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ABSTRACT. The present survey aims to report on recent advances in the study
of nonlinear elliptic problems whose differential part is expressed by a general
operator in divergence form. The pattern of such differential operator is the
p-Laplacian A, with 1 < p < 400. More general operators can be considered,
possibly having completely different properties, for instance not satisfying any
homogeneity requirement. A major objective of our work is to provide ex-
istence theorems of multiple solutions for boundary value problems governed
by such general operators. In this direction, a three nontrivial solutions the-
orem is presented. In the case of problems determined by the p-Laplacian,
we give a theorem ensuring the existence of at least four nontrivial solutions.
Moreover, a complete sign information is available: two positive solutions, a
negative solution and a nodal (sign changing) solution. Finally, we provide a
theorem guaranteeing the existence of a positive solution for a problem involv-
ing the (p, ¢)-Laplacian operator A, + Ay, with 1 < ¢ < p, and a nonlinearity
depending on the solution and its gradient.

1. INTRODUCTION

In this survey we focus on nonlinear elliptic boundary value problems with Dirich-
let and Neumann boundary conditions presenting recent existence results of mul-
tiple solutions with precise sign information such as positive, negative and nodal
(i.e., sign changing) solutions. Specifically, we address some advances related to
the nonlinear Dirichlet boundary value problem

—div A(z, Vu) = f(z,u) inQ, (1.1)
u=20 on 0}, '

and the nonlinear Neumann boundary value problem
{ —div A(z,Vu) = f(z,u) inQ,

%:O on 092,

(1.2)

where n denotes the outward unit normal vector on 9, 1 < p < +00 is a given
number, and Q C RY is a bounded domain with C? boundary 0€2. For a later use
we denote by Q the closure of € in RY.

The nonlinearity in the right-hand side of the elliptic equation in (1.1) and (1.2)
is required to satisfy the following assumption:

2010 Mathematics Subject Classification. 35J87, 49J40, 49J52, 49J53.

Key words and phrases. Nonlinear elliptic boundary value problem, Nonhomogeneous differ-
ential operator, p-Laplacian, Eigenvalue problem, Multiple solutions, Critical point, Minimizer,
Regularity, Maximum principle.



2 D. MOTREANU AND P. WINKERT

(F) f: QxR — R is a Carathéodory function, which means that f(z,t) is
measurable in z and continuous in ¢, with f(x,0) = 0 for a.e. = € , such
that the subcritical growth condition for f(z,-) holds

|f(z,t)| < CA+[t|""") forevery t € R, ae. z €,

where C' > 0 and 1 < r < p* are constants. Here p* denotes the critical
Sobolev exponent, that is

Pt — NN—_@ if p< N,
400 if p> N.

The left-hand side of (1.1) and (1.2) is expressed in the form of divergence
div A(z,V(-)) and is also nonlinear. Therein we have a continuous map A : Q x
RY — RY satisfying the growth condition

[A(z,y)| < CA+ [yP~")  for all (z,y) € @ x RY,

with a constant C' > 0. In the above statement the number 1 < p < 400 is the
same as the one in assumption (F').
We say that u € Wy **(Q) is a (weak) solution of problem (1.1) if

/ A(z,Vu) - Vodr = / flz,u)vde for all v € W, P(9). (1.3)
Q Q
Similarly, we say that u € WP(Q) is a (weak) solution of problem (1.2) if
/ A(z,Vu) - Vodx = / f(z,u)vdx for all v € WHP(Q). (1.4)
Q Q

We note that owing to the above growth conditions, the integrals involved in (1.3)
and (1.4) exist.

In the following we describe the topics studied in this chapter. Section 2 dis-
cusses the hypotheses on the differential operator in (1.1) and (1.2) and important
properties of it. We stress that we are dealing with a general notion, for instance no
homogeneity assumptions are supposed. We point out that under suitable assump-
tions, the problems (1.1) and (1.2) have a variational structure. Looking for the
critical points of the Euler functionals associated to problems (1.1) and (1.2), which
coincide with the weak solutions of these problems, the obvious candidates are the
local minimizers. In this respect, Section 3 sets forth the celebrated relation of
Cl-minimizers versus W1 P-minimizers for problem (1.2) in the case of our general
differential operator determined by the possibly nonhomogeneous map A(z,y).

As noticed above, a major difficulty in handling problems (1.1) and (1.2) is
the lack of homogeneity for operator A(x,y). This is seen for example in the
study of the spectrum of the corresponding differential operator —div A(z, Vu)
driving the principal part in the problems (1.1) and (1.2). In Section 4, in order
to overcome the lack of homogeneity, asymptotic (p — 1)-homogeneity at zero and
infinity conditions for the nonhomogeneous operator A(z,-) are introduced, under
which a basic result on the spectrum of the operator — div A(z, Vu) is stated. Next,
in Section 5 it is presented a multiplicity theorem ensuring the existence of at least
three nontrivial solutions for problem (1.2). Two of the solutions are of opposite
constant signs and are obtained by minimization, whereas the existence of the
third nontrivial solution is deduced through the application of the mountain pass
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theorem. The proof strongly relies on the relation involving C*-minimizers versus
WLP_minimizers.

More insight on multiple solutions with complete sign information for problem
(1.1) is obtained in the case where div A(z, Vu) is the p-Laplacian operator. Here a
striking particularity of the studied problem is that the right-hand side nonlinearity
contains a (p—1)-sublinear term (usually, called “concave term”) B(x)|u(x)|9~2u(z)
with 8 € L*(Q)\ {0}, 8 >0, and 1 < g < p. In Section 6 we state a result guaran-
teeing the existence of at least two positive solutions provided ||8||~ is sufficiently
small. Section 7 is devoted to the existence of opposite constant sign extremal solu-
tions, which means the smallest positive solution and the biggest negative solution.
This is done by applying the method of sub-supersolutions. Section 8 contains our
main result on multiple solutions with precise sign information which ensures the
existence of four nontrivial solutions: two positive, one negative and one nodal (sign
changing). The proof is based on the existence of extremal solutions of opposite
constant sign exploiting the observation that every nontrivial solution situated be-
tween opposite constant sign extremal solutions is necessarily nodal. This technique
originates in [5] (see also [1]).

Finally, a new problem is formulated in Section 9 which is conducted by the
(p, g)-Laplacian operator A, + A,4, with 1 < ¢ < p, and whose right-hand side
depends on the solution and its gradient. The dependence of the nonlinearity of
the gradient of the solution prevents the problem to have a variational structure.
Our result ensures the existence of a positive solution. The approach combines
approximation, fixed point argument and an adequate comparison principle.

2. PROPERTIES OF THE DIFFERENTIAL OPERATOR IN (1.1) AND (1.2)

The map A entering the left-hand side of problems (1.1) and (1.2) is assumed to
satisfy the following conditions:

(H) A(z,y) = a(x, |y|)y, where a(z,t) > 0 for all (z,t) € Q x (0, +00), and
(i) A€ CO xRN, R¥)NCL(Q x (RV\ {0}),RN);
(ii) there exists a constant Cy > 0 such that
|D,A(z,y)| < Ci|y|P~2  for every x € Q, and y € RV \ {0};
(iii) there exists a constant Cy > 0 such that
Dy Alw,y)é - € = Colyl"2[¢2 for every @ € D,y € RV \ {0}, and ¢ € RY;
(iv) there exists a constant Cy > 0 such that
|D,A(z,y)| < Co(1+ |y[P~1)  for every z € Q, and y € RV \ {0};
(v) there exist constants C5 > 0 and 1 > ¢y > 0 such that
Dz A(z,y)| < Csly[P~" (—logly|) for every z € Q,
y € RN\ {0} with 0 < |y| < to.

The notation D, A means the differential of the mapping A(z,y) with respect to
the variable y € RY, and here 1 < p < 400 is given in assumption (F). Notice
that if A does not depend on z € €, then conditions (H) (iv), (v) are automatically
satisfied.

We provide some examples of maps A complying with hypothesis (H).
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Example 2.1. Let § € C*(Q) with § > 0. Then the following mappings fulfill the
conditions stated in (H).

(i) For 1 <p < +oo: Az, y) = 0(z)|y[P~2y;
(i) Forp >2: A(z,y) = 0(z)(|y[""*y + In(1 + [y[P~?)y);
(i1i) For1 <71 <p<gqandT#2:
0(x) (lylP~2y + [y|"~2y) if lyl <1
0@) (gl =2y + =2yl — S5y) iyl > L

(iv) The weighted sum of p-Laplacian and a generalized mean curvature opera-
tor:

Alx,y) =

_ p—2 ‘y|p—2y
Az, y) = 0(z)(y] y+cl+‘y|p),

with 0 < ¢ <4p(p—1) if 1 <p<2and 0 < ¢ < 245 if p > 2.

The form of the operator A allows us to build a variational setting for problems
(1.1) and (1.2). To this end, we note that the continuity of A guaranteed by
hypothesis (H) (i) implies that the function (z,t) — a(z,t)t is continuous for all
x € Q and ¢t > 0. This can be seen from the equality

A(z, (t,0,...,0)) = (a(z,t)t,0,...,0) forallz €Q, t> 0.
Therefore for every z € Q and y € RY it is well defined

|yl
G(z,y) ::/ a(x,t)tdt.
0
A straightforward computation shows that the gradient V,G(x,y) with respect to
the variable y € RY is given by
V,G(z,y) = A(z,y) forall z € Q and y € RV.
Moreover, due to hypothesis (H) (iii), G(z,y) is convex in y for all x and satisfies
A(z,y) -y > G(z,y) forall (x,y) € A x RV, (2.1)
As a consequence of hypothesis (H) and by means of (2.1) we have the following
proposition that summarizes some significant facts regarding the operator A and
the corresponding potential G.
Proposition 2.2. Let hypothesis (H) be satisfied. Then there hold:
(i) The map y — A(x,y) is mazimal monotone and strictly monotone for all

z €.
(it)
%! p—1 o N
|A($,y)|ép_1|y\ for all (z,y) € Q x RY.
(ii)
Co — N
A($7y)'y271|y|p for all (z,y) € Q x RY.
p—
(iv)
Co » & 3w RN
—— |y’ < G(z,y) < ———y[P  for all (z,y) € A x R,
p(p—l)‘ | (z,9) p(p—l)l | (z,9)
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The following result mentioning an essential property of the differential operator
div A(z, V(+)) corresponding to the map A was proven in [22; Proposition 10]. This
result is a key tool in checking the Palais-Smale condition for the Euler functional
associated to problems (1.1) and (1.2).

Proposition 2.3. Assume hypothesis (H). Then the map V : WP(Q) — (Wl’p(Q))*
defined by

(V(u),v) = —(div A(z, Vu), /A (x,Vu) - Vodx

for all u,v € WYHP(Q), is maximal monotone and has the (S)y property, that is,
any sequence (u,) C WLP(Q) such that u, — u in WHP(Q) and

limsup (V(un), un —u) <0,

n—oo
for some u € WHP(Q), fulfills u, — u in WHP(L).
Another useful related result is the following one whose proof is given in [20].

Proposition 2.4. Assume hypothesis (H). For any number A > 0, let the mapping
Ty : WEP(Q) — (WEP(Q))* be defined by

(Ta(u) / A(z,Vu) - Vo d:lc—l—)\/ [ulP~?uv d.
Then the inverse Ty ' : (WhP(Q))* — WLP(Q) of T ewists and is continuous.

3. C'-MINIMIZERS VERSUS W1P-MINIMIZERS FOR PROBLEM (1.2)

This section is devoted to the famous result dealing with the comparison of local
C'-minimizers and local W1P-minimizers for Euler functionals associated to some
elliptic boundary value problems. Precisely, we set forth such a result in the case
of our problem (1.2). A similar result holds for the Dirichlet problem (1.1) with
WyP(€) in place of WHP(1).

Recall that the function f :  x R — R entering problem (1.2) is subject to
hypothesis (F) asserting the subcritical growth condition for f. Setting F'(z,t) =
fo x,8)ds, we define the functional ¢ : W1P(Q) — R by

:/QG(m,Vu)dx—/ﬂF(x,u)dx, (3.1)

with the function G introduced in Section 2. Under assumptions (H) and (F'), the
functional ¢ is well defined on WP(€2) and is of class C'. Moreover, its critical
points coincide with the (weak) solutions of problem (1.2), that is, we have ¢'(u) = 0
if and only if (1.4) holds true.

The main result of this section is the following.

Theorem 3.1. Assume that the conditions (H) and (F) are fulfilled. If uy €
WLP(Q) is a local C*(Q)-minimizer of v in (3.1), that is, there exists ro > 0 such
that

o(ug) < o(ug +h)  for all h € CH(Q) with IRl ey < o,
then ug € CH(Q) with % = 0 on 09, and it is a local Wl’p(Q)—mmimizer of v,
that is, there exists 11 > 0 such that
o(uo) < p(ug +h)  for all h € WP (Q) with ||h|ly1e@) < 71
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Proof. (sketch)

Since C'1(Q) is dense in W1P(Q), it follows that ¢’(ug) = 0, or equivalently
—div A(z, Vug(x)) = f(z,uo(z)) in Q, ? =0 on 00.
n

Suppose that ug is not a local W1 (Q)-minimizer of ¢. Because the functional ¢ is

sequentially weakly lower semicontinuous, for € > 0 small we can find h, € Eg =
{fue WhP(Q) : |lulpr@) < e} such that

(o + he) = inf{ip(uo + u) : u e BL} < polug). (3.2)
The Lagrange multiplier rule yields A. < 0 with
¢ (o + he) = Aelhel~?he,
which results in
—div A(z, V(uo + he)(2)) = f(@, (up + he) () + Ae|he(@)|""2he(z)  in Q.
Setting A(z,y) := A(z, Vuo(x) + y) — A(z, Vug(z)), it is seen that A satisfies
—div A(z, Vhe) = f(z,uo + he) — f(z,u0) + Ae|he|""2he  in Q.

Now we can show that there exists a constant dy > 0 such that |A\.||h-(z)|""! < dp
for all z € Q and € > 0 small.

At this point, in view of Lieberman [17, Theorem 2] there exist 6 € (0,1) and
M > 0 such that
he € CY9(Q) and [hellcro < M for all € > 0 small. (3.3)

Exploiting that C*-(§) is embedded compactly in C* (), we infer that ug+he —
up in C1(Q) as ¢ — 0. Consequently, assertion (3.2) yields o(ug) < @o(ug + he) for
¢ sufficiently small, which contradicts the choice of h.. This completes the proof.

(]

Theorem 3.1 was proven in [20, Proposition 24] (see also [25, Theorem 3.1]).
We emphasize that if Cp = C; = p — 1 in assumption (H), the operator V =
div A(z,V(-) : WhP(Q) — (W“’(Q))*, with A in hypothesis (H), becomes the p-
Laplacian operator on W1?(€2). For p-Laplacian operator and Neumann problems,
the result can be found in [21]. The counterpart result for Dirichlet problems in the
case p = 2 is due to Brezis and Nirenberg [3], which was extended to 1 < p < 400
by Garcia Azorero, Peral Alonso, and Manfredi [10] (see also [14] for p > 2). For
different extensions and related results we refer to [2], [8], [12], [15], [16], [24],
[31], [32]. Theorem 3.1 is very useful in the study of problem (1.2), especially
for obtaining the existence of multiple solutions through variational methods, for
example by using the mountain pass theorem, combined with the method of sub-
supersolutions.

4. ASYMPTOTICALLY HOMOGENEOUS CASE

The eigenvalue problem with Dirichlet boundary condition for the nonlinear
operator div A(z, V(-)) means the existence of A € R for which
{— div A(z, Vu) = MulP72u  in Q,

(EV:A)
u=0 on 0,
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has a non-trivial solution. The eigenvalue problem (EV;)\) is hard because the
operator A(z,-), so div A(x, V(+)), is not homogeneous. Even in the case of the p-
Laplacian A, which is (p—1)-homogeneous, the spectrum is not completely known
(it is known what is called the beginning of the spectrum of —A, as can be seen in
[7], see also [27] and [28]).

In order to overcome the lack of homogeneity in (EV;\) it was introduced in
[26] an asymptotic (p — 1)-homogeneity at zero condition for the nonhomogeneous
operator A(z,-):

(AHO0) There exist a positive function ag € C1(€,R) and a continuous function
ao(z,t) on Q x [0, +00) such that

A(z,y) = ao(2) |y’ 2y + Go(z, y|)y forallz € Q, y € RY,

lim Go(@,t)

L2 = 0 uniformly in = € Q.
t—0

Under assumption (AHO0), with the weight function ag we define

A1(ag) := inf {/Q ao(z)|VulP dz; ull, =1 } .

Also in order to overcome the lack of homogeneity in (E'V; A) it was introduced in
[26] an asymptotic (p—1)-homogeneity at infinity condition for the nonhomogeneous
operator A(z,-):

(AH) There exist a positive function as € C*(Q,R) and a continuous function
a(z,t) on Q x R such that
Alz,y) = ace(@)lyl" "y +a(z, lyl)y  forallz € Q, y e RY,
- ax,t)
t—+oo P2

=0 uniformly in z € Q.

Under assumption (AH), with the weight function as,, we define

M (ao) = inf {/Q oo (2)|Vul? da; [[ul, = 1 } .

We cite from [26] the following result on the spectrum of the nonlinear operator
div A(z, V(+)).

Theorem 4.1. Assume (H), (AHO0), (AH) and that Ai(ag) # M(as). Then,
for every X between A1(ag) and A1 (aso), problem (EV;\) has a non-trivial positive
solution, therefore X\ is an eigenvalue of the operator — div A(x, V(+)).

Theorem 4.1 is important because it shows that generally the spectrum of the
operator — div(A(z, Vu)) on Wy*(€) is not discreet. However, Theorem 4.1 can-

not be applied to the negative p-Laplacian —A, on VVO1 P(Q) because in this case
)\1(&0) = )\1((100).

5. A THREE SOLUTIONS THEOREM

In this section we present an existence and multiplicity result for the Neumann
problem (1.2), on a bounded domain 2 C RY with a C2-boundary 952, involving
the nonhomogeneous operator A introduced in Section 2. We suppose that the
nonlinearity f(x,u) in the right-hand side of the equation in (1.2) satisfies the
following conditions:
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(Hf)1 f: QxR —Risa Carathéodory function such that f(z,0) =0 a.e. in Q
and
(i) |f(z,8)] < a(z) + Cls|"71 for a.a. =z € Q, all s € R, with a €
L*(Q)4,C >0, and 1 <7 < p*
(i) if F(x,t) fo x,s)ds, there exists § € L>=°(Q), § < 0,0 # 0, such
that

F
lim sup p|(:|n];s) < 6(z) uniformly for a.a. x € €;
|s|—o0 S

(ili) there exist dp > 0 and 7 > A; such that (with C; as in (H))
Cin
plp—1)
(iv) there exists A > 0 such that
(f(z,s) + \|s|P"%s)s >0 foraa z€Q, all s €R.

|s|? < F(z,s) fora.a. x€Q, all |s| <dp;

Example 5.1. A simple example of function satisfying assumption (Hy )y is the
following one:

i|sP=2s if ls| <1
fls) = s N (lp2.
Cls|™=s = (C =)lsIP"s if |s| > 1,

ClAl

where 7 > ,C>n,and 1 < q<p.

The subsequent result on multiple solutions to problem (1.2) can be found in
[25, Theorem 4.2]. In the statement of it we use the space

— — 0
CL@Q) = {uec C(Q): % =0 on 9Q}.
The Banach space C'(Q) is an ordered Banach space with the positive cone
Cy ={uecC'(Q): u(x) >0 forall z € Q}.
This cone has a nonempty interior which is given by
intCy ={ueCy: ulx)>0 forall z € Q}.

Theorem 5.2. Let the hypotheses (H) and (Hy ), be satisfied. Then problem (1.2)
possesses at least three nontrivial smooth solutions ug € int Cy,v9 € —int Cy and
Yo € Ch ().

Proof. (sketch)
For A > 0 as in (Hy)1(iv), we introduce the function

A _J 0 if s <0
f+(x,s)—{ f(z,s) +AsP~t  if s> 0.

Let F{(z,t) fo f2(x,s)ds. Consider the C'-functional ¢} : W'P(Q) — R
deﬁned by

@) (u) = / G(z,Vu)dx + A fJullh — / F}x,u)dz for all u € WHP(Q).
Q p Q
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By hypotheses (Hy)1(i), (ii) and Proposition 2.2, ¢ is coercive and so we can
find ugp € W1P(Q) such that

A : A
(o) = nf @i

From (Hy) (iii) we have that ¢} (ug) < 0, hence ug 0. Also we note that
V(ug) + NuolP2ug = f2 (2, up).

Therefore ug is a nontrivial solution of problem (1.2) with v € L>(Q) (see [33]).
On account of the nonlinear regularity theory (see [17]), we infer that uy €
C4 \ {0}, while hypothesis (Hf): (iv) implies

—div A(z, Vug(z)) + Mug(2)P~! = f(z,up(x)) + Mug(z)P~1 >0 a.e. in Q.

Invoking the nonlinear maximum principle in [20, Theorem A], we conclude that
ug € int C4. Similarly, we get vg € —int C'..

Recall the Cl-energy functional  : WP(Q) — R associated with problem (1.2)
defined in (3.1) and note that ¢lc, = ¢}|c,. So ug € intCy is a local C'*(Q)-
minimizer of ¢. On the basis of Theorem 3.1, we infer that ug is a local WP (Q)-
minimizer of . Similarly, we have that vg € —int C; is a local W12 (Q)-minimizer
of .

Now we will provide a third nontrivial solution of problem (1.2). Without any
loss of generality, we may assume that ¢ has a finite critical set. Then we can find
p > 0 such that

(o) < pluo) < inflp(u) : llu—uoll = p] =: m,. (5.1)
Moreover, we have that ¢ is coercive, hence it satisfies the Palais-Smale condition.
Consequently, the mountain pass theorem can be applied giving yo € W?(£2) such
that o(yo) > m, and ¢'(yo) = 0. As before, through the nonlinear regularity
theory, it follows that yo € C}(€) is a solution of problem (1.2). By (5.1), it turns
out that yo & {ug, vo}-
It remains to show that yo # 0. From the mountain pass theorem we have the
minimax characterization

ES f
©(vo) inf max e(v(1)),

where

L= {yeC([0,1], W"P(Q2)) : 7(0) =0, ¥(1) = uo}.
If we can produce a path vy € I" such that ¢|,, <0, then ¢(yo) < 0 = ¢(0) and so
Yo # 0 and we are done.

In what follows we generate such a path «y € I'. Consider the sets M =
WLP(Q)NIBF” endowed with the relative W?(Q)-topology and M, = M NC*(Q)
furnished with the relative C'!(Q)-topology. We notice that M, is dense in M. So,
if we set

I'={yeC(-1,1,M) : 5(=1) = —to, H(1) = 1o},
and
Lo ={§ € C([-1,1], Mc) : 4(=1) = i, 4(1) = @0},
we have that I'.. is dense in T Then, from [1], given € > 0 we can find 4 € I, with

[
max[||Vull) : u € Fo([-1,1])] < A1 +e.
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Here A stands for the second eigenvalue (the first nontrivial eigenvalue) of —A,
on W1P(Q). The corresponding result for the Dirichlet problem can be found in
[7]. For p > A1 in (Hy)q(iii), let € > 0 with Ay +¢ < 7. Also let £ > 0 be such that
Elu(z)| < 8 for all z € Q, all u € 49([—1,1]), with § > 0 in (Hy)(iii). Then by
(Hy)1 (iil) we deduce that p(&u) < 0 for all u € 4([—1, 1]). It follows that 7, = {90
is a path from —ig to &g with pl5, < 0.

Without loss of generality we may assume that {0, ug} are the only critical points
of cpi (if y € WP(Q) is another critical point of cpi, then y € int C, thus it is a
third nontrivial smooth solution). Set a := ¢} (up) = ¢(ug) < 0 = ¢} (0). Hence
we can apply the second deformation theorem (see, e.g., [I1, p. 628]) and obtain
a homotopy h : [0,1] x ((¢})°\ Kgi> — (¢})? satisfying the properties stated in

that theorem, where (%)% = (¢})~1(—00,0] and KgA denotes the set of critical
+

points at the level 0. Let v4(t) = (h(t,&tp))™ for all ¢t € [0,1]. Then v4(0) =
&lo (tp is the LP-normalized eigenfunction of the negative Neumann p-Laplacian
corresponding to the eigenvalue 0, that is g (z) = 1/|Q\}\,/p)
(1) = (¢2) " (—00,a] = {uo}. Consequently, we get

and 74 (1) = up because

<P|7+ <0.

In a similar fashion we produce a path y_ joining vy and —&ug such that
90|% <0.

Finally, we concatenate v_, 7, and -4 to construct a path o € I satisfying ¢|,, <
0, which completes the proof. (I

6. POSITIVE SOLUTIONS

In this section we seek multiple positive solutions for the special case of problem
(1.1) where in place of the general operator div A(x, Vu) we take the p-Laplacian
A, with 1 < p < +o0.

Let Q C RY be a bounded domain with a C?-boundary 9Q. Given 8 € L>(Q)\
{0}, B > 0, we consider for 1 < ¢ < p the nonlinear Dirichlet problem:

{ o) = B + S @ (6.1)

where A, denotes the p-Laplace differential operator defined on VVO1 P(Q) by
Ayu = div(|VulP 2 V).

Notice that in (6.1) the right-hand side nonlinearity contains a (p — 1)-sublinear
term (usually, called “concave term”) B(x)|u(z)|? 2u(x), with 1 < ¢ < p, and an
additional Carathéodory term f(z,u).

Denote by A; the first eigenvalue of the negative Dirichlet p-Laplacian operator
(—=A,, Wy (Q)) and by @ the LP-normalized positive eigenfunction corresponding
to A1. Through the nonlinear regularity theory (see [17]) and the nonlinear strong

maximum principle of Vazquez [30], we have that 4 € int C'y, where this time we
denote

Cy={ueC'Q): u(x) >0 forall x € Q and u(z) = 0 on IN}. (6.2)
This cone has a nonempty interior equal to

intCy ={ueCy: ulr)>0forall zecQand %(m) < 0 for all z € 9Q}.
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As before, n stands for the outward unit normal on 9.
The hypotheses for the nonlinearity f(z,u) in (6.1) are as follows:

(Hf)2 f:Q xR — Ris a function such that

(i) for all s € R, x — f(x,s) is measurable;

(ii) for a.a. x € Q, x — f(x,s) is continuous and f(x,0) = 0;

(iii) for a.a. x € Q and all s € R, we have |f(z,s)| < a(z) + c[s|"~!, with
aeLOO(Q)+,c>Oandp<r<p*;

(iv) if F(z,s) = [; f(x,t)dt, then

F
(iv.a) lim Fz9)

s—+oo sp

(iv.b) there exist 7 € (max{2N,r —p},p") and 7o > 0 such that 7 > ¢ and

lim inf £(&:2)8 = PF (@ 5)

s5—+00 sT

= 400 uniformly for a.a. x € Q,

> 7o uniformly for a.a. x € Q;

(v) there exist &, 0 € L>°(2)4 such that 6(z) < A; a.e. on ), with strict
inequality on a set of positive measure, and

—¢(z) < liminf M < lim sup M < f#(x) uniformly for a.a. z € ).
s—0+ 8P~ s—o0+ SP

The following theorem can be found in [23].

Theorem 6.1. If hypotheses (Hy)s hold, then there exists & > 0 such that if
18llce < &%, then problem (6.1) has at least two distinct (nontrivial) positive solu-
tions ug, U € int Cy .

Proof. (sketch)
We introduce the following truncation of the right-hand side of the equation in
(6.1):
]g (1‘ S) . 0 ifs<0
T Bx)st + fx,s)  if s >0,

which is a Carathéodory function.
Next we set F(z,s) = fos fa(z,t)dt and then consider the functional ¢, €
CY(WyP(Q)) defined by

1 N
Gy(u) = , [Vullh — /52F+(x,u(x)) dz for all u € W, P(Q).

From hypotheses (Hy)2 (i)-(iv) we derive that ¢ satisfies the Cerami condition.
Then the first positive solution wug is obtained through the mountain pass theorem,
which leads to

$(ug) > inf ¢y =: iy >0, (6.3)
dB,

where 0B, denotes the sphere in WO1 P(Q) centered at 0 and of a small radius p > 0.
Now we generate a second positive solution for problem (6.1). By (Hy)2(v), we
find constants ¢g > 0 and § > 0 such that

F(zx,s) > — D foraa z e Q, all s €]0,4].
p
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Let v € Ct with v > 0 in Q and ||v|]| = |[Vv||, = 1. For ¢ > 0 small such that
tv(z) € [0,4] for all x € Q, we have the estimate

bt < [ S0 (14 2) 1 [ ) utareas]

since 1 = [|[Vv|b > Ai|v|lb. Choosing ¢ > 0 possibly smaller and recalling that
p > ¢, we have

G4+ (tv) <0 and tv| =t <p. (6.4)
By (6.4) we have that
n:=14 —info, >0,
BP
where B, = {u € Wy"*() : |jul| < p}.

Let ¢ € (0,m). By the Ekeland’s variational principle, there exists u. € B, such
that
¢+ (ue) <infoy +e (6.5)

BP
and
G4 (us) < oy (y) +elly —ue| foralye B,. (6.6)
From inequality (6.5) and since e < 7, we obtain that ¢ (u.) < infap, p1. It
follows that u. € B, = {u € W, P(Q) : |ull < p}, so for every h € W, *() one has
us + th € B, whenever ¢t > 0 is sufficiently small. Inserting y = u. + th in (6.6),
dividing by ¢ and then letting ¢ — 0 lead to [|¢/, (u.)|| < e.

Fix now a sequence ¢, | 0 and denote for simplicity u, = u.,. Then one
has ¢’ (un) — 0 and also (1 + [Juy||)@, (un) — 0 as n — oo. Through the Cerami
condition, this guarantees the existence of @ € VVO1 "P(Q) such that, along a relabeled
subsequence, u,, — @ in I/VO1 "P(Q), which enables us to pass to limit in (6.5) to obtain

¢4 (@) = inf @ <0 =p4(0),
BP
thereby @ # 0. Moreover, from (6.3) we see that @ # ug. Since ¢’ (u,) — 0 and
un — @, we infer that @', (@) = 0. Then, as for ug, we obtain that @ solves problem
(6.1) and 4 € int C.. O

Remark 6.2. If the right-hand side of the equation in problem (6.1) has the special
form

Mu|972u + (ut)™ 1 with A >0 and q<p<T1<Dp*,
Theorem 6.1 recovers the existence result in the case of p-Laplacian with 1 < p <

+o0 due to Garcia Azorero—Peral Alonso—Manfredi [10] and the analogous result of
Guo—Zhang [14] for p > 2.

7. EXTREMAL SOLUTIONS

Consider the particular form of problem (6.1) restricting 8 to constants A > 0,
that is

u=20 on 0. (7.1)

We recall that here we have, as in Section 6, 1 < ¢ < p. We slightly modify our
assumptions:

(Hf)s f:Q xR — R satisfies hypotheses (Hy)o (i)—(iii), (iv), and in addition

{ ~Ayu(e) = Mu(@)/*-2u(2) + f(r,ul@)) in Q,
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oo f(@9)
(Vl) sl~l>r(r)lJr sp—1
(vii) (local sign condition) there is a number b > 0 such that

f(z,s) >0 for a.a. x € Q and all s € (0,b).

The aim of this section is to study the extremal solutions for problem (7.1),
which means the biggest negative solution and the smallest positive solution of
(7.1). To this end we recall that A; denotes the first eigenvalue of the negative
Dirichlet p-Laplacian (—A,, W, ?(Q)) and 4, stands for the LP-normalized positive
eigenfunction corresponding to A;. There holds @1 € int C, with C given in (6.2).
The result below can be found in [23].

= 0 uniformly for a.a. z € Q;

Proposition 7.1. If hypotheses (Hy )3 hold, then there is \* > 0 such that for all
A € (0,X*), problem (7.1) has a smallest positive solution ug € int Cy  satisfying
[[uolloo < .

Proof. First, we look for suitable positive sub-supersolutions of problem (7.1). Hy-
pothesis (Hy)s (vi) implies that for any € > 0, we can find é > 0 such that

f(z,s) <esP ' 4¢é.8"! foraa. xre€Qandalls>0.
Let e € int C; solve

e=20 on 0f).

Notice that there exists A* > 0 such that for all A € (0, \*) there is 71 = m(\) €
(0,0/[lefloo) with

{ —Ape(r)=1 1inQ,

— — ~ — -1
Almllelloo)®™" + e(mllelloa)”™" + ec(mllelloe)™ ™ < i~

Fix A € (0,A\*) and set @ = nye. Then we see that
—Aya =11 > A llelloo) ! e(mlefloo)P T E(mllell o)t 2 AT+ f (2, 7).
This expresses that @ € int C'y is a (strict) supersolution for problem (7.1). More-
over, we have ||Tljc < b.

Choose € > 0 so small that &iy(z) < u(z) for all z € Q and \eP~ 947 < A.
Set w = €4y. By hypothesis (Hy)s (vii) we infer that

—Apu = MR < NS < T - f(a, ).

It follows that u € int C is a (strict) subsolution for problem (7.1), and in addition
we have u < w.

Consider now the sequence u,, = £,4; with &, | 0. Since the problem (7.1) has
a smallest solution u? in the ordered interval [u,,,u] and it satisfies u? € int C'y, it
follows that the sequence {u”},>; C W, ?(Q) is bounded. Acting with u? —u, €
WyP(€2) on

Al = AT+ f ()

results in

lim (—Apul,ul —uy) =0.
n—oo

The (S) property for the p-Laplacian (see also Proposition 2.3) enables us to get
ul — ug in Wol’p(Q) as n — oo. It follows that u, is a solution of the problem
(7.1). The nonlinear regularity theory and strong maximum principle imply that
u4 € int C4 provided uy4 # 0.
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Let us prove that uy # 0. To this end we introduce the function v : Wy (Q) —
R by

1 A
P(u) = ; [ V|2 — A [ut(|g for all u € WyP(Q).

Here u™* denotes the positive part of the function u. Since v coercive and sequen-
tially weakly lower semicontinuous, and taking into account that ¢ < p, there is
u € Wy (Q) such that
Y(u) = inf ¢ <0,
WP (9)
so u # 0 and
~Apu — AMut)t =0.

Acting with —u~ € WO1 "P(Q), where u~ denotes the negative part of the function
u, ensures that u > 0, thus u solves the problem

—Apu(z) = Mu(z)?™!  in Q,
u=0 on ON).

This renders Ayu(z) < 0 a.e. in Q, which entails v € int Cy due to the strong
maximum principle [30].

Since u} € int C, there is the biggest &, > 0 such that £,u <l for all n > 1.
If &, < 1, then we have

—Apu (@) = M ()7 = A (@)1 > AT u(@) T = = Ay (§au) ().

By means of the comparison principle in [13], we arrive at u} —&,u € int C, which
contradicts the maximality of &,.

Therefore &, > 1, which implies that v < u}. We conclude that v < ug, so
uy # 0. Now it is straightforward to check that w4 is indeed the smallest positive
solution of (7.1). The proof is thus complete. O

Next we deal with the biggest negative solution. We work under asymmetrical
situations on R} and R_. We impose the hypotheses:
(Hf)a f:Q xR — R satisfies hypotheses (Hy)2 (i)—(iil) and in addition
(viii) there exists 8 € L*°(Q)4 such that 8(x) < A; a.e. on Q, with strict
inequality on a set of positive measure, and

: f(z,s)
lim su
s—)—(xI>) |5|p_25

< O(z) uniformly for a.a. x € ;

(i)
o J9)

s—0- |s[P~2s

= 0 uniformly for a.a. x € €;

(x) (local sign condition) there is a number b > 0 such that f(x,s) <0 for
a.a. ¢ € and all s € (—b,0).

Remark 7.2. Assumption (Hy)s (viti) guarantees that for a.a. x € Q, f(z,-) has
a (p — 1)-(sub)linear growth near —co.

We have the following result from [23].

Proposition 7.3. If hypotheses (Hy )4 hold, then for every A\ > 0, problem (7.1)
has a biggest negative solution v_ € —int Cy .
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Proof. (sketch)
First we search for negative sub-supersolutions of problem (7.1). By (Hjy)(iii),
(Hy)a(viii) we have that given € > 0 we can find £ € L>(Q)4 \ {0} such that

f(z,8) > (0(x) +¢)|s|P~%s — £ (x) for a.a. x € Q and all s < 0.
Define the Carathéodory function

A2+ (0(z) +€)|s]P2s — &o(x)  ifs <0
gr(x, 5) = { —£.(x) if s >0,

and consider the C'-functional o : W, *(€2) — R defined by
1
o(v) = , Vo) — / G(z,v(x)) dz for all v € W, P(9Q),
Q
where G (z, s) = [; gr(z,t) dt. The function o is coercive and sequentially weakly

lower semicontinuous, so there is v € Wy (Q) such that

o(v)= inf o.
WP ()

We act with v € W, ?(Q) on the problem
{ A AT+ (04T & =0 inQ

v=20 on 0f),
which implies that v < 0, v # 0, A,(—v) <0, so v € —int C; according to the
strong maximum principle in [30]. Furthermore, v is a lower solution of problem

(7.1). Given € > 0 small, set ¥ = —€@; € —int C. Hypothesis (Hy)4 (ix) ensures
that T is an upper solution of (7.1) and v < w.

Consider the sequence of functions v,, = —£&,%; corresponding to a sequence
€n 4 0. Then, for every integer n > 1, we get the biggest solution v} € —int Cy of
problem (7.1) in the ordered interval [v,7,]. Taking into account this maximality
property and using once again the strong maximum principle (which is possible
thanks to hypothesis (H )4 (x)), we establish that v — v_ in W, (Q) for some
v_ € —int Cy. Finally, we can show that v_ is the biggest negative solution of
(7.1), which completes the proof.

|

8. NODAL SOLUTION

Our main result on problem (7.1) asserts the existence of an additional solution
which is nodal (sign changing). The complete proof of the theorem below as well
as other related results can be found in [23].

Theorem 8.1. If hypotheses (Hy)o (i)-(iv), (Hy)s (vi)-(vit) and (Hy)s (viii)-(x)
hold, then there exists \* > 0 such that for all A € (0, \*), problem (7.1) has at least
four distinct nontrivial smooth solutions: ug, @ € int Cy with ug # 4, vo € —int Cy
and yo € CH(Q) \ {0} nodal.

Proof. (sketch)

Theorem 6.1 and Proposition 7.3 provide a number \* > 0 such that for every
A € (0, \*) there exist three constant sign solutions ug, @ € int Cy and vy € — int Cy-
of problem (7.1). Fix any A € (0,A*). In view of Propositions 7.1 and 7.3 there
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exist the smallest positive solution w4 € int Cy and the biggest negative solution
v_ € —int Oy of problem (7.1). Consider the truncation:

Mo_(2)]72v_(2) + f(x,v_(x)) if s <v_(z)
falz,s) =< Ns|772s + f(x, ) ifv_(z) <s <uy(z)
Ay (2)971 + fo,up (z)) if ug () <s.

Associated with this truncation we introduce the C' functional ¢y : W, * () — R
defined by

1 ~
oatu) = 2 [Vul —/QF,\(x,u(x))dx for all u € WIP(Q) |

where .
F\(z,t) = / fa(z, s)ds for all (z,t) € Q x R.
0

Using the definition of the truncation function given above, it is straightforward to
prove that every critical point of ¢ is located in the ordered interval [v_, u,]. This
can be checked by testing the equation ¢} (u) = 0 with (v — uy )™ and (v —v_)".
Then we can show that v_ and w; are local minimizers of the functional ).
Moreover, we may assume that they are isolated critical points because otherwise
we obtain infinitely many nodal solutions of problem (7.1).

Notice that the imposed assumptions permit to apply the mountain pass theorem
to the functional @y. It follows that there exists a critical point yo € [v—,uy] of P
with yo # v_ and yo # u4+. A major step in the proof is to establish that yy # 0.
In this respect we make use of the critical groups associated to the function ¢ at
yo and 0. For the theory of critical groups we refer to [6] and [19].

The fact that yg is a critical point of ¢, of mountain pass type implies that the
critical group Cy(@x, yo) is nontrivial, that is C1 (P, yo) # 0. On the other hand, we
can prove that for all u € Wy (Q) with |ju|| < p and @y (u) < 0, we have @ (tu) < 0
whenever ¢ € [0,1]. In turn, this allows to develop a homotopy argument revealing
that the critical groups Ci($x,0) are all of them trivial, that is Ck(¢x,0) = 0 for
all k. Consequently, comparing the critical groups C1(¢x,yo) and C1(p,0), we
derive that yg # 0. Now we can conclude that the nontrivial solution gy of problem
(7.1) is nodal. Indeed, relying on the location property yo € [v_,uy], the solution
yo must be sign changing because otherwise it is contradicted the maximality of v_
among the negative solutions or the minimality of uy among the positive solutions.
The proof is thus complete. (I

9. NEW PROBLEM

In this section we consider the nonlinear Dirichlet problem

—Apu — pAgu = f(z,u,Vu) in Q,
u>0 in Q, (NP)
u=20 on 0f,
on a bounded domain Q in RY with a C1®-boundary 99, for some 0 < a < 1.
In the left-hand side of the equation in (NP) we have the p-Laplacian A, and the

g-Laplacian A, with 1 < ¢ < p < +o00, and a constant p > 0. So, basically, the
principal part of the elliptic equation is determined by the (p, ¢)-Laplacian operator
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—A, — A,. The right-hand side of the elliptic equation in problem (NP) depends
on the gradient Vu of the solution u. This is a novelty with respect to problem
(1.1). Problems where the right-hand side depends on the gradient of the solution
are sometimes called with convection term.

We emphasize that the (p, ¢)-Laplacian operator is not homogeneous. However,
it does not belong to the class of possibly nonhomogeneous operators described in
statement (H) (in the sense to be in the divergence form div A(x, V(-)) with some
A(z,-) satisfying (H)). Actually, all the conditions in (H) are satisfied excepting
(H) (ii) that to fulfill our purpose should be replaced with

(ii") There exists a constant C; > 0 such that
|DyA(z,y)| < Ci(JyP~2 +1) for every z € Q and y € RV \ {0}.
If this is the case, then we can set A(x,y) = |y|P + ply|? for all (z,y) € @ x RN to
comply with (H).
We suppose that the nonlinearity f(x,u, Vu) satisfies the hypothesis:
(FG) f: QxR xRY — R is a Carathéodory function such that f(x,0,£) = 0
a.e. in ©, for all £ € RV, and
bolt|™ < fla,t,€) < bi(1+[t|™ +[€]™)
for all (z,t,£) € 2 x R x RY | with constants bg,b; > 0, 71,72 € [0,p — 1),
rg €[0,p—1)if p =0, and rg € [0,q — 1) if x> 0.
The following result can be found in [9].
Theorem 9.1. Under assumption (FG), problem (NP) admits a (positive) solu-
tion u € C}(Q).
Proof. (sketch)
First, it is shown that for every € € (0,1), the approximate problem
—Apu — pAgu = f(z,u+¢,Vu) in Q,
u>0 in Q, (P:)
u=20 on 09},

has at least a (positive) solution u. € C}(2). This conclusion is achieved through
a Schauder basis of W,"”(€2) by using Brouwer’s fixed point theorem on the corre-
sponding finite dimensional spaces and then passing to the limit. For the solution
ue € C3(Q) of problem (P:), from hypothesis (FG) and

/(|Vug|p + p|Vue|9)de = / f(z,ue + &, Vue)udx,
Q Q

we get the estimate
[uell” < C(lluell + lluel|"™ * + Jue =),

with a constant C' > 0 which is independent of €. Since 1,71 + 1,70 + 1 < p, we
infer that

[|luc|| < Co, (9.1)
for a constant Cy > 0 independent of . In view of (9.1), we can find &, — 0T such
that the corresponding sequence {u,, = u. } is strongly convergent

Uy, — u in Wy P() asn — oo, (9.2)
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with some u € Wy(€). On the basis of (9.2) and because u,, solves (P, ), it turns
out that u is a solution of the equation

—Apu — pAgu = f(z,u,Vu) in Q
u=0 on O0NQ.

The regularity up to the boundary in [17, Theorem 1] and [18, p. 320] ensures that
u € CHP(Q) with some 3 € (0,1). At this point we cannot guarantee that u is
nontrivial. In order to prove that u > 0, we develop a comparison argument.

We note that there exists a (positive) solution u € C}(f2) to the problem

—Apu — pAgu =bou™ in
u>0 in Q (9.3)
u=0 on 01,

where by and 7y are the positive constants in hypothesis (F'G). In the sequel, u
will be regarded as a subsolution of (9.3). We also observe that hypothesis (FG)
implies that u. is a supersolution of problem (9.3) for each € € (0,1).

Now we apply the comparison principle in [9] to problem (9.3), by taking the
subsolution u and the supersolution u.. We emphasize that for applying this com-
parison principle it is essential to know that u. > 0 in Q as well as that 7o < ¢ —1
if u >0,and rg < p—1if 4 = 0. In order to apply the comparison principle we
also need to check that w

=, = € L™=(N).
U Ue
To this end it suffices to show that whenever z — zg € IQ with x € 2, one has

max {lim sup u(z) ,lim sup ug(x)} < +00. (9.4)

r—xg Ue (.’IJ) T—rTo Q(.’IJ)

The property stated in (9.4) is established on the basis of the Hopf boundary point
lemma in the strong maximum principle applied to both Dirichlet problems (9.3)
and (P.) with corresponding solutions u and u., which amounts to saying that

Ou Oue

%(IO) < Oa on

where n denotes the exterior normal unit vector on 92. The Hopf boundary point
lemma holds true for problems (9.3) and (P.) by virtue of [29, Theorem 5.5.1].
Recalling that u.,u € C*(Q), it is clear from the L’Hopital theorem and (9.5) that
the property required in (9.4) is fulfilled. Therefore we can do the comparison of
the solution u (regarded as a subsolution) of (9.3) with the supersolution u. of (9.3)
implying that

(x0) <0 for all xg € 09, (9.5)

ue(x) > u(x) >0 forall z € Q and € € (0,1). (9.6)

Using (9.2), we can pass to the limit in (9.6) along a sequence €, — 0. This leads
to u(zr) > u(z) > 0 for all z € §, so u is a (positive) solution of problem (N P),
which completes the proof. ([
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