SINGULAR p-LAPLACIAN EQUATIONS WITH SUPERLINEAR
PERTURBATION

NIKOLAOS S.PAPAGEORGIOU AND PATRICK WINKERT

ABSTRACT. We consider a nonlinear Dirichlet problem driven by the p-Laplace
operator and with a right-hand side which has a singular term and a parametric
superlinear perturbation. We are interested in positive solutions and prove a
bifurcation-type theorem describing the changes in the set of positive solutions
as the parameter A > 0 varies. In addition, we show that for every admissible
parameter A > 0 the problem has a smallest positive solution w) and we
establish the monotonicity and continuity properties of the map A — uy.

1. INTRODUCTION

Let © C RY be a bounded domain with a C%-boundary 9. In this paper, we
deal with the following nonlinear parametric singular problem

—Apu=u"" 4+ Af(z,u) in Q,
u>0 in Q, (Py)
u=20 on 012,

where 1 < p < o0, 0 <y <1 and A, denotes the p-Laplace differential operator
defined by

Apu = div (|Vu[P~2Vu)  for all u € W, ?P(Q).

In the right-hand side of (P,), u~7 is the singular term while \f is the parametric
term with A > 0 and a Carathéodory function f : Q x R — R, that is, z — f(x,s)
is measurable for all s € R and s — f(z, s) is continuous for a.a.z € 2. We assume
that f(z,-) exhibits (p — 1)-superlinear growth near 400 but without satisfying the
usual Ambrosetti-Rabinowitz condition, AR~condition for short. We are interested
in finding positive solutions and our goal is to determine how the set of positive
solutions of (P)) changes as the parameter A\ > 0 varies. We are going to prove a
bifurcation-type result which produces a critical parameter value A* > 0 such that

e problem (P)) has at least two positive solutions for all A € (0, \*);
e problem (P),) has at least one positive solution for A = A*;
e problem (P)) has no positive solutions for all A > A*.

This result was motivated by the work of Papageorgiou-Smyrlis [15] who proved
such a theorem for problem (P,) under the hypotheses that the perturbation term
f(x,-) is (p — 1)-linear near 0. This condition removes from consideration non-
linearities with a concave term near 07. Our framework removes this restriction
and incorporates perturbations which exhibit the competing effects of concave and
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convex terms. This changes the geometry of the problem. Moreover, our growth
condition on f(z,-) is more general than that in Papageorgiou-Smyrlis [15].

Nonlinear singular Dirichlet problems were also investigated in the papers of
Giacomoni-Schindler-Taka¢ [5], Papageorgiou-Radulescu-Repovs [14] and Perera-
Zhang [16] for different settings and conditions.

2. PRELIMINARIES AND HYPOTHESES

Let X be a Banach space and let X* be its topological dual. We denote by (-, -)
the duality brackets to the pair (X*, X). Given ¢ € C*(X,R) we say that ¢ satisfies
the Cerami condition, C-condition for short, if every sequence {uy,}n>1 € X such
that {¢(un)}n>1 C R is bounded and such that (14 ||uy|x) ¢ (un) — 0in X* as
n — oo, admits a strongly convergent subsequence.

This is a compactness-type condition on the functional ¢ and leads to following
minimax theorem known as the mountain pass theorem.

Theorem 2.1. Let p € C1(X,R) be a functional satisfying the C-condition and let
u,us € X, ||UQ — u1||X >p >0,
max{(u1), p(uz)} < inf{e(u) : [lu—uillx = p} =7,

and ¢ = infyer maxosi<1 9(1(1) with T = {y € C([0,1], X) : 7(0) = w1, (1) =
ug}. Then c > n, with ¢ being a critical value of ¢, that is, there exists & € X such
that ¢’ (4) = 0 and p(a) = c.

By W, ”(Q) we denote the usual Sobolev space with norm || - ||. Thanks to the
Poincaré inequality we have
Jul| = |Vull, for all u e WyP(Q),

where || -||,, denotes the norm of L?(Q2) and L? (Q; R"), respectively. Furthermore,

we need the ordered Banach space C¢(Q) = {u € C*(Q) : u‘aﬂ = 0} and its positive
cone

Cy (), = {u €Cy(Q) s u(x) >0forall z € ﬁ}
This cone has a nonempty interior given by
int (C5(Q)4) = {u € Cy(Q)4 s u(x) >0 for all z € Q and a—u

Oul - 0} ,
N loa
where n is the outward unit normal on 0€.
The norm of RY is denoted by |- | and “” stands for the inner product in RY.
For s € R, we set s* = max{s,0} and for u € Wy"*(€) we define u*(-) = u(-)*.
It is well known that

ut e WyP(Q), Jul=u"+u", u=u"—u".

For u,v € W, *(Q) with u(z) < v(z) for a.a.z € Q we define
[u,v] = {y € WoP(Q) s u(z) < y(x) < v(zx) for a.a.x € Q},

int [u,v] = the interior in C3(Q) of [u,v] N C3(Q),
Cs(®)

[w) = {y € Wy (Q) : u(z) < y(z) for a.a.z € Q}.
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By ||~ we denote the Lebesgue measure on RY. By p* > 1 we denote the Sobolev
critical exponent for p defined by

b= NN—f’p if p<N,
+oo if N <p.
Finally, if hy, he € L>°(Q), then we write hy < hg if and only if for every compact

K C Q we have 0 < mg < ho(z) — hy(z) for a.a.z € K.
Let A: WyP(Q) — W1(Q) = Wy ?(Q)* with £ + L = 1 be defined by

(A(u), o) = / |VulP~2Vu - Vipdz  for all u, o € Wy (Q). (2.1)
Q

The next proposition states the main properties of this map and it can be found in
Gasinski-Papageorgiou [4, Problem 2.192, p. 279].

Proposition 2.2. The map A : Wy P(Q) — W12 (Q) defined in (2.1) is bounded,
that is, it maps bounded sets to bounded sets, continuous, strictly monotone, hence
mazimal monotone and it is of type (S)4, that is,

Up > win Wy P(Q)  and  limsup(A(uy,),u, —u) <0,

n—oo
imply u, — u in Wy P(Q).
Moreover, we denote by Ay the first eigenvalue of (A, WyP(Q)) and by 4, €

WP () the corresponding positive, LP-normalized, that is, ||i1]|, = 1, eigenfunc-
tion. We know that Ay > 0 and 4; € int (C§(€)4), see Gasinski-Papageorgiou

[3].

Also, for a given ¢ € C'(X,R) we denote by K, the critical set of ¢, that is,
K,={ueX:¢(u) =0}

Now we introduce the hypotheses on the nonlinearity f: Q x R — R.

H: f:Q xR — R is a Carathéodory function such that f(z,0) = 0 for a.a.
x € Q) and

(i) if a € L*(Q2) with s > N, then
0< flz,s) <a(z) (141
for a.a.z € Q, for all s > 0 and for p < r < p*;
(i) if F(z,s) = [, f(x,t)dt, then
lim Fz9)

= 400 uniformly for a.a.x € Q;
s—+o0 sp

(iii) if

inens) = [1= T2 |7 A 8)s - pF(0,9)
-
with A > 0, then
i, 51) < Aa(z, s2) + 7a(2)

for a.a.x € Q, for all 0 < 51 < s with 7, € LY(Q) and A — 7, is
nondecreasing from (0, +o00) into L!(Q);
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(iv) there exist ¢; > 0 and ¢ < p such that
flz,s) <er [s" 45071

for a.a.z € Q and for all s > 0;

(v) for every n > 0 there exists m,, > 0 such that
f(x,s) > my

for a.a.x €  and for all s > 7;

(vi) for every p > 0 there exists £, > 0 such that the function
s — f(xz,8) +§Apsp71
is nondecreasing on [0, p] for a.a.z € Q.

Remark 2.3. Since we are interested on positive solutions and the hypotheses above
concern the positive semiaxis Ry = [0, 400), without any loss of generality, we may
assume that

f(xz,8) =0 for a.a.x € Q and for all s <O0. (2.2)
Hypotheses H(ii), H(iii) imply that
lim f(@:s) = +oo uniformly for a.a.x € ).

s—4o00 317_1

Hence, the perturbation term in (P)) is (p — 1)-superlinear in the second variable.
However, we do not employ the usual AR-condition for superlinear problems. Recall
that this condition says that there exist T > p and M > 0 such that

0<7F(x,8) < f(x,8)s for a.a.x € Q and for all s > M, (2.3)
0< essﬂian(',M).

In fact this is a unilateral version of the AR-condition on account of (2.2). Inte-
grating (2.3) and using (2.4) we obtain the weaker condition

cosT < F(x,s) for a.a.x € Q, for all s > M and for some cy > 0.

Hence, the AR-condition implies that f(x,-) exhibits at least (7 — 1)-polynomial
growth. This excludes superlinear nonlinearities with slower growth near +o0o from
consideration. Instead we employ the quasimonotonicity condition on ny(x,-) in
hypothesis H(iii). This condition is a slight generalization of a hypothesis introduced
by Li-Yang [11]. This superlinearity hypothesis is different from the one used by
Papageorgiou-Smyrlis [15]. There are easy ways to verify H(iii). For example,
condition H(iii) holds if there exists M > 0 such that

—
8 —I;p):]i(x, s)
is nondecreasing on [M,+00) for a.a.x € Q or
s = ix(z, 8)
is nondecreasing on [M,+00), see Li-Yang [11].

Hypothesis H(iv) allows perturbations which have concave terms. This is excluded
from the hypotheses of Papageorgiou-Smyrlis [15]. Hypothesis H(iv) is satisfied if,
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for example, f(x,-) is differentiable for a.a.x € Q and for every p > 0 there exists
¢, > 0 such that

f;(l‘, S) 2 _cpsp_l
for a.a.x € Q and for all 0 < s < p.

Example 2.4. For the sake of simplicity we drop the x-dependence. The following
functions satisfy hypotheses H:

fi(s) = s with p < 1 < p~,

+\9—1 ; <1
fa(s) = <83 z.fs_ Twith 1 <9 < p < oo,
sP7ilns+1] ifl<s

Note that fo fails to satisfy the AR-condition and it is outside the framework of
Papageorgiou-Smyrlis [15].

3. POSITIVE SOLUTIONS
We introduce the following two sets

L ={X>0:problem (P,) has a positive solution},

Sy = {u : u is a positive solution of problem (P))}.
Proposition 3.1. If hypotheses H hold, then L # ().

Proof. We consider the following purely singular Dirichlet problem

—Apu=u""in Q, u|69 =0, u>0. (3.1)

From Papageorgiou-Smyrlis [15, Proposition 5] we know that problem (3.1) has a
unique positive solution % € int (C’é (Q)+) Moreover, we consider the following
auxiliary Dirichlet problem

—Apu=11in Q, 0. (3.2)

ulgq =
Problem (3.2) has a unique solution e € int (C§(Q)4) which can be shown easily.
For 1 < 7 < 400, we have e € int (C& (Q)Jr) and using Proposition 2.1 of Marano-
Papageorgiou [12], see also Gasinski-Papageorgiou [4, Problem 4.180, p. 680], there

exists ¢z > 0 such that 4; < c3e” and so
1

1 1
u{ <c3e,
which implies

~

eV <eqlty T (3.3)
for some ¢4 > 0. From the Lemma in Lazer-McKenna [9] we know that
i T e L7(9).
This fact along with (3.3) gives
e 7 el™(Q) and || <eufay” |1% :
Hence
lim sup He_'YHT < ¢4. (3.4)

T—+00
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On the other hand, from the Chebyshev inequality, we have
" {eT zaly < [l
with n > 0, or equivalently,
1
nl{e™ Z |y < e,
This facts yields
n < liminf He‘VHT provided He_'y > 77}|N > 0. (3.5)

400
From (3.4) and (3.5) it follows that

e 7 e L*(Q) and He_'YHT — He_"Hoo as 7 — +00.
Now let ¢5 > |le™ 7|, and mo = ||le]|sc. For t > 0 we consider the function
Pt — st

[ e -1
c1 |mg 1t“l—i—mg tqfl}

9(t) =

pty—1 Cs

[ -1
1 |my Lir4y—1 +mg tq+7—1}

1 Cs

[ e -1 - -1
cr |my~ P 4 md tq*P} ¢l [mg Yrtr=1 4 md tq+7*1]
P—a cs

— - - — )
c1 |mb a4+ ml ] ¢ [mg Yr+r=1 4 md t‘H“/*l}

Since ¢ < p < r we see that
I(t) - —coast— 0" and J(t) — 0" ast — +oo.
Therefore, there exists tg > 0 such that
Ao = V(tg) = max [I(t) : ¢ > 0] > 0.
Let A € (0,Ag). We can find ¢ > 0 such that J(¢) > A. Hence
#71 > o5t ™7 4 Ay [mgfltr—l +md a1 (3.6)

We set uw = te € int (C§(Q)4). Then, because of (3.6), hypothesis H(iv) and the
choice of ¢, mg, we obtain

AT = A
=P~
> st + Ay [mgflt’“—l + mg_ltq_l} (3.7)
> 4 ey [@ +at ]
>u "+ Af(x,u) for a.a.x € Q.

Since u € int (C§(€2)+), as before, there exists ¥ € (0,1) small enough such that
Va < u. If Gg = 9 € int (CF ()4 ), then

—Apip = —A, (90) = 9P (=Apa) = 9P taT < (Wa) T = dy (3.8)
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since ¥ € (0,1). Using the functions @, u € int (C§(€2)+), we introduce the follow-
ing truncation of the reaction of problem (P))

to(z)™7 + ANf (z,to(z)) if s < Gg(x),
ga(x,8) = ¢ 577 + Af(x,s) if Gg(z) < s
w(x)”Y + Af (z,u(x)) if u(z) < s,

<u(x), (3.9)

with A € (0, ). Evidently, g) : 2 x R — R is a Carathéodory function. We set
Gx(z,s) = [ ga(x,t)dt and consider the functional ) : W,y P(€2) — R defined by

wx\(u)Z%HVUM—/QG,\(Lu)dx.

On account of Proposition 3 of Papageorgiou-Smyrlis [15] we have that ¢, €
CY (W ()). Moreover, from (3.9) it is clear that 1y is coercive. The Sobolev
embedding theorem implies that 1) is sequentially weakly lower semicontinuous.
So, by the Weierstraf3-Tonelli theorem, there exists uy € WO1 "P(Q) such that

Ua(un) = inf [ (u) - u e WYP(9)] .
Since uy is a global minimizer, it fulfills ¥, (ux) = 0, which is equivalent to

(A(uy), h) = /QgA(x,uA)hdx for all h € W, P(%). (3.10)

Taking h = (g —ux)" € Wy (Q) in (3.10) gives, thanks to (3.9), (3.8) and the
fact that f >0,

(A (g —un)") = /Q (657 + M (@, 0)] (o — un)* do
Z/Qag” (g — uy) " dx
> (A(io), (o —w)").

Because of the monotonicity of A, see Proposition 2.2, we obtain that g < wuy.
Next, we choose h = (uy —u)" € Wy*(€) in (3.10). This gives, by applying (3.9)
and (3.7), that

<A(u,\)  (us —ﬂ)+> - /Q [@ + Af (2,7)] (uy — 1)t da < <A(a)  (un —ﬂ)+>.

As before, by applying Proposition 2.2, it follows that uy < u. So, we have proved
that

u € [iig, ) - (3.11)
From (3.9), (3.10), (3.11), it follows that

(A(uy), h) = /Q [uy "+ Af(z,ur)] hdx  for all h € WP (). (3.12)

Since @ € int (C§(Q)4), as before, we have that @, € L*(Q) for s > N and since
0<u,”<ay",see (3.11), one has that u, " € L5(2). From (3.12) it follows that

—Apur(z) =ur(x)” T + Af(z,ur(z)) for aa.x €, UA}BQ =0. (3.13)
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From (3.13) and Proposition 1.3 of Guedda-Véron [7] we have that uy € L*(Q).
Let &x(x) = un(z)™Y + Af(x,ur(x)). Then & € L*(), see hypothesis H(i). We
consider now the following linear Dirichlet problem

—Av=¢, inQ, ’U‘aﬂ.

This problem has a unique solution vy which by the linear regularity theory belongs
to W2:5(Q), see Gilbarg-Trudinger [6, Theorem 9.9, p.230]. Then, since s > N, the
Sobolev embedding theorem implies that
— N
vy € Cy*(Q) with a=1-—. (3.14)
S
We set ky(z) = Vo (z). Then ky € C% a(ﬁ Ny, see (3.14). From (3.13) we obtain

—div (|Vu>\(x)|p_2Vu,\(ac) =0 fora.a.x €, u>\|aQ = 0.

Invoking Theorem 1 of Lieberman [ ], we infer that uy € C}(2)1 \ {0}. Fi-
nally from (3.13) and the nonlinear maximum principle, see for example, Gasinski-
Papageorgiou [3, Theorem 6.2.8, p.738] and Pucci-Serrin [17, p. 120], we conclude
that uy € int (C§(€)4). It follows that (0, ) C £ and so £ # 0. O

From the proof above we infer the following corollary.
Corollary 3.2. If hypotheses H hold and A € L, then Sy C int (C’é (Q)Jr)
In the next proposition we show that £ is in fact an interval.
Proposition 3.3. If hypotheses H hold, A € L and 0 < pp < A, then p € L.

Proof. Since A € L there exists uy € Sy C int (C§(Q)4), see Corollary 3.2. Since
< Xand f >0, we have

—Apun(z) = ux(@)7 + A (2, un(z)) = un(z)™7 + pf(z, ur(2))
for a.a.z € Q. Recall that @ € int (C§(€)4) is the unique solution of (3.1). Since

uy € int (C§(€2)4) there exists ¢ € (0,1) small enough such that t@ < uy. We set
Uy = tu € int (C& (Q)Jr) and introduce the following truncation nonlinearity

Us ()77 4 puf (z,04(x))  if s < Uu(2),
Gul(x,8) = Qs 7+ uf(x,s) if @, (7) < s <wup(z), (3.15)
ux(z)™Y + pf(z,ux(z))  if up(z) <s,

which is a Carathéodory function. We set éu (z,8) = fos Gu(z,t)dt and consider the
functional w# »P(Q) = R defined by

D) = gnwug— / G, u)dz

As before, we have 1% e CY (W, *(2)), see Papageorgiou-Smyrlis [15, Proposition
3]. From (3.15) it is clear that ¥y is coercive. Also, it is sequentially weakly lower
semicontinuous. So, by the Weierstraf3-Tonelli theorem there exists u, € W,yP()
such that

b (u,) = inf [Wu) cue whr@].
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Hence, z@lg(uu) = 0 which is equivalent to
(A(uy,), h) = /Q Gu(z,u,)hdz  for all h € W, P(9). (3.16)

We choose h = (i, —u,)" € Wy P(Q) in (3.16). Then, using (3.15), f > 0, (3.1)
and 4, =t for 0 < t < 1, we obtain

(A e = ) = [ [+ uf (2,] (@ = )" do
> / ;Y (e — )" da
Q
> (A(i) (@ — )" ).
Hence, by Proposition 2.2, 4, < u,. Next, we choose h = (u, — u,\)+ € Wol’p(Q)

in (3.16). Then, as before, by applying (3.15) and since f > 0, p < A and uy € S)
we obtain

<A (un) , (U — u>\)+> - /Q [uy” + pf (2, up)] (up — ur) " dx
< [uy ™+ A (2, un)] (uy — uy) " de

_ <A(u,\) (u, — uA)+>.

Using Proposition 2.2 we see that u, < uy.
So, we have proved that

Uy € [ﬂ*,’LI,)\] . (3.17)

From (3.15), (3.16) and (3.17) we infer that u, € S, C int (C{(Q)4) and so p €
L. O

A useful byproduct of the proof above is the following corollary.

Corollary 3.4. If hypotheses H hold, 0 < p < X\ € L and uy € Sy C int (C’&( )+),
then p € L and there ezists u, € S, C int (C§(Q)4) such that uy —u, € CF(Q) 4 \

{0}

In fact using hypotheses H(v), (vi) we can improve the conclusion of the corollary
above.

Proposition 3.5. If hypotheses H hold, 0 < p < A € L and if ux € Sy C
int (C3(Q)+), then p € L and there exists u, € S, C int (C3(Q)4) such that
ux —uy, € int (CF(Q)4).

Proof. From Corollary 3.4 we already know that 1 € £ and we can find uy € S, C
int (C§(2)+) such that uy —u, € C§(Q)+ \ {0}. Let p = |lur|loc and let &, > 0
be as postulated by hypothesis H(vi). Since u, € S, C int (C’& (Q)Jr) ,uy € Sy C
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int (C3(Q)+), u, < uy and because of hypotheses H(v), (vi) we derive
— Apuy(z) + )\épuu(x)p_l —uy(x)™”
= pf (2,1, () + Apuy ()P~
= Af (2, u, (@) + Mpuu ()P~ = (A = p) f (2, u,(2)) (3.18)
<A (,u (@) + Apua (2)"!
= —Ayuy(z) + )\épu’;fl —ux(x)™
for a.a.z € Q. Let ho(z) = (A — ) f(x, u,(x)). Since u, € int (C§(Q)4) and using
hypothesis H(v), we see that 0 < hg. Therefore, from (3.18) and the singular strong

comparison principle, see Papageorgiou-Smyrlis [15, Proposition 4], we conclude
that ux — u, € int (CH(Q)4). O

We set \* =sup L.
Proposition 3.6. If hypotheses H hold, then \* < co.
Proof. Recall that

L fs)

1 1 = 400 uniformly for a.a.x € Q,
s—+oo0 SPT

see hypotheses H(ii), (iii). Therefore, for a given k > A1, there exists M > 0 such
that

f(z,s) > ksP™! for a.a.x € Q and for all s > M. (3.19)
On the other hand, we have
ST+ Af(z,s) > M7 + Af(z,s) (3.20)
for a.a.z € Q, for all 0 < s < M and for all A > 0. Note that, since f > 0,
-
lim M—i——)\f(:v,s) = 400 uniformly for a.a.z € Q,

s—0t sp—1
which implies that there exists dy > 0 such that

M=V 4+ Af(z,s) > A\1sP1 for a.a.z € Q and for all 0 < s < 4.
Combining this with (3.20) we see that
sTTV+ Af(x,8) > \1sP71 for a.a.z € Q and for all 0 < s < 4. (3.21)

Finally, note that on account of hypothesis H(v), there exists A>1 large enough
such that

sV 4+ Af(x,s) > M7 + S\m(;X > M MPE > A\sPt (3.22)

for a.a.2 € Q and for all 5 < s < M. Combining (3.19), (3.21), and (3.22) we
conclude that

T+ Af(z,s) > A\sP™! for a.a.x € Q and for all s > 0. (3.23)

Let A > X and suppose that A € £. There exists uy € Sy C int (C3(Q)4). Let
t > 0 be such that

tiy < uy. (3.24)
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Assume that ¢ > 0 is the largest positive real number for which (3.24) holds. Let
p = ||urllss and let §, > 0 be as postulated by hypothesis H(vi). Applying (3.24),
hypothesis H(vi) and (3.23) gives

—Apun(z) + /\épu,\(a;)p_l —ux(z)™?
f (@, un(@)) + Apua(x)P!
f (@, tig (2)) + A, (tan (z)7~

(@t (2)) + XS (tin ()"~ 1+( ~ ) f (@, tin ()

1 (tag (2)P 7+ XS, (tin ()P
— A, (tay (x)) + AE, (tay ()P ™" = (taa(x)) "7 for aa.z € Q.

=)\
>\ !
(3.25)

AVARR|
y> >/1

| \/

We set ho(z) = ()\ — 5\) [ (z,tt(x)). We see that since @, € int (C§(€2)+) and be-
cause of hypothesis H(v), we have 0 < ho. Therefore, from (3.25) and Papageorgiou-

Smyrlis [15, Proposition 4] we infer that uy — t4; € int (C3(Q)4) which con-
tradicts the maximality of ¢ > 0, see (3.24). This shows that A ¢ £ and so
AF <A< Hoo. O

Next we show that the critical parameter A* > 0 is admissible.
Proposition 3.7. If hypotheses H hold, then A* € L.

Proof. Consider a sequence {A,}n,>1 C (0,A*) C L such that A, — (A\*)” as
n — oo. From the proof of Proposition 3.3 we know that there exists u,, € Sy, C
int (C§(€2)4) for each n € N such that

{tn}n>1 is increasing and @, =t < wu, for allm €N, (3.26)

Let ¢y, € CY(WyP(Q)) be as in the proof of Proposition 3.3 resulting from the
truncation of the reaction of (P,) with A replaced by A, at {G.(z), uny1(x)} =
{tiu(z), uns1(x)}, see (3.15). We know that w, € [y, ty1] is the minimizer of ¢y, .
Therefore, because of (3.15) with uy = up,4+1 and hypothesis H(v), we have

- 1
() <, (80) = 3 IVIE = [ [0 A (o) ] de
Q
P - _ 1 SN
= Ival|y -t W/Qul Ydx — A\, /Q f(z,a,) Gudx (3.27)

P
< —|val? —tl‘“’/ 'V d.
p Q
We know that
~ ~1—
valg = [ avas,
Q
see (3.27). Hence, since t € (0,1),
tP ||Vﬂ||§§t1_7/ﬂ1_vd:v.
Q

This finally gives

¥a, (un) <0 forallm € N, (3.28)
see (3.27).
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Consider now the Carathéodory function gy, : 2 x R — R defined by

9a.(z,8) = {ﬂ*(l')_')’ + Ao f (x84 (2))  if s < G (),

ST+ A f(x, ) if 4. (x) < s. (3:29)

We set G, (2, 5) = Jy 9x, (@, t)dt and consider the C'-functional @y, : WP () —
R defined by
- 1 =
O, (u) = *HVUHZ —/ Gy, (z,u)dz.
p Q
Note that

SZA" |[ﬁ* JUnt1] - 172;)\"’ | [Tsyunt1]”

Then, see (3.28), we have @y, (uyn) < 0 for all n € N and so

[V ||h — / pé,\n (x,up)dz < 0.
Q

Applying (3.29) and the fact that w,, € [, u,+1] leads to

[V b — / plan™ + Anf (2, 0)] Gnda

? (3.30)

-2 [up, ™ —uy ] - Anp/ [F(z,u,) — F (z,0.)] dz < 0.
1- v Jo Q

Moreover, we know that

(A(uy), h) = / G, (€, up)hdz  for all h € Wy P(Q) and for all n € N, (3.31)
Q

Choosing h = u, € W,P(Q) in (3.31) and applying (3.29) and the fact that u, €
[ty Up+1] yields

—[IVun | + /Q [ul™" + Ao f(z, up)uy] dz =0 for all n € N. (3.32)
Adding (3.30) and (3.32) we obtain
/ fa, (T, upn)dz < My for some My > 0 and for all n € N. (3.33)
Q
Suppose that {uy}n>1 C VVO1 P(Q) is not bounded. By passing to a subsequence if
necessary, we may assume that ||u,|| — +oo. We set y,, = oy for n € N. Then
we have ||y, || =1 and y,, > 0 for all n € N. So, we may assume that
Yn — y in Wol’p(Q) and y, —>y in L'(Q), withy>0. (3.34)

First assume that y # 0 and set Q* = {x € Q: y(z) > 0}. We have |Q*|y > 0 and
Un(x) = 400 for all x € QO*. We have
Fz,un(x)) _ F(x,un(z))

lunllP— un(z)

Yn(x)? = 400 for a.a.xz € Q

and so, by Fatou’s Lemma,

/ Fayun) po oo (3.35)

ln?
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Since F' > 0, we have
P, o [ Flom),
o luall? o lunl?
and so, by (3.35),
F(z,u,
/ F@un) by oo (3.36)
o [unl?
Hypothesis H(iii) implies that
0 <, (x,up(x)) + 7ax(z) for a.a.z € Q and for all n € N.
Then

1— yun(x)l’” +DF(2,un(2)) < un(2)' 77 + Ao f (2,10 (2))un(2) + 7a- (2) (3.37)

for a.a.x € Q2 and for all n € N.
From (3.31) with h = u,, € W, () we obtain by using (3.29) and (3.26)

Va2 = / (W 4 Anf (2, un)un] d for all m € N. (3.38)
Q

Applying (3.38) in (3.37) gives

p)\n/ F(z,u,)dz < HVuan + [y -
Q

Hence

Fx, un) a1y
p/\n/ ———2dz < ||Vy, |2 + for all n € N. (3.39)
o lual? P el

Comparing (3.36) and (3.39) we have a contradiction.

Next suppose that y = 0. For p > 0 we set v,, = (p,u)%yn for all n € N. Then
v, € int (C(Q)4) and v,, — 0 in L"(R), see (3.34) and recall that y = 0. Then, by
(3.29), we get

/ Gy, (z,v,)dz — 0 asn — oo. (3.40)
Q
Since ||up|| — 400, there exists a number ng € N such that
1
(p,u)% o <1 forall n > nyg. (3.41)
Un

Moreover, let t, € [0,1] be such that

P, (thuy) = ax @&y, (tuy), neN.

Applying (3.41), the representation |ly,|| =1 for all n € N and (3.40) leads to
O, (tntin) = @, (vy)  for all n > ng

_ P _ A
= ul|Vya|b /QGAn (x,vp)dx (3.42)
=pu— / é(x,vn)dm > % for all n > ny > nyg.

Q

But recall that p > 0 is arbitrary. So, from (3.42) we infer that

O, (thuy) = 400 asn — oo. (3.43)
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We have
&2, (0)=0 and ¢y, (u,) <0 forallneN.
From this and (3.43) it follows that ¢, € (0,1) for all n > ny. Therefore, we obtain

d
TP (tun)|t:t0 =0 foralln>ns

which means
IV () 2 = /Q G (& bt i
and so
pgb',\n(tnun)—I—p/Q@,\"(x,tnun)dac:/Qgh(av,tnun)(tnun)dm.

Then we use hypothesis H(iii), (3.29) and recall that ¢,, € (0,1) for all n > ns to
get

por,(tra) < [ i, (oo + 0
for some My > 0 and for all n > ngy. Taking (3.43) into account gives
/an (z,up)dx — +00 asn — 0.
But this last convergence contradicts (3.33).
It follows that {uy}n>1 C VVO1 P(Q) is bounded and so we may assume that
U, S u* in Wy P(Q) and w, —u* in L7(Q)  with u* > .. (3.44)

Choosing h = u, — u* € WyP(Q) in (3.31), recalling that u;” € L" (Q) with
% + % = 1, passing to the limit as n — oo and applying (3.44) results in

nan;(A(u,L),un —u*) =0.
Since A has the (S)-property, see Proposition 2.2, we infer that
u, — u* in Wy P(Q). (3.45)

So, if we pass to the limit in (3.31) and apply (3.45), then we obtain
(A(u*),h) = / Ga- (z,u*)hdz  for all h € Wy P(Q) with u* > a,.
Q
Therefore, we have

(A(u*),h) = /Q [(u*)_7 + )\*f(x,u*)] hdz for all h € Wol’p(Q).

Hence, u* € Sy~ Cint (C§()4) and A* € L. O
In summary, we have proved that
L=(0,\"].
Next we show that we have two solutions for all A € (0, \*).

Proposition 3.8. If hypotheses H hold and 0 < A < X*, then problem (P)) has
two positive solutions ug, @ € int (C§(Q)4).



SINGULAR p-LAPLACIAN EQUATIONS WITH SUPERLINEAR PERTURBATION 15

Proof. From Proposition 3.7 we know that \* € L. So, there exists u* € S+ C
int (C&(Q)Q, see Corollary 3.2. According to Proposition 3.5 we can find uy €
Sy C int (C§(2)4) such that

u* —up € int (C5(Q)4) . (3.46)

Moreover, let ¥ € (0,A) € £ and uy € Sy C int (C§(£2)) be such that

up — uy € int (Cy(Q)4) , (3.47)
again by Proposition 3.5. From (3.46) and (3.47) it follows that
up € int [ug,u’]. (3.48)
Co ()

We consider the Carathéodory functions kj, ky:Q x R — R defined by

Jug(2) T F A f(z,ug(w))  if s <ug(),
fa(z, ) = {s” + Af(z,s) if up(z) < s (849)

and
ug ()™ + Af(z,ug(z)) if s < ug(x),
Ex(z,s) = { s77 + Af(x, s) if ug(z) < s <u*(z), (3.50)
u ()Y + Af(z,u(x))  if u*(z) <s.
We set Kx(z,s) = [ ka(z,t)dt, Ky(z,s) = I kx(z,t)dt and consider the C'-
functionals oy, : Wy *(Q2) — R defined by

1
oa(u) = EHVUHZ - /QKA(x,u)dz,

. 1 5
oa(u) = };HVqu - /QKA(x,u)dz.

From (3.49) and (3.50) it is clear that

O—A}[uﬂ,u*] =0

(3.51)

[wo,u*]’
Moreover, as in the proof of Proposition 3.1, using (3.49) and (3.50), we show that
Ko, Clug) Nint (CH(Q)4) and Kz, C [ug,ur] Nint (C5(Q)4) . (3.52)

From (3.52) we see that we may assume that Ks, = {ug}, otherwise we already
have a second positive solution for problem (P,), see (3.50) and (3.52).

From (3.50) and since uy”’ € LY (Q) we infer that 65 is coercive and from
the Sobolev embedding theorem, we know that & is sequentially weakly lower
semicontinuous. Therefore, we can find uj € WO1 P(Q) such that

G (uf) = inf [6y(u) 1 u € W&*’(Q)} . (3.53)

That means uj € K, and so ug = ug. From (3.48), (3.51) and (3.53) it follows
that ug is a local C§(£2)-minimizer of o and from [5] and [13] we know that

ug is a local WP (Q)-minimizer of oy. (3.54)
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We assume that K, is finite or otherwise, on account of (3.49) and (3.52), we
already have an infinity of positive smooth solutions for problem (P,) and so we
are done. From (3.54) we infer that there exists p € (0,1) small enough such that

oa(ug) < infox(u) : [Ju —uol| = p] = ma, (3.55)

see Aizicovici-Papageorgiou-Staicu [1, Proof of Proposition 29].
Hypothesis H(ii) implies that if u € int (C§ () ), then

oxa(tu) - —oo  ast — +oo. (3.56)

Claim: o) satisfies the C-condition.
Consider a sequence {uy }n>1 € Wy *(€) such that

loa(un)| < Mg for some M3z > 0 and for all n € N, (3.57)
(1+ |lunl]) 04 (un) = 0 in WP () as n — oo. (3.58)
From (3.58) we have
(A(un), ) — / bon (2, Y| < =2l (3.59)
0 L+ fun |

for all h € WyP(Q) with &, — 0%. We choose h = —u,, € WyP(Q) in (3.59) and
use (3.49) to obtain

||Vu;”§ < g HU;H for some cg > 0 and for all n € N.

Hence
{tn}n>1 € WyP(Q) is bounded. (3.60)
Then from (3.57) and (3.60) it follows that

||Vu:[||z — / pfﬁ(x,uz)dx < M, for some M, > 0 and for all n € N.
Q
This implies

[Vurt|? —/{ g }p [uy” + M (2, up)] w) da
Unp SUY

. p +\1=r _1—v
T~ o [(un) Uy } dxr

"pAm/‘ [FK$,U:)‘*FKx,Uﬁﬂ < My
{uﬁ<uz}
for all n € N and so
||Vux||p - L/ (u:[)li'y dz —p)\/ F(z,u})dz < Ms (3.61)
Pol=7vJq Q

for some Mz > 0 and for all n € N. Moreover, we choose h = u,; € W, ?(Q) in
(3.59) which gives

—||Vu:||z—|—/ [uy ™ + Mf(z,ug)] uf d

{UISUﬁ}

i /umx} ()7 Aol ulde < e
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for all n € N. This leads to
- ||Vu:Hz —|—/Q (ui)lf’y dz + /\/Qf(x, u utdr < Mg (3.62)
for some Mg > 0 and for all » € N. Adding (3.61) and (3.62) yields
/Qﬁ)\(x,u;'{)dm < M7 for some M7 > 0 and for all n € N. (3.63)

Applying (3.63) and reasoning as in the proof of Proposition 3.7 (see the part of
the proof after (3.33)), we show that {u;},>1 € Wy "*(Q2) is bounded and so, due
t0 (3.60), {tn}n>1 C Wy P(Q) is bounded as well.

So, we may assume that

Up S u in WyP(Q) and w, —u in L7(Q). (3.64)

Choosing h = u,, —u € Wol’p(Q)7 passing to the limit as n — oo and applying
(3.64), we obtain
nl;rr;(}(A(un),un —u) =0,
which by the (S)-property of A, see Proposition 2.2, results in u,, — u in Wol’p(Q).
Therefore, o) satisfies the C-condition and this proves the Claim.
On account of (3.55), (3.56) and the Claim, we are able to apply the mountain
pass theorem stated as Theorem 2.1 and find @& € W, "”(2) such that

@€ Ky, Clug)Nint (C5(Q)4) and my < oy (4), (3.65)

see (3.52). From (3.49), (3.55) and (3.65) we conclude that @ € Sx C int (C§(Q)4)
and % # wug. This finishes the proof. O

Summarizing the situation for the positive solution of problem (P)) as the pa-
rameter A > 0 varies, we can state the following bifurcation-type theorem.

Theorem 3.9. If hypotheses H hold, then there exist \* > 0 such that the following
is satisfied:
(a) problem (P)) has at least two positive solutions uo,t € int (C§(Q)4) for
all X € (0, \); B
(b) problem (P)) has at least one positive solution u* € int (C§(Q)) for A =
A*;
(c) problem (Py) has no positive solution for all A > \*.

4. MINIMAL POSITIVE SOLUTIONS

In this section we show that problem (P,) has a smallest positive solution
u € int (C}(Q)4) for every A € £ = (0,A*] and we prove the monotonicity and
continuity properties of the map A — .

From Filippakis-Papageorgiou [2] we know that the solution set Sy is downward
directed for every A € £ = (0, \*], that is, if u1,us € Sy, then there exists u € Sy
such that v < u; and v < wus.

Proposition 4.1. If hypotheses H hold and A € L = (0, \*], then problem (P,) has
a smallest positive solution Ty € Sy C int (C’é (Q)Jr), that is, Uy < u for allu € S.
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Proof. Invoking Lemma 3.10 of Hu-Papageorgiou [8, p.178] we know that there
exists a decreasing sequence {un}n>1 C Sy such that inf Sy = inf,>q u,. Recall
that Sy is downward directed.

Claim: @ < u,, for all n € N (see the proof of Proposition 3.1)

Fix n € N and let ¥ € (0,A) C £. According to Proposition 3.5 there exists
uy € Sy C int (C§(Q)4) such that u, — uy € int (C§(Q);). We introduce the
Carathéodory function e, : Q x R — R defined by

ug(x)™7 if s < ug(x),
en(z,8) =< 577 if ug(z) < s < up(x), (4.1)

Un(z)™7 if uy(z) < s.

We set E,(x,s) = f; en(z,t)dt and consider the C'-functional =, : Wy *(2) — R
defined by

1
(1) = 2|V |2~ / Ey (2, u)da.
p Q

From (4.1) it is clear that -, is coercive and the Sobolev embedding theorem
implies that -, is sequentially weakly lower semicontinuous. Therefore, we find
iy € Wy () such that

v (@) = inf [%(u) Tu€ Wol’p(ﬂ)} .
In particular, we have 7/, (tp) = 0 which says that

(A (@), h) = /Q en (,10) hdz  for all h € W, P (Q). (4.2)

We choose h = (ug — o) " € WyP(Q) in (4.2). Then, applying (4.1), the nonnega-
tivity of f and the fact that uy € Sy gives

(4G (o= 0" = [ 057 (wy =) da
< /Q [ug'y +39f (I,Ug)] (uy — ﬁo)+ dx

= <A(U19)a (up — ﬂo)+> :

Proposition 2.2 then implies uy < @p. In the same way, choosing h = (g — un)Jr IS
Wol’p(Q) in (4.2) and applying again (4.1), f > 0 and u,, € Sy results in

(A(@0) 0 = u)) = [ 7 (0 — )"
Q
< / [u;” + )\f(x,un)] (o — un)Jr dx
Q
- <A(un), (o — un)+> .
As before, by Proposition 2.2, we obtain 4y < u,. So, we have proved that

Uo € [y, Unp]. (4.3)

From (4.1) and (4.3) it follows that g is a positive solution of the auxiliary problem
(3.1). Therefore, @iy = @ which implies @ < w,, for all n € N. This proves the Claim.
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We have
(A(up), h) = /Q [un” + Mf (2, up)| hda (4.4)
for all h € W, *(Q) and for all n € N. Since 0 < u,, < u; for all n > 1, from (4.4)
with h = u,, € W, ?(Q) and using hypothesis H(iv), we infer that
{tn}n>1 € WyP(Q) is bounded.
So, we may assume that
U, Sy in WyP(Q) and w, — Ty in LP(Q). (4.5)
Moreover, we can say that
un ()Y = uy(z)”? for a.a.x € Q.
From the Claim we know that
0 <up(zx)? <a(x)”? foraa.xze

Since u(-)~7 € ¥ (), see the proof of Proposition 3.1, from Gasiriski-Papageorgiou
[4, Problem 1.19, p. 38], we have

u,” B aY in LY (Q). (4.6)

Therefore, if we choose h = u,, — 7y € W, () in (4.4), pass to the limit as n — oo
and use (4.5) as well as (4.6), then

nlgr;(}(A(un), Up — Ty) = 0,
which again by Proposition 2.2 leads to
U, — Uy in WyP(Q). (4.7)

So, if we pass to the limit in (4.4) as n — oo and use (4.5), (4.6), (4.7), we obtain
(A (@), h) = / @7 + A (z,33)] hdz  for all h € WEP(Q).
Q

From the Claim it follows that @ < w). Therefore we conclude that
Uy €S\ Cint (C5(Q)4) and 7wy = inf S).
O

In the next proposition we examine the map A — %y from £ = (0, \*] into CZ(9)
and determine the monotonicity and continuity properties of this map.

Proposition 4.2. If hypotheses H hold, then the map X — @y from L = (0, \*]
into C3(Q) is
(a) strictly increasing, that is,
0<9 <A< implies Uy —Ty € int (CH(Q)1);

(b) left continuous.
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Proof. (a) From Proposition 3.5 we know that there exists ug € Sy C int (C3(Q)+)
such that uy — uy € int (C§(Q)+) and so, since Uy < uy, it follows Uy — Uy €
int (C(} (§)+) So, the map A\ — @, is strictly increasing.

(b) Suppose that {A,, A}n>1 C £ = (0, A*] and assume that A, — A~. We set
Up =Ty, € Sy, Cint (C§(Q)4) for all n € N. We have

(A(uy,),h) = /Q [T, + A\ f (z,0n)] hdz (4.8)

for all h € Wol’p(Q) and for all n € N. Moreover, by Proposition 4.1,

On account of (4.9) and by the choice h = @, € WyP(Q) in (4.8), we infer that
{tn}n>1 C Wol’p(Q) is bounded. We have

—ApTUy, =7, + M f(x,up) in Q,
Uy =0 on 0f,

for all n € N. From (4.9) we see that
0<mu,” <u;” € L*(Q) with s > N and for all n € N,
see also H(i). Similarly, (4.9) and hypothesis H(i) imply that
{f ()}, € L(2) is bounded.
Then Proposition 1.3 of Guedda-Véron [7] implies that
|[tn|l, < Mg for some Mg > 0 and for all n € N.

From this as in the proof of Proposition 3.1 and using Theorem 2.1 of Lieberman
[10], there exist a € (0,1) and My > 0 such that

T, € Cy*(Q) and ||Hn||cé,a(ﬁ) < My forallneN. (4.10)

Then, (4.10), the compact embedding of Cy**(Q) into C&(Q2) and the monotonicity
of the sequence {@, },>1 imply that

Tp — Gy in CF(Q).

We claim that @) = wy,. If this is not the case, we can find zg € Q such that
Tz (20) < @x(20) which implies uy(20) < Un(20) for all n > ng. But this contradicts
(a). Therefore, @y = Uy and so A — @), is left continuous. O

Summarizing the situation concerning the minimal positive solution of problem
(Py), we can state the following theorem.

Theorem 4.3. If hypotheses H hold and A € L = (0, \*], then problem (P) has a
smallest positive solution Uy € int (C§()4) and the map X — Uy from L = (0, \*]
into C} (%) is
o strictly increasing, that is, 0 < 9 < A < \* implies Uy —uy € int (C’é (§)+) ;
e [eft continuous.
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