DOUBLE RESONANCE FOR ROBIN PROBLEMS WITH
INDEFINITE AND UNBOUNDED POTENTIAL

NIKOLAOS S.PAPAGEORGIOU AND PATRICK WINKERT

ABSTRACT. We study a semilinear Robin problem driven by the Laplacian
plus an indefinite and unbounded potential term. The nonlinearity f(x,s)
is a Carathéodory function which is asymptotically linear as s — oo and
resonant. In fact we assume double resonance with respect to any nonprincipal,

nonnegative spectral interval |:5\k75\k+11|- Applying variational tools along

with suitable truncation and perturbation techniques as well as Morse theory,
we show that the problem has at least three nontrivial smooth solutions, two
of constant sign.

1. INTRODUCTION

Let © C RY be a bounded domain with a C%-boundary 9. In this paper, we
study the following semilinear Robin problem

—Au+&(x)u = f(z,u) in £,

ou (1.1)
o +B(zx)u=0 on 042,

where £ : © — R is a potential function being in general indefinite (that is, sign
changing) and unbounded (more precisely, £ € LI(Q2) for ¢ > N). The nonlinearity
f: QxR — Ris a Carathéodory function, that is, x — f(z, s) is measurable for
all s € R and s — f(z, s) is continuous for a.a.z € Q. In addition, in the boundary
condition of (1.1), % denotes the normal derivative defined by extension of the
linear map

Ju

U o= (Vu,n)gn  for all u € C1(Q),
n

with n : © — R being the outward unit normal on 992. The boundary coefficient £
belongs to W°(9Q) satisfying 8(z) > 0 for all z € Q. When 8 = 0, we recover
the Neumann problem.

In this paper we assume that f(x,-) is asymptotically linear as s — +oo and
resonant, that is, the quotient @ interacts with the spectrum of the operator
u — —Au ~+ £(z)u with Robin boundary condition as s — +oo. However, the

resonance assumed here is more general since we do not assume that the limits

lim 7f(:c, )

s—too S
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exist, as is the case in most papers dealing with resonant equations, see, for example,

Li-Liu [11] and Gasinski-Papageorgiou [8]. Instead, we assume here that we can
have a so-called double resonance situation, namely
« x,8 ) x,8 «
A < liminf M < limsup f(z,5) < Ak,
s—r+oo S s—doo S

with 5\;6,5\;“1 being two successive eigenvalues of the Robin differential opera-
tor. Such resonant problems were investigated almost exclusively in the context
of Dirichlet boundary value problems with no potential term, that is, £ = 0. In this
setting, the differential operator (left-hand side of the operator) is coercive and this
simplifies significantly the analysis of the problem. The first work on doubly reso-
nant equations is the one of Berestycki-de Figueiredo [3] who also coined the term
double resonance. Subsequently appeared the related works of Céc [4], Liang-Su
[10], Robinson [16], Su [17] and Zou [19] who proved multiplicity results but under
more restrictive conditions on the data of the Dirichlet problem. More precisely,
Céc [1] and Zou [19] do not allow complete resonance to occur at the two endpoints

of the spectral interval |\, Apr1| while Liang-Su [10] and Robinson [16] assume

that f € C' (2 x R). We also mention the recent works of Papageorgiou-Radulescu
[13], [15] who deal with resonant Neumann problems but do not address the case
of double resonance.

Our approach is variational based on critical point theory together with suitable
truncation and perturbation techniques and the usage of Morse theory in terms
of critical groups. In the next section we develop the necessary mathematical
background material which will help to follow the arguments in this paper.

2. PRELIMINARIES

Let X be a Banach space and X* its topological dual while (-,-) denotes the
duality brackets to the pair (X*, X). We have the following definition.

Definition 2.1. The functional ¢ € C'(X,R) fulfills the Cerami condition (the
C-condition for short) if the following holds: every sequence (un)n>1 C X such
that (o(up))n>1 is bounded in R and (1 + ||un||x)¢ (un) — 0 in X* as n — oo,
admits a strongly convergent subsequence.

This is a compactness-type condition on the functional ¢ to offset the fact that
X is in general infinite dimensional, hence not locally compact. It leads to a
deformation theorem from which one can derive the minimax theory of the critical
values of ¢. A central result of this theory is the so-called mountain pass theorem
due to Ambrosetti-Rabinowitz [2] which we recall here in a slightly more general
form (see, for example, Gasiiiski-Papageorgiou [7, p. 648]).

Theorem 2.2. Let o € CY(X) be a functional satisfying the C-condition and let
up,ug € X, |lug —uil|x > p >0,

max{p(u1), p(uz)} < inf{p(u) : u —ux = p} = m,

and ¢ = infyep maxo<i<1 p((t)) with I' = {y € C([0,1}, X) : v(0) = u1,~(1) =
ug}. Then ¢ > m, with ¢ being a critical value of ¢.
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By H'(Q) we denote the usual Hilbert space with inner product
(mmzlfmmﬁLWmvam:mummheHmn
and corresponding norm
lull = [lul3 + IVul3]®  for all w € H'(),

where || - |2 stands for the norm in the Lebesgue space L?(Q2). The norm of RY is
denoted by | - [[g~ and (-, -)g~ stands for the inner product in RY. For s € R, we
set s = max{+s,0} and for u € H*(Q) we define u*™(-) = u(-)*. It is well known
that

uwF e HY(Q), |ul=uv"+u", uw=u"—u".

The Lebesgue measure on RY is denoted by |- |y and for a measurable function
h:Q xR — R (for example, a Carathéodory function), we define the Nemytskij
operator corresponding to the function h by

Np(u)(-) = h(-,u(-)) for all u € H'(Q).

Evidently,  — Np(u)(x) is measurable.
In addition to the Sobolev space H'(2) we will also use the ordered Banach
space C*(Q) and its positive cone

C'( )y ={ueC" (Q):u(z)>0forall z € Q}.
This cone has a nonempty interior in C() given by
int (C'(Q)1) = {ueC'(Q)4 :u(z)>0forall z € Q}.

On the boundary 02 we consider the (N — 1)-dimensional Hausdorff (surface)
measure o(-). Having this measure, we can define in the usual way the boundary
Lebesgue spaces L#(0Q2) for 1 < s < oo. From the theory of Sobolev spaces we
know that there exists a unique linear map 7o : H'(Q) — L?(9Q) known as the
trace map such that

Yo(u) = u|aQ for all u € H*(Q) N C(Q).

The trace map prescribes boundary values to Sobolev functions. Furthermore we
know that the trace map is compact into L*(9Q) for every s € [1,2,), where 2, is
the critical exponent of 2 given by

, _ R N =3,
T oo ifN=1,2.
Moreover it holds
im~y = H%’Q(aﬂ) and kervyy = Hj(9Q).

From now on, for the sake of notational simplicity, we drop the usage of the trace
operator vg. All restrictions of Sobolev functions on 0f2 are understood in the sense
of traces.
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As we already described in the Introduction we will use the spectrum of the
differential operator u — —Awu + £(x)u with Robin boundary condition. So, we
consider the following linear eigenvalue problem

—Au+ &(x)u = M in €,

2.1
% + B(zx)u=0 on 0f). #1)

In this eigenvalue problem we impose the following conditions on its data:
e £€L™(Q)if N >3, ¢e L¥(Q) with s € (1,400) if N =2 and £ € L}(Q)
if N=1.
e 3 Wh(99Q) and B(x) > 0 for all z € O0.
Let v : HY(Q) — R be the C'-functional defined by

1w = |Vulf + [ opde+ [ payldo
Q o9
From D’Agui-Marano-Papageorgiou [6] we know that there exist p, co > 0 such that
y(u) + pljul|z > col|ul|®* for all uw € H'(Q). (2.2)
Then using (2.2) and the spectral theorem for compact self-adjoint operators on a

Hilbert space, we can have a complete description of the spectrum of (2.1). This

consists of a strictly increasing sequence (5\;@> ren of eigenvalues such that Ao = +oo
€

as k — +oo. By FE (S\k) ,k € N, we denote the corresponding eigenspace. These

are finite dimensional subspaces of H'(f2) and we have the following orthogonal
direct sum decomposition

Q) =PE (&k).

k>1
The eigenvalues of (2.1) have the following properties:

e ) is simple, that is dim E(\;) = 1.
[ ]

A = inf P(“g cue HY(Q),u# o} . (2.3)
[[ull

e For m > 2 we have

5\m = inf Kfjé T € @ E(S%)JL#O
kzm (2.4)

=su V(u)u T \ U
o 10 e @ E (1) 0.

The infimum in (2.3) is attained on E()\;) while both the infimum and the
supremum in (2.4) are attained on E(),). Evidently the elements of E()\;) have
fixed sign while the elements of E(S\m),m > 2, are nodal, that is, sign changing.
By 41 we denote the L?-normalized (that is, ||@i1]|2 = 1) positive eigenfunction
corresponding to M. If & € L1(Q) with ¢ > N, then the regularity theory of Wang
[18] (see Lemmata 5.1 and 5.2) implies that 4; € C1(Q);\{0}. Moreover, Harnack’s
inequality (see, for example, Motreanu-Motreanu-Papageorgiou [12, p. 212]) we have
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Gy (x) > 0 for all x € Q. If €T € L°°(Q), then the strong maximum principle (see,
for example, Gasiriski-Papageorgiou [7, p.738]) implies that @1 € int (C*(Q)4).
If € € LI(Q2) with ¢ > %, then the eigenspaces E(Xk),k € N have the so-called
“Unique Continuation Property” (ucp for short) which says that if u € E(;\k) and
u vanishes on a set of positive Lebesgue measure, then u = 0.

The above properties lead to the following useful inequalities which can be found
in D’Agui-Marano-Papageorgiou [6].
Lemma 2.3.

(a) If m € N, 9 € L(Q) and 9(z) < A for a.a.x € Q0 # A, then there
exists a number ¢; > 0 such that

~y(u) — /Ql?(;l:)qux > cp||lull® for all u € @ E (5%)

k>m

(b) If m e N, n € L®(Q) and n(z) > Ay for a.a.x € Q0 # Am, then there
exists a number co > 0 such that

~y(u) — / n(z)udr < —co|lul|®>  for all u € EDE (5\;6) .
Q k=1

We will also consider the weighted version of the linear eigenvalue problem (2.1).
So, let n € L>*(Q),n > 0,n # 0. We consider the following linear eigenvalue
problem

—Au+ &(x)u = M(z)u in Q,
(2.5)
% +B(x)u=0 on 0.
In the same way as for problem (2.1) we show that the linear eigenvalue problem
(2.5) admits a strictly increasing sequence of eigenvalues (:\k(n))k . such that
€

Mi(n) — +00 as k — +o0o. In this case, in the variational characterization of the
eigenvalues, the Rayleigh quotient has the form

v(w) 1
R(u) = ———=— for all H (2 0}.
) = [z Al € H @V {0}
As a consequence of the ucp of the eigenspaces we infer the following strict

monotonicity property of the map n — A, (n), m € N.

Lemma 2.4. If ni,m2 € L>(Q),0 < m < ma,m # 0 and m # 12, then, for all
m € N we have A\, (n2) < A (n1).

Next, let us recall some basic definitions and facts about Morse theory which
will need in the sequel. Let X be a Banach space and let (Y7,Y3) be a topological
pair such that Y5 C Yy C X. For every integer k > 0 the term Hy(Y7,Ys) stands

for the k Z-relative singular homology group with integer coefficients. Recall that
_ 71N, Y
Ho(V,Ys) = 26N 2)/Bk(Y1,Y2) for all k € No,
where Zi(Y7,Y3) is the group of relative singular k-cycles of Y7 mod Y5 (that is,

Z(Y1,Y2) = ker 0y with 9y being the boundary homomorphism) and By (Y7, Ys)
is the group of relative singular k-boundaries of Y7 mod Y> (that is, Bk (Y1,Ys) =
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im Og11). We know that dx_1 09 = 0 for all k € N, hence By (Y1,Y2) C Zx(Y1,Y2)

and so the quotient
Z(Y1,Y2)
By (Y1,Y3)
makes sense.

Given ¢ € C1(X) and ¢ € R, we introduce the following sets:
={ueX:pu)<c} (the sublevel set of ¢ at c¢),
K,={ue X:¢ (u)=0} (the critical set of ¢),

Kg ={u€ K,:p(u)=c} (the critical set of ¢ at the level c).

For every isolated critical point w € K the critical groups of ¢ at u € K¢ are
defined by

Cr(po,u) = H(o°NU, o NU \ {u}) forall k>0,

where U is a neighborhood of u such that K,Ne°*NU = {u}. The excision property
of singular homology theory implies that the definition of critical groups above is
independent of the particular choice of the neighborhood U.

Suppose that ¢ € C'(X) satisfies the C-condition and that inf p(K,) > —oo.
Let ¢ < inf ¢o(K,). The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hi(X, %) forall k > 0.

This definition is independent of the choice of the level ¢ < inf p(K,). This is
a consequence of the second deformation theorem (see, for example, Gasiriski-
Papageorgiou [7, p. 628]).

We now assume that K, is finite and introduce the following series in ¢ € R:

M(t,u) = Zrank Cr(p,u)th for all u € K,
k>0

P(t,00) = Z rank C}, (¢, 00)t".
k>0
The Morse relation says that

> M(t,u) = P(t,00) + (1 + 1)Q(t) for all t € R, (2.6)
uc K,

with Q(t) = Y ,~, Bkt" being a formal series in ¢ € R with nonnegative integer
coefficients. B
By A€ L(H ( Q))* ) we denote the linear operator defined by

(Vu, Vh)gvdz  for all u,h € H*(Q).
Q

Furthermore, we say that a Banach space X has the Kadec-Klee property, if the
following implication is true:

up, = win X and ||u,|| = JJu]] = wup —uin X.

Locally uniformly convex Banach spaces, in particular Hilbert spaces, have the
Kadec-Klee property. Finally, let

my = min {k eEN: A\ > 0} (2.7)
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that is, 5\m0 is the first nonnegative eigenvalue of (2.1). If £ > 0 and 8 > 0, then
A1 > 0 and so mg = 1. Moreover, if £ > 0,8 > 0 and one of the two is different
from zero, then A\; > 0.

3. MurrtipLICITY THEOREM

In this section we prove a multiplicity theorem about the existence of three
nontrivial solutions to problem (1.1) under conditions of double resonance.
Our hypotheses on the data of problem (1.1) are the following.

H(¢): € € LY(Q) with ¢ > N when N > 2 and ¢ = 1 when N = 1; in addition
&t e L>™(Q).

H(B): B € Wh(9Q) and B(x) > 0 for all z € 9.

H(f): f: QxR — R is a Carathéodory function such that f(z,0) = 0 for
a.a.x € 2 and

(i) for every p > 0 there exists a, € L>°(f2) such that
|f(z,9)] <ay(x) foraa.xeandforallseR,;
(ii) there exists k € N with & > max {mg, 2} such that

5\k < liminf M < lim sup M
s

s—too S s—4oo

< Akg1

uniformly for a.a.z € 2 where myg is given in (2.7);
(ili) if F(z,s) = [y f(z,t)dt, then
lim [f(z,s) —2F(z,s)] =400

s—r+oo
uniformly for a.a.z € Q;
(iv) there exist a function ¥ € L*>°(2) and c3 > 0 such that
Ix) < A\ foraa.xc Q, 9# A

and

—cg < liminf M < lim sup f(z,5)
s=0 s 550 8

< Y(z)

uniformly for a.a.x € Q.

Now let 1 > 0 as in (2.2) and consider the following truncation-perturbation of
the nonlinearity f(x,-)

p {O, ifs<0, . {f(x,s)+us, if s <0,

f(z,8) +ps, if s >0, J-(w,s) = 0, if s >0.

(3.1)
It is clear that both functions are of Carathéodory type. We set Fi(x,s) =
f; f+(z,t)dt and introduce the C'-functionals ¢4 : H'(Q) — R defined by

1 N
bal) = 5700) + 5l = | Palau)da.
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Furthermore, let ¢ : H'(Q) — R be the energy (Euler) functional of problem (1.1)
which is defined by

Evidently ¢ € CY(H(Q)).
Let us consider first the truncation functionals ¢4 .

Proposition 3.1. If hypotheses H(E), H(B) and H(f) are satisfied, then the func-
tionals o+ fulfill the C-condition.

Proof. We will show the assertion only for ¢, the proof for ¢_ is similar. So, let
(un)n>1 € HY(Q) be a sequence such that

|64 (un)| < My foralln>1
with some M; > 0 and
(1 + [funll) ¢/ (un) =0 in (H'(Q))". (3.2)
Due to (3.2) we get

‘(A(un)7 h) + / (&(z) + p)uphdx + B(z)uyhdo — / fola, un)hdz
Q o9 Q
enl[Rl]
= 1 fun|
for all h € H*(Q) with &, — 0%. We choose h = —u,, € H}(Q) in (3.3) to obtain
Y(uy )+ plluy |3 < e, forallmeN

(3.3)

due to the truncation (3.1) which implies cq||u,, |* < &, for all n € N because of
(2.2). This finally gives

u, =0 in H(Q). (3.4)
We claim now that (un),>; C H'(Q) is bounded. Arguing by contradiction,
suppose that by passing to a subsequence if necessary, we have

Let y,, = % for all n > 1. Then |y,|| = 1,y» > 0 for all n > 1 and so, by the

Sobolev embedding theorem and the compactness of the trace map, we may assume
that

Yn — Y in HI(Q) and y, —y in L%(Q) and in L*(09). (3.6)

Combining (3.1), (3.3) and (3.4) results in
’ / ¢(a)ut hda +/ B(a)ut hdo —/ Fo(,ut hda| < ! [
for all h € H*(Q) with &/, — 0%. Therefore, we have
‘(A(yn), h) +/ &(x)ynhda +/ B(x)ynhdo — Nf(_l:’t)hdx‘
/ Q 2Q o |lun] (3.7)

Hen || ||| for all n € N.
(7

<
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Hypotheses H(f)(i), (ii) imply that
[f(x,8)| <ca(l+]s]) foraa.zeQand for all s € R with ¢4 > 0.

This fact along with (3.5) ensures

N +
( f(u")> C LQ(Q) is bounded.
n>1

st |

So, by passing to a subsequence if necessary and by applying condition H(f)(ii),
we obtain

Ny (uh)

—n(x)y in L*(Q) as n — oo (3.8)

with S\k <n(z) < 5\k+1 for a.a.x € §, see the proof of Proposition 16 in Aizicovici-
Papageorgiou-Staicu [1]. Now let us pass to the limit in (3.7) as n — oo while we
use (3.6) and (3.8). Thus

¢4un,h>+—/££<x>yhdx-kjéﬂzxa»yhda::‘[;n<x>yhdx

for all h € H*(Q). This gives (see Papageorgiou-Radulescu [14])
—Ay+&(@)y =nlz)y

3.9
% + B(zx)y=0 on 99. (3.9)

Now we choose h = y,, —y € H'(Q) in (3.7), pass to the limit and use (3.6) as
well as (3.8). Then

n—0o0

hence ||Vyn|l2 — [|[Vyl|l2 which by the Kadec-Klee property in combination with
(3.6) finally gives y, — y in H*(2). Thus

Iyl = 1 and y > 0. (3.10)
First suppose that
n(z) = j\k or n(z)= 5\k+1 for a.a.x € Q,

see (3.8). Because of (3.9) and (3.10) and since k > 2 we infer that y is nodal which
contradicts (3.10).
So, agssume that n # Ap and 7 # Ag41. Applying Lemma 2.4 implies that
Me(m) < M) =1 and 1= X1 (A1) < Mea(m),

which gives y = 0 (see (3.9)) and so a contradiction because of (3.10).
This proves that
(uf), >, S H'() is bounded. (3.11)
Due to (3.4) and (3.11), we get then
(Un)p>1 C H'(Q) is bounded.
So, we may assume that

U, —u in HY(Q) and u, —u in L%(Q) and in L?(09). (3.12)
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Taking h = u, —u € H*(2) in (3.3), passing to the limit as n — co and applying
(3.12) yields

lim (A(uy),un, —u) =0.

n—oo

This shows that ||Vuy,|l2 — ||[Vul|2 and taking the Kadec-Klee property along with
(3.12) into account this finally implies that u,, — u in H*(£2). This proves that the
functional ¢, satisfies the C-condition.

Similarly we show that the functional ¢_ satisfies the C-condition. O

Let us now prove a similar result for the energy functional ¢ : H1(Q) — R.

Proposition 3.2. If hypotheses H(E), H(B) and H(f) are satisfied, then the func-
tional ¢ fulfills the C-condition.

Proof. Consider a sequence (uy)n>1 € H'(2) such that
lo(un)] < My for some My > 0 and for all n > 1, (3.13)
(L+ unl) @' (un) = 0 in (HY(Q))" asn — occ. (3.14)
Assertion (3.14) implies

(A(un),h>—|—/9§(x)unhdx—|— 8Qﬁ(m)unhda—/9f(x,un)hdx

1Al (3.15)
< S for all e HY(Q) with e, — 07
1+ [lunl

Taking h = u,, € H(Q) in (3.15) gives

—y(un) + | flx,up)uyde <e, forallneN. (3.16)

Q

On the other hand, by using (3.13), we have

Y(tp) — / 2F (x,up)dx < 2My for all n € N. (3.17)

Q
Adding (3.16) and (3.17) we obtain
/ [f (2, un)un — 2F (2, up)] doe < Ms (3.18)
Q

for some M3 > 0 and for all n € N. We are going to show that the sequence
(un),>; € H'(Q) is bounded. Arguing indirectly, suppose that at least for a
subsequence, we have

llun] = +oo.
Let y, = HZTH for all n € N. Then |ly,|| = 1 for all n € N and so we may assume
that
Yo —y in H(Q) and y, -y in LqQqu(Q) and in L?(09). (3.19)

Inequality (3.15) can be rewritten as follows

‘<A(yn),h> +/Q§(m)ynhdx + /BQ B(z)ynhdo —

enllh]
= (L fual)flunll

Ny (uy)
o llunll

hdm’
(3.20)
for all n € N.
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Recall that with the aid of hypotheses H(f)(ii) one can show that
Ny (un)

[[unl|
with Ay < n(z) < Agyy for aa.z € Q. Taking h = y, —y € H'(Q) in (3.20),

passing to the limit as n — oo and using (3.19) as well as (3.21) gives
Jim (Ayn), g —y) =0,

— 7y in L*(Q) as n — oo (3.21)

which directly implies that
Yn — y in H'(Q) and ||y|| = 1, (3.22)

as before because of the Kadec-Klee property. Now, passing to the limit in (3.20)
and applying (3.20) and (3.21) leads to

/5 yhda:—i—/ Bz yhdo—/ n(x)yhdz

for all h € H'(Q). As before, see Papageorgiou-Radulescu [14], this is equivalent to
—Ay+&(x)y =n(z)y  inQ,
0 3.23
2 Blx)y=0 on 0. (3.23)
on

First suppose that
n# XN and 7 # Agja.
Then, (3.21) and Lemma 2.4 implies that
Me(m) < Xe(A) =1 and 1= X1 (Apar) < Mg (n),

which gives y = 0 (see (3.23)) and so contradicts (3.22).
Next suppose that

nx)=A, or n(x)=Ay1 foraa.xeq,

Then, (3.23) and the ucp of the eigenspaces (see Section 2) imply y(x) # 0 for
a.a.r € ). Hence,

|un(x)] = +o00  for a.a.z € Q as n — oo. (3.24)

From (3.24), hypotheses H(f)(iii) and Fatou’s Lemma we obtain

/ [f (2, up)un — 2F (z,up)] do — +o0,
Q

which contradicts (3.18).
This proves that (uy),>1 € H'(2) is bounded. So we may assume that

Up —u in HY(Q) and u, —u in L%(Q) and in L*(09). (3.25)
Taking h = u,, —u € H'(Q) in (3.15), passing to the limit as n — oo and applying
(3.25), gives

lim (A(up), un —u) =0.

n—oo

Hence, as before, u,, — u in H*(2). Therefore we conclude that ¢ satisfies the
C-condition. O
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Proposition 3.3. If hypotheses H(E), H(3) and H(f) are satisfied, then v =0 is
a local minimizer of the functionals p+ and .

Proof. As before we are going to show the assertion only for the functional ¢, the
proofs for ¢_ and for ¢ are very similar.
Hypotheses H(f)(i), (ii) imply that

|F(z,8)| <ecs(1+s?) (3.26)

for a.a.z € Q, for all s € R and for some ¢5 > 0. Let 7 > 2 and € > 0. Then (3.26)
along with hypotheses H(f)(iv) imply that we can find ¢g = cs(¢) > 0 such that

1
|F(z,s)] < 3 ((x) + &) s* + cgls|” for a.a.z € Q and for all s € R. (3.27)

Applying now (3.1) and (3.27) we have for every u € H'(Q)

. 1 I A
plu) = 3700) + G lull = [ Pyl udo
Q
1 _ _ 1
— 5+ Sl + 590~ [ Pt
Q

) (3.28)
Co _ € r
> 2l + 5 |y (w®) — / (@) (u")?dz| — o llu[|* = crllu]

2 2 Q 2

€o . —2 1 +112 r

> D + S(es — o)lut I — erlul
for some c¢7,cg > 0. Choosing 0 < € < cg we see from (3.28) that
@4 (u) > collul|® — er|jul|”  for some co > 0.

Because r > 2 we find p € (0, 1) small enough such that

$4(0) =0 < @y (u) for all u € H(Q) with 0 < [Jul| < p.

That means v = 0 is a strict local minimizer of ¢ .
Similarly we show that u = 0 is a strict local minimizer for ¢_ and ¢. O

Proposition 3.4. If hypotheses H(E), H(B) and H(f) are satisfied, then
K, Cint (CY(Q)4+) U{0} and Ky C —int (C'(Q2)4) U {0}
Proof. Let u € Ky, with u # 0, that is,

(A(u), h) + /Q(f(x) + p)uhdx + -~ B(x)uhdo = /Q]‘?Jr(x, u)hdz (3.29)

for all h € H*(Q). Taking h = —u~ € H'(Q) in (3.29) gives
y(w™) + pllu”ll3 =0,

due to the truncations in (3.1). Using (2.2) implies co|ju~||*> < 0 and sou > 0,u # 0.
Hence (3.29) becomes

(A(u), h) —|—/Q£(x)uhd:c—i-/aQ B(x)uhdo = /Qf(x,u)hdas

for all h € H*(Q) which means that
—Au+{(x)u = f(z,u) in Q,

du (3.30)
o +B(zx)u=0 on 0f).
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Hypotheses H(f)(i), (ii), (iv) imply that
|f (2, )| < ciols] (3.31)
for a.a.z € €, for all s € R and for some c¢1g > 0. Now we introduce the function
flzau(@)
k() e if u(z) #0,
0 if u(z) =0,

which belongs to L>°(2) because of (3.31). With the representation of k, we can
rewrite (3.30) as follows

—Au = (k(z) — &(x))u(z) in €,

3.32
9u +B(z)u=0 on 9f). (3.82)
on

Then (3.32) and Lemma 5.1. of Wang [18] imply that
u € L>(Q).

Since hypotheses H(¢) and (3.32) it follows that
Au € LI(Q).

Applying the Calderon-Zygmund estimates (see Wang [18, Lemma 5.2]) we obtain
that

u € W24(Q).

So, by the Sobolev embedding theorem we have W4(Q) — C1*(Q) with a =
1- % > 0. Therefore

ue CH Q)+ \ {0}
From (3.31) it is clear that, for every p > 0, we can find fp > 0 such that
fx,s)+E5 >0 foraa.xeQand forall s € 0, p]. (3.33)
Using (3.30) and (3.33) with p = ||u||e gives
Au(z) < (Hﬁ"‘”OO + fp> u(z) for a.a.z €,

due to hypothesis H(¢). Applying the strong maximum principle we obtain u €
int (Cl(Q)+), see, for instance, Gasinski-Papageorgiou [7, p. 738].
Similarly we can show that

Ky C —int (C*()4) U{0}.
O

Now we are ready to prove the existence of two nontrivial constant sign solutions
of problem (1.1).

Proposition 3.5. If hypotheses H(E), H(B) and H(f) are satisfied, then problem
(1.1) admits two nontrivial constant sign solutions

up € int (C'(Q)1) and vy € —int (C'(Q)4).
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Proof. Based on Proposition 3.4 we see that we can assume that the critical sets
Kg, and K,_ are finite or otherwise we already have an infinity of positive and
negative solutions of problem (1.1) and so we are done.

Proposition 3.3 implies the existence of p € (0,1) small enough such that

34(0) = 0 < inf [Py (w) : [[ul] = ] = s (3.34)

see Aizicovici-Papageorgiou-Staicu[l, Proof of Proposition 29]. Hypothesis H(f)(ii)
implies that

Py (thy) » —c0  ast — +oo (3.35)
because of k > 2 and 4; € int (C*(€)4). Finally, Proposition 3.1 states
@4 satisfies the C-condition. (3.36)

Hence, (3.34), (3.35) and (3.36) allow the usage of the mountain pass theorem
stated in Theorem 2.2. So we find ug € H'(Q2) such that

up € K, and 1y < G4 (up). (3.37)

From (3.34), (3.37) and Proposition 3.4 it follows that ug € int (C*(Q)4).
Similarly, working with the functional ¢_ instead, we prove the existence of a
negative solution vy € —int (C*(Q)4). O

In order to prove the existence of a third smooth solution of problem (1.1) we
will apply Morse theory in terms of critical groups.

Proposition 3.6. If hypotheses H(E), H(B) and H(f) are satisfied, then

k
Cin(p,0) = 6m,d,Z  for all m € Ny with di, = dim@E (S\l) .
i=1
Proof. Let A € (5%, 5\k+1> and consider the C?-functional ¢ : H'(Q) — R defined
by
1 A
V() = 21(u) — 2l

The choice of A > 0 implies that K, = {0} and u = 0 is nondegenerate. Hence we
have

Cin(h,00) = Cr(¢,0) = 6y 4, Z  for all m € Ny (3.38)

with d = dim @leE (5\1), see Motreanu-Motreanu-Papageorgiou [12, pp. 160

and 155].
Consider the homotopy & : [0,1] x H'(Q) — R defined by

h(t,u) = (1 = )p(u) + ti(u)

for all t € [0,1] and for all u € H(Q).
Claim: We can find 7 € R and ¢ > 0 such that

htu) <7 = (L4 Jul) [|h,Ew), =<
for all t € [0,1] and for all u € H'(Q).
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Suppose that the Claim is not true. Since h is bounded on bounded sets we can
find (tn)n>1 C [0,1] and (uy)n>1 € HY(Q) such that

tn =t |unl| = 400, h(tn,u,) = —co and
(1 + Jun )R, (tnywn) — 0 in (H'(2))*.

From the last convergence in (3.39) we have

|<A<un>,h>|+-J/ ewyunhds | B(x)unhdo
¢ o8 (3.40)

nllh
-(1- tn)/ flx,up)hdx — tn/ Auphdr < w
Q Q 1+ J|un |

“"“ for all n > 1. Then ||y,|| = 1 for

[

(3.39)

for all h € HY(Q) with ¢, — 0T. Let y,, =
all n > 1 and so we may assume that

Yo —y in H(Q) and y, —y in L%(Q) and in L?(99). (3.41)
Rewriting (3.40) gives

[(Ayn), )| + /Q &(2)ynhdx /a . B(z)ynhdo
(3.42)

Nf(un) 5n||hH
— (1 —ty) hda:—t//\y hdr < —MMMM——
"o llunll et (1 + [lun D) f[un
for all n € N. Recall that
Nf(un)

T —qy in L*(Q) with e < n(z) < j\k;Jrl for a.a.z € Q, (3.43)
n

see hypothesis H( f)(ii) and the proof of Proposition 3.2. Now, choosing h = y,,—y €
H(Q) in (3.42), passing to the limit as n — oo and using (3.41) as well as (3.43)
yields

lim (A(yn),yn —y) =0,

n—oo

which implies because of the Kadec-Klee property that y, — y. This gives

lyll = 1. (3.44)
Passing to the limit in (3.42) as n — oo and applying (3.43), we obtain
A h + [ ands [ s = [ miods (3.45)
Q a0 Q

for all h € HY(Q) with n:(z) = (1 — t)n(z) +t\ € [5%, ;\k+1] for a.a.z € Q. This
means

Ay +{(@)y=n(z)y  inQ,
dy B
n +B(z)y=0 on 9.

Reasoning as in the proof of Proposition 3.2 by applying (3.44), (3.45), (3.46) and
hypothesis H(f)(iii), we reach a contradiction. So, (3.39) cannot be true, hence the
Claim holds.

As in the proof of Proposition 3.1 we can easily show that h(t,-) satisfies the
C-condition for every ¢ € [0,1]. Therefore, Proposition 3.2 of Liang-Su [10] (see
also Chang [5]) gives

Cin(h(0,-),00) = Cr(h(1,-),00) for all m € Ny

(3.46)
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and so
Cn(p,00) = Cp (¥, 00)  for all m € No.
Becuase of (3.38) we derive
Crn(,00) = Oy q, Z  for all m € Ny.
a

We also compute the critical groups at infinity of the functionals ¢1. Recall that
without any loss of generality, we can assume that the critical sets K, are finite.

Proposition 3.7. If hypotheses H(E), H(B) and H(f) are satisfied, then
C (P+,00) =0 for all m € Ny.

Proof. We will do the proof only for ¢, the proof for ¢_ is very similar.
Let \ € (S\k, 5\k+1> and consider the C*-functional 1ﬁ+ : H1(Q2) — R defined by

- 1 W _ A
() = g(u) + B3 St 13
We introduce the homotopy hy : [0,1] x H!(Q) — R defined by

hy(tu) = (1= 1)@y (u) + 1y (u).
Claim 1: We can find 7 € R and ¢ > 0 such that

R /
ha(tu) <7 = (1+||u||)H(h+)u >¢ forallte0,1].

*

Again we argue by contradiction. So suppose that we can find (¢,),>1 C [0,1] and
(un)n>1 € HY(Q) such that

t, = t, |up| = +o0, hy(tn,u,) = —o0 and

N/ ] L . (3.47)
(Ut lfunl) (hs) (tnsten) =0 in (@),
see the proof of Proposition 3.6. The last convergence in (3.47) gives
‘(A(un),h%l—/ &(z)uphdx ﬂ(z)unhda—/uu;hdx
Q a0 Q
Il 4%
—(1—ty, z,ul ) hdz —tn/ )\u:hdw’ < el
1=t [ S a =T ]

for all h € H*(Q) with &, — 07. Choosing h = —u,, € H'() in (3.48) yields
Y(uy)) 4+ plluy |3 < e, forallmeN

due to the truncations defined in (3.1). Then, thanks to (2.2) we derive collu, [|? <
en for all n € N and so

u, —0 in H(Q). (3.49)
From (3.47) and (3.49) it follows that

luf || — oo as n — oo.
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uf
b

We set y, = for all n > 1. Then |ly,|| = 1,y, > 0 for all n > 1 and so we

may assume that
Yo —y in H(Q) and y, —y in L%(Q) and in L?(09). (3.50)
From (3.48) and (3.49) we have

’(A(yn), h> + /S; f(x)ynhdx + ~/89 B(Cﬂ)ynhdo (3.51)

No(ut
—(1—t) f(f:")hdx - tn/ AyFhdz| < € |h]|
o llunll Q
for all n € N with €/, — 0". Recall that
Ne(ut < “
”f(f:ﬁ) —qy in L*(Q) with A\, <7n(x) < \py1 foraa.zeQ, (3.52)
Un

see (3.8). If we choose h =y, —y € HY(Q) in (3.51), pass to the limit as n — oo
and use (3.50) as well as (3.52), then

n1LH§O<A(yn)ay7L - y> = 0,

which means ||Vy,|l2 = ||Vyll2. Because of the Kadec-Klee property and (3.50) we
get y, — y in HY(Q) and so

lyll=1, y=>0. (3.53)

Passing to the limit in (3.51) as n — oo and applying (3.52) we obtain

(A(y), hy + /Q E()yhdr + /a  Ba)yhdo = /Q ne(z)yhdz

for all h € H*(Q) with n,(z) = (1 — t)n(z) + tA. This means
Ay +&(x)y=m(z)y  inQ,
3.54
%y +B(z)y =0 on Of). (3.54)
on

Now, by applying (3.53) and (3.54) and following the ideas in the proof of Propo-
sition 3.1, we reach a contradiction and this proves Claim 1.

A similar argument also shows that h (¢,-) satisfies the C-condition for all t €
[0,1]. So, Proposition 3.2 of Liang-Su [10] (see also Chang [5, Theorem 5.1.2 on
page 334]) implies that

Cm (iL+(O, -),oo) =Cp (h+(1, o),oo> for all m € Ng,
which gives
Co (¢4,00) = Ci (m, oo) for all m € No. (3.55)

Now, let us consider the homotopy izi :10,1] x HY(Q)) — R defined by

R (t,u) = by (u) —t / udz.

Q

Claim 2: (izj) (t,u) # 0 for all t € [0,1] and for all u € H'(Q) with u # 0.

/
u
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Arguing by contradiction suppose we can find ¢ € [0,1] and u € HY(Q),u # 0
such that

R ’
CONCRRL

This would give

(A(u), h) —|—/ &(x)uhdz —|—/ B(x)uhdo — p/ u” hdx

= )\/ u+hdx—|—t/ hdx for all h € H'(RQ).

Q Q
If we choose h = —u~ € H'(Q) in (3.56) we derive
y(w?) + pllu” 3 <0,
which, due to (2.2), yields
collu™|* < 0.

That means u # 0,4 > 0. So, (3.56) becomes
(A(u), h) + / &(z)uhdx + B(x)uhdo = /()\u +t)hdx for all h € HY(Q).
Q o9 Q

Finally, this implies that u solves the problem
—Au+&(x)u = I+t in €,

0 3.57
a—z +B(x)u=0 on Of). (3.57)
From (3.57) and the regularity theory of Wang [18], similar to the proof of Propo-

sition 3.4, we have
ue CHQ)+\ {0}

Moreover, hypothesis H(¢) and the strong maximum principle imply
ueint (CH(Q)4).

Let w € int (C'(Q)) and consider the function

Rlwu)(a) = [Vl - (Vate), v () @) -

u

Applying Picone’s identity (see, for instance, Motreanu-Motreanu-Papageorgiou
[12]), Green’s identity and (3.57) we conclude

OS/R(w,u)dz
Q

2
— [Vuwl2 - / (A Ldr+ [ Bla)wdo
Q u 0

2
~IVul - [ gutdes [ pontdo -t [ L

< (w) = w3
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since t € [0,1],w,u € int (C*(€)4). Now we choose w = @; € int (C*(Q)). This
yields

0 <y (@) = Marll; = (A - 1) <0,

because of ||4;], =1 and A > Ao > ;\17 a contradiction. This proves Claim 2.
The homotopy invariance of the singular homology groups implies that for » > 0
small enough, we obtain

H,, (iﬁ;(o, )0 By (1,90 N Br)
. . (3.58)
= H, (hi;(l, )N B, % (1,00 N B, \ {0}) for all m € Ny,
where B, = {u € H'(Q) : ||lu|| < r}. Claim 2 gives us
H,, (iﬁ;u, )N B h(1,)° N B, \ {o}) =0 forall m e Ny,
see, for example, Motreanu-Motreanu-Papageorgiou [12, p. 160]. This in combina-

tion with (3.58) yields
Con (¢4,0) = Cpn (1[)+, 0) —0 forall m e No. (3.59)

Since \ € (3\k7 5\k+1>7 we have K¢3+ = {0} and so

Cm (1@_,0) =Cn (1&.5_,00) for all m € Ny,
see Motreanu-Motreanu-Papageorgiou [12]. Then (3.59) gives
Cnm (1/;4_,00) =0 forall me Ny
and (3.55) then implies
Cm (p4,00) =0 for all m € Ny.
In a similar way we show that
Cp (p—,00) =0 for all m € Ny.
(I

Now we can have an exact computation of the critical groups of the energy
functional ¢ at the two constant sign solutions ug € int (C'(Q);) and vy €
—int (C*(€)4) produced in Proposition 3.5. Note the fact that ¢ is not C? (recall
that f is only a Carathédory function) does not permit the usage of classical results
from Morse theory (see, for example, Motreanu-Motreanu-Papageorgiou [12]) and
makes the computation of the critical groups of ¢ at ug € int (C*(Q)4) and at
Vg € —int (Cl(ﬁ)Jr) a nontrivial, interesting task.

Proposition 3.8. Let the hypotheses H(E), H(B) and H(f) be satisfied and let the
solutions

up € int (C'(Q)1), wo € —int (C'(Q)4)

produced in Proposition 3.5 be the only nontrivial constant sign solutions of problem
(1.1). Then

Cn(p,u0) = Cr(p,v0) = Im1Z  for all m € Ny.
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Proof. We do the proof only for the positive solution ug € int (C*(Q)4.), the proof
for the negative solution vy € —int (C*(€2)4) is very similar.
Proposition 3.4 states that

Kg, Cint (C'(Q)4) U {0}

and by the definition of the truncation in (3.1) we know that the elements of K
are nonnegative solutions of (1.1). So, the hypothesis of the proposition implies
that

Ko, ={0,uo}.
From the proof of Proposition 3.5 (see (3.34), (3.37)) we know that
B+(0) =0 < 1y < s (uo). (3.60)
Let 1 < 0 < ¥ <y and consider the following triple of sets
o c ¢l c H'(Q).

For this triple of sets we consider the corresponding long exact sequence of singular
homology groups (see Motreanu-Motreanu-Papageorgiou [12, pp. 143, 144])

v Hy (@), 61) 5 Hy (9, 67) 25

; ) (3.61)

O Hypy (@ivsﬁ’i) L
where i, is the group homomorphism induced by the inclusion

N7 i D
(Hl(ﬂ),wi) = (H'(),9})
and 9, is the composed boundary homomorphism.
The rank theorem implies
rank H,, (H'(2), g&i) = rank ker 9, + rank im 0, (3.62)

= rankim i, + rankim 0,

because of the exactness in (3.61). Recall that ¥ € (0,74 ) and Ky, = {0,uo}.
Therefore, from (3.60) and Proposition 6.61 in Motreanu-Motreanu-Papageorgiou
[12] we obtain

H,, (H'(),¢7%) = C (¢4,u0)  for all m € Ny. (3.63)
Since 1 < 0 and Ky, = {0,up}, from (3.50) it follows that
H,, (H'(),¢7) = Cm (¢4,00) =0 for all m € N, (3.64)

cf. Proposition 3.7. Finally, Lemma 6.55 of Motreanu-Motreanu-Papageorgiou [12]
gives

Hyps (@i, @i) = O 1(94,0) = Om_10Z = 61 Z for all m € Ny, (3.65)

see also Proposition 3.3.
We return back to (3.62) and use (3.63), (3.64) as well as (3.65). This leads to

rank C (¢4, ug) < 1. (3.66)
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From the proof of Proposition 3.5 we know that uo € int (C*(Q)4) is a critical
point of mountain pass type of the functional ¢. Hence

Cl (¢+,UO) 7& 07
(see Motreanu-Motreanu-Papageorgiou [12, p. 168]) which means
rank C (¢4, ug) > 1. (3.67)

Note that in (3.61) only the tail (that is, m = 1) is nontrivial (see (3.64), (3.65)).
Finally, from (3.66) and (3.67) we infer that

Cm (@4,u0) = dm1Z for all m € Ny. (3.68)
Now, let us consider the homotopy Ay : [0,1] x H'(€2) — R defined by
he () = (1= O)p(u) + t@4 ().
Suppose that we can find (¢,)n>1 C [0,1] and (up)n>1 € H'(2) such that

- /
th =t Uun — U, (h+) (tn,un) =0 for all n € N. (3.69)
The last assertion in (3.69) implies

—Aup, + E(2)uy = flo,ul) + (1 —tn) f(@, —uy, ) + typu,  inQ,

3.70
Qup + B(x)un, =0 on 0f. ( )
on

From (3.70) in combination with the growth condition on f stated in (3.31) and
the regularity theory of Wang [18] we know that we can find « € (0,1) and ¢17 > 0
such that

u, € CH(Q), [unllcrag < 11 foralln €N (3.71)
From (3.71) and the compact embedding of C1'*(Q) into C1(Q), we infer that
u, — ug in CH(Q),

see (3.69). Recall that ug € int (C*(€2)4) and int (C*(Q2)4) € C*(Q) is open, we
obtain

up, € int (C'(Q)4) for all n > no.

Therefore, (u,,)n>1 is a sequence of distinct positive solutions of (1.1), a contradic-
tion. Hence, (3.69) cannot occur and so from the homotopy invariance of critical
groups (see, for example, Gasinski-Papageorgiou [9, p. 836]) we have

o (L(o, .),u()) ~Cp (/3+(1, .),uo) for all m € No.
This gives because of (3.68)
C (0, u) = Cpy, (¢4, ug) = 01 Z  for all m € Ny.
Similarly we can show that

C (p,v0) = 6maZ for all m € Ny.

Now we are ready to produce a third nontrivial smooth solution.
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Proposition 3.9. If hypotheses H(¢), H(B) and H(f) are satisfied, then problem
(1.1) has a third nontrivial smooth solution

Yo € 01(6)7 Yo ¢ {O,U,O,’Uo}.

Proof. From Proposition 3.6 we have
k
Cn(p,00) = 8, 2 for all m € N with di = dim @D E ()\) .
i=1
Then from Motreanu-Motreanu-Papageorgiou [12, Theorem 6.62, p.160] (an easy

consequence of the Morse relation given in (2.6)) we know that there exists yo € K,
such that

Ca, (,90) # 0. (3.72)
From Propositions 3.3 and 3.8 we have
Cin(9,0) = 6moZ and Cp(p,ug) = Cplp,v0) = 0m1Z (3.73)

for all m € Ny. Since dj, > 2 (recall that k& > 2), from (3.72) and (3.73) it follows
that

Yo ¢ {07 U, UO}'
Because of yo € K, we know that yo is a third nontrivial solution of (1.1) and the
regularity theory of Wang [15] implies that yo € C1(Q). O

Theorem 3.10. If hypotheses H(E), H(B) and H(f) are satisfied, then problem
(1.1) admits at least three nontrivial smooth solutions

up € int (C'(Q)4), wvo € —int (C'(Q)4) and yo € C'(Q).
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