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ABSTRACT. In this paper we study logarithmic double phase problems with
superlinear right-hand sides and nonlinear Neumann boundary condition. In
particular, we show that the problem under consideration has a least energy
sign-changing solution. The proof is based on the minimization of the energy
functional over the related nodal Nehari manifold along with the Poincaré-
Miranda existence theorem. As a result of independent interest, we prove
the existence of a new and very general equivalent norm in the logarithmic
Musielak-Orlicz Sobolev space. In addition, we present a priori bounds for a
large class of logarithmic double phase problems involving convection terms
for critical and subcritical situations.

1. INTRODUCTION

In the last decade, the double phase operator has gained interest in many differ-
ent research areas. This operator is defined by

div (|VulP7*Vu + p(2)|Vul|T*Vu), 1<p<gq, (1.1)

and arises from the study of general reaction-diffusion equations with nonhomo-
geneous diffusion and transport aspects. Applications can be found in biophysics,
plasma physics and chemical reactions, with double phase features, where the func-
tion u corresponds to the concentration term, and the differential operator rep-
resents the diffusion coefficient. The related integral functional to (1.1) has the

form
J(u) = /Q (lv;flp +u(m)|v:|q) dz, (1.2)

for a bounded domain Q ¢ RY, N > 2, with smooth boundary, and appeared for the
first time in a work by Zhikov [54] in order to describe models for anisotropic mate-
rials. A first mathematical treatment of (1.2) concerning the regularity of local min-
imizers has been done in the groundbreaking papers by Baroni—Colombo-Mingione
[4, 6] and Colombo-Mingione [14, 15], see also the works by Marcellini [35, 30]
concerning general (p, ¢)-growth as well as the contributions by Beck—Mingione [7]
and De Filippis-Mingione [17] for nonautonomous integrals. We also refer to the
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overview article by Mingione-Radulescu [37] about recent developments in prob-
lems with nonstandard growth and nonuniform ellipticity. Furthermore, other ap-
plications related to the double phase operator and in general for problems with
nonstandard growth can be found in the works by Bahrouni—-Radulescu—Repovs
[3] on transonic flows, Benci-D’Avenia—Fortunato—Pisani [8] on quantum physics,
Cherfils-II'yasov [13] for reaction diffusion systems and Zhikov [55] on the Lavren-
tiev gap phenomenon, the thermistor problem and the duality theory. In this
direction we also refer to the recent paper by Borowski—Chlebicka—De Filippis—
Miasojedow [10] about the absence and presence of Lavrentiev’s phenomenon for
double phase functionals.

In a recent work by Arora—Crespo-Blanco-Winkert [2] a new double phase op-
erator with logarithmic perturbation of the form

div K(u) := div <|Vu|p(x)_2Vu

1.3)
Vul } gy)
+u(z) |log(e + |Vu|) + —————| |Vu|!®) 2Ty |,
i) [tog(e-+ V) + s 7
has been introduced, while the corresponding energy functional is given by
|Vl V|

U — ——— + u(x)———log(e + |Vu|) | d=, 1.4
/Q<p(x) (@) S (e + | Vu) (14)

where Q C RN, N > 2, is a bounded domain with Lipschitz boundary 9%, e stands
for Euler’s number, p,q € C(Q) with 1 < p(x) < ¢(z) for all x € Q and p € L}(Q).
Here, u belongs to the Musielak-Orlicz Sobolev space W7oz (Q) which is generated
by the generalized N-function

Hiog (z,1) = 7@ 1 p(2)t9® log(e 4+-t)  for all (z,t) € Q x [0, 00). (1.5)

If p = ¢ are constant, then the functional (1.4) has the shape (we ignore the
constants in front)

W / [[Vwl? + p(x)|Vw|P log(e + |Vw]|)] da. (1.6)
Q

The functional (1.6) has been studied by Baroni-Colombo—Mingione [5] in order
to prove the local Holder continuity of the gradient of local minimizers of (1.6)
provided 0 < p(-) € C%*(Q2). Recently, De Filippis—Mingione [15] considered the
functional

w»—)/ [Vl log(1 + [Veol) + pu() [ Veo] 1] de, (1.7)
Q

and proved the local Holder continuity of the gradients of local minimizers of (1.7)
whenever 0 < u(-) € C%*(€) and 1 < ¢ < 1+ 2. We point out that (1.7) has its
origin in functionals with nearly linear growth given by

wr—>/ |[Vw|log(l + |Vw|) dz, (1.8)
Q

which has been discussed as a particular case by Fuchs—Mingione [27]. The authors
proved that local minimizers of (1.8) have Holder continuous first derivatives. It
should be noted that functionals of the form (1.8) appear, for example, in the theory
of plasticity with logarithmic hardening, see, Seregin—Frehse [415] and Fuchs—Seregin

[28].
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In this paper we are interested in elliptic equations driven by the logarithmic
double phase operator (1.3) and with superlinear right-hand sides in the domain
and on the boundary. In addition, we also prove some results of independent interest
related to the underlying function space W *ws(Q) as well as a priori bounds for
related weak solutions of problems involving (1.3). To be more precise, in the first
part of the paper we are interested in an appropriate norm in the Musielak-Orlicz
Sobolev space W1 His (). Indeed, we are going to prove that

a(z)
||u||(f,7110g=inf{>\>0: / (W Vu log(HwAw)) "
Q

A A
C2(z)
+/w1(x)‘§ dx+/ u&(l’)‘% d0<1},
Q G19)

is an equivalent norm on W1 s (Q) where we allow the exponents 1 < ¢1(-), (o(+) €
C () to be critical with respect to the exponent 1 < p(-) € C(2), thatis 1 < (3 (x) <
p*(x) and 1 < Go() < pu(2) for all z € Q, where
Np(z) - (N=Dp(z)
p*(I) — N—p(x) lfp(l‘) <N 7 p*(ﬂf) _ N—p(x) lfp(l‘) <N ] (19)
+oo if p(z) > N +o00 if p(z) > N

p(z)

+ p(w)

C1(z)

Note that if ¢;(x) = p*(z) for some x € Q, then we have to suppose that p €
1 R

c)n C% o (Q), that is, p must be log-Holder continuous, see Section 2 for
the details. Similarly, if (a(x) = p.(z) for some z € Q, then p € C(Q) N W (Q)
for some v > N. These restriction in the critical cases are due to the Sobolev
embedding theorem for variable exponents for which these additional regularity
conditions are needed. The equivalent norm on W1 *es(Q) given above seems to
be the most general form for spaces generated by (1.5).

In the second part of this paper we discuss the boundedness of weak solutions
of nonlinear Neumann problems in the general form

—divK(u) = B(z,u, Vu) in Q, K(u) -v=_C(xz,u) on 0%, (1.10)

where div/C denotes the logarithmic double phase operator (1.3) while B: Q x
R xRN = R and C: 9Q x R — R are Carathéodory functions that fulfill general
growth conditions. We study both the critical and the subcritical case and prove
that every weak solution of (1.10) is bounded in both L*°(€2) and L*°(99). In
the subcritical case we can also give an explicit dependence of the norms on the
data. The proofs of these results are mainly based on an appropriate version of De
Giorgi’s iteration along with localization arguments. Such results can be applied
to several other problems of similar type involving the logarithmic double phase
operator and general right-hand sides.

In the last part we are interested in the existence and multiplicity of solutions
of nonhomogeneous Neumann problems involving the operator (1.3). Precisely, for
a given bounded domain Q Cc RN, N > 2, with Lipschitz boundary 02, we study
the equation

—div K (u) + [ulP™ 20 = f(x,u) in Q,
K@) -v=g(z,u)— [uP®2u on dQ,

where div I denotes the logarithmic double phase operator with variable exponents
given in (1.3), v(z) is the outer unit normal of Q at x € 02, and f: @ xR — R as

(1.11)
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well as g: 9Q x R — R are Carathéodory functions with certain conditions which
will be specified below. For r € C(Q), we define

r— =minr(z), 7y =maxr(z), Cy(Q)={reC(Q):1<r_}.
€ z€Q

We suppose the following conditions:
(Hy) p,q € C4+ () with p(z) < g(z) < (p_)« forallz € Q and 0 < u(-) € L=(Q).
(Hz) f: QxR —> Randg: 02xR — R are Caratheodory functions such that the
following hold, whereby F(z,t) fo z,s)ds and G(z,t) fo z,5)ds:

(i) there exists r,£ € C(Q) with r, < (p_)* and ¢ < (p_). and con-
stants Ky, Ko > 0 such that

|f(z, 1) < Ky (1 + |t|"(x)_1) for a.a.xz € Q,
lg(z,1)] < Ky (1 + |t|£(‘”)71) for a.a.z € 09,
and for all t € R;
lim F(x,t)
t=2ce [t]o+ Tog(e + [f])

lim G(z,t)
t— oo [t|9+ log(e + [t])

= 400 uniformly for a.a.x € Q,

= 400 uniformly for a.a.z € 99.
(i)
F
im (z,)
t—0 |t|P(1’)
im G(z,t)
t—0 |t|p(z)
(iv) there exist a, 3,¢,0 € C(Q) with
. N
mln{oz_,ﬁ_} € ((T"r —p_)p’r+> ’

=0 uniformly for a.a.x € Q,

=0 uniformly for a.a.z € 0Q;

. N -1
mm{(_,é’_} € ((E-Q- _p—) ’€+> )
p_—1
and K3, K4 > 0 such that
fat =gy (14 &) Fla,1)
|t|(=)

@t —ap (14 2) Flat)
DER ’

0 < K3 <liminf
t——+oo

b

0 < K3 <liminf
t——o0
uniformly for a.a.x € 2 and

9,0t —ay (1+ 2) Gla,1)
7|c@ ’

gt —ar (14 =) Ga,1)
7 |

0 < K4 <liminf
t—+4o0

0 < K4 <liminf
t——o0
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uniformly for a.a.x € 9Q, where k = e/(e + to) with ¢y being the only
positive solution of ¢y = elog(e + ty), see Lemma 2.4;

Our first result is the following one.

Theorem 1.1. Let hypotheses (Hy) and (Hs) be satisfied. Then there exist non-
trivial weak solutions ug,vg € WhHes(Q) N L®°(Q) of problem (1.11) such that
ug > 0 and vg <0 a.e.in €.

In order to get a least energy sign-changing solution, we have to strengthen our
hypotheses as follows.

(Hy) p,g € C+(Q) with p(z) < q(z) < g+ +1 < (p_)« for all z € Q and
0 < u(-) € L*(Q).

(Hy') f: QxR —= R and g: 9Q x R — R are Carathéodory functions that fulfill
hypotheses (Hz)(i), (iii), (iv) (now denoted as (Hy’)(1’), (iii’), (iv’), respec-
tively), and
(ii’) the functions

fat) o, e

t—
|t|q+ |t\q+

are increasing in (—o0,0) and in (0, c0) for a.a.x €  and for a.a.x €
09, respectively.

Remark 1.2. Note that hypothesis (Hy’)(ii’) implies (Ho)(ii).

Our main result concerning the existence of a sign-changing solution reads as
follows.

Theorem 1.3. Let hypotheses (Hy’) and (Hy’) be satisfied. Then there exists a
nontrivial weak solution wy € W1Hes(Q) N L>(Q) of problem (1.11) which turns
out to be a least energy sign-changing solution.

The idea in the proof of Theorem 1.3 is to minimize the corresponding energy
functional ¢(-) of (1.11) over the nodal Nehari manifold

No = {ue WhHes(Q): £u* e N},
where u* = max{+u, 0} and N is the classical Nehari manifold defined by
N = {ue Whhes (@) \ {0}: (¢ (u),u) = 0} .

It is easy to see that all sign-changing solutions of (1.11) belong to Ny. Thus, the
global minimizer of ¢ over Ny must be a least energy sign-changing solution of
(1.11). In contrast to the work by Arora—Crespo-Blanco-Winkert [2], we do not
need a monotonicity condition on the exponent p in the following sense: there exists
a vector y € R \ {0} such that for all z € Q the function

he(t)=plx+ty) withyel,={tcR:z+tyecQ}

is monotone. We overcome this fact by using the new equivalent norm obtained
in Section 3 and the appearance of the terms |u|p<x)_2u in Q and 0f2, respectively,
in problem (1.11). To the best of our knowledge, this is the first work for the
logarithmic double phase operator given in (1.3) with a nonhomogeneous Neumann
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boundary condition. But also for homogeneous Dirichlet problem, only a few papers

exist. Recently, Lu—Vetro—Zeng [34] introduced the operator
! \Y
u > Ay, u=div <WVU) . ue Whte(Q), (1.12)

where Hp: Q x [0,00) — [0,00) is given by
Hi (o, t) = [P 4 p(a)t?™)log(e + at),

with a > 0 as well as p,q € C(Q) such that 1 < p(z) < N and p(z) < g(x) for
all z € Q, and 0 < u(-) € L'(Q). Note that (1.12) is a different operator than the
one in this paper. Moreover, the work by Lu—Vetro—Zeng [34] can be seen as the
extension of Vetro—Zeng [17] from the constant exponent case to the variable one,
see also the recent work by Cen-Lu-Vetro—Zeng [11] for multivalued problems with
such operator. We also mention the work by Vetro-Winkert [16] who obtained the
existence of a solution to the logarithmic problem with convection term of the form

—divKk(u) = f(z,u,Vu) inQ, w=0 ondQ, (1.13)

where div K is as in (1.3) and f: Q2 x R x RN — R is a Carathéodory function
satisfying a general growth condition. The authors prove the boundedness, closed-
ness and compactness of the related solution set to (1.13). Furthermore, appro-
priate conditions are supposed in order to show the uniqueness of the solution
of (1.13). Finally, we also mention some works dealing with double phase op-
erators without logarithmic perturbation but with Neumann or Robin boundary
condition. We refer to the papers by Amoroso—Crespo-Blanco—Pucci-Winkert [1],
Borer-Pimenta-Winkert [9], El Manouni-Marino—Winkert [21], Farkas-Fiscella—
Winkert [25], Fiscella-Marino-Pinamonti—Verzellesi [20], Gasinski-Winkert [29],
Papageorgiou—Réadulescu— Repovs [38], Papageorgiou—Vetro—Vetro [412], Papageor-
giou—Réadulescu-Zhang [10], Papageorgiou-Zhang [14], Zeng-Bai-Gasinski-Win-
kert [51], Zeng-Radulescu—Winkert [52, 53], see also the very related works by
Chen—Qin-Réadulescu-Tang [12], Fang-Radulescu-Zhang [24], Liu—Pucci [33] and
Papageorgiou-Radulescu—Sun [11].

The paper is organized as follows. In Section 2 we recall the basic facts about
the generalized N-function (1.5) and the related logarithmic double phase opera-
tor following the work by Arora—Crespo-Blanco-Winkert [2]. We also recall some
tools which are needed in the sequel, for example, the Poincaré-Miranda existence
theorem. In Section 3 we prove the existence of a new and very general equivalent
norm in W17 (Q) while Section 4 presents boundedness results in the critical and
subcritical case for weak solutions of (1.11). Finally, in Sections 5 and 6 we prove
our existence results stated in Theorems 1.1 and 1.3.

2. PRELIMINARIES

In this section we recall the basic facts about variable exponent Sobolev spaces
and Musielak-Orlicz Sobolev spaces. We also mention some tools which are needed
later. We refer to the monographs by Diening—Harjulehto-Hast6—Ruzicka [20] and
Harjulehto—H&sto6 [30] as well as the recent paper by Arora—Crespo-Blanco—Winkert
[2]. To this end, for 1 < r < oo, we denote by L"(€2) the usual Lebesgue spaces
equipped with the norm || - ||, and by W"(Q) the Sobolev spaces endowed with
the norm || - |1, = [V - ||l + || - [|- Further, for t € R we write t* = max{+t,0},
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ie.t =tT —¢ and |t| = tT + ¢~ and so for any function u: @ — R, we denote
ut(z) = [u(z)]* for all z € Q.

Let r € C(Q) and let M(2) be the set of all equivalence classes of measurable
functions u: © — R which coincide almost everywhere. Then we denote by L") (1)

the Lebesgue space with variable exponent given by
L"O(Q) = {u € M(Q): 0,(y(u) < o},

with the related modular

or()(u) = / Ju]"® de
Q
and the norm
||’LLHT(A) = inf {/\ > 0: o0r0) (%) < 1} .
We know that L") () is a separable, uniformly convex and reflexive Banach space
with dual space given by [L")(Q)]" = L' 0)(Q), where ' € C(Q) is the conjugate

variable exponent of r defined by r'(x) = r(x)/[r(z) — 1] for all z € Q. We also
have a Holder type inequality given by

1 1
[l o < [ n ] el oy < 2lllo ol
Q T_ T

for all u € L")(Q) and for all v € L™ ()(Q). Also, if r1,75 € C,(Q) and r1(z) <
ro(z) for all € ©, we have the continuous embedding L™2()(Q) «— L") (Q).

The following proposition shows the relation between the norm and the modular,
see Fan—Zhao [23, Theorems 1.2 and 1.3].

Proposition 2.1. Let r € C,(Q), A > 0, and u € L"C)(Q), then the following
hold:

(i) [lullyy = A if and only if 0,y (%) =1 with u # 0;
(i) [Jullry <1 (resp. =1, > 1) if and only if o,(y(u) <1 (resp. =1, >1);
(i) if ullec < 1, then [ull’F, < on) () < llull;
(V) if llullrcy > 1, then [[ullg) < oy (w) < Jlull7);
v) |lullp¢y = 0 if and only if o,()(u) — 0;
(vi) [|ullrcy — 400 if and only if 0(.y(u) — +oo.

The related Sobolev space W1 ()(Q) for r € C (Q) is given by
WwhrO(Q) = {u e L"(Q): [Vl € L’”(‘)(Q)} ,
with modular
01,r( (1) = 2r(y (1) + or(y (Vu),
where 0,(.y(Vu) = 0,(y(|Vu|), and with the norm
Hu||1’r(4) = inf {)\ > 01 01,0() (%) < 1} .

The space Wl’T(')(Q) is a separable and reflexive Banach space.
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For 7 € C,(Q) we recall the critical Sobolev variable exponents 7* and 7, given
by (1.9), hence

+oo if r(z) >N

Nr(x) if <N .
ri(z) = V@ (@) , forallz €,
+o0 if r(z) > N
N=Dr@) i () < N B
r«(x) = { N=r@) ! r(@) , for all x € Q.

Furthermore, let o be the (N — 1)-dimensional Hausdorff measure on the bound-
ary 9 and indicate by L"()(9Q) the boundary Lebesgue space endowed with the
norm || - [,(.),aq and related modular o,(.) aa(-), that is,

u
0r(-),00(1) z/ u|"@ do and  ully().00 = nf A > 08 0p00 () <1
(1,09 - lullr(),00 { W’Q(A) }

whenever u € L™)(99Q) for r € C, (). We can consider a trace operator, i.e.,
a continuous linear operator 7: W1 ()(Q) — L™ (9Q) for all m € C(Q) with
1 < m(z) < r.(z) for every o € Q, such that

T(u) = U|BQ for all u € WLT()(Q) N C(ﬁ)

If it also holds that r € W17(Q) with 4 > N, then we can take any m € C(9Q)
with 1 < m(z) < r.(z) for every z € Q. By the trace embedding theorem, it is
known that v is compact for any r € C(Q) with 1 < r(z) < r.(z) for all z € €, see
Fan [22, Corollary 2.4]. In this paper we avoid the notation of the trace operator
and we consider all the restrictions of Sobolev functions to the boundary 92 in the
sense of traces.

The following lemma can be proved similarly as Proposition 2.1.

Proposition 2.2. Let r € C(Q), A > 0, and u € L") (99Q), then the following
hold:
(i) [|ullr(y,00 =X if and only if 0,(y.00 (%) =1 with u # 0;
(i) [Jullr(y,00 <1 (resp. =1, > 1) if and only if 0,y 00(u) < 1 (resp. =1,
>1);
Zf ||uHr(~)7852 <1, then ||u||:2r))g)g < Qr(-),{)ﬂ(u) < ||u||:E))OQ7
if Nullrcy,o0 > 1, then [lull,. ) 50 < or()(w) < lull,() o0
[ullr(),00 — 0 if and only if or(.).00(u) — 0;
|l r(.y,00 — 400 if and only if o,(),00(u) — 4o0.

(i
(iv
(vi

o — —

Moreover, the space OO Thog () is the set of all functions h: @ — R being
log-Holder continuous, i.e. there exists a constant C' > 0 such that

Ih(z) — h(y) <

S - @@
| log |z — y]|
Note that for a bounded domain Q@ C R¥ and v > N we have the following
inclusions

— 1
for all z,y € Q with |z —y| < 7

COM@) € WH(Q) € OO (@) € OO (). >

Now, we consider the nonlinear function Hiog: Q x [0, +00) — [0, +00) defined
by

Hiog (2, 1) = 7@ 1 p(2)t1®) log(e 4 t),
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where e stands for Euler’s number while we suppose hypotheses (H;). Clearly,
Hiog (-, t) is measurable for all t > 0, Hiog(z,0) = 0 and Hiog(z,t) > 0 for all ¢ > 0.
Also, Hiog satisfies the Ag-condition, that is,

Hbg(:ﬂ, Zt) < KH]Og(LZ:, t)

for a.a.xz € €, for all t > 0 and for some K > 2. Then, the Musielak-Orlicz space
L™ee(Q) is given by

LMee(Q) = {u € M(Q): op,, (u) < +00}

equipped with the Luxemburg norm

. u
o, = mf{ﬂ > 0: on, (5) < 1},

where 07, (-) denotes the associated modular defined by

0o, (U / Hiog(x, |u|) de = /Q (Mp(x) + () |[u|™) log(e + |u|)) dz
Note that L7s(Q) is a separable, reflexive Banach space.
Next, we can define the Musielak-Orlicz Sobolev space W 17tes () by
WhHes(Q) = {u € L™= (Q): |Vu| € LMos(Q)}
endowed with the norm
| = Nl + 1Vl (2.2)

where || Vulw,,, = || |[Vu| [|,,. We know that Ws(Q) is a separable, reflexive
Banach space.

The following embedding results can be found in the paper by Arora—Crespo-
Blanco—Winkert [2, Propositions 3.7 and 3.9].

Proposition 2.3. Let hypotheses (Hy) be satisfied, then the following hold:

(1) WhHtes(Q) < WHP)(Q) is continuous;

(i) if pe CL(Q)NnC” Toetl () (Q), then WhHes(Q) < LP"()(Q) is continuous;

(iii) wt HlogLQ) — L™)(Q) is compact for r € C(Q) with 1 < r(x) < p*(x) for
all x € Q)

(iv) ifpe C+( YNWE(Q) for some vy > N, then WhHes(Q) < LP+()(9Q) is
continuous; o

(v) Wl,Hlog(Q)7<—> L"O)(09) is compact for r € C(Q) with 1 < r(x) < p.(z)
for all x € Q;

(vi) Whtos(Q) < L*os(Q) is compact.

We equip the space W1 Hies (Q) with the following equivalent norm (see Propo-
sition 3.1 in Section 3)

q(x)
||u|:inf{)\>0: / (v“ Y log<e+’vu‘>>d
o\ A )y

)
w |p(@) u |P(@)
+/H dx—i—/ S do <y,
alA a0 | A

p(z)
+ pu(x)
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induced by the modular

ofw) = [ (1" + @)Vl log(e + V) ) da
Q

—|—/ |u|p(m)dx—|—/ [ulP®) do,
Q o9

for all u € W1 Hes(Q).

The modular g(-) in (2.4) is closely related to the norm ||| in (2.3) as seen below.
First, we recall the following important lemma, see Arora—Crespo-Blanco-Winkert
[2, Lemma 3.1]. Note that a function h: (0,00) — R is called almost increasing if
there exists a > 1 such that h(s) < ah(t) for all 0 < s < t.

(2.4)

Lemma 2.4. The function f.: [0,+00) — [0, +00) given by
tE
t = ————
fe(®) log(e + t)
is increasing for € > Kk and almost increasing for 0 < € < Kk with constant a., where
Kk =e/(e+tg), with ty being the only positive solution of ty = elog(e + to).
Proposition 2.5. Let hypotheses (Hy) be satisfied, then the following hold:
(i) [lull = X if and only if 0 (%) =1 for u# 0 and X > 0;
(ii) ||lul] <1 (resp.=1, > 1) if and only if o(u) <1 (resp.=1, >1);
(iif) min {[Ju]P~, [lul| T} < o(u) < max {||ul[P-, [[ul|*+F*};
)

(iv
1 .

— min {Juf[P~ [Juf 7} < o(u) < @z max {[ull?~ ]}
€

for 0 < e < k, where k and a. are the same as in Lemma 2.J;
(v) |lull = 0 if and only if o(u) — 0;
(vi) |lu|l = oo if and only if o(u) — co.

As shown in [2], the space W1Hies (Q) is closed under truncation.

Proposition 2.6. Let hypotheses (H1) be satisfied, then
(i) If u € WhHes(Q), then ut € W Hes(Q) with V(£u) = Vul(yy=0};
(ii) if up — u in WhHes(Q), then ur — u® in WhTtes(Q).

The following lemma will be used later.

Lemma 2.7. Let Q > 1 and h: [0,00) — [0,00) given by h(t) = m,

Then h attains its maximum value at ty and the value is %, where ty and Kk are the
same as in Lemma 2./.

Now, let A: WHes(Q) — WMo (Q)* be the nonlinear operator defined by
(A(w),v)

::/ |Vul[P® 2Ty - Vo dz
Q

[Vl
+/Qu($) [log(e + |Vul) + J@e+ [Val)

+/ |u|p("’”)*2uvdx+/ |u[P®) =2y do
Q o9

2.5
|Vu|"® =27y, . Vo de (2:5)
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for all u,v € Wh*es(Q). The following proposition is a direct consequence of
Proposition 3.4, see also Arora—Crespo-Blanco-Winkert [2, Theorem 4.5].

Proposition 2.8. Let hypothesis (Hy) be satisfied. Then, the operator A given
in (2.5) is bounded (that is, it maps bounded sets into bounded sets), continuous,
strictly monotone and satisfies the (Sy)-property, that is,

Up —u in WHMes(Q)  and  limsup (A(uy), un — u) <0,
n—-4o0o

imply w, — u in WhHos (Q).

We also recall some basic inequalities for the logarithmic. For s,¢ > 0and C > 1,
we have

log(e + st) < log(e + s) + log(e + t), (2.6)
log(e + Cs) < Clog(e + s),
and for s,t > 0 and ¢ > 1, one has
(s +t)log(e + s+ 1) < (25)?log(e + 2s) + (2t)? log(e + 2t)

2.8
< 2015 og(e + 5) + 29T 2 log(e + t). (28)

Finally, we present the main tools which are needed for the existence proofs.
Given a Banach space X, we say that a functional ¢: X — R satisfies the Cerami
condition or C-condition if every sequence {uy, }nen € X such that {¢(un)}neny C R
is bounded and

(1 + Junl)¢' (un) = 0 asn — oo,

contains a strongly convergent subsequence. Furthermore, we say that ¢ satisfies
the Cerami condition at the level ¢ € R or the C.-condition if this compactness
property holds for all the sequences such that o(u,) — ¢ as n — oo instead of for
all the bounded sequences.

The following version of the mountain-pass theorem is taken from the book by
Papageorgiou-Radulescu—Repovs [39, Theorem 5.4.6].

Theorem 2.9 (Mountain-pass theorem). Let X be a Banach space and suppose
that p € CY(X), ug,u1 € X with ||ug — ug| >3 >0,

max{p(ug), p(u1)} < nf{p(u): lu—uoll = 0} = ms,

e=inf max p(y(t)) with I' = {y € C([0,1], X): 7(0) = uo,7(1) = wa},

and that ¢ satisfies the C.-condition. Then ¢ > ms and ¢ is a critical value of ¢.
Moreover, if ¢ = mg, then there exists u € 0Bs(ug) such that ¢'(u) = 0.

The quantitative deformation lemma given in the next result can be found in
the book by Willem [18, Lemma 2.3].

Lemma 2.10 (Quantitative deformation lemma). Let X be a Banach space, ¢ €
CHX;R),0#£SC X, ceR, e, >0 be such that for allu € p~*([c—2¢,c+2¢]) N
Sas there holds ||’ (u)||« > 8¢/d, where S, = {u € X: d(u,S) = infy,es ||u—uol <
r} for any r > 0. Then there exists n € C([0,1] x X; X) such that
(i) n(t,u) =u, ift =0 orif u & o~ ([c — 2¢, ¢+ 2¢]) N Sas;
(i) p(n(l,u)) <c—¢ for allu € p=((—oo0,c+¢])NS;
(iii) n(t,-) is an homeomorphism of X for all t € [0, 1];
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(iv) |In(t,u) —u|| <8 for allu € X and t € [0,1];
(v) o(n(-,u)) is decreasing for all u € X;
(vi) p(n(t,u)) < c for allu € go’l((—oqc]) NS5 and t € (0,1].

Finally, we mention the Poincaré-Miranda existence theorem, see Dinca—Mawhin
[19, Corollary 2.2.15].
Theorem 2.11 (Poincaré-Miranda existence theorem). Let P = [—tq,t1] X - -+ X
[—tn,tn] witht; >0 forie{1,...,N} and
d: P —RY, a=(a1,...,an)— d(a) = (di(a),...,dxn(a))
be continuous. If for each i € {1,...,N} one has
di(a) <0 whena € P and a; = —t;,
di(a) >0 when a € P and a; = t;,

then d has at least one zero in P.

3. A NEW EQUIVALENT NORM

In this section we are going to prove the existence of a new equivalent norm in
the space Wh7e¢(Q). In order to do this, in addition to (H;), we also need the
following hypotheses:

(H3) (i) ¢1,¢ € C(Q) with 1 < ¢i(z) < p*(x) and 1 < (a(z) < pa(z) for all

x € §, where
(a1) pEC(ﬁ)ﬂC’O’Hogtl( ), if ¢1(z) = p* () for some = € Q;
(ag) p € C(Q) N W (Q) for some v > N7 if {a(z) = p«(z) for some
S ﬁ;
(i) wy € L*°(Q) with wi(x) > 0 for a.a.xz €
(iil) wq € L (09) with wa(z) > 0 for a.a.z € 9Q;
(iv) wy £ 0 or we £ 0.
Next, we define the seminormed spaces

LE}I(‘)(Q) = {u eM(Q): /le(x)|u|<1(”“') dz < oo} ,
15000 = {ue ME@): [ wn@lul® o < oo},

equipped with the associated seminorms
G () }

|U||<1(-),w1=inf{)\>0: / @ |
Q

. w | S2(z)
ety oa,00 = inf )\>0:/ W) |5 do <1
o0 A

respectively. We define

= [IVullos + 1ellc(y.n + [2llca) w00 (3.1)
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and

[l s,

q(z)
=inf< A > 0: / Vu log<e+|vu|) dx
o\l A A (3.2)

C2(x)
+/(,L)1(;z:)‘E d:ch/ wz(;z:)‘E do <15,
Q A o0 A

which are norms on W1 ies()). We are going to show that theses norms are both

p(z)

T ) |2

A

G (@)

equivalent to the usual one | - ||1 34, given in (2.2).

Proposition 3.1. Let hypotheses (Hi) and (Hsz) be satisfied. Then, | - |3 4,
and || - [|7 4, given in (3.1) and (3.2), respectively, are both equivalent norms on
WhHioe ().

Proof. We will show the proof only in the case (1(z) = p*(x) and (2(z) = ps«(z) for
all 2 € Q. The remaining cases can be shown similarly. To this end, assume that
p € C(Q) N WL7(Q) for some v > N which implies that p € C(2) N CO’“OITH(Q),
see (2.1). Then, for u € WhHes(Q) \ {0} we have

) e (5
wi(z) | ———— dz < ||[willso 0p () | ——— ) = ||w1]|co,
[ (= < el o) (s ) = e

|u| ;U*(x) U
wu( ) wsmwwmgfm()zwmwa
AQ [ullp.c) P=000 \ lu

P (-)

Therefore,
l[ullp () or < max{, llwn oo Hlwllpe ()
l[ullp. () wo,00 < max{l, [lwz]loc,00} [ullp. )00

From these inequalities and Proposition 2.3 (ii), (iv), we obtain

1Y 010 < NVl + max{T, [Jwr[loo Hlullp- ()

+ max{1, [|wa|lco,00 }Hullp. ()00

(3.3)
< VUl + Cullulli e, + Collullim,,
< Csllull1,3414 5
for all u € Wl’Hlog(Q) with positive constants C1,Cs and Cj.
Now we will show that
[ull#H10g < Callull] g, (3.4)

for some Cy > 0. Arguing indirectly and supposing that (3.4) is not satisfied, there
exists a sequence {uy, }neny C WhHes(Q) such that

[unll20, > nllunllf 5, forallneN. (3.5)

Taking y, = , we have ||y, |4, = 1 and (3.5) can be rewritten as

Up
Tan o

1 L]
o > Hyn”LHng- (3.6)
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The relations ||y, [#,, = 1 and |[|[Vy,[l#,,, <1 (see (3.6)) imply that the sequence
{Yn}nen € WHTes(Q) is bounded. Then, applying Proposition 2.3 (ii), (iv), we
may assume, up to a subsequence if necessary, that

Yo =y in WHHes(Q) and gy, —y in LP O(Q) and LP-)(0Q).  (3.7)

Since W1 Hos (Q) < L*o2(Q) is compact (see Proposition 2.3 (vi)), from (3.7), we
obtain y, — y in L*°s(Q) and since ||yn |3, = 1, it follows that y # 0. Now
using the weak lower semicontinuity of the norm ||V - ||+, and of the seminorms
Il llp= ()00 - llp. (),w0,00 together with the convergence properties in (3.7) , we get,
by passing to the limit in (3.6) as n — oo, that

02 1Yl 210, = VY2006 + 1llpe ()00 + lly

From this we conclude that y = L # 0 is a constant and so we have, by using (Hj)
(iv), that

P (+),w2,0Q-

0> |L|||1 p*()wr T |L|||1 Pu(),w2,00 > 0,
which is a contradiction. Hence, (3.4) must hold, which implies
ully e, < Cr Il (3.5)
for some C7 > 0. From (3.3) and (3.8) we see that || - [|1,, and || - [} 4, are

equivalent.
In the second part we will show that [|-[|7 5, ~and [|-[[7 5, are equivalent norms

in Whes(Q). Indeed, for u € Whies(Q), one has

() ()
MRS va ) Vu
—— +u(x) | —— log | e+ —5— dx
o \ \lull? 2, [ll$ 20, ll$ 20,
| p* (@) lul P ()
+/w1(x) — dx—l—/ wo () | e do
o Tl o o0 Tl 7o,

Yu / ( [ul )p*(z)
< — | + wilz) | ——m— dz
—9”“g<HVumﬁ%> e N\ alrom

P« (@)
Y Py (T
f19) [|w P (+),w2,00
=3.

Hence, we have

Y 010, < 3lllli - (3.9)

Next, we show the other direction. We have

() ()
vl \" vl \" [V
—— +u(z) | —— log | e + ——— dz
o \ \ [l 4, 119 2010, 19 241,
l p*(x) lul P ()
+/w1(a:) —— dx—|—/ wa(x) | = do (3.10)
Q ||UH1,HIOg aQ ||“||1,7—thg

<09 v
= Y1 H),
es \ ullf g, )
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where o9 is the related modular to the norm || - ||$ defined b
01, Hyog 1, Hiog Y

@) = [ (V7 4 @)Vl 0g (e + [T)) o
Q
(3.11)
+/w1(x)|u|p*<w> dx+/ wa (z)|u|P*® do.
Q oN

It is clear that the function A — Q(f,Hlog (A\u) is continuous, convex and even and it
is strictly increasing when A € [0,00), whereby v € W1*es(Q). Hence, from the
definition, we have
o _ : . o u _
Hu||177_hog = ) if and only if R (X) =1.
Therefore, from this fact and (3.10), it follows that

IVulltgs < llullf 30,0 v

which implies

p e S Nullipg,,  and ullp.)w .00 < llulll g,

1 L] o
lullt a0, < Mullf g, - (3.12)
From (3.9) and (3.12) we obtain the last assertion of the proposition. O

Now, we are going to state the relation between the modular Q‘f’%og() and the
associated norm || - [[§ 5, -

Proposition 3.2. Let hypotheses (Hy) and (H3) be satisfied, u € WhHes(Q),
A €R, and
ryi=min{p_, (G)-, (G2)-}  aswell as  ry:=max{gy +¢,(C1)+,(C2)+}

for 0 < e < Kk, where k and a. are the same as in Lemma 2.4. Then the following
hold:

(i) HUHT,HIOg = A if and only if Qi’;{log (%) =1 foru+#0 and A > 0;
(i) llullf 5, <1 (resp.=1, > 1) if and only if 07 5, (u) <1 (resp.=1,>1);

71 T2
(111) min { (”uHcl),Hlog) ’ (”u i,Hlog) }
T

1 r2
< 05 0, () S max { (Iullf 20, ) (IlF 20, ) 5

1 . o " o "
—mm{(||u| M—tlog) ) (Hu”l,Hlog) }
25

1
< 0 0, () < aemax { (ullfg,,,) (I

() Tl g, — O if and only i 5 e, () = 0;

(vi) Hu||cl’77_ilog — oo if and only if Qi’ﬂlog (u) = oo.

(iv)

ro
1 ;
lleog) } )

Proof. The proof can be done similarly as the proofs of Propositions 3.4 and 3.6 as
well as Lemma 3.3 by Arora—Crespo-Blanco-Winkert [2]. O
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Next we introduce the operator B: W1*ee(Q) — WhHies(Q)* given by
(B(u),v) =
/ |Vul[P® 2Ty - Vo de
0

(3.13)

[Vl
+ /Q p(zx) {log(e + |Vul) + —q(ac)(e T Val)

+/w1(x)|u|<1(x)_2uvdx+/ wo () |u]** ™ ~2yw do,
Q o0

] |Vu|?™®) =2V - Vo de

for all u,v € Wl Hes(Q).
The next lemma is taken from Arora—Crespo-Blanco-Winkert [2, Lemma 4.3]
which is needed to show the (S, )-property of the operator B.
Lemma 3.3 (Young’s inequality for the product of a power-law and a logarithm).
Let s,t >0, r > 1 then
t s" r—1
< —1 t" 1 t —_— .
rle+t)| — r ogle +s) + T Og(e+)+r(e+t)
We have the following properties for the operator B.
Proposition 3.4. Let hypotheses (Hy) and (Hs) be satisfied. Then, the operator
B: WhHos(Q) — WhHiee(Q)* given in (3.13) is bounded, continuous and strictly
monotone. If, in addition, 1 < (1 (z),(2(x) for all z € ), then B is of type (S4).

st [log(e +t) +

Proof. As before, we only study the case when (;(z) = p*(z) and (a(x) = p(z)
for all 2 € Q. Analogously to the proof of Theorem 4.4 by Arora—Crespo-Blanco—
Winkert [2], we are able to show that B is bounded, continuous and strictly mono-
tone. We only need to prove that B fulfills the (S )-property. For this purpose, let
{tn}nen € WHHies(Q) be a sequence such that
Uy, —u in WHHes(Q) and  limsup (B(uy), u, —u) < 0. (3.14)
n—oo

Taking Proposition 2.3 (ii), (iv) into account, yields, up to a subsequence if neces-
sary, that

U, = u in P Q) and w, —u in LP-O)(5Q). (3.15)
The strict monotonicity of B along with (3.14) and (3.15) imply that
0 < liminf (B(u,) — B(u), un — u) < limsup (B(uy) — B(u), up — u)
n—oo n—oo
= limsup (B(un), un —u) < 0.
n— 00

Therefore we have
lim (B(u,) — B(u),u, —u) = 0. (3.16)

n— oo

Since all terms in (3.16) are nonnegative, we obtain

lim (\vunv’(ﬂv)*?vun - \VU\P@)*QW) (Vup — V) dz = 0,

n—oo Q

lim | wi(x) (|un|p*(w)_2un - |u\p*(w)_2u) (up —u)dx =0, (3.17)
n—oo Q

lim wo () <|un Pe(@)=2 |y p*(m)_Qu) (up, —u)do =0.
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‘We now claim that

lim [ wi (@) P @ do = / wr (2)|uf?” @ de, (3.18)
n=ee Jo Q
lim wg(x)|un\p*(m)da:/ wa(z)|ulP* @ do. (3.19)
oo Joq oQ

Indeed, due to Young’s inequality, we have
/ w1 (2)p* (@) [un P2y, (uy, — u) da
Q

p*(x)—1|u| dz

z/m@ﬂ@mﬁmm»/muwumn
Q Q
z/m@wmmWWM—/mmwwwnmwmw
Q Q
Q
:/wmwwﬂww—/mumwmm,
Q Q

for all n € N. Consequently,

/mmmﬁ@w—/wwmw@m
Q Q
= / w1(:L‘)p*(a:)|un|p*(x)_2un(un —u)da
Q
= / w1 (z)p*(x) (|un|p*(’”)_2un - |u|p*(”)_2u> (up, —u)dx
Q
+ / w (2)p* ()| ulP” @~ 2u(u, —u)dz — 0,
Q
as n — 00, because of (3.15) and (3.17). On the other hand, we have
[ o~ [ @ do
Q Q
< / wy (2)p* () |[ulP” @~ 2u(u — u,) dz — 0,
Q

as n — oo due to (3.15). From these observations, we conclude that (3.18) holds.
An analogous argument allows us to get that (3.19) holds. Now, as it was done
in the Claim of Theorem 3.3 by Crespo-Blanco—Gasiniski-Harjulehto-Winkert [16],
using (3.17) and (3.15), we can show in a very similar way that

Vu, — Vu in LPO(Q),
u, —u  in L O(Q), (3.20)
U, > u in Lf);(')(aQ).
From (3.20) we conclude that
Vu, - Vu in measure in €2,

w1 (:c)vlwun — wy (;C)P*l<w>u in measure in , (3.21)

wa(x) e Uy, — wa(x) 7wy  in measure on A
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Exactly as in the proof of Theorem 4.4 by Arora—Crespo-Blanco-Winkert [2] we
have, by using Young’s inequality and Lemma 3.3, that

/ |Vun|p('7”)_2 Vuy, - V(u, —u)dz
Q

X ogle U —|Vun|
fL”>Pg(+W””+aw@+wwn

1 .
>/ — |Vun|p(z) dz — / —— |Vul™ dx
o p() o p()

+/ p() |vun|q(a¢) log(e + |Vaun|) dz f/ px) \Vu|q(z) log(e + |Vul) dz
o () a ()

Similarly, applying again Young’s inequality, we obtain

« 1 1 «
P 20, (uy, — u dxz/ U )dx—/ —|ulP (m)dx,
e (=) e > | @) o @

1
/ |t P20y, (1, — w) do > / P=(2) 4o — / [u[P~(®) do.
00 o0 D«() 00 P«()

From the above considerations we obtain that

1 1
B(un, yUn — U 2/ — |Vu, p@) dx—/ —_ Vup(x) dax
(B(un) ) e V| Qp(m)| |

} |Vun|q(‘%)72 Vuy, - V(u, —u)dz

‘un

mr) (V" log(e + |Vu|) dz

" / [un ") dar / D) o @) g
o P* () o P* ()

+/ w2($)|un p*(m)da—/ ‘U?(x)‘up*(r)da
o0 P«(T) a9 P«(T)

Thus, using (3.14), (3.18) as well as (3.19), and letting n — oo, we get

1
/—|Vu|p(r) dz+/ﬂg((x))|vu|q<m>1og(e+vu)dm

o p(z)
(.’E) up (z) T w2(x) p*(w do
+ g e [ S0 do
> hnni)solip (/ —— |V, [P da + q((x; IV, |1 log(e + |Vun)|) dx)
wi(z)

ulP" @ da w2(2) | (@) 4y
# e [ S o

We have thus shown that

1 z z
Am|vup<>dx+/£)%|vU|q< Vlog(e + |Vul) da

1

> lim sup (/ —— |V, [P da +/ ple) IV, |7 log (e + Vun|)dm) :
n—00 o p(z) o q(z)

But then, from Fatou’s Lemma, we get that the limes inferior fulfills the opposite

inequalities which gives at the end (see [16, (3.8), (3.9) and (3.10)] for a more



LOGARITHMIC DOUBLE PHASE PROBLEMS 19

detailed argument)

p(z) q(x)
lim (M + (m)M log(e + |Vun|)> dz
Q

n—o0 p(x) q(x)
‘VU‘P(I) |VU‘Q(1) (3.22)
:/Q ( o) + () @) log(e + |Vu|)> dz.

From the convergence in measure in (3.21), it follows that the left-hand side of
(3.22) converge in measure to the right-hand side. Applying the converse of Vitali’s
theorem implies the uniform integrability of the sequence of functions

{ |vunlp(w) |Vun|q(x)
N gy el

i ot lo(e + |wn|>}

neN
This implies that the sequence
A, = {|Vun — V"™ + p(2) |V, — Vu|? log(e + |V, — Vu|)} .
ne
is uniformly integrable (use (2.8) in order to see it). Therefore, one has

0= lim A, dx.

n—oo 9]
Hence, from (3.20), we get
Jim 07 5y, (un — )
= lim (/ (|Vun - Vu|p(ac) + p(x) |[Vuy, — VU|Q(w) log(e + [Vuy, — Vu|)) dz
n— o0 O

—|—/ w1 (2)|tg, — ulP ® da +/ wo(z)|uy —u
Q o9

see the definition in (3.11). But from Proposition 3.2 (v) together with Proposition
3.1 we know that this is equivalent to [ju, — ul|; 1, — 0- Therefore, u, — u in

WhHos (). 0

p*(:v) d0'> == 07

4. A PRIORI BOUNDS

This section is devoted to the boundedness of weak solutions of problem (1.11).
We give the result for more general problems than the one in (1.11) and consider
the equation

—div K(u) = B(z,u, Vu) in Q,
K(u)-v=_C(x,u) on 012,
where div K is the logarithmic double phase operator given in (1.3), and B: Q@ xR x
RY — R as well as C: 9Q x R — R are Carathéodory functions fulfilling general

structure conditions, see below. We say that u € W 7es(Q) is a weak solution of
(4.1) if

[ (196P=29u+ ) [log<e V) +
Q

(4.1)

[V

[ el q(z)—2 .
et a7 ) Vs

:/B(x,u,Vu)vder/ C(z,u)vdo.
Q o0

is satisfied for all v € W1 Hos(Q).
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We study first the subcritical case and assume the following hypotheses.

(Hy) p,q € C+(Q) with p(z) < g(z) < pe(x) for all z € Q, 0 < p(-) € L=(Q)
while B: @ xR xRN — R and C: 9Q x R — R are Carathéodory functions
such that there exists r, ¢ € C(Q) with ¢(z) < r(z) < p*(x), q(x) < l(z) <
p«(x) for all z € C(Q) and

p(z)
|B(z,t,8)] <b [|§|r’<w> + |¢r@® =t 4 1} , foraa.xeQ,

IC(z,t)| < ¢ [\t|e("”)_1 + 1} for a.a.z € 99,

for all ¢t € R and for all £ € R with positive constants b, c.

Under (Hy) along with Proposition 2.3 (iii), (v), it is clear that the definition of
a weak solution of (4.1) given above is well-defined. We have the following result.

Theorem 4.1. Let hypotheses (Hy) be satisfied and let u € WhTes(Q) be a weak
solution of problem (4.1). Then, u € L*>(Q) N L>®(09Q) and

[0}
|lull o + ||uHOO7(99 <C [1 —|—/ |u|r(z) dx—|—/ |u|5(z) dg} :
Q o0
where C, o > 0 are independent of u.

Proof. Since W1Hes(Q) — W1P)(Q) continuously by Proposition 2.3 (i) and
because

K(€) - € > |¢pp@

for a.a.x € Q and for all £ € RY| the result follows from Winkert-Zacher [19, 50],
see also Ho-Winkert [32]. O

For the critical case we have to redefine the critical variable exponents to p €

C1(Q) as

q(z) if N <pt,

“(z) ifpt <N _
Py = JP@ PN ren
q(z) if N<p",
and
J(z) ifpt <N _
po(z) = {p () AEpT <N, Mreq,

where ¢1,q2 € C(Q) are arbitrarily chosen such that p(z) < ¢(z) < p*(z) and
p(x) < g2(z) < pi(x) for all z € Q. We suppose the following assumptions.
(Hs) p € C(Q) N W (Q) for some v > N, ¢ € C(Q) with p(z) < g(x) <
p*(x) for all z € Q, 0 < p(-) € L*®(Q) while B: @ x R x RY — R and
C: 00 x R — R are Carathéodory functions such that

D

B(z,t,£)] <b {|§p(z)ﬁ*(;>zll + [t @)= 4 1} , foraa.xeQ,

IC(z,t)| < ¢ {It|ﬁ*(””)_1 + 1} for a.a.z € 09,
for all t € R and for all £ € RY with positive constants b, c.

Theorem 4.2. Let hypotheses (Hs) be satisfied. Then any weak solution of problem
(4.1) is of class uw € L>=(2) N L>(00).
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Proof. From (Hs) and (2.1), we see that all embeddings in Proposition 2.3 hold true.
Therefore, with the same arguments as in the proof of Theorem 4.1, we obtain
the required assertion from the paper by Ho-Kim—Winkert-Zhang [31, Theorem
4.1]. O

5. CONSTANT SIGN SOLUTIONS

In this section we are concerned with the existence of constant sign solutions
to problem (1.11). First, we introduce the energy functional p: W1 Hee(Q) — R
related to (1.11) given by

uP(ac) a(z) U p(x)
o(u) = /Q <|vp(x) + ,u(x)'vq(l) log(e + |Vu|)> dz +/ | | dz

/ [l /F( )d G(z,u)d
+ o — Tr,u)dr — x,u)do
a0 P(T) Q a0

We also need the following truncated energy functionals o : WhHes(Q) — R
defined by

TP Ty l1®) p(z)
o+ (u) = / <|u| + u(a:)Qlog(e +|Vul) | dz +/ ful dz
Q Q

p(z) q(x) p(z)
p(£)
+/ [u /Fx +ut) dr — G(z,+u*) do,
a0 p( 0
where F(x,+t%) fo )ds and G(z, £t) fo x,+s%)ds. Note that

the functionals ¢ and ¢4 are of class Cl.
We start by showing that the truncated functionals ¢ satisfy the C-condition.

Proposition 5.1. Let hypotheses (Hy) and (Hsz) be satisfied. Then the functionals
p+ satisfy the C-condition.

Proof. We only prove the assertion for ¢, the proof for ¢_ is very similar. To this
end, let M7 > 0 and {uy, }neny € WhHtes(Q) be a sequence such that

ot (un)| < My foralln €N, (5.1)
(L+ [[un )¢y (un) = 0 in WhHhes (Q)*. (5.2)

From (5.2) we can find a sequence ¢, — 0% such that for all v € W1 Hes(Q)

|Vun|p(ac)_2 Vu, - Vvdr
Q

|Vuy| } q(z)—2
+/M T [log e+ |Vu,l|) + Vu, Vu, - Vudx
[ (@) flog(e +ual) + s s | [ v

Jr/ |un|p(m)72unvdx+/ |t [P 2, vdaf/ f(z,ut)vde
Q

_/ g(a,u v dol| < 7M
o0

L+ [fun|

With view to Proposition 2.6 we know that v* € WhMies(Q) whenever v €
WhHioe(Q). Taking v = —u, € WhHtee(Q) as test function in (5.3) and using
f(z,u))u,, =0 for a.a.z € Q as well as g(z, u;} )u,, =0 for a.a.z € 9Q we have

o(uy,)

(5.3)

for all n € N.
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_|p(x) - |V, | —ja(=)
1 ' nt
g/9<|wn\ +u<x>[og<e+!Vun|>+q<x)(e+,wn|) |V | )d

+ [ uy [P da + / lu,, |P®) do
Q o9

<eg, forallneN,

|VufL . . .. .
where we have used that pSTe ) is nonnegative. This implies that
—u,, — 0 in Whtes(Q), (5.4)

see Proposition 2.5 (v).
Claim 1: {u, }nEN is bounded in L%~ (Q2) and in L¢- ().
We take v = u € Whee(Q) in (5.3) and obtain

(1+)< O+ [ faatae s [ gt

/‘V +|P(93) du

- / w(z) log(e + [Vut]) + % ’Vu,ﬂqw dz (5.5)
o q(z)(e + [Vur |)
_/ |u:1r|p(w) dx _/ |u:;|p(w) do
o9
/f +dx—|—/ g(z,uf)uf do <e, forallneN.
G19)

To see this we first use Lemma 2.7 to estimate

ogle U+ —|vu;|
/2 ()[1 gle+ [Vl + e+ vt

-

(1+ ) 2) [Vut | " log(e + |Vut |) da.

’Vu,ﬂq(z) dz

V|
)(e+ ‘Vuﬂ ) log(e + ’Vuﬂ

’Vu;”q(x) log(e + |Vu,T|) da

Then, since (1 + qi_) > 1, we have

(1 + :_) o(uyy)

> [1vutperas s (14 2 [ u)0usie togte + [Vl ao
Q q- Q

+ [ @ des [ juip o
Q o0
Z/ IVu [P dz
Q

v —+
+ [ o) <1og<e+|w<w>>+ [V
Q

| ) .
Pl ) Wt |9®) gy
@ e~ van) V!
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+/ Juf [P dx—|—/ [uf [P do.
Q o9

Hence, we get (5.5).
On the other hand, from (5.1) and (5.4), it holds
K

My > q4 (1 + q) o1 (u))

> (14 2oty = [ (14 2 ) P as (5.6)
(1 + “) Gz, ut)do

for all n € N and for some Ms > 0. Adding (5.5) and (5.6) leads to

[ (st o (14 5) P as

+/ (g(%u;‘;)uz — 4+ (1 + KJ) G(x,ui)) do < M3,
oQ q

(5.7)

for all n € N and for some M3 > 0. Note that we can assume in (Hy)(iv), without
any loss of generality, that a_ < Bi and (- < 0_. Therefore, applying hypothesis
(Hz)(iv), we can find numbers K3, K3, K4, K4 > 0 such that

fla, )t — g4 <1 + H) F(x,t) > Ks|t|*~ — K3 for a.a.z € €,
q—

gz, t)t — qx (1 + ;) G(x,t) > K4lt|S — K4 for a.a.z € 09,

for all ¢ € R. Using this in (5.7) gives

R [ I3+ Ba [l | o < Ma,
and so
Huj“w < My and HUIHQ,,BQ < Ms forallneN, (5.8)

and for some M5, M5 > 0. This shows Claim 1.
Claim 2: {u },ey is bounded in W1t#es ().
First, from hypotheses (Hz)(i), (iv), it is clear that
a_ <ry <(p_)" and (. </{y < (p_)s
Therefore, we can find numbers s, 7 € (0,1) such that
1 S 1-s 1 T 1—7
_ = 7_’_7 and 7:74—7 59
o e A P N 59
Applying the interpolation inequality, see Papageorgiou-Winkert [13, Proposition
2.3.17], it follows that

[ 7 7
1—
”uT—tHE_,_,BQ < H“ZH(T;;_)*,BQ H“:Hg_:m for all n € N.

Now we can use (5.8) and obtain

Hu;‘;HT+ < Mg Hui“?p_)* as well as ||urﬂ|e+,a§z < Mg Hu 5.10)

il y.00r (
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for all n € N and for some Mg, Mg > 0. For simplicity, we can assume that
llub]| > 1 for all n € N. We now use Proposition 2.5 (iii) followed by (5.3) with
v =u € Whiee(Q) together with the growth in (Hz)(i) as well as the embeddings

WhHes(Q) < Whr=(Q) — L0 (Q), L™ (Q) = L'(Q),
WL Hion () < WP (Q) s L)+ (99), L (09) — LY(09Q),
and (5.10) to obtain
g |7~ < o(w))
< e+ Ka(llufll + lf 175) + Ka(lluf o0 + ot 12 o0)

+ ST = + T€+
< éen+ My (1 + [|u ||(p_)*) + My (1 + [|uzy ||(p_)*,a§z)
< Mg (1+ [fuf I + [lut 7))

for all n € N and for some My, M7, Mg > 0. From (5.9), the definition of (p_)* and

(Hs)(iv) we obtain

(5.11)

(a0 Np(re-a)
T () —a-  Np_—No_+p_a_
Np_(ry —a_) B (5.12)
Np— — Na- +p_(ry —p-)2~ e
Next, we see from (Hz)(iv) that
¢— N -1
ST —p )
¢ > . + (04 —p-) o
This along with the definition of (p_). and (5.9) implies that
o= W)l —6) (N —Dp- (b —¢)
(p—)« — ¢ (N —1)p_ — NC_ +p_(_
. (N = p_(ts = C) _, (5.13)

(N =1)p- = NC +p- (5= + (6 —p-) 52)

Therefore, combining (5.11), (5.12) and (5.13) we see that {u;} },en is bounded in
WhHios (Q). This proves Claim 2.
Claim 3: wu,, — u in W™ es(Q) up to a subsequence.

From (5.4) and Claim 2, we see that the sequence {u,},en is bounded in
WlHies (). Hence, we can find a subsequence of {u,}nen, not relabeled, such
that

w, —u  in WhHHes(Q). (5.14)
Choosing v = u,, — u € WHHes(Q) in (5.3) gives
. / o
Jim (@) (un), un —u) = 0.

Moreover, we have

lim [ f(z,u})(u, —u)dz =0 and lim g(z,u}) (un —u)do = 0.
n—oo Q n—oo oQ
From this we obtain that
lim (A(un, ), tn, —u) =0. (5.15)

k— o0
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Then, the weak convergence in (5.14) along with (5.15) and the (S )-property of
the operator A (see Proposition 2.8) imply that

U, —u  in WhHHes(Q).
This finishes the proof. [
The next result is needed in order to show the mountain-pass geometry.

Proposition 5.2. Let hypotheses (Hy) and (Hz) be satisfied. Then there exist
constants C; > 0, i € {1,...,5} such that for alle > 0

CraZ ul|#+ = Collull™ — Cslul|*~, if [Ju]] < min{1,C4, Cs},
@(U)M/Ji(u) > B r ¢ .
CulullP= = Cafjul|™+ = Cs]lul*+, if lull = max{1,Cy, Cs},

where a. 1s the same as in Lemma 2.4.

Proof. We only show the assertion for ¢, the proofs for ¢y are similar. From
(H2)(1), (ii) we know that for each ¢ > 0 there exists c., & > 0 such that

|F(x,t)| < %\ﬂp(‘”) + e |t|"®  for a.a.x € Q and for all t € R,
p(x
(5.16)
|G(z,1)| < ﬁm”(r) + & [t]"®) for a.a.2 € 9N and for all t € R.

Applying (5.16), Proposition 2.1 (iii), (iv) and Proposition 2.2 (iii), (iv) as well as
the embeddings W1 Hes(Q) — L"0)(Q) with constant Cy,,, and WhHes(Q) —
L'O)(99Q) with constant Cop,00 (see Proposition 2.3 (iii) and (v)), we have for
u € Whtes(Q)

1 1 1
p(u) > —om,,, (Vu) + Z:Qp(-)(u) + I:Qp(-),aﬂ(u)

q+
€ £ _
- prp(»)(u) — C0r()(u) — pfgp(-),an(u) — G 00(),00 (1)
1 1 € 1 €
=—09 UgVu—l—(—)g.u—!—(—)g.’ u
oo (Vu) P () (1) P p(),00(1)

— Cc0r(y (1) = Ce00(y,00(u)

11
> min{, — = 5} o(u)
9+ P+ P-
—ce max{C;’log ||~ 7C7T-L+10g ||u||”}
~ 0_ l_ 4 14
—eemax { Ol oo llull'™ O ool

Next, we choose € € (O, M) which implies L < L — = Taking
P+a+ q+ P+ p—

1 1 o
Chyog,00
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the assertion of the proposition follows from Proposition 2.5 (iii), (iv) by setting
- . . .
Cy=cCy and C3=2&Cy, oo if [u] <min{l,Cy, Cs},

Co=c:Cyf  and  Cy=&Cyf o if Jull > max{1,Cy,C5}.

A direct consequence of Proposition 5.2 is the following result.
Proposition 5.3. Let hypotheses (Hy) and (Hz) be satisfied. Then there exist
0 > 0 such that

HiIHlf5 o(u) >0 and | iIHlfé o (u) > 0.

Alternatively, there exists X > 0 such that p(u) > 0 for 0 < ||lul]| < .

t—+oo

Proposition 5.4. Let hypotheses (Hy) and (Hz) be satisfied. Then o(tu) ———
—o0 whenever 0 # u € WhHes(Q). Moreover, ¢ (tu) ImEee, o for all0 #wu €
WhHioe (Q) such that u > 0 a.e.in (.

Proof. We show the proof only for ¢, it can be done similarly for ¢4 since if u > 0
a.e.in §, then ¢ (tu) = p(tu) for £t > 0. To this end, fix any 0 # u € WMoz (Q)
and let t,e € R such that |t|,e > 1. From (H)(i), (ii), we have
F(z,t) > —|t|%* log(e + |t]) — c. for aa.z € Q,
4+
i (5.17)
G(z,t) > —|t|? log(e + |t]) — ce for a.a.x € 0L,
qr

for some ¢, > 0. From hypotheses (Hz)(i), (ii), we know that
g+ <ry <(p-)" and gy <Ly < (p-).
Using this and Proposition 2.3 (iii), (v) yields
lullg, <oo and ||ullq, a0 < oo. (5.18)

Now from (2.6), (5.17), and (5.18) it follows
(t )< ‘t|p+
pLuY) =

p

(2002 (V1) + 2y (1) + 2y 002(u))

‘t|(I+

+ 10 log(e + 1) / w(z) [Vl *® da
Q

‘t|Q+

+

/ w(z) |Vu| " log(e + [Vu|) da (5.19)
Q

5|t|q+
— —— [ |u|? log(e + t|u]) dz + ¢-|9]
4+ Ja

5|t|q+

a+

/ |u|?t log(e + t|u]) do + ¢ |09].
a0
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By the monotonicity of the logarithm function and (5.18) we have

/ |ul?t log(e + t|u|) da
{z€Q: u(z)>1}

> log(e + t)/ |u| % dez,
{zeQ: u(z)>1}

/ |u|?* log(e + t|u|) do
{z€d2: u(xz)>1}

> log(e + 1) / /% do.
{z€dQ: u(z)>1}

On the other hand, using (2.7), we obtain
/ s Ul
{zeQ: O<u(z)<1} 1/|U’|

> log(e +t) / Ju|?+ T da,
{z€Q: O<u(x)<1}

(5.20)

log(e + tlu|) dz

1/ Jul (5.21)

1/]ul

|u]9+ log(e + tlu|) do

/{;G@Q: O<u(z)<1}
> log(e +t) / Ju|?+ ! do.
{z€0Q: O<u(z)<1}
Combining (5.19), (5.20), and (5.21) results in
|tlp+

() < (0 (V) + 2y (1) + 090,00 (u))

+[t" log(e + |t])

1 ©
1 / (@) [V " da
q Q

- E(/ || 9+ d:c+/ Ju|?++ dx
q+ {zeQ: u(xz)>1} {zeQ: O<u(z)<1}

+/ ||t do —|—/ a9+ F1 da)
{z€dQ: u(xz)>1} {z€dQ: O<u(z)<1}

t‘]+ -
+|q|/ () [Vul'™ log(e + |Vul) dz + c- (2] + 09)).
- Jao

Taking e sufficiently large, the second term becomes negative which implies that
t—+oo
(]

p(tu) —— —o0.
Now we can prove the existence of constant sign solutions of problem (1.11).
Proof of Theorem 1.1. From Propositions 5.1, 5.3 and 5.4 we see that we can apply

the mountain-pass theorem given in Theorem 2.9 to both functionals ¢.. Hence,
we can find ug, vg € Wz () such that ¢/, (ug) =0, ¢’_(vg) = 0, and

¢+ (uo), p—(vo) = uiﬂia p+(u) > 0= (0).

This shows that ug # 0 # vo. Then, testing ¢, (ug) = 0 with —uy, we obtain
o(ug) = 0. So, Proposition 2.5 gives us —ug = 0 a.e.in Q which implies that
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up = ug > 0 a.e.in Q. In the same way, testing ¢’ (vo) = 0 with vg, shows that
vo < 0 a.e.in Q. Finally, from Theorem 4.1, we get the assertion. ([

6. SIGN-CHANGING SOLUTION

In this section we are going to prove the existence of a sign-changing solution
which turns out to be a least energy sign-changing solution of problem (1.11).
As already mentioned in the Introduction, we have to strengthen the hypotheses
supposing now (H;’) and (Hy’) instead of (H;) and (Hs), respectively.

Remark 6.1. Note that a necessary assumption for (Hy’) to be fulfilled is the
inequality p1 + 1 < (p_)«. In the case of constant exponents this inequality is
equivalent to VN < p. This strong assumption is required for (Hy)(ii’).

First, it is easy to see that (Hz")(i"), (ii’) imply ¢+ + 1 <7 and since ¢4 +1 <

(p_)«, we are able to find r,£ € C(Q) such that ¢, +1 <r_ <ry < (p_)* and
g+ +1<4_ <ty <(p-)« Also, if (Hp’)(ii’) is satisfied, then for any € > 0

F
m M;f_{_f}g = 400 uniformly for a.a.z € Q,
6.1
G(z, s) (6.1)

im ————— = +oo uniformly for a.a.z € 0f).
s—+oo |S|‘I++1—E Y

Especially (Hs’)(ii’) implies (Hg)(ii).
In order to find a sign-changing solution of problem (1.11), we need the Nehari
manifold associated to (1.11) which is defined by
N = {u e WiHes(9)\ {0}: (¢ (u),u) = 0}

It is easy to see that all weak solutions of (1.11) belong to N. Moreover, the
corresponding nodal Nehari manifold of (1.11) is given by

No = {ue WhHes(Q): £uF e N}

Obviously, My contains all sign-changing solutions of (1.11).

We start by establishing some structure on A" which will be used for the study
on the set Ny. First, we mention the following lemma which is needed in the next
proposition. The proof is straightforward, so we will omit it.

Lemma 6.2. Let b > 0 and Q > 1. Then the mapping t — Qt(:rtb), t >0,
decreasing only for e > 1.

Proposition 6.3. Let hypotheses (H;i’) and (Hy’) be satisfied. Then, for any
u € WhHes(Q)\ {0}, there exists a unique t,, > 0 such that t,u € N'. Moreover,

d
o(tyu) >0, a(p(tu) =0 fort=t,,
d p(tu) >0 for0<t<t i(tu)<0 fort >t
at” T w

In particular, o(tu) < @(t,u) for all0 <t #t,.

Proof. Let u € Wh*ies(Q)\ {0}. We define the associated fibering map by
Ay:[0,00) = R, Ay(t) = p(tu).
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Clearly, we have A, € C([0,0)), A, € C*((0,00)) and A,(0) = 0. Taking Propo-
sitions 5.3 and 5.4 into account we can find K7, K5 > 0 such that

Ay(t) >0 forO0<t< Ky and A,(t) <0 fort> Ks. (6.2)

Therefore, using the extreme value theorem, we know that the global maximum of
A, is achieved at a point ¢, € (0, K3]. Clearly, this point is a critical point of A,
which by the chain rule implies that

0= A, (tu) = (¢’ (tuw), u).
Thus, it holds t,u € N.

Next, we are going to show that ¢, is indeed unique. For this purpose, we first
make the following observations:

t m increasing =t~ W increasing in {x € Q: u(x) > 0},
t— m decreasing =t W increasing in {z € Q: u(z) < 0},
¢ m increasing =t g(i’q%)u increasing in {x € 0Q: u(x) > 0},
t— m decreasing = t+— M increasing in {z € 9Q: u(r) < 0}.

For ¢t > 0 and for any u € Whes(Q) \ {0}, we have

L _ 1 p(z)
far Au(®) —/Q (tqﬂp() [Vl

1 q(z) [log(e +t|Vul) [Vul
—_— d
T frmam ) [Vl { t @tV |

1 T 1 T
+ /Q i " de + /SQ s e do

_/ f(z, tu)u dx—/ g(x, tu)u do
Q ta+ o0 9t '

Let us study all the terms on the right-hand side. The first term is strictly de-
creasing for Vu # 0 since p; < ¢y + 1, the third and the fourth term are also
strictly decreasing, again because of p; < g4 + 1. For the second term we can use
Lemmas 2.4 and 6.2 which imply that it is decreasing. The terms with f and g are
decreasing due to the observations above. Since u # 0, the right-hand side of the
equation above is strictly decreasing as a function in the variable ¢t. Hence, there
can be at most one value ¢, > 0 such that A/,(¢,) = 0, that is, t,u € N. This shows
the uniqueness of ¢, > 0.

Finally, A/, (t) cannot take the value 0 anywhere else, so it has constant sign on
(0,t,) and (t,,00). Due to (6.2), they must be positive and negative, respectively.

O
Next, we will show that ¢ is sequentially coercive restricted to the Nehari mani-
fold NV, that is, for any sequence {tuy }neny C N such that |Ju, || ——= +oo it follows

n—oo

that p(u,) —— +o00.
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Proposition 6.4. Let hypotheses (Hy’) and (Hy’) be satisfied. Then the functional
g0| L sequentially coercive.

n—oQ

Proof. Let {un}nen € N be a sequence such that ||u,| —— —+oo and y, =
Un/||tunl|. Then {y, }nen € WHiee(Q) is bounded and so we can find a subsequence
{Yn, }ren and y € WhHies(Q) such that

Y, —y in WHHes(Q),
Yn, =y in L"O(Q) and pointwisely a.e.in Q, (6.3)
Yn, =Y in Lé(')(aQ) and pointwisely a.e.in 0f.
We claim that y = 0. Suppose by contradiction that y # 0. Let 0 < ¢ < k and,
without any loss of generality, we can assume that there exists ky € N such that
lten, || > 1 for all &k > ko. Applying Proposition 2.5 (iv) gives
1

Plun) £ —0(un,) ~ [ Floun)do— [ Glau,)do
p Q oQ

< 2 g, |7+ —/F(x,unk)dx— G (2, un, ) do.
p— Q o0

Next, we divide the last inequality by ||uy, ||+ ¢ and use the representation y, =
U /||tn || to obtain

it < e [ ey e - [ S a0
u d

[t [l +2 ||‘1++€ - |a++e Q [tn, |97¢
Note that from ( ) we have
F n . F(z,uy .
lim M = lim M|ynk|‘”+‘E =00, € Q with y(z) #0,
k=00 ||t [|[9+FE  k—oo |up, [+1°
Glon) _  Glaum,) (0
. x7unk _ . $7u’nk q++g _ .
klggo Hunk ”qu+6 koo |Unk |q++€| nkl =00, €00 with y(m) # 0.
Now, due to (Hy’)(i’), (ii”), we can find constants Mg, M7 > 0 such that
F(x,t) > =My for a.a.z € Q and for all ¢t € R, 66
G(x,t) > =My for a.a.x € 90 and for all t € R. (6:6)

Setting Qp = {z € Q: y(x) = 0}, from (6.3), Fatou’s Lemma, (6.6), and (6.5), it
follows that

: x u”k q++e
A a |tn, |q++s| Y| d
F(z, F
— lim / (‘T Un:)|ynk|q++edx+/ (wvun:_)e de
koo \ Jongg [t 942 Qo [|un, | (6.7)

F(z,u, Mo|Q
Z/ (11 M| nkfl++8> dr — hm _Myl€d|
2\ Qo

k—o00 \un |a++e k—oo ”unk”q_*—Jrs

= Q.
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Similarly, using 3¢ = { € 00: y(x) = 0}, we have

lim Gz, uny)
k=00 Joq |Un, |9t TE

G n G )y '
= lim / Gla, tn) JI;) Y, |71 do +/ G, ) '_j_)s do
k—o0 O\ Zo |u7lk|q+ N o ||unk||q+ (68)

My|Q
2/ (lim G(x’u”k)|ka|Q++6) do — hm _Ms|S|
O\ g

k—o0 |unk|q++€ k—o0 ||un |2+t

Y |q++€ do

= 0.
Now, passing to the limit in (6.4) as k — oo and using (6.7) as well as (6.8), yields
h W(unk)

k—o0 ||un ||¢I++€ = o

But this is a contradiction since {uy, }nen € N and so p(u,) > 0 for all n € N by
Proposition 6.3. This shows that y = 0.

Because u,, € N for all k € N, from Proposition 6.3, we know that ¢(uy,) >
©(Lyy, ) for all k € N and for any L > 1. Using this and Proposition 2.5 (iii) we
have for all £ € N

P(uny) > P(Lyn,)

1
> q—g(Lynk /F x, Lyn,,) dx—/ G(z, Lyy, ) do
+
(6.9)
> 7||Ly’ﬂk||p /F €, Ly’ﬂk dﬂ?—/ G .T Lynk
4+
LP-
= — —/ F(z, Lyy, ) dx — G(z, Lyy, ) do,
4+ Q o0
since ||yn,|| = 1. Note that the two integrals on the right-hand side of (6.9) are
strongly continuous due to (Hz)(i), see [2, Lemma 5.1 (v)]. Combining this fact

with Ly,, — 0 in Whies(Q) (see (6.3) and the fact that y = 0), there exists a
number k; € N such that

LP-
o(up,) > — —1 forall k> k.

q+
Since L > 1 was arbitrary chosen, we get ¢(un,) — +00 as k — oo, which by the
subsequence principle implies that ¢(u,) — +00 as n — oo. (Il

Now we are able to prove that the infimum of ¢ over A and N, respectively, is
always positive.

Proposition 6.5. Let hypotheses (Hy’) and (Hs’) be satisfied. Then
ulgjfvgo(u) >0 and qhtienj\f[0 (u) > 0.

Proof. The first part follows from Proposition 6.3 and Proposition 5.3, which imply
that

cp(u)2¢<6u>>|1nf e(u) >0 foralueN,

[l luli=5

with § > 0 is given by Proposition 5.3. Since p(u) = p(ut) + ¢(—u~) and
ut, —u~ € N for u € Ny, the second assertion follows. O
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Next we are going to prove that the infimum of ¢ restricted to the nodal Nehari
manifold A is achieved.

Proposition 6.6. Let hypotheses (H1’) and (Hg’) be satisfied. Then there exists
wo € Ny such that o(wg) = infyuen;, ©(u).

Proof. Let {up }nen € Ny be a minimizing sequence, that is, p(u,) \ infyen, p(u).
From Proposition 2.6 we know that u,}, —u,, € Whies(Q) for all n € N. Therefore,
{o(u) }nen and {p(—u; ) }nen are bounded in R because ¢(u,,) = o(ul) + @(—u;)
for all n € N and since ¢(u}) > 0 as well as ¢(—u;) > 0 for all n € N by
Proposition 6.3. Hence, from Proposition 6.4 we know that {u; },en and {—u,, }nen
are bounded in W1 *ws(Q). Taking Proposition 2.3 (iii), (v) into account, we can
find subsequences {u,} }ren and {—u,, Yren and vi,vy € WhHes (Q) such that

+ - . 1LH
Uy = v, U, — vy in WHMeE(Q),

ut — w1, u, —vy in L"O)(Q) and pointwisely a.e.in €,

ut —wvi, u, —vy in LC)(99) and pointwisely a.e.in 9,

with v1 >0, w3 >0, and wvve =0.
Claim: vy,v9 # 0
Suppose by contradiction that vy = 0. Since u;} € N, we have
0= (&' (ush,) urh, )

ngk Nk

o+ ’v“:{k’ + (a(=)

(6.10)

- / fyut i, da — / gleu i, do

Passing to the limit as k¥ — +oo and using the convergence properties in (6.10)
implies that o(u;} ) — 0 which is by Proposition 2.5 (v) equivalent to w} — 0 in
WlHies (). Then, using the continuity of ¢ along with Proposition 6.5 yields

0< 1£jt:[<p(u) <p(ut ) — ¢(0)=0 ask — oo,

which is a contradiction. Thus, v; # 0. In a similar way one shows that ve # 0 and
so the Claim is proved.

From Proposition 6.3 and the Claim, we can find numbers 1,2 > 0 such that
t1v1, tovs € N. Next, we define

wo = t1v1 + tovs.

Taking (6.10) into account, we see that wa' = t1v1 and —w, = tovp which im-
plies wy € Np. It should be noted that the positive terms in ¢(-) are convex and
continuous, so sequentially weakly lower semicontinuous. Since the terms with
the functions F' and G are strongly continuous, these are also sequentially weakly
lower semicontinuous. Therefore, the functional ¢(-) is sequentially weakly lower
semicontinuous. Using this fact and Proposition 6.3 leads to

. _ . _ . + —
Jnf o(u) = lim o(un,) = lim o(u,) +e(-u,)
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> likrgggfcp(tw:k) + o(—tau,, )
> p(tivr) + o(t2v2)
= p(wy) +o(-wy) = @(wo) 2 inf o(u).
This finishes the proof. (I

Finally, we have to show that the minimizer obtained in Proposition 6.6 is indeed
a critical point of ¢(-) and so a least energy sign-changing solution of (1.11).

Proposition 6.7. Let hypotheses (Hy’) and (Hs’) be satisfied and wg € Ny such
that o(wg) = infyen, @(u). Then wg is a critical point of .

Proof. Assume by contradiction that ¢’(wg) # 0. Then we can find numbers «, 8y >
0 such that

@' (W)]l« >, forall u € WhHes(Q) with ||u — wo| < 3f0.

Let éﬂlog be the embedding constant of W1z (Q) < LP-(Q) (see Proposition
2.3 (iii)). Since wg # 0 # wy , we have for any v € W1 Hies(Q) that

|wo — v > C ||w0 —l,,_ { Hlog || Wy H , ifv =0,

C’;[log ||w0 H , ifvt =0.
Now we take a number 31 such that

g€ (0min {C5! [lwg |, Crl, ], })-
This implies that for any v € WLHlOg(Q) with |lwg — v|| < B it follows that
v £0#£ 0.
Let 8 = min{fy, 81/2}. Due to the continuity of the mapping (s, t) — swg —twg
from [0, 00)? into W1Hee (Q), there exists § € (0,1) such that for all s, > 0 with
max{|s — 1|, |t — 1|} < J it holds

|swd — twy — wo|| < B. (6.11)
Let D = (1 — 6,1+ 6)%. From Proposition 6.3 we have for s, > 0 with s # 1 # ¢
p(swy —twy ) = p(swy ) + p(—twy)
< elwg) +p(-wy) = plwo) = inf o(u).

(6.12)

From this it follows, in particular, that

= -t < = inf .
§= max p(sug —twy) < p(wo) = inf o(u)

Now we are able to apply quantitative deformation lemma given in Lemma 2.10
with

B _ . Je=& ap
S*B(IwOaﬂ)? Cfulé.l/\f/_()@( ) €H1Hl{ 4 8}
with § as defined above. Since Sog = B(wp,33) and with the choice of €, we see

that the conditions in Lemma 2.10 are satisfied. Hence, we can find a mapping 7
with the properties stated in the lemma. Moreover, due to the choice of €, we have

ga(swar—two)<§+0—c<c—<c;§)<c—25 (6.13)
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for all (s,t) € dD. Next, we define mappings Y: [0,00)2 — W1 Hee(Q) and
II: (0,00)2 — R? by

T(s,t) =n(1, swo+ — twy )

1Hs,0) = (L0 (50 T 0) s /T (5,00 =1 (5) ).

The continuity of 7 implies the continuity of T and since ¢ is C!, II is continuous
as well. Applying Lemma 2.10 (i) and (6.13), we have, for all (s,t) € 9D, that
Y(s,t) = swg — twy and
(s, t) = ( (' (swg),wg) , (¢'(—twg), —wy) ) -
Taking Proposition 6.3 into account, yields the componentwise inequalities
Hl(l — (S,t) >0> Hl(l + (5,t>,
IMo(t,1 —0) >0 >Tlz(t,146) forallte (1—4,1+59),
where II = (II1,1II3). Then, by the Poincaré-Miranda existence theorem given in
Theorem 2.11 applied to d(s,t) = —II(1 + s,1 + t), there exists a pair (sg,tg) € D
such that TI(sg,to) = 0 which can be equivalently written as
(' (T (s0,t0)), T (0, t0)) = 0= (&' (=T (50, t0)), =Y~ (50, to))-
Now, applying Lemma 2.10 (iv), (6.11), and the choice of § gives
1T (s0. t0) — wollz < [T (s0, t0) — (towg — towy )|l + towg — towy — woll
<B+B<28< b
Then, by the choice of 81, we have
T+ (s0,t0) # 0 # =T~ (s0,t0),

which implies Y (sg,to) € Np. But, from Lemma 2.10 (ii), the choice of § and (6.12),
it follows that ¢(Y(so,%p)) < ¢ —e. This is a contradiction and so wyq is a critical
point of . O

The proof of Theorem 1.3 follows now from Propositions 6.6 and 6.7 along with
Theorem 4.1. We end this section with an example.

Example 6.8. Let (Hy) be satisfied. In addition, for simplification, we also assume
that qyk/q_ < 1 which implies ¢4 (1+k/q_) < qr +1 < pT. Let iy, ki, 5y € C(Q),
i =1,2 such that

and
max{(A) 4, (5)s}  minf(R)_, (5)_}
p_* SR i <1,
max{(Ra) s, (Fa)s}  min{(Ra)_, (Fa)_}
p:r SR i < 1.

Then, the functions
t|F1 @) =241 + log(—t)], if t< -1,
fz,t) = |t @)=2¢, if —1<t<l1,,
[tF @ =2[1 + log(t)], if 1<t
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t|F2@)=2¢[1 + log(—1)], if t<—1,
gla,t) = ¢ [t =2, if —1<t<l,
72241 + log(t)], if 1<t

satisfy hypotheses (Ha’).
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