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ABSTRACT. In this paper, we study an inverse problem of estimating three discontinuous parameters
in a double phase implicit obstacle problem with multivalued terms and mixed boundary conditions
which is formulated by a regularized optimal control problem. Under very general assumptions, we
introduce a multivalued function called a parameter-to-solution map which admits weakly compact
values. Then, by employing the Aubin-Cellina convergence theorem and the theory of nonsmooth
analysis, we prove that the parameter-to-solution map is bounded and continuous in the sense of
Kuratowski. Finally, a generalized regularization framework for the inverse problem is developed and
a new existence theorem is provided.

1. INTRODUCTION
Assume that @ € RY (with N > 2) is a bounded domain such that its boundary I' := 9Q is
Lipschitz which is separated into four mutually disjoint parts I'y, 'y, I's, and T'y. Set
BV(Q) := {¢ € L'(Q) : TV(¢) < 400},

where TV: D(TV) C L'(Q) — [0, +00) is defined by

TV(() :=  sup {/ C(x)dive(z)dr : |p(z)| < 1 for all z € Q} for all ¢ € BV(2).
pecr(@rN) Lo

Given constants 1 <p < N, p< ¢, 1< <p* and 1 < d2 < p, (here p* and p, are given in (2.1),
see below), three nonempty sets ¥ C BV(Q) N L>(Q), A € L% (Q) and B C L%(I'y) with é +4 =1
1
and é + (%, = 1, in the present, we are interested in the investigation of the nonlinear inverse problem
2
as follows:

Problem 1.1. Find w* € ¥ and (a*, *) € A x B such that

f 7 =Jw"a", B 1.1
weSn andl(na,B)EAxB (w, e, B) (W", ", %), (1.1)

where the cost functional J: 3 x A x B — R is given by

J(w,a,8) = min C(u) +£TV(a)+ 7G(c, 5), (1.2)
uweEA(w,a,B)
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A(w, a, B) stands for the solution set in the weak sense of the following double phase implicit obstacle
problem with respect to w € L () NBV(Q) and (o, ) € A x B:

—div (w(z)|VuP?Vu + p(z)|Vu|! > Vu) + g(z,u) + p(z)|u|f*u € Ui (z,u) + a(z) in Q,

u = O on Fla
ou
% = 5($) on FQ,
ou (1.3)
s € Us(z,u) on I's,
ou
“an. € 0c¢(x,u) on I'y,
L(u) < H(u),
where p1: Q — [0,00) is a bounded function,
STU = (w(2)|VulP 2 Vu + p(z)|Vu|?T*Vu) - v,

with v being the outward unit normal vector on T, 0.¢ is the convex subdifferential operator of convex
function s — ¢(x,s), 7 > 0 and k > 0 are two given regqularized parameters. Here, nonlinear functions
C:WhH(Q) - R, G:AxB = R, L: WhH(Q) = R, H: WhH(Q) = R, g: QxR — R, and
set-valued operators Up: @ x R — 2R and Us: T's x R — 2R will be specialized in Section 2.

Under very general assumptions, we introduce a multivalued function called a parameter-to-solution
map which admits weakly compact values. Then, by using the Aubin-Cellina convergence theorem
and the theory of nonsmooth analysis, we prove that the parameter-to-solution map is bounded and
continuous in the sense of Kuratowski. Finally, a generalized regularization framework for the inverse
problem is developed and a new existence theorem is provided, see Section 3.

Inverse problems of parameter identification in partial differential equations is an important area in
mathematics, motivated by several applications in form of equations and inequalities. In this direction
we mention the work of Migdrski-Khan-Zeng [34] who treated the inverse problem of mixed quasi-
variational inequalities in the general form

(T'(a,u),v—u) +ov) —p(u) > (m,v—u) forallve K(u),

where K: C' — 2¢ is a set-valued map, T: B x V — V* is a nonlinear map, ¢: V — RU {+o0} is a
functional and m € V*, while V is a real reflexive Banach space, B is another Banach space and C'is a
nonempty, closed, convex subset of V. Such results are very useful and can be applied to different kind
of problems, for example for p-Laplace equations in terms of hemivariational inequalities, see also [33].
Other results can be found in the papers of Clason-Khan-Sama-Tammer [14] for noncoercive variational
problems, Gwinner [20] for variational inequalities of second kind, Gwinner-Jadamba-Khan-Sama [21]
for an optimization setting, Migérski-Ochal [35] for nonlinear parabolic problems and Papageorgiou-
Vetro [141] for existence and relaxation theorems for different types of problems. For more details on
this topics the reader is welcome to consult [1, 2, 3, 4, 6, 9, 22, 23, 27] and the references therein.

The nonlinear and nonhomogeneous differential operator involved in (1.3) is the following weighted
double phase operator

div (a(2)|Vul[P"2Vu + p(z)|Vu|?2Vu)  for ue WHH(Q). (1.4)
Such differential operator has been studied by Liu-Dai [29] when a takes a positive constant. More
particularly, if @ = 1, then it is not hard to verify that the integral form of (1.4) is defined by
/ (IVul? + p()|Val?) da. (1.5)
Q

It should be mentioned that the initial motivation for studying the energy functional (1.5) is to apply
the unbalance growth formulation for explaining various natural phenomena and describing models
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from mechanics, physics and engineering sciences which have strongly anisotropic structures (for in-
stance, anisotropic materials), see Zhikov [52, 53, 54]. After that double phase differential/integral
operators (1.4) and (1.5) have been widely applied to study of duality theory and of the Lavrentiev
phenomenon in the last years. We refer to the papers of Baroni-Colombo-Mingione [7, 8], Byun-Oh
[10], Colombo-Mingione [15, 16], Marcellini [31, 32], Mingione-Radulescu [37]. and Ragusa-Tachikawa
[46], see also the references therein.

Another interesting phenomenon of Problem 1.1 and in particular, of (1.3), is the occurrence of
multivalued functions in a very general setting which are motivated by several physical applications.

We refer to the books of Facchinei-Pang [18], Hu-Papageorgiou [24, 25], Carl-Le [11], Carl-Le-Motreanu
[12] and Panagiotopoulos [38, 39] for model problems in mechanics and physics. For existence results
for multivalued problems using different tools we refer to the works of Pang [10], Carl-Le-Winkert
[13], Pang-Stewart [41, 42], Iannizzotto-Papageorgiou [20], Liu-Zeng-Motreanu [30], Papageorgiou-

Rédulescu-Repovs [13] and Zeng-Bai-Gasiriski-Winkert [48, 419, 50].

The remainder of the paper is organized as follows. Section 2 is devoted to recall some preliminary
materials which will be used in Section 3 and to impose the detailed assumptions on the data of the
double phase implicit obstacle problem (1.3). Section 3 states and proves the main results of our paper,
see Theorem 3.1, and points out some special cases, see Corollaries 3.3 and 3.4.

2. MATHEMATICAL PRELIMINARIES AND HYPOTHESES

The content of this section is twofold. The first part of this section is to recall some basic definitions
and preliminaries which contain Musielak-Orlicz Lebesgue and Musielak-Orlicz Sobolev spaces as well
as some necessary results in nonsmooth analysis. In the second part, we will impose the general
assumptions on the data of the double phase implicit obstacle problem (1.3) and we recall an existence
theorem for weak solutions of problem (1.3).

2.1. Preliminaries. Under the assumptions of Section 1, in what follows, for any r € [1,00) and
0 #1II C Q, by L™(II) :== L"(ILR) and || - ||».11, we denote the usual Lebesgue space and its standard
r-norm. Set L"(II)y := {u € L"(II) : u(x) > 0for a.a.z € I}, and define W17 (Q) = {u €
L7(Q) | Vu € L™(;RY)} and

ullir0 = lullra + || VUl for all u € WHT(Q).

Let s > 1, we denote by s’ > 1 to satisfy % + 5 = 1. Also, we adopt the symbols s* and s, to stand
for the critical exponents of s in the domain and on the boundary, respectively,

Ns : (N—-1)s :

f N f N

sF = N=s ?s< " and s, =¢ N-® ?S< ’ (2.1)
400 if s> N, +00 if s > N.

Consider the r-Laplacian eigenvalue problem with Steklov boundary condition formulated by

—Ayu=—|u|""%u in Q,
Ly Ly (2.2)
[Vu|""*Vu-v=Au|"""u on T,
for 1 <7 < oco. From Lé [25] we know that (2.2) has a smallest eigenvalue A7, > 0 which is isolated
and simple. Moreover, it can be written as
Vullr q + |lull;.
6o g ITuEatiizg 0

= 1
weW L (Q)\{0} [[wllyp

Next, we formulate the conditions on the exponents p,q and the weight function p. In the entire
paper we assume the following conditions:

1<p<N, p<qg<p® and 0<pu(-)eL>Q). (2.4)

Let us consider the following nonlinear and nonhomogeneous function #: Q x [0, 00) — [0, c0) defined
by

H(x,t) =P + p(x)t? for all (z,t) € Q x [0, 00).
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In the sequel, the Musielak-Orlicz Lebesgue space L7 (Q) described by the nonlinear function # is
defined by
LM (Q) = {u: Q — R is measurable : py(u) < +oo},

where the modular function py(-) is given by

/7—[ Jul) dx—/ﬂ(|u|p+u(x)\u|q)dx

The space L™ (Q) endowed with the Luxemburg norm
Julln = lnf{r >0 py ( ) < 1}

becomes a reflexive Banach space since it is uniformly convex. We also need the following seminormed
space L () driven by the weight function p: Q — [0, 4+00) given by

Li(Q) = {u: 2 — R is measurable : / pw(z)|ul?dz < +oo}
Q

endowed with the following seminorm

= ([ olurac) 3

In this paper, we use the function space
Vi={ueW""(Q) :u=00nT},

which is a closed subspace V of W1 #(Q), where W1 () is the Musielak-Orlicz Sobolev space defined
by

[Ju

W) = {ue 1%Q) : [Vul € LH(@)}.
It is well-known that W1 *(Q) equipped with the norm

[l = [Vulla + [[ull

with ||Vully = || [Vu| ||% is a reflexive Banach space. This means that V' endowed the norm ||ully =
lu||1,% for all w € V' becomes a reflexive Banach space as well.
Let us recall some embedding results for the spaces L*(Q) and W1 (Q), see Liu-Dai [29] and

Gasinski-Winkert [19].

Proposition 2.1. Assume that (2.4) hold and let p*, p. be the critical exponents to p as given in (2.1)
for s =p. Then we have

(i) L*(Q) — L"() and WLH(Q) — WLT(Q) are continuous for all r € [1,p|;

(i) WEH(Q) — L"(Q) is continuous for all v € [1,p*] and compact for all v € [1,p*);

(iii) WHH(Q) < L"(T) is continuous for all v € [1,p.] and compact for all v € [1,p.);

(iv) L*(Q) — LL(Q) is continuous;

(v) L1(2) — LH(Q) is continuous.

It is obvious to see that the embeddings (ii) and (iii) of Proposition 2.1 still hold, when we replace
the space WH(Q) by V

Besides, we recall the following proposition which reveals the essential relationship between the
norm || - |3 and the modular function py: L*(Q) — [0,+00). Its detailed proof can be found in
Liu-Dai[29] or Crespo-Blanco-Gasinski-Harjulehto-Winkert [17].

Proposition 2.2. Assume that (2.4) hold. For any y € L*(Q), we have the following assertions:
() if y #0, then [yl = A if and only if p (¥) = 1;

(ii) ||yllge <1 (resp. > 1 and = 1) if and only if px(y) < 1 (resp. > 1 and =1);

(ifl) if llyllee <1, then [lyll3, < pa(y) < llyll5;

(iv) if lylln > 1, then [lyll3, < pr(y) < llyll3;
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(V) llyllw — 0 if and only if py(y) — O;
(vi) |yl — +oo if and only if pu(y) — +oo.

Given a function w: 2 — (0, +00) such that
weL®(Q) and inf w(z) >0, (2.5)

zeQ

we consider the nonlinear operator A: V' — V* defined by

(A(u),v) ::/ (w(@)|VulP2Vu + p(2)|Vu|??Vu) - Vode
@ (2.6)

ulP~2u z) |9 %uw)v dz

+ [ P2t @)oo da,

for u,v € V where (-,-) stands for the duality pairing between V and its dual space V*. The follow-
ing proposition delivers the main properties of the operator A: V. — V*. We refer to Liu-Dai [29,
Proposition 3.1] for its proof.

Proposition 2.3. Assume that (2.4) and (2.5) hold. Then, the operator A defined by (2.6) is bounded
(maps bounded sets of V' into bounded sets of V*), continuous, monotone (hence mazimal monotone)
and of type (S4), that is,

Up —= u inV  and limsup(Au,,u, —u) <0,
n—oo
mmply wy, = u in'V.

In the sequel, we use the symbols “ —— ” and “—” to represent the weak and the strong convergences,
respectively, in various spaces. We call a function j: E — R locally Lipschitz at = € E if there is a
neighborhood O(x) of = and a constant L, > 0 such that

i(y) =i (2)| < Lally — 2|z for all y,z € O(x).
We denote by
. \) — i
7(2:y) = limsup iz +y) J(Z),
z—x, A0 A

the generalized directional derivative of j at the point z in the direction y and 9j: E — 2" given by
0j(x) :={E € E" : j°x;y) > &, y)p~xp forallye E} forallz e F

is the generalized gradient of j at x in the sense of Clarke.

The next proposition summarizes the main properties of generalized gradients and generalized direc-
tional derivatives of a locally Lipschitz function. We refer to Migérski-Ochal-Sofonea [36, Proposition
3.23] for its proof.

Proposition 2.4. Let j: E — R be locally Lipschitz with Lipschitz constant L, > 0 at x € E. Then
we have the following:

(i) The function y — j°(z;y) is positively homogeneous, subadditive, and satisfies
17°(@:y)| < Lellylle for ally € E;

(ii) The function (z,y) — j°(z;y) is upper semicontinuous;

(iii) For eachx € E, 9j(x) is a nonempty, convez, and weak™ compact subset of E* with ||&||g+ < Ly
for all £ € 9j(x);

() (@) = max {{&, ) s xp | € € Dj(2)} for all y € E;

(v) The multivalued function E > x — 0j(x) C E* is upper semicontinuous from E into the
subsets of E* with weak™ topology.

Finally, let us recall the definition of Kuratowski limits, see, for example, Papageorgiou-Winkert
[45, Definition 6.7.4].
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Definition 2.5. Let (X,7) be a Hausdorff topological space and let {A, }nen C 2% be a sequence of
sets. We define the sequential T-Kuratowski lower limit of the sets A, by

7-liminf A, ::{xeX cx=7-lim x,, x, € A, for all nZl},

n—o0 n—oo

and the sequential T-Kuratowski upper limit of the sets A,

T-limsup A, ::{xeX : x:T-klim Tny> Tng eAnk,n1<n2<...<nk<...}.
—00

n—oQ
If

A =r7-liminf A, = 7-limsup 4,
n—oo n—00

then A is called sequential T-Kuratowski limit of the sets A,,.

2.2. Functional framework and existence theorem to problem (1.3). In order to present an
existence theorem for problem (1.3), we first impose the following hypotheses on the data of problem
(1.3).
H(g): The function g: Q@ x R — R is such that the following conditions hold:
(i) the function = — g(z, s) is measurable for all s € R;
(ii) the function s — g(x,s) is continuous for a.a.z € €;
(iii) there exist a; > 0 and by € L'(€2) such that

g(x,s)s > ag|5|§ - bg(x)7

for all s € R and for a.a.x € €, where p < ¢ < p*;
(iv) for any u,v € LP" (), the function = — g(z,u(x))v(x) belongs to L'(£);
(v) the function s — g(z, s) is nondecreasing for a.a.x € Q, i.e.,

(9(x,51) — g(x,52))(s1 — 82) > 0
for all s1,s5 € R and for a.a.z € Q.
H(U;): The multivalued mapping Uy : 2 x R — 2% is such that the following conditions hold:
(i) for s € R and = € §, the set Uj(x, s) is nonempty, bounded, closed and convex in R;
(ii) the multivalued mapping x +— Uj(z, s) is measurable in 2 for all s € R;

)
(iii) the multivalued mapping s — U;(z, s) is upper semicontinuous for a.a.x € €;
(iv) there exist ay, € L (Q)4 and by, > 0 such that

‘77| < ay, (58) + bU1|8|p713

for all n € Uy(z,s), for all s € R and for a.a.z € Q.
H(Uy): Uy: I's x R — 2F satisfies the following conditions:
(i) Ua(z,s) is a nonempty, bounded, closed and convex set in R for a.a.z € I's and for all
s eR;
(ii) x — Us(x,s) is measurable on I's for all s € R;
(iii) s+ Ua(z,s) is u.s.c. for a.a.x € I's;
(iv) there exist ag, € L (I's)4 and by, > 0 such that

|£| < ay, (CL’) + bU2|S|pi1

for all £ € Us(x,s) for a.a.x € I's and for all s € R.

H(¢): ¢: T'y x R — R satisfies the following conditions:
(i) @~ ¢(x,7) is measurable on 'y for all r € R such that z — ¢(x,0) belongs to L(T4);
(ii) for a.a.xz € Ty, r — ¢(z, ) is convex and l.s.c.;
(iii) for each function u € LP(T'y) the function z — ¢(z,u(x)) belongs to L'(Ty).

H(0): w e L>®() is such that inf,cqw(z) > ¢ > 0 and (o, 5) € A x B.
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H(1): The inequality
-1
es —by, (AT,) >0
holds, where )\fyp is the first eigenvalue of the p-Laplacian with Steklov boundary condition,
see (2.2) and (2.3).
H(L): L: V — R is positively homogeneous and subadditive such that
L(u) <limsup L(uy,),

n—oo

whenever {u, }neny C V is such that w, s win V for some u € V.

H(H): H: V — (0,4+00) is weakly continuous, that is, for any sequence {un,}neny C V such that
Up —= u for some u € V, we have

H(up) — H(u).
Let us introduce a multivalued mapping K: V — 2V defined by
K(u):={veV :L(v) < H(u)} (2.7)

for all w € V. Under the hypotheses H(L) and H(H ), we have the following lemma which was proved
by Zeng-Radulescu-Winkert [51].

Lemma 2.6. Let H: V — (0,4+00) and L: V — R be two functions such that H(L) and H(H) are
satisfied. Then, the following statements hold:

(i) for each w €V, K(u) is closed and convex in V such that 0 € K(u);
(ii) the graph Gr(K) of K is sequentially closed in V,, X V,,, that is, K is sequentially closed from
V' with the weak topology into the subsets of V' with the weak topology;
(iil) if {un}nen CV is a sequence such that

Up — u inV as n— oo
for some uw € V, then for each v € K(u) there exists a sequence {vy}nen CV such that
vp € K(up) and v, wv inV as n— oo.
Moreover, we state the definition of a solution in the weak sense to problem (1.3) as follows.

Definition 2.7. A function v € V is said to be a weak solution of problem (1.3), if there exist
functions n € L*(Q) and &€ € LY(T'3) with n(z) € Uy (x,u(z)) for a. a.x € Q and &(z) € Us(z,u(x)) for
a.a.x € I's such that u € K(u) and the inequality

/ (w(2)|VulP~*Vu + pu(z)|Vu|??Vu) - V(v — u) da + / g(z,u)(v —u)dx
o Q

+ / () u|?2u(v — u) dz + ¢(x,v)dl’ — ¢(x,u)dl
Q Iy

Iy
> /(U($)+a($))(v—u)d$+ Bx)(v—u)dl'+ [ &(z)(v—u)dl
Q T2 I's

is satisfied for all v € K (u), where the multivalued mapping K is defined by (2.7).

We end this section to deliver a generalized existence theorem of weak solutions to problem (1.3)
which can be proved via applying the same arguments as in the proof of Theorem 3.9 of Zeng-Radulescu-
Winkert [51].

Theorem 2.8. Assume that (2.4), H({Uy), H(g), H(¢), H(Uz), H(L), H(H), H(0) and H(1) are
fulfilled. Then, the solution set of problem (1.3) corresponding to (w,a, ) € ¥ x A x B, denoted by
A(w, a, B), is nonempty and weakly compact in V.
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3. MAIN RESULTS

This section is devoted to develop a generalized framework to study the inverse problem given in
Problem 1.1. More precisely, we are going to establish a generalized theorem to identify the discontin-
uous parameters w € ¥ and o € A in the domain as well as the discontinuous boundary datum 8 € B
for the double phase implicit elliptic obstacle problem given in (1.3).

We suppose the following assumptions to Problem 1.1.

H(2): & Cc BV(Q)NL>(Q), A C L% (Q) and B C L%(I'y) are nonempty, closed and convex sets such
that

Y:={weBV(Q) : 0< ey <w(z) <dyg fora.a.z € Q}

for some 0 < ¢x < dx.
H(C): C:V — R is a weakly l.s.c. and bounded from below function, i.e.,

liminf C(u,) > C(u) and C(v) > Mg forallveV,
n—oo

whenever {u,}neny C V and u € V' are such that u, s win V for some Mg € R.
H(G): G: Ax B — R is bounded from below such that
(i) G is coercive, that is,
Gla,B) = 400 as [[alls;,o + IBllsy,r, — 4003

(ii) G is weakly lower semicontinuous.

The existence theorem to the regularized optimal control problem given in Problem 1.1 is stated as
follows

Theorem 3.1. Assume that all conditions of Theorem 2.8 are satisfied. If, in addition, H(2), H(C)
and H(G) are satisfied, then the solution set of Problem 1.1 is nonempty and weakly compact.

Proof. The proof of this theorem is divided into five steps.

Step 1: The functional J defined in (1.2) is well-defined.

It is sufficient to show that for each fixed (w,a, ) € ¥ x A x B, there is at least one function
u* € Alw, a, B) such that the following equality holds

inf  C(u) =C(u"). 3.1
et (u) = C(u) (3.1)
Recall that C' is bounded from below. Thus there exists a minimizing sequence {u, }nen C Alw, o, B)
to the optimal problem inf,cn (a8 C(u), that is,
inf C(u) = lim C(uy).
el €0 = Jim, Ol
Keeping in mind that A(w, «, ) is weakly compact (see Theorem 2.8), we are able to select a subse-
quence of {u,}nen, not relabeled, such that u, — w* in V for some u* € A(w,a,3). From the
weakly lower semicontinuity of C' (see hypothesis H(C)) it follows that
inf  C(u) =liminf C(u,) > C(u*) > inf C(u).
ueA(w,a,B) n— oo weA(w,,B)

This indicates that for every (w,a,8) € ¥ x A x B there exists a function u* € A(w, «, 8) such that
equality (3.1) is valid. Hence J is well-defined.

Step 2: A maps bounded sets of ¥ x A x B to bounded sets of V.

Let (w,o,8) € ¥ x A X B and u € A(w, o, §) be arbitrary. From hypotheses H(g), H(¢), H(U;),
H(U3), the definition of ¥ and the fact that 0 € K (u), we have

O2/w(x)|Vu|p—|—,u(m)|Vu|qu+/g(x,u)udac—i—/M($)|u|qu— ¢(x,0)dl’
Q o Q

Iy

+ [ o(x,u)dl — /Q(n(x) + a(x))udz _/1“ B(x)udl — N ¢(z)udl

Iy
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> ea|[Vullp o + [IVu

o Nl [ gl = byfe)de — [ v, @)l + bl dr
- / avy (@)lu] + bu, ul? T — / 6(x,0)dr = cyllully = dy = mo (lallsy.0 + 18l5,r,) llullv
3 4
-1
> (ea—buy () ) IVullg + IVulld, + aglulls g + lullg . = lbgle = | é(w,0)dr

Iy
fully = (bu, +bus (A5,) ) lullh o — do

= copllully = do (llevy lpr,o + llevs, lpr,rs)
—mo (lalls;.o + [1B8lls,r,) lullv

> My (IVullh g + IVl

o+ llullp o + [l

a
1) + Gl = Iylho —m — | o(a,0)r
4

— do (v I + llevalyx) ullv = collully = do = mo (llalls, 0 + 18l5,r.) el
= Mo (pu(Vu) + pu(u)) + %’IIHHE,Q = lIbgll1.2 = do ([lcv, 2 + e llprs) ullvy —ma
s ¢(x,0)dL — cyllully — dg —mo ([lalls; o + [1Blls.r,) llullv
> Mo win {[[ullf, [|u]§,} + %QHUIIE,Q — lIbgllr. = do (llev, llpr .2 + llcvs [lp.0s) l[ullv —ma
~ ¢(2,0)dl — cgllully — dg —mo ([lellsr 0 + 18]lsy.r,) lullv
for some mg, m1,dy > 0, where we have used Young’s inequality, Proposition 2.2, the convexity of

Vour d(xz,u)dl € R,
Ty

and cg,dg, My > 0 are such that

~ . -1
My := min {CA — by, ()\fp) ,1} and g ¢(z,v)dl > —cyljv]ly —dy for allve V.
4

From the estimates above and 1 < p, it is not difficult to see that A maps bounded sets of ¥ x A x B
to bounded sets of V.
Step 3: If {(wn, n, Bn) Inen C X x A x B is a sequence such that {wy, }nen is bounded in BV(),

Wy — win LYQ), o, % ain A and 8, —= B in B for some (w,a, ) € L'(Q) x A x B, then we
have w € ¥ and

0 7é wflimsupA(wm an76n) = thmsup A(wna anaﬂn) - A(wv O‘aﬂ)' (32)

n— oo n—oo

From the definition of ¥ we directly have that w € X. Making use of Step 2, we conclude that
U,>1 Awn, an, Br) is bounded in V. The latter combined with the reflexivity of V' implies that
the set w—limsup,, . A(Wn, @, Bn) is nonempty. Let u € w—limsup,, . A(Wn, @, Bn) be arbitrary.
Passing to a subsequence if necessary, we are able to find a sequence {uy}neny C V such that

Up € Mwn, 0, Bn) and  u, — u in V.

Therefore, for every n € N, there exist functions 5, € L9 (Q) and &, € L%(I'y) such that

/ (wn (2)| Vg [PV, + p(2)| Vg |T?Vu,) - V(v — u,) dz + / () [t | T 2 (v — uy) da
Q Q

+ / gz, un)(v —up)de + [ o(z,v)dl' — | é(z,u,)dl (3.3)
Q

T4 i

> /(nn(:v) +an (@) (v —un)dr+ [ Bu(z)(v—up)dl + [ &u(2)(v — up)dl
Q T2 I's
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for all v € K(u,). By the weak closedness of the graph of K (see Lemma 2.6), u,, € K(uy) and the
convergence u, —s uinV, we get u € K (u). Applying again Lemma 2.6, we are able to find a

sequence {vy, }neny C V such that v, € K(u,) for each n € N and v, — u in V. Inserting v = u, in
(3.3) yields

/ (wn ()| Vun P2V, + ()| V|7 Vu,) - V(v, — uy,) dz + / () [t | T 2 (0, — ) da
Q Q

+ / g(x,un)(vn —un)de + [ @(z,v,)dl — | é(x,uy,)dl (3.4)
Q Iy Ty

> / (1 () + an(2))(vn — up) dz + B (@) (vn — up) dl' + En(@)(vn — up)dl
Q I s

From hypotheses H(U;)(iv) and H(Us)(iv), it is not difficult to prove that the sequences {1 }nen
and {&, }nen are bounded in L? () and L¥'(T's), respectively. Keeping in mind that the embedding
of V to LY(Q) is compact for all 1 < v < p* and the convexity, lower semicontinuity of V' 3 u
Jo #(z,u)dI’ € R (see hypotheses H(¢), i.e., V 3 u fF4 ¢(x,u)dl’ € R is continuous and weakly
l.s.c.), we have

lim [ p(2)|un] 2w (un — v,) do = 0,
n—oo Q

. . p—2 . _
nh_)rrgo Q(g(:137un) || un) (vp, — up)dz =0,

lm [ (na(z) + an(x))(vn — uy) dz = 0,

n—oo 0

lim Br(x)(vy, — up)dl = 0,

n—roo T

lim &n(z)(vy — up)dl =0,

n—oo

I's
lim inf / 6(2,0) — By un) AT < [ éar,u) — ¢lar, ) dT = 0,
T4 Ty

n—oo

where we have also used the compactness of V< LY(T") for all 1 < v < p,. Passing to the upper limit
as n — oo and using (3.5) gives

n—oo

lim sup (/ (wn (@) | Vun [PV, + w(2)|Vug | *Vuy,) - V(u, — vy) da
@ (3.6)

+/ (Jun [P up + p(@)|un |9 2un) (wn — vn) dx) <0.
Q

Next, we are going to prove that Vu, — Vu in LP($; RY). Because {u, }nen and {v, }nen are both
bounded in V. So, without loss of generality, we may assume that there exists a constant msy > 0 such
that

2—-p

(IVunlit, + 1V0al0) 7 > ma, (3.7)
Indeed, if there exists a subsequence of {||Vuy|g, ,+[|Vvn |} o }nen, not relabeled, such that it converges

to 0, then from the convergences v, — u, u, — wu in V and the continuity of the embedding of V to
WLP(Q) we obtain Vu, — Vu =0 in LP(Q;R"Y). In this case we would be done. So, we can assume
that (3.7) is fulfilled. By Simon [17, formula (2.2)] we have the well-known inequalities

Mylé —nlP < (|EP26—n|P™2n) - (€ —n), ifp>2, (3.8)
Myle = nf? < (€726 = n[P=2n) - (€ —m) (IEP + ") 7", if1<p<2, (3.9)
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for all £, n € RN with some constants M,,, M, > 0 independent of £, n € RY.

Let us distinguish the following cases: 1 < p < 2 and p > 2. Assuming p > 2, it follows from (3.8)
that

/ wr () (|Vun|p_2Vun — |an|p_2VUn) -V (up — vy) dz > ea M|V (uy — vn)H;Q.
Q
If 1 < p < 2, let us consider the sets

Q,={z€: Vu, #0}U{z € Q : Vu, # 0},

Y,={zxeQ: Vv, =Vu, =0}.

Then we have Q = Q, U, and 2,,NY,, = (. Invoking the absolute continuity of the Lebesgue integral
we get

/ wn () [V, [P~2Vu, — [V, |P2Voy,) - V(u, —v,) dz = 0.

n

This means that

/ wp () (|Vun|p*2Vun - |an|p*2an) -V(up —vy,)de

Q

= / wn () (|Vun|p_2Vun — \an|p_2an) -V(up —vy,)de
QVL

+/ wn () (|Vun\p*2Vun — \an|p*2an) - V(up —vy,)de
b

= / wn () (|Vun|p*2Vun - \an|p*2an) -V (up —vy,) da.
Qn

Making use of (3.9) implies

/ wn () (|Vun\p_2Vun — |an|p_2an) - V(uy —v,) de
Q
P ») 5"
= / wn () (|Vun|p_2Vun — |an|p_2an) -V (up — vp) ([Vun]? + [Von| )ﬂ dx
Q. (IVun [P + Vo, |P) 7 (3.10)

p—

> Mp/ wn (@) [Vt — Vul? ([Vunl? + [Voa|[P) 7 da
Q,

p—2

> cAMP/ Vit — Von 2 ([Vaun|? + [Von[?)5 da.
Qn
Recall that 1 < p < 2, so % > 1. Using this and Holder’s inequality we obtain

/\Vun—anV’ dx:/ |V, — Voo | % da
Q Q

= [ (1900 = Vo (Vaal? + [V0u) 7 ) (Vaal? 4 V0 ) o
Q

P 2—p

p— 2

2
< ( [ 190 = Ve (Fual? + [90,7)F dx) x ( [ (19wl + 190,17 dx>
Q Q

Therefore, we have

/ |V, — an|2 (IVun|? + IVun\p)p%2 dx
Q

—-P

> (/ Vit — V| dx)p (/ (Ve |? + [Vou?) da:) o
Q Q
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Inserting the inequality above into (3.10) gives

/ wn () (|Vun|p72Vun - |an|p72an) -V(up — vp) de
Q

2 _2-p

> caM, (/ [V, — Vo, [P da:) ’ (/ (IVun|? + |V, |P) dx) ’ (3.11)
Q Q

p

> caMpmy (/ |V, — Vu,|P dx)
Q

From Hélder’s inequality it follows that
/ (wn(z) — w(2))| V[P 2Vy,) - V(u, — vy,) da
Q
>~ [ fonle) — @[TV )] da
Q

T / Jwn (@) = w(@)| "7 Vo P wn (2) — w(@)[F |V (un — v,)] da

> = ([ outo) = (@) V,P o) B ([ onte) -l ¥ (0 - vn>|pdx);
> = (200} 19t = 0l ([ fonte) —w<x>||wn|pdx)v

Note that w, — w in LY(Q) and v, — u in V. Without loss of generality, we may suppose that
wp(z) = w(z) and Vo, (x) — Vu(z) for a.a.xz € Q. Since {u, — vp tnen is bounded in V', we pass
to the upper limit as n — oo for the inequality above and utilize Lebesgue’s dominated convergence
theorem to find

lim (wn (@) = w(@)|[Vva|P72Voy,) - V(u, — vy,) da

n— oo

> lim [ 2ex) 19— vl [ |wn<x>w<x)||wn|w>"] (312)

=0.
Note that

/Q (0 (@) [V P2Vt + (@) [Vt |92 Vtn) - V(i — v,) da
= /an(:r) (IVun P2V, — [V, |[P2Vy,) - V(u, — v,) dz
Jr/Q (wn(z) — w(2)|Vva|[P72Vvy,) - V(u, — v,) da + /Q (w(2)|V,[P2Vv,,) - V(u, — vy) da
+/Q (1(2)|Vun|T2Vu,) - V(u, — v,) da.
Hence, we can take limsup,,_, . in (3.4) and apply (3.5), (3.11), (3.12) as well as

lim [ (w(z)|Vua|P"*Vo, + (@) Vo, |7 *Vu,) - V(u, — v,) dz = 0,

n—oo

/ (1(@) (IVun ">V, — [Vu,|TVy,)) - V(u, — vy,)da > 0,
Q
in order to find that

limsup [|[V(u, —u)|} o <0 if p>2,

n—roo
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lim sup ||V (u — un)||1299 <0 ifl<p<2

n—oo

This implies that Vu, — Vu in LP(Q;RY).
Moreover, we shall verify that u,, — u in V. From the convergence Vu,, — Vu and Vv, — Vu in
LP(Q;RY) and w,, — w in L'(Q), we apply Lebesgue dominate convergence theorem to get

lim [ (w(z)|VuelP >V, + p(z)|Vu,|**Vu,) - V(u—v,) dz = 0,

n— oo 9]

m [ (Junl? 2un + (@) |un| " %un) (uw —v,) dz =0,
n—oo Q

lim / (&) — wn ()| Vit [P~V (1 — v dae = 0,
Q

n— oo

lim / |wn () — w(@)] |V, |PHY (u — uy,) | do = 0.
Q

n— oo

The convergences above together with (3.6) implies

n—00

0 > lim sup (/ (wn(2)|Vun [PV, + 1(2)|Vu,|T*Vuy,) - V(u, —u)dz
Q

+ /Q (a2t + ()10 (ot — ) dw)

+ lim inf (/ (wn (@) | Vun [PV, + p(2) |V, |7 *Vau,) - V(e —v,) dz
Q

n— oo
—I—/ (\un\p_Qun + u(x)|un|q_2un) (u—vy) dx)
Q

> lim sup (/ (w(@)|Vun P2V, + p(2) |V, |7 *Vu,) - V(u, —u) dz
Q

n—oo

+ /Q (a2t + (@)~ (ot — ) dw)

+ lim </ (w(2)|Vun P2V, + p(2)|Vu, |12 Vu,) - V(u —v,) dz
Q

n—oo

[ (nl 204 il 0,) (0= )

— lim w(z) —w,(z w, [P~1 uU—v T
! /Q| (2) — wn(@)[|Van P~V — v,)|

n—oo

— lim wn(x) —w(x u, [P1 U — U T
| /Q| () — (@) [V P~V (0 — ) d

n—oo

n—oo

= lim sup (/ (w(@)|Vun P2V, + p(@) |V, |7 *Vuy,) - V(u, — u) de
Q

—l—/ (Jun [P~ uy + (@) un |90y (un — w) dx) .

Q

Therefore, from the (S; )-property of A (see Proposition 2.3), we conclude that w, — u in V, that is,
s—lim SupA(wn> A, 5n) 7é 0.

n— 00
This means that

(0 # w—limsup Awp, &, Brn) = s—limsup A(wn, an, Br),

n—oo n— 00
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due to

s—limsup A(wy,, ap, Brn) C w—limsup Awy,, an, Br)-
n— o0 n— o0

Furthermore, we will show that w is a solution of problem (1.3) corresponding to w € ¥ and («, 8) €
A x B, ie., ue Aw,a,B). Assumptions H(U;)(iv) and H(Us)(iv) guarantee that {1, }nen C LP (Q)
and {&, }nen C LP (I's) are bounded. Employing the reflexivity of L¥' () and L? (I's), we are able to
find functions n € L? (Q) and ¢ € L¥' (T'3) satisfying, by passing to a subsequence if necessary,

M — 1 ianl(Q) and &, & & ian,(Fg,).

On the other hand, by virtue of hypotheses H(U;) and H(Usz) and Aubin-Cellina convergence theorem
(see e.g. Aubin-Cellina [5, Theorem 1, p.60]), we can prove that

n(z) € Uy(z,u(z)) fora.a.x € Q@ and &(x) € Uy(x,u(x)) fora.a.z €T3,

For any fixed v € K(u), we use Lemma 2.6 to infer that there exists a sequence {z, }nen C V such that
zn € K(uy) for each n € N and z, — v in V. Applying Lebesgue’s dominated convergence theorem
gives

m [ (wn(2)|Vu, P2V, + u(2)|Vu, |92V, ) - V(z, — up) do

n—oo Q

n—oo

= / Hm (wn (2)| Vg [P 72V, + p(2)| V|72 Vu,) - V(z, — u,) dz
Q

= /Q (w(@)|VulP2Vu + p(z)|Vu|?T*Vu) - V(v — u) da.

Putting v = 2, into (3.3), passing to the upper limit as n — oo for the resulting inequality (3.3) and
applying the convergence properties above, we obtain

/ (w(@)|Vul[P>Vu + p(z)|[Vul|T*Vu) - V(v — u) dz + / g(z,u)(v—u)dz
Q Q

+ / () u|? 2u(v — u) dz + d(x,v)dl — o(x,u)dl
Q Iy

Iy
Z/(U($)+a(x))(v—u)d$+ B@)(v—u)dl'+ [ &(x)(v—u)dl
Q 1) I's

for all v € K (u). Therefore, we can observe that v € K (u) is a solution of problem (1.3) corresponding
to (w,a, B) € ¥ x Ax B, that is, u € A(w, a, ). Hence w—limsup,,_, ., AM(wn, an, Bn) C Aw, «, 8) and
so we have proved (3.2).

Step 4: If {(wn, @n, Bn) tnen C X X A x B is such that {wy, }nen is bounded in BV(Q), w, — w in
LYQ), o, % ain L1(Q) and 8, — B in L%(I) for some (w, o, ) € L'(Q) x A x B, then the
inequality

J(w,a, ) < liggioréf J(wn, o, B) (3.13)

holds.

Let {(wn, o, Bn) tnen C B x A x B be such that {w, }nen is bounded in BV(Q), w,, — w in L*(Q),
an —% ain L% (Q) and 8, —= B in L% (') for some (w,, 8) € L*(2) x A x B. From Step 3 one
has w € A. Let {upnen C V be a sequence satisfying

Up € Awp, an, Br) and inf C(u) = Cluy) (3.14)
UWEA(wn ,0p,Bn)

for each n € N.
Keeping in mind that J,,~; A(wn, n, Br) is bounded (see Step 2), without loss of any generality,

we may suppose that u, —> u* in V for some u* € V. Then, from Step 3, we have that u, — u*
in V and u* € s-limsup,,_, o A(wn,an, Brn) C Alw, o, ). Whereas, from the lower semicontinuity of
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the function L'(Q) > w + TV(w) € R, the continuity of V' 3> u + C(u) € R and the weakly lower
semicontinuity of A X B 3 (¢, 8) — G(a, ) € R, we get that

lim inf J(wp, an, Br) = lirr_1>inf [C(un) + £ TV(wy) + G(an, Br)]

n—oo

> liminf C(u,) + liminf k TV(w,,) + lim inf G(a,, B,)
> C(u") +rTV(w) + G(a, )

> inf  C(u) + K TV(w) + G(a,
=N (u) + K TV(w) + G(a, B)

= J(w,a, B).

Hence (3.13) follows.

Step 5: The solution set of Problem 1.1 is nonempty and weakly compact.

From the formulation of J and hypotheses H(C') and H(G) we can observe that the cost functional .J
is bounded from below. Therefore, there exists a minimizing sequence {(wy,, n, Bn)ney C X X A X B
of (1.1) such that

inf J =l J ns &ny Pn ). 3.15
wer and e preanp @0 B) = i J(wn, an, Bu) (3.15)

By the definition of J we easily see that the sequences {wy, }neny C X and {(an, Bn)}nen C A X B are
bounded in BV(Q) and L% (Q) x L% (Ty), respectively. Passing to a subsequence if necessary we have

wp = w* i LNQ), a, -5 o inL(Q) and B, -5 B* in L%(Dy) (3.16)

for some (w*, a*, 3*) € ¥ x Ax B, where we have used the closedness of ¥ in L (2) and the compactness
of the embedding BV(Q2) to L'(9).

Let us consider a sequence {uy }neny C V satisfying (3.14). Employing the convergence (3.16) and
the boundedness of A (see Step 2), we get the boundedness of the sequence {u,}nen in V. So, we are
able to select a subsequence of {u,}nen, not relabeled, such that w, 5 w* in V for some u* € V.
From Step 3 it is clear that u* € A(w*, a*, *). Therefore, we have

lirginf J(Wn, O, Br) = lirginf [C(un) + & TV(wy) + G(an, Br)]
> liminf C(uy,) 4+ #liminf TV (w,) + lim inf G(ouw,, 5n)
n—oo n—o0 Tn—>00
> C(u*) + k TV(w*) + G(a™, 5%)

> inf C(u) + Kk TV(w*) + G(a*, B%) (3.17)
uEA(w*,a*,3*)

=J(w", a", B%)

> i J .

T wex andl(I}x,B)EAXB (OJ, @ 5)

The latter combined with (3.15) implies that (w*, a*, 8*) € ¥ x A x B is a solution of Problem 1.1.
It remains us to verify that the solution set to Problem 1.1 is weakly compact. For any solution
sequence {(wn, @, Bn) tnen of Problem 1.1, we can observe that {wy,}neny C X is bounded in BV(2)
and {(an, Bn) fnen is bounded in L1 (Q) x L% (I'y), respectively. Arguing as in the proof of existence
part, it is possible to suppose that (3.16) holds with some (w*, a*, 8*) € ¥ x A x B. Analogously, we
are able to find a sequence {uy }nen satisfying (3.14) and u, — v* in V for some u* € A(w*, a*, 5%).
Therefore, we have (3.17). This means that (w*,a*, %) € ¥ x A X B is a solution of Problem 1.1,
namely, the solution set of Problem 1.1 is weakly compact. O

Let ri: R >R, 79: R > R, j1: @ xR = R and jo: I's x R — R be functions that satisfy the
following conditions:

H(j1): The functions j1: 2 x R — R and 71 : R — R are such that the following conditions hold:
(i) x + ji(z,s) is measurable in § for all s € R with x — j;(x,0) belonging to L'(Q);
(ii) s — ji1(zx, s) is locally Lipschitz continuous for a.a.z €  and the function r1: R — R is
continuous;
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(ili) there exist a function aj, € LP (), and a constant aj, > 0 such that
ri(s)nl < agy (@) + agy s~

for all n € 9ji1(x, s), for a.a.x € Q and for all s € R.

H(j2): The functions j: I's x R — R and r9: R — R are such that the following conditions hold:
(i) @~ ja(z, s) is measurable on I's for all s € R with x ~ ja(z,0) belonging to L!(T'3);
(ii) s — ja(z, s) is locally Lipschitz continuous for a.a.z € I's and the function r9: R — R is
continuous;
(iii) there exist a function ay, € L?' (T'3); and a constant aj, > 0 such that

Ira(s)€] < aj, () + aj,|sP~!

for all € € 9ja(x, s), for a.a.x € 'y and for all s € R.

We have the following lemma.

Lemma 3.2. Assume that H(j1) and H(j2) are satisfied. Then, the multivalued mappings Uy : QxR —
2R and Us: T's x R — 2R defined by

Ui(z,s1) = r1(51)071(,51) and Us(y, s2) = r2(s2)0j2(y, s2)

for a.a.x € Q, for ally € T3 and for all s1,s2 € R, satisfy hypotheses H(Uy) and H(Us), respectively,
where 01 (x, s) (resp. Oja(x,s)) is the generalized Clarke subdifferential of s — j1(x,s) (resp.s —

Jo(z,s)).

Proof. Via Proposition 2.4, we can see that for a.a.z € Q (resp. for a.a.x € I's) and for all s € R the
set Uy (z,s) (resp. Usa(x, s)) is nonempty, bounded, closed and convex in R. This means that H(U;)(i)
(resp. H(U2)(i)) has been verified. However, hypotheses H(j1)(i) and H(j2)(i) reveal that for all s € R,
functions x — Uy (z,s) = r1(s) 9j1(x, s) and x — Us(x,s) = r2(s)dj2(x, s) are measurable in Q and
on I's, respectively. Therefore, H(Uy)(ii) and H(Uz)(ii) are available.

Moreover, we assert that s — r1(s)0j1(z,s) is u.s.c. Invoking Proposition 3.8 of Migérski-Ochal-
Sofonea [36], we are sufficiently to prove that for each closed set D C R the set (r1(-)9j1(x,-))” (D)
is closed in R. We take a sequence {s, }nen C (r1(-)0j1(z, )~ (D) satisfying s, — s. So, there is a
sequence {7, }nen C R such that 7, € r1(s,)0j1(x, ) N D for each n € N. It is obvious there exists
a sequence {&,}nen having the properties 0, = r1(s,)&, and &, € 9j1(z,s,) for all n € N and for
a.a.x € . Because of s,, — s, it is now in a position to apply Proposition 2.4(iii) and (v) to find
that {&,}nen is bounded in R. Without loss of generality, it holds &, — £ in R for some ¢ € D,
because of the closedness of D. Whereas, Proposition 2.4(v) indicates that £ € 9j1(x, s). The latter
together with the continuity of r1 implies 7, = 11(sp)&n — 11(8)€ € r1(8)0j1(x, ). This means that
s € (r1(-)9j1(x,-))~ (D), namely, (r1(-)0j1(x, ) (D) is closed. Furthermore, we utilize Proposition
3.8 of Migérski-Ochal-Sofonea [36] to obtain that s — 71(s)0j1(x, s) is u.s.c. As before we have done,
it is valid as well that s — ra(s)dja(x, s) is u.s.c. Consequently, H(Uy)(iii) and H(Uz)(iii) hold.

Finally, using hypotheses H(j1)(iii) and H(j2)(iii), we observe that H(U;)(iv) and H(Us)(iv) hold
with r =0 = p, ay, = a;,, ay, = o, by, = a;, and by, = a;,. O

It is obvious that when U; and U, are presented by the functions

Ui(x,51) = r1(s1)071(x,51) and  Us(y, s2) = ra(s2)0j2(y, s2)
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for a.a.x € Q, for a.a.y € I's and for all s, so € R, then problem (1.3) reduces to the following double
phase implicit obstacle problem with generalized Clarke subdifferentials:

—div (w(2)|VulP?Vu + p(2)|Vu|!™*Vu)

(e, u) + plafujzg ©HOREW Falz) o,

u=0 onI'y,
Ju _ B(z) on I'y,
Zm (3.18)
0 .
o € 2w, ) on T,
0
*i € Ocp(w, ) on I'y,
L(u) < H(u).

Employing Lemma 3.2 and Theorems 2.8 and 3.1, we have the following corollaries.

Corollary 3.3. Assume that (2.4), H(j1), H(g), H(¢), H(j2), H(L), H(H), H(0) and the inequality

cs —aj, ()\1571,)_1 > 0 are fulfilled. Then, the solution set of problem (3.18) corresponding to (w,«, 8) €
Y x A x B, denoted by A(w, «, 3), is nonempty and weakly compact in V.

Corollary 3.4. Assume that all conditions of Corollary 3.3 are satisfied. If, in addition, H(2), H(C)
and H(G) are satisfied, then the solution set of the following problem is nonempty and weakly compact:
find w* € ¥ and (a*, %) € A X B such that
inf J = J(w",a", 8"
wes andl?a,ﬁ)GAXB (waaaﬁ) (w y & 76 )a
where the cost functional J: ¥ X A x B — R is defined in (1.2) and A(w, a, B) is the solution set in
the weak sense of problem (3.18) with respect to w € L () NBV(Q) and (o, B) € A x B.

Remark 3.5. In our framework, the functions C' and G have many possibilities. For example,
Clu) = |Vu =2l and  G(a,8) = ol o + 1815 r, (3.19)

for allu € V and (o, B) € A x B, where z € LP(§;RYN) is the known observed or measured datum and

C1,62,¢3 > 1.
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