)> + <Aq() (’lA)) y Up — ’0>] <0.
n— oo
From this and (3.4) we then conclude that
limsup (A, (0n) , 0n — ) < 0.
n—oo
By the (S)-property of A,.), see Proposition 2.2, we have that
b, — 0 in WY (). (3.6)

Passing to the limit in (3.5) as n — oo and using (3.6) gives

(Ap(y (0) ) + (Agy (D), h) = /|g|+6n(z)

for all h € Wol’p(')(Q). Thus, & = K.(g). Therefore, by the Urysohn criterion for
the convergence of sequences, we conclude that for the original sequence we have

O = Ke(gn) = Ke(g) =0
Hence, K. is continuous and this proves Claim 1.

Recall that K_(LP()(Q)) C Wol’p(')(Q) is bounded, see (3.3). On the other hand,
we have the compact embedding Wol’p(')(Q) < LPO)(Q). This implies

Ks(LP(')(Q))”‘”p(') Cc LPO)(Q) is compact. (3.7

Claim 1 and (3.7) permit the use of the Schauder-Tychonov fixed point theorem,
see Papageorgiou-Radulescu-Repovs [17, Theorem 4.3.21]. So, we can find @, €

Wol’p(')(Q) such that

Hence

AT — Ayt =[G +¢] "7 inQ, Ue|,, =0, >0 (3.8)

In fact, this solution is unique. Indeed, suppose that 7, € int (Col (Q)Jr) is another
positive solution of (3.8). Then we have that

0. < (Ap(y (1) = Apy (3) (@ = 7)) + (Ayy (@) = Ay (), (@ = 5.) ")

_/ 1 1
Q

[ +e"” [ te
We obtain u, <7..

Interchanging the roles of @, and %, in the argument above also gives ¥, < ¥,.
Hence, . = .. This proves the uniqueness of the solution %, € int (C§(Q)4) of
problem (3.8).

Claim 2: If 0 < ¢’ <e¢, then u, < U,.

First note that u., 7. € int (C§(Q)4). Since &’ < & we have

}W)] (w. —5.)"dz <0.

N e A A R L R N G X')
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Next we introduce the Carathéodory function I.: 2 x R — R defined by

)= {[S+ v <)

l-(x,s _
el [e (z) + )" if u (z) < s.

(3.10)

Let L.(x,s) = fos I.(z,t)dt and consider the C*-functional 1. : Wol’p(')(Q) —R
defined by

_ [ L g, r® L ovui@ ae— [ 1 d
e () /Qp(x)|Vu| dm—i—/gq(x)|Vu\ dz /Q e(x,u)dx

for all u € Wol’p(')(Q). From the definition of the truncation in (3.10) we see that

1/15(u) > [Qp(.)(Vu) + Qq(.)(VU)] —C

P+
for some ¢; > 0. Hence, 1.: Wol’p(')(ﬂ) — R is coercive. Moreover, by the

anisotropic Sobolev embedding theorem we know that . : VVO1 P (')(Q) — R is se-
quentially weakly lower semicontinuous. Then, by the Weierstra-Tonelli theorem,
we can find @, € Wol’p(')(Q) such that

W (@) = min [ws(u) Cue Wg’“’(g)] . (3.11)

Let u € int (C§(Q)4) be fixed. Since T € int (C§(2)+), we can take t € (0,1)
small enough such that tu < 7w/, see also Proposition 4.1.22 of Papageorgiou-
Rédulescu-Repovs [17]. From (3.10) we see that have that ¢.(tu) < 0 and so
Ve (te) < 0 =1(0). Hence, . # 0.

Taking (3.11) into account we have . (@) = 0, that is,

(Ap() (@), h) + (Ag() () 1) = /le (2, ) hdx (3.12)

for all h € Wol’p(')(Q). First we test (3.12) with h = — (4.)” € Wol’p(')(Q) in order
to get

() (V (ﬁg)’) + 04() (V (ag)*) <0.
Proposition 2.1 then implies that

e >0 and w. # 0.

Next, we test (3.12) with h = (4. — HE/)+ € Wol’p(')(Q). This yields, by applying
(3.10) and (3.9),

<AP(') (@), (e — ﬂ€/)+> + <Aq(~) (), (e — Es/)+>
_ / (as _ﬂa’)-‘r dz
Q [t + €™
< (A (), (e = 1))+ (Aggy (1), (3 — W) )

This implies 4. < U, and so it holds

. €[0,us], . #0. (3.13)
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From (3.13), (3.10), (3.12) it follows that @. is a positive solution of problem
(3.8). Hence, e =T € int (C$(Q)4). Then, with view to (3.13), we have

U, <he forall0<e <e.

This proves Claim 2.
Now we will let € — 07 to get a solution of the purely singular problem (Au,).
So, let €, — 0% and let @, = ., € int (C§(Q);) be the unique solution of
problem (3.8) with € = ¢, for n € N. From Claim 2 we have

0<u; <wm, forallneN.

It follows that

1 1 1
0< < < for all n € N. (3.14)

T+ 2] 7@ @

Since @, € int (C}(Q)4) is a solution of (3.8), we have
h

(Ap() (@n) 1) + (g (un)7h>=/ﬂ[u+g]n(w)d$ (3.15)

for all h € Wol’p(')(Q) and for all n € N. We choose h = 74,, € Wol’p(')(ﬂ) in (3.15)
which by using (3.14) gives

0p(-) (Vin) + 04y (V) < / % dz foralln eN. (3.16)
Quyl
From Lemma 14.16 of Gilbarg-Trudinger [11, p.355] we know that there exists

6 > 0 such that d(-) = d(-,09) € C%(Qs,) with Q5, = {z € Q : d(x) < d}.
Hence, d € C3(Q))+ \ {0} and so there exists ca > 0 such that cod < % since
Uy € int (C§(9)4). Then, from (3.14) and (3.16) we obtain

op() (Vin) < cs [[un|| (3.17)
for some c3 > 0 and for all n € N. This inequality follows from the anisotropic
Hardy’s inequality due to Harjulehto-Hasto-Koskenoja [12] and the Poincaré in-

equality. Then (3.17) and Proposition 2.1 imply that {@,}nen C Wol’p(')(ﬂ) is
bounded.
From Lemma A.5 of Saoudi-Ghanmi [26] it follows that {T,}neny C L®() is

bounded and so using Lemma 3.3 of Fukagai-Narukawa [3], we can find o € (0,1)
and ¢4 > 0 such that

U, € Gy () =CH*@NCHQ) and [Tl gre ) < e (3.18)
for all n € N.

We know that Cy*(Q) < C§(Q) is compactly embedded. So, from (3.18) and
by passing to a subsequence if necessary, we may assume that

T, — Ty in CF(Q). (3.19)

Hence, 1y > 11 and so 1y € int (C& (§)+)
From the anisotropic Hardy’s inequality, see Harjulehto-Hésto-Koskenoja [12],
we know that
A

e
Uy

€ L'(Q) for all h e WP (Q).

N2
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From (3.14) we then see that

h
{n()} C L*(Q) is uniformly integrable
[n + €n) neN

for all h € Wol’p(')(ﬂ). Moreover, we have
h h

()—> @ for a.a.xz € Q.
[@, +&,]"" [ty + e,]""

So, from Vitali’s theorem, see Papageorgiou-Winkert [20, Theorem 2.3.44], we ob-
tain
h h
/ ——dz — | —=dz (3.20)
Q [, + en]" o ™

for all h € Wol’p(')(ﬂ). Therefore, if we pass to the limit as n — oo in (3.15) and
use (3.19) as well as (3.20), one gets

h .
<Ap(.) (@), h> + <Aq(4) (Ty), h> = /Q — dr forall h e Wol’p( )(Q)
LY

This shows that @y € int (C§(€)+) is a positive solution of (Auy) for A > 0.

As before, exploiting the strict monotonicity of s — s~ on Ry = (0,4+00),
we show that this solution uy € int (C§(€2)4) is unique.

An argument similar to that of Claim 2 show that 0 < X' < X implies @y < Ty.
This finishes the proof of the proposition. O

4. POSITIVE SOLUTIONS
We introduce the following two sets

L ={X>0:problem (P,) has a positive solution},

Sy = {u : u is a positive solution of problem (P,)}.

First we show that the set £ of admissible parameters is nonempty and we
determine the regularity properties of the elements of Sy for A € L.

Let u; € int (C§(2)4) be the unique positive solution of (Auy) with A = 1,
see Proposition 3.1. From the proof of the Lemma of Lazer-McKenna [14, p.274]
we know that @, (-)~") € L*(Q). We consider the following anisotropic Dirichlet
problem

—Apyu—Ayyu =1 +ﬂ1_"(x) in , 0, u>0. (Au)’

q(- u|8§2 =

Proposition 4.1. Iflzypotheses Hy hold, then problem (Au)’ has a unique positive
solution @ € int (C§(Q)4) such that uy < .

Proof. In order to establish the existence of a positive solution, we argue as in the
first part of the proof of Proposition 3.1. So, we consider the approximation

1 —n(x)
—Ap(.)u — Aq(.)u =1+ |:U1 + n:| in Q, U‘BQ =0, nelN
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This problem has a unique solution @, € int (C§()). Testing the equation with
U, we obtain

_ _ Un
() (Vi) < /Qun dz + /Q ) dz.
1

As before, by using the anisotropic Hardy’s inequality, we conclude that

0p() (Viin) < ¢5||ty||  for all n € N and for some ¢5 > 0.

Therefore, {i, }nen C Wol’p(‘)(ﬂ) is bounded.
As in the proof of Proposition 3.1 we have that {i, },en € C3(Q) is relatively
compact and so we may assume that

U, — @ in CF(Q). (4.1)
Moreover, if u € int (C§()4.) is the unique positive solution of

pr(‘)u — Aq(,)u =1 in Q, u|aﬂ = 0,

then by the weak comparison principle, we have u < 4, for alln € N. Hence, u <
and so @ € int (C§(Q)4). Furthermore, using (4.1) as n — oo in the corresponding
equation for u,,, we obtain

(Apy (@), h) + (Agqy (3) 1) = /

) [1 + ﬂ;’“x)} hda

for all h € Wol’p(')(ﬂ). Thus, @ € int (C§(Q)4) is a positive solution of (Au)’.
On account of Proposition 2.2 this positive solution is unique. Moreover we have

0< <Ap(.) (W) — Ay (@), (W — a)+> n <Aq(.) (W) — Ay (@), (@ — a)+>
_ / [ﬁl"’(” - (1 —|—ﬂ1_"(w))} (w — @)t dz <.
Q

This shows that u; < . [l

We are going to apply uy,u € int (C& (ﬁ)Jr) in order to show the nonemptiness
of L.

Proposition 4.2. If hypotheses Hy and Hy hold, then £ # 0 and Sy C int (C§(2)+)
for every A € L.

Proof. Let A € (0,1]. Taking Propositions 3.1 and 4.1 into account, we define the
Carathéodory function gy: 2 x R — R by

A [a;’””) +f (x,m(x))] if s < 7\(2),
gz, 8) = A [s‘"(”) + f(z,5)] if wy(z) < s < a(x), (4.2)
MA@ + f(z,a(x)]  ifa(z) < s
We consider the following Dirichlet problem
0. (4.3)

—Apyu — Ageyu = ga(z,u) in €, u‘OQ =
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By using the direct method of the calculus of variations, we will produce a solution
for problem (4.3) when A € (0, 1] is small enough. So, let Gx(z,s) = [ ga(z,t)dt
and consider the C'-functional @, : VVO1 P (')(Q) — R defined by

1 1 R
oa(u) = —Vup(w)d;v+/—VuQ(w)dx—/G z,u)dr
o) = [ 17 o a) o P

for all u € Wol’p(')(Q). From the definition of the truncation in (4.2) it is easy to
see that

1

pa(u) >
o (u) o

[0p() (V) + 0g() (V)] — ¢

for some c5 > 0. Hence, ¢ : Wo) () — R is coercive. Further ¢y : Wy (Q) —

R is sequentially weakly lower semicontinuous. Hence, there exists uy € I/VO1 P (')(Q)
such that

@ (1) = min [gf),\(u) cue WO (4.4)

Since @ € int (C3(Q)4), on account of hypothesis H; (i) we can find A € (0,1]
small enough such that

Af(x,a) <1 fora.a.x € Q. (4.5)
From (4.4) we have @ (uy) = 0, that is,
<Ap(.) (uy), h> + <Aq(.) (uy) ,h> = /Qg,\(x,u,\)h dz (4.6)

for all h € Wy*(Q). First, we take h = (iy — uy)™ € WP (Q) in (4.6). Then,
applying (4.2), Hy(i) and Proposition 3.4, we obtain

<Ap(.) (U)\) , (ﬂ)\ — U)\)+> + <Aq(.) (U)\) , (ﬂ)\ — u,\)+>
_ /QA (7 4 1 ()] (3 — ) da
> /Q)\E;U(l’) (ﬂ)\ — u/\)+ dx

_ <Ap(.) (@), (@ — u>\)+> n <Aq(.) (@), (Tr — uA)+> .

On account of Proposition 2.2 we conclude that wy < wy. Next, we choose h =
(ur —a)t e WOLP(')(Q) in (4.6). Then, using (4.2), (4.5) and Proposition 4.1, one
has

(Apy (w2) s (ux = @) ") + (Ag( (), (un = @) )
_ /Q A [a*n@) +f(a, a)] (uy — @) " de
< /Q [fﬂ(@ + 1} (ur — @)" da

= (A (@0 = 0)") + () (@) 0 0)7).

As before, from Proposition 2.2 we see that uy < .
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In summary we have shown that uy € [@y,a] for all A € (0,1] small enough.
From (4.2) and (4.6) we see that uy is a solution of our original problem (P,), that
is, ux € Sx. This proves the nonemptiness of L.

Let us now prove the second assertion of the proposition. To this end, let u €
S). Since f > 0 by hypothesis H;(i), we have that uy, < w and because u €
int (Ccl, (ﬁ)g, there exists cg > 0 such that ¢gd < u, see Papageorgiou-Radulescu-
Repovs [17, p. 274]. This fact, hypothesis H; (i) and Theorem B1 of Saoudi-Ghanmi
[26] (see also Giacomoni-Schindler-Takéc [10]), we have that u € int (C§(Q)4).
Therefore, Sy C int (C}(Q)4) for all A € L. O

The next proposition shows that £ is connected, that is, £ is an interval.
Proposition 4.3. If hypotheses Hy and Hy hold, A € L and u € (0, ), then pu € L.

Proof. Since A € L, there exists u € Sy C int (C§()4), see Proposition 4.2.
Moreover, from Proposition 3.1 we know that

T, < Ty < u. (4.7)

Based on (4.7) we introduce the Carathéodory function g, : 2 x R — R defined
by

[, (2) ™ + f (2,1,(x)] if s < uu(z),
gu(z,s) =4 p [s*”(m) + f (z, )] ifu,(x) <s <u(x), (4.8)
p[u(z)™"@) + f (z,u(z))] if u(z) < s.

We set G, (z, s) = [; gu(z,t) dt and consider the C''-functional ¢, : Wol’p(‘)(Q) —R
defined by

1 1
oulu :/—vup@)dw/—vuq(ﬂc)dx—/G z,u) dz

for all u € Wol’p(')(ﬂ). It is clear that ¢, is coercive because of (4.8) and it is

sequentially weakly lower semicontinuous. So, there exists u, € VVO1 P (')(Q) such
that

() = min [, () + w e Wy ()]
This implies, in particular, that ¢}, (u,) = 0. Hence
<Ap( o (), > + <A uy), h> = /qu (x,u,) hdx (4.9)

for all h € W(1 p()(Q). We first choose h = (T, —u,)" € W&’p(')(ﬂ) in (4.9).
Applying (4.8), hypothesis H; (i) and Proposition 3.1 yields

(45 (uw (@ =) ") + (Ag (), (@ =) ")

n(@) 4 f (z, u#)] (T, — u#)+ dz

vV

— )" dx

Ap(y (@) s (@, — “u)+> + <Aq(~) (W) 5 (T — Uu)+> .
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Proposition 2.2 then implies that @y < w,. Now we choose h = (u, — uw) e

W) in (4.9). Then, from (4.8), 1 < A and u € Sy, we derive
(Apcy () (=) ™)+ (Aggy () s (s —)*)
B A TN
< /Q)\ [u_"(gj) +f (x,u)} (uy —u)* da
= (A0 () (e =) ") + (Agy () (=)™

Thus, u, < u. Therefore we have proved that
Uy € [Ty, ul. (4.10)
From (4.10), (4.8) and (4.9) it follows that
u, €8, Cint (C)(Q)4)
and so p € L. O
An immediate consequence of the proof above is the following corollary.

Corollary 4.4. If hypotheses Hy and Hy hold and if X € L,u € Sy C int (C§(Q)4)

and 0 < p < X, then p € L and there exists u, € S, C int (C§(Q)+) such that
Uy < U.

We can improve the conclusion of this corollary.

Proposition 4.5. If hypotheses Hy and Hy hold and X\ € L,u € S\ C int (C& (§)+)
and 0 < p < X, then i € L and there exists u, € S, C int (C§(Q)) such that

u—uy, €int (CH(Q)4) .

Proof. From Corollary 4.4 we already know that y € £ and that we can find
u, € S, C int (C4(Q)4) such that
wy, < uy < u. (4.11)

Now, let p = ||u||» and let fp > 0 be as given in hypothesis Hy(v). Since p < A,
u, € S, and due to (4.11), hypothesis Hy(v) and f > 0, we have

= Ayt — Dgyty + Mpublt™ ™ — A1)
< =Ryt — DUy + Aépuz(m)_l — ,uu;”(m)
=uf (z,u,) + )\gpuz(w)—l

<A {f (z,uy) +§Apuﬁ(z)71] == ) ()
<A [f @ u) + €]

= =Dyt — Ag(yu+ AuP) ™ — Ay,

(4.12)

Since u,, € int (C§(Q)4), using hypothesis Hy (iv), we see that
0= [A=plfCunl))-
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Then, from (4.12) and Proposition 2.3, we conclude that
u—uy, €int (C§(Q)4) .
O

Remark 4.6. In the same way as in the proof of Proposition 4.5, we can also show
that

u, — U, € int (C5(Q)4) . (4.13)
Let A* = sup £. The next proposition shows that A* is finite.
Proposition 4.7. If hypotheses Hy and Hy hold, then \* < 4o0.

Proof. From Hypotheses H; (i)~(iv) we see that there exists A > 0 large enough
such that

Af(x,s) > sP@71 for a.a.x € Q and for all s > 0. (4.14)

Let A > A and suppose that A € £. Then we can find u € Sy C int (C3)4).
Let Q9 C  be an open subset with C2-boundary such that Qy C Q and u is not
constant on €. We define mg = min_ ¢ u(z). Since u € int (C3(Q)4) it is clear
that mgo > 0. For § € (0, ||ull — mo) we set md = mg + 6. Further, for p = |lul|o
let fp > 0 be as given by hypothesis H;(v). First, for 6 small enough, we observe
that

n(z) _ (@) n(z) n—
1(30) B 1 - (mo + 9) ﬂ(lg) < <52> < (‘L) (4.15)
mg (mo + 5)7] [mo(mo + 6)]" ’ my my

for all z € Q. Then, applying (4.15), (4.14), hypotheses H;(iv), (v), u € Sy and
6 > 0 small enough, we have

= Apym = Agymh + [3 + 1] ()™ = A (md)

< [)\ép + 1} mP® 7 Ly (8)  with x(8) = 0" as 6 — 07,

< Af (@, mo) + A&ml ™ ™ + x(8)
= [ flw,mo) + EmE Y] = (A= A) f(@,mo) + x(6) (4.16)
<A [ flw,mo) +€mb )]

<A | flw,u) + &)

=—-Apu—Ayyu+ )\épup("”)_l — ") in Q.
For § > 0 small enough, because of hypothesis Hj (iv), we know that
0 <o < [A=A] f(z,m0) = x(9).
Then, from (4.16) and Proposition 2.4, we infer that

0 <u(x) —m for all z € Q and for all small § > 0.

This is a contradiction to the definition of mg > 0. Therefore, A\ ¢ £ and so
A <A< oo O



18 N.S.PAPAGEORGIOU AND P. WINKERT
We have just proved that (0, \*) C £ C (0, A*]. Next we show that our original
problem (P,) has at least two positive smooth solution for A € (0, \*).

Proposition 4.8. If hypotheses Hy and Hy hold and if A € (0, \*), then problem
(Py) has at least two positive solutions

o, 0 € int (C§(Q)4) with ug # .

Proof. Let ¥ € (\,A\*) C £ and let uy € Sy C int (C4(Q)4 ). From Proposition 4.5

and (4.13) we know there exists ug € Sy C int (C$(Q)4) such that
up € intey (g [T, wy]. (4.17)

We introduce the Carathéodory function ky: 2 x R — R defined by
__ —n(z) _ fs<m
(2, 5) = A [ui(x) —|—f(x,u>\(x))] 1 i_ (), (4.18)
A[s™7@) 4 f (z,5)] if uy(x) < s.

We set Kx(z, s) = [ ka(z,t) dt and consider the C'-functional o : Wol’p(') Q) —

R defined by
Q 9\

for all u € VVO1 Pl )(Q)
Using (4.18) we can easily show that

Ky, C [uy) Nint (C§(Q)4) . (4.19)
Hence we may assume that
Ko, N @y, us] = {uo}, (4.20)

otherwise we already have a second positive smooth solution of (P,) and so we are
done, see (4.19) and (4.18).

We truncate ky (z, -) at ug (). This is done by the Carathéodory function ky : Qx
R — R defined by

Ex (zyug(z))  if ug(x) < s.

We set Ky (z,s) = I kx(x,t) dt and consider the C*-functional & : Wol"p(')(Q) - R
defined by

1 1 £
6y (u) = —vup<r>dx+/—vuq(m>dx—/lf x,u) dx
A(u) /Qp(x)| | Q(J(»T)‘ | Q Al )

for all u € W, P ().
Looking at (4.18) and (4.21) we see that

fﬂ)\(%s): {l@\(ﬂc,s) if s < wuyp(x), (4.21)

!

(}H[o,w} = 0>\|[07uﬂ]. (4.22)

and

Mioug] = UA’[O,W}
Further, from (4.21) it is clear that
K, C [ux, ug] Nint (C5(Q)4) . (4.23)
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From the definition of the truncations in (4.18) and (4.21) we know that &) is
coercive and it is also sequentially weakly lower semicontinuous. Thus, we can find
Uy € Wol’p(')(Q) such that

& (@) = min [&A(u) Cue W&*P“(Q)] .

Taking (4.23), (4.22), (4.20) into account we conclude that @y = ug. Then, on
account of (4.17) and (4.22), ug € int (C§(€)4) is a local C§(€2)-minimizer of oy.
The results of Tan-Fang [27] imply that

up € int (C3(Q)4) is a Wy (Q)-minimizer of 7y. (4.24)

From (4.19) it is clear that we may assume that K,, is finite otherwise we
would have a sequence of distinct positive solutions of (P)) and so we would have
done. The finiteness of K,, along with (4.24) and Theorem 5.7.6 of Papageorgiou-
R&dulescu-Repovs [17, p.449] imply that we can find p € (0,1) small enough such
that

oa(ug) < inflox(u) : |Ju — ugl| = p| = ma. (4.25)

Reasoning as in the proof of Proposition 4.1 of Gasiriski-Papageorgiou [J] we can
show that

o, satisfies the C-condition. (4.26)

Moreover, if u € int (C}(Q)4 ), then on account of hypothesis H; (ii) and (4.18),
we have

oa(tu) - —oco  ast — +oo. (4.27)

Then, (4.25), (4.26) and (4.27) permit us the use of the mountain pass theorem.

Hence, there exists @ € Wol’p(')(Q) such that
@€ Ko, C[ux)Nint (C5(Q)4),
see (4.19), and
my < oy (),

see (4.25). Taking (4.18) and (4.25) into account we conclude that @ € int (C§(Q)4.)
is a solution of (P,) for A € (0, \*) with @ # wo. O

Next we will check the admissibility of the critical parameter A* > 0.
Proposition 4.9. If hypotheses Hy and Hy hold, then \* € L, that is, L = (0, \*].

Proof. Let {A\,}nen C (0, A*) C L besuch that A\, /* A* asn — co. Letwy = Uy, €
int (C§(€2)+) be the unique solution of (Au,) for A = A; obtained in Proposition
3.1. By hypothesis H;(i) we know that f > 0. Then from (4.18) we get that
o (1) < 0. Hence,

oz, (U1) <0 forallneN, (4.28)

since \; < \,, for all n € N. -
From the proof of Proposition 4.8 we know there exists u,, € Sy, C int (C}(Q)4)
such that w; < u,, and

o, (up) <oz, (@) <0 forallneN, (4.29)
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see (4.28). Since u,, € Sy, it holds
o\, (un) =0 forallneN. (4.30)

From (4.29), (4.30) and Proposition 4.1 of Gasiiski-Papageorgiou [9] we can
conclude that {up, }neny C Wol’p(')(ﬂ) is bounded. So, we may assume that

Up ~ Uy in Wol’p(')(Q) and u, — u, in L7O(Q). (4.31)
From (4.30) we have
<Ap(.) (un) s h> + <Aq(.) (un) s h> = /Qk,\ (:ZZ, un) hdx (4.32)

for all h € Wol’p(‘)(ﬂ) and for all n € N.
We take h = u,, — us € Wol’p(')(Q) as test function (4.32). Applying (4.31) and
hypothesis H; (i) gives

lim [<Ap(.)(un),un — u*> + <Aq(.)(un),un — u*>] =0.

n—oo

Since Ag(.) is monotone, see Proposition 2.2, we obtain
lim sup KAP(-)(“n)’ Uy — u*> + <Aq(,)(u*),un - u*>] <0.
n—oo

Then, by using (4.31), it follows
lim sup (A, (un), un — us) < 0.

n— o0

From this and Proposition 2.2 we conclude that
Uy — Uy 1D Wol’p(')(ﬂ) and  U; < Us. (4.33)

If we now pass to the limit in (4.32) as n — oo, then, by applying (4.33), we see
that u, € Sx~ and so \* € L, that is, £ = (0, A*]. O

In summary, we can state the following bifurcation-type result concerning prob-
lem (P)).

Theorem 4.10. If hypotheses Hy and Hy hold, then there exists \* > 0 such that
(a) for every X € (0, \*), problem (P)) has at least two positive solutions
ug, U € int (03(5)4_) , U # U
(b) for X = X*, problem (P)) has at least one positive solution

u, € 1int (C§(Q)4) ;

(c) for every A > X*, problem (P)) has no positive solutions.

5. MINIMAL POSITIVE SOLUTIONS

In this section we are going to show that for every admissible parameter A € £ =
(0, A*], problem (P,) has a smallest positive solution (so-called minimal positive
solution) @y € Sy C int (C& (§)+)7 that is, uy < u for all v € Sy. Moreover, we
determine the monotonicity and continuity properties of the minimal solution map
L3 Xy € int (C3(Q)4).

Proposition 5.1. If hypotheses Hy and Hy hold and if X\ € L € (0,\*], then
problem (P) has a smallest positive solution y € int (C§(Q)4).
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Proof. As in the proof of Proposition 18 in Papageorgiou-Radulescu-Repovs [19],
we show that the set Sy is downward directed, that is, if u,v € Sy, then there exists
y € Sy such that y < u and y < v. Invoking Lemma 3.10 of Hu-Papageorgiou [13,
p. 178], we can find a decreasing sequence {u, nen € Sy such that

inf S, = inlfwun and uy <wu, <u; forallmeN. (5.1)
ne
From (5.1) it follows that the sequence {uy tnen C Wol’p(‘)(Q) is bounded. So we
may assume that
Up > Uy in Wol’p(')(Q) and w, — 4y in LPO(Q). (5.2)

Since u, € Sy, we have
(Ap(y (un) s h) + (Age) (un) , h) = /QA [0 + fo,u) | hde (5.3)

for all h € W, P")(Q) and for all n € N. Note that
0<u," <u," e LY(9),

see Lazer-McKenna [14].
We choose h = u, — @y € Wol’p(')(Q) N L*>*(Q) in (5.3), pass to the limit as
n — oo and apply (5.2). This yields

lim sup <Ap(.)(un),un — ﬂA> <.
n—oo
Then, from Proposition 2.2, it follows
Up —> Uy In Wol’p(')(Q) and Ty < Uy. (5.4)
Passing to the limit in (5.3) as n — oo and using (5.4), we obtain

iy €Sy Cint (C)(Q)4) and @y = infSy.

Proposition 5.2. If hypotheses Hy and Hy hold, then the map X\ — uy from
L = (0, ] into C}() is

(a) strictly increasing, that is, 0 < X' < X implies Gy — @y € int (C’é (ﬁ)Jr);

(b) left continuous.

Proof. (a) This is an immediate consequence of Proposition 4.5.
(b) Let {\,}nen € £ be a sequence such that A\, — A~. We have

Uy, <ay, <uy forallneN.

Hence, {iix, bnen € We P (Q) is bounded.
Then, as before, see the proof of Proposition 3.1, via the anisotropic regularity
theory, there exist o € (0,1) and ¢7 > 0 such that

i, € Cp*(Q) and iy,

cle@) S 7 for all n € N. (5.5)

Since Cy**(Q) is compactly embedded into C}(€2), from (5.5) it follows that we
have at least for a subsequence

@y, =y inCHQ) and @y € Sy Cint (C§(Q)4) . (5.6)
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Suppose that iy # @y. Then there exists z € § such that @y (x) < @y (z). Then
a(z) < ay,(z) forallneN,

see (5.6). But this contradicts (a). Hence, @y = 4y and by Urysohn’s criterion
for convergent sequences, we have iy, — @y in C}(Q2) for the initial sequence.
Therefore, A +— @, is left continuous from £ = (0, \*] into C3(9). O
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