NEW EMBEDDING RESULTS FOR DOUBLE PHASE PROBLEMS WITH
VARIABLE EXPONENTS AND A PRIORI BOUNDS FOR CORRESPONDING
GENERALIZED DOUBLE PHASE PROBLEMS

KY HO AND PATRICK WINKERT

ABSTRACT. In this paper we present new embedding results for Musielak-Orlicz Sobolev spaces of
double phase type. Based on the continuous embedding of Wh7(Q) into L**(Q), where H. is the
Sobolev conjugate function of H, we present much stronger embeddings as known in the literature.
Based on these results, we consider generalized double phase problems involving such new type of
growth with Dirichlet and nonlinear boundary condition and prove appropriate boundedness results
of corresponding weak solutions based on the De Giorgi iteration along with localization arguments.

1. INTRODUCTION

Recently, Crespo-Blanco-Gasiriski-Harjulehto-Winkert [16] studied the so-called double phase oper-
ator with variable exponents given by

div (|Vu|p(‘”)_2Vu + ,u(x)|Vu|’1(”’)_2Vu) . ue WhH(Q) (1.1)

with p,q € C(Q) such that 1 < p(z) < g(x) < N for all z € Q, 0 < pu(-) € L*(Q) and W1 H(Q) is the
corresponding Musielak-Orlicz Sobolev space being a uniformly convex space. Under the assumptions
above, it is shown that the operator is continuous, bounded and strictly monotone. Moreover, under
some Lipschitz continuity properties on the exponents and the weight function, we have the continuous
embedding

WhH(Q) — L7 (Q), (1.2)
where the function H, is called the Sobolev conjugate function of H given by
H(xz,t) = tP@ 4+ pu(z)t1®  for (z,t) € Q x [0, 00),

see Definition 3.1 for the precise characterization of .. The proof of the embedding (1.2) is based on

general embedding results of Musielak-Orlicz Sobolev spaces obtained by Fan [29] under the additional
condition
+

q 1

— <1 J—

P N
with ¢* and p~ being the maximum and minimum of ¢ and p on Q, respectively. It is known that
the embedding in (1.2) is not sharp, see Adams-Fournier [1], Donaldson-Trudinger [28] or Fan [29].
In the case of sharp embedding results from Orlicz Sobolev spaces into Orlicz spaces we refer to the
work of Cianchi [14]. So far, there does not exist any generalization of such sharp embeddings to

Musielak-Orlicz Sobolev spaces.

The main objective of the paper is twofold. In the first part we want to discuss how we can obtain
better embedding results from W17 (Q) into L¥ () by using the embedding (1.2). It will be seen that
we get indeed a much better continuous embedding of the form

WhH(Q) < L9 (Q), (1.3)
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with

G (1) == 7@ 4 pu(2) T @), (2,4) € T x [0, 00), (1.4)
where for a function r € C(Q) with 1 < r(z) < N for all € €, the critical exponent r*(-) is given by

r*(z) := m, z € Q.

In addition we are able to prove that the exponent qq*((;) in (1.4) of u is optimal under all possible

exponents so that (1.3) hold true. However, we do not know if the embedding in (1.3) is sharp under
all generalized ®-functions. In the first part we furthermore obtain trace embeddings from W1*(Q)
into L¥(01). Based on a general trace embedding result for Musielak-Orlicz Sobolev spaces obtained

by Liu-Wang-Zhao [50], we show the following critical trace embedding
W Q) — L7 (99), (1.5)
with
T*(2,8) = 7@ 4 p(2) 5 4@ (2,4) € O x [0,00), (1.6)

where for a function r € C(Q) with 1 < r(z) < N for all x € Q, the critical exponent r,(-) is given by

(N —Dr(x) 5
«(T) = ——, e Q.
(@) N —r(z) *
We also prove corresponding “subcritical” embeddings related to (1.3) and (1.5) which turn out to be
compact.
In the second part of the paper, based on the new embedding results in (1.3) and (1.5), we study
the boundedness of weak solutions to Dirichlet and Neumann problems of the form

—div Az, u, Vu) = B(z, u, Vu) in Q,

u=0 on 99, (1.7)

and
—div A(z, u, Vu) = B(x, u, Vu) in Q,

A(z,u, Vu) - v = C(x,u) on 99,

where © is a bounded domain in R, N > 2, with Lipschitz boundary I' := 99, v(z) denotes the
outer unit normal of Q at x € I' and the functions A: Q x R x RY = RV, B: QxR xRN - R
and C: I' x R — R are Carathéodory functions that fulfill structure conditions as developed in (1.4)
and (1.6), see hypotheses (Dy), (D2), (N;) and (N3). Our results are based on the so-called De
Giorgi-Nash-Moser theory, which provides iterative methods based on truncation techniques to get a
priori bounds for certain equations, see the works of De Giorgi [25], Nash [57] and Moser [55]. The
techniques developed in these papers provided powerful tools to prove local and global boundedness,
the Harnack and the weak Harnack inequality and the Holder continuity of weak solutions. For
more information we refer to the monographs of Gilbarg-Trudinger [36], Ladyzenskaja-Ural’ceva [46],
Ladyzenskaja-Solonnikov-Ural’ceva [17] and Lieberman [48]. Our proofs for L*°-bounds are mainly
based on the papers of Ho-Kim [11], Ho-Kim-Winkert-Zhang [12] and Winkert-Zacher [69, 70]. We
also mention the boundedness results in the works of Barletta-Cianchi-Marino [4] (for problems in
Orlicz spaces), Gasiriski-Winkert [33, 35] (for double phase Dirichlet and Neumann problems), Ho-Sim
[10] (for weighted problems), Kim-Kim-Oh-Zeng [11] (for variable exponent double phase problems with
a growth less than p*(-)), Marino-Winkert [53, 5] (for critical problems in W1 (Q)) and Winkert [65]
(for subcritical problems in W17(2)).

Coming back to the operator (1.1), it is clear that this is a natural extension of the classical double
phase operator when p and ¢ are constants, namely

(1.8)

div (|vu|P*2vu + u(x)|vu|Hvu). (1.9)
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It is easy to verify, that if infg u > 1o > 0 or g = 0, then the operator in (1.1) becomes the weighted
(q(+), p(+))-Laplacian or the p(-)-Laplacian, respectively. The energy functional I: W1H(Q) — R
related to the double phase operator (1.1) is given by

_ | V[P . |V |2(2) .
100 = [ (S w0 ) o 10

where the integrand

R(z.6) = ~sl€P) 4 A1) for all z.6) € @ x RY

of I has unbalanced growth if 0 < u(-) € L*(2), that is,
el < Rz, &) < ez (14 |¢[1)

for a.a.z € Q and for all ¢ € RV with ¢;,co > 0. The main feature of the functional I given in
(1.10) is the change of ellipticity on the set where the weight function is zero, that is, on the set
{z € Q : p(x) = 0}. This means, that the energy density of I exhibits ellipticity in the gradient of
order g(x) in the set {z € Q : p(x) > e} for any fixed € > 0 and of order p(x) on the points z where
p(x) vanishes. Therefore, the integrand R switches between two different phases of elliptic behaviours
and so it is called double phase.

We point out that Zhikov [74] was the first who considered functionals defined by

e / (IVul? + p(2)|Vul?) da,

whose integrands change their ellipticity according to a point in order to provide models for strongly
anisotropic materials. This type of functional given in (1.10) has been treated in many papers con-
cerning regularity of local minimizers. In this direction we mention the works of Baroni-Colombo-
Mingione [5, 6, 7], Baroni-Kuusi-Mingione [3], Byun-Oh [12], Colombo-Mingione [17, 18], De Filip-
pis [19], De Filippis-Palatucci [26], Harjulehto-Hést6-Toivanen [38], Marcellini [51, 52], Ok [58, 59],
Ragusa-Tachikawa [65, 66] and the references therein. Moreover, recent results for nonuniformly ellip-
tic variational problems and nonautonomous functionals can be found in the papers of Beck-Mingione
[9, 10], De Filippis-Mingione [20, 21, 22, 23, 24] and Hast6-Ok [39]. For other applications in physics
and engineering of double phase differential operators and related energy functionals given in (1.9) and
(1.10), respectively, we refer to the works of Bahrouni-Radulescu-Repovs [2] on transonic flows, Benci-
D’Avenia-Fortunato-Pisani [11] on quantum physics and Cherfils-I'yasov [13] on reaction diffusion
systems. For example, in the elasticity theory, the modulating coefficient u(-) dictates the geometry
of composites made of two different materials with distinct power hardening exponents ¢(-) and p(-),
see Zhikov [75].

At the end we also want to mention some recent existence results in the direction of double phase
problems developed with different methods and techniques. We refer to the papers of Bahrouni-
Rédulescu-Winkert [3] (Baouendi-Grushin operator), Colasuonno-Squassina [15] (double phase eigen-
value problems), Farkas-Winkert [31] (Finsler double phase problems), Gasiriski-Papageorgiou [32]
(locally Lipschitz right-hand sides), Gasiriski-Winkert [34, 35] (convection and superlinear problems),
Liu-Dai [19] (Nehari manifold treatment), Papageorgiou-Radulescu-Repovs [60, 61] (property of the
spectrum and ground state solutions), Perera-Squassina [63] (Morse theory for double phase prob-
lems), Zhang-Rédulescu [73] and Shi-R&dulescu-Repovs-Zhang [67] (double phase anisotropic varia-
tional problems with variable exponents), Zeng-Bai-Gasiriski-Winkert [71] (implicit obstacle double
phase problems), Zeng-Radulescu-Winkert [72] (implicit obstacle double phase problems with mixed
boundary condition), see also the references therein. It is worth pointing out that while these works
treat double phase problems in terms of two exponents p(-) and ¢(-) with p(-) < ¢(-), its nonlinear terms
have a growth that does not exceed p*(-). Our new embeddings will provide a necessary ingredient to
study double phase problems which have a growth between p*(-) and ¢*(-).

The paper is organized as follows. In Section 2 we recall some properties of the double phase
operator with variable exponents and present relevant embedding results. Section 3 is devoted to the
study of the critical and subcritical embeddings mentioned above, see Propositions 3.4, 3.5 and 3.6 for
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the critical case and Propositions 3.7 and 3.8 for the subcritical case. In Section 4 we consider problems
(1.7) and (1.8) where we suppose subcritical growth and prove a priori bounds for corresponding weak
solutions, see Theorems 4.2 and 4.3. Finally, using the critical embedding in (1.3), we also develop
boundedness results for weak solutions of (1.7) and (1.8) in this case, see Theorems 5.1 and 5.2 in
Section 5.

2. PRELIMINARIES AND NOTATIONS

In this section we recall the main properties to Musielak-Orlicz Sobolev spaces and the dou-
ble phase operator with variable exponents. These results are mainly taken from Crespo-Blanco-
Gasinski-Harjulehto-Winkert [16], we refer also to the books of Diening-Harjulehto-H&sté-Ruzicka
[27], Harjulehto-H&sto [37], Musielak [56], Papageorgiou-Radulescu-Repovs [62], Radulescu-Repovs
[64] and the papers of Colasuonno-Squassina [15], Fan [29], Fan-Zhao [30], Kovacik-Rakosnik [15] and
Liu-Wang-Zhao [50].

Let 2 be a bounded domain in RY with Lipschitz boundary I' := 99 and let M () be the space of
all measurable functions u: 2 — R.

We start with the following definition.

Definition 2.1.

(i) A continuous and convex function p: [0,00) — [0,00) is said to be a ®-function if p(0) =0
and @(t) > 0 for all t > 0.

(ii) A function @: Q x [0,00) — [0,00) is said to be a generalized ®-function if p(-,t) € M(Q)
for all t > 0 and p(z,-) is a D-function for a.a.x € Q. We denote the set of all generalized
O-functions on Q by ®(Q).

(ili) A function ¢ € ®(Q) is locally integrable if (-, t) € L* () for all t > 0.

(iv) Given @, € ®(Q), we say that ¢ is weaker than v, denoted by ¢ < 1, if there exist two
positive constants C1,Cy and a nonnegative function h € L*(Q) such that

p(x,t) < Cryp(z, Cat) + h(z)

for a.a.xz € Q and for all t € [0, 00).

(v) Let ¢,9p € ®(Q). We say that ¢ increases essentially slower than v near infinity, if for any
E>0

o(z, kt)
00 (1)

=0 uniformly for a.a.x € Q.

We write ¢ < .

For a given ¢ € ®(Q2) we define the corresponding modular p, by

pola) = [ (e lul) do
Then, the Musielak-Orlicz space L?(£2) is defined by

L?(2) :=={u € M() : there exists & > 0 such that p,(au) < +oo}
equipped with the norm

[ullp,0 = inf{a >0: p, (g) < 1}.

Similarly, we define Musielak-Orlicz spaces L#(I") on the boundary equipped with the norm || - ||, 1,
where we use the (N — 1)-dimensional Hausdorff surface measure o on RY.
The following proposition can be found in Musielak [56, Theorem 7.7 and Theorem 8.5].

Proposition 2.2.

(i) Let ¢ € ®(Q2). Then the Musielak-Orlicz space L¥(2) is complete with respect to the norm
I - lp.0, that is, (L¥(Q), ] - ||s.0) is a Banach space.
(i) Let v, € ®(Q) be locally integrable with ¢ < 1. Then

LY(Q) < L¥(Q).
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Next, we define Musielak-Orlicz Sobolev spaces. For this purpose, we need the following definition.

Definition 2.3.
(i) The function : [0,00) — [0,00) is called N-function if it is a ®-function such that

(ii) We call a function p: Q@ x R — [0,00) a generalized N-function if o(-,t) is measurable for
allt € R and p(z,-) is a N-function for a.a.xz € Q. We denote the class of all generalized
N -functions by N(Q).

Let ¢ € N(Q) be locally integrable. The Musielak-Orlicz Sobolev space W1:# () is defined by
Whe(Q) == {u € L¥(Q) : |Vu| € L?(Q)}
equipped with the norm
lullie = llulle + [Vulle,

where ||Vull, = || |[Vul ||,. The completion of C§°(Q) in W#(Q) is denoted by Wy*?(Q).
The next theorem can be found in Musielak [56, Theorem 10.2] and Fan [29, Propositions 1.7 and
1.8].

Theorem 2.4. Let ¢ € N(Q) be locally integrable such that

;Ielg) o(z,1) > 0.
Then the spaces Wh#(Q) and W, #(Q) are separable Banach spaces which are reflexive if L?(S) is
reflexive.

Let us now come to our special Musielak-Orlicz Sobolev space and its properties, which was intro-

duced in [16]. In the following, for h € C(£2) we denote
h™ := inf h(x) and A" :=suph(z).
€ zeQ

We suppose the following assumptions:
(H1) p,q € C(Q) such that 1 < p(z) < N and p(z) < g(z) for all x € Q and 0 < u(-) € LY(Q).
Under hypothesis (H1), let H: Q x [0,00) — [0,00) be the nonlinear function defined by

H(z,t) == tP@ 4 ()t for all (z,t) € Q x [0, 00). (2.1)
Recall that the corresponding modular to H is given by

pu(w) = [ Ha.Jul)do. (2:2)

Then, the corresponding Musielak-Orlicz space L7(Q2) is given by
LH(Q) = {u € M(Q) : p(u) < +oc},
endowed with the norm
[|lul|+ = inf {7’ >0:py (%) < 1}.
Next, we can introduce the Musielak-Orlicz Sobolev space W1#(Q) defined by
WhH(Q) = {ue L™(Q) : |Vu| € L*(Q)}
equipped with the norm
[l = Nlulle + [Vl

where ||Vl = || |[Vul 2. Moreover, Wy *(Q) is the completion of C5°(Q2) in W1H(). We know
that L*(Q), Wh*(Q) and W, *(Q) are reflexive Banach spaces, see [16, Proposition 2.12].

The following proposition gives the relation between the modular py; and its norm || - ||%, see [16,
Proposition 2.13].
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Proposition 2.5. Let hypotheses (H1) be satisfied, uw € L™ (Q) and let py be defined as in (2.2).

(i) Ifu#0, then ||ully = X if and only if px (%) = 1.
(ii) ||ullg <1 (resp.>1, =1) if and only if py(u) <1 (resp.> 1, =1).

)
see + -
(iid) If [ullz <1, then [[ull3, < pm(u) < ||U||?H+-
(iv) If llullag > 1, then [Jullz, < pa(u) < [lullz, -

On WLH(Q), we will also work with the following equivalent norm

ull120.0 = inf {A >0 prao (%) < 1} : (2.3)

where the modular p; 3o is given by
proate) = [ [I96P) 4 @) [Fu1 4+ @) 4 p(@)]al )] da (2.4)
Q

for u € WHH(Q).
The following results can be found in [16, Proposition 2.14].

Proposition 2.6. Let hypotheses (H1) be satisfied, let y € WHH(Q) and let p131.0 be defined as in
(2.4).

(i
(ii

(iii

If y #0, then |lyll1,%,0 = A if and only if pr (X)) = 1.
lyllimo <1 (resp.>1, =1) if and only if p1ua(y) <1 (resp.>1, =1).

+ A~
Iyl e <1, then [yl 4 0 < Aruely) <y
If lylli 0 > 1, then |yllf 5.0 < Prue(y) < lly

i
1,H,Q

— — ~— —

. +
(iv |({,H,Q'

When p(-) = 0, we write LPO) (), LPO(T), WO(Q), Wo P (), |- lpey.as |- lpe.r and [ 1.p0).0

in place of L*(Q), L*(T), W1H(Q), WOI’H(Q), Il 2.0, || - ll.r and || - |1,.0, respectively. For a
function r € C(Q) with 1 < r(z) < N for all z €  we define
Nr(x) (N —1)r(x) —

and r.(x) = x € . (2.5)

N ErE)

The following embedding results can be found in [16].

N —r(x) ’

Proposition 2.7. Let hypotheses (H1) be satisfied . Then the following embeddings hold:

(i) L*(Q) — L"O(Q), WhH(Q) — Whr0(Q), W (Q) < WOI’T(')(Q) are continuous for all
r e C(Q) with 1 < r(z) < p(x) for all z € Q;

(ii) if p € COLQ), then WHH(Q) < L™O(Q) and Wy (Q) < L"O(Q) are continuous for r €
C(Q) with 1 < r(z) < p*(z) for all z € Q;

(iii) WEH(Q) — L"O(Q) and W (Q) < L™O(Q) are compact for r € C(Q) with 1 < r(x) <
p*(z) for all x € Q;

(iv) if p € WH(Q) for some v > N, then WHH(Q) — L™O(T) and WolH(Q) — L"O)(T) are
continuous for r € C(Q) with 1 < r(z) < p.(x) for all x € Q;

(v) WEH(Q) < L™O)/(T) and WolH(Q) < L") are compact forr € C(Q) with 1 < r(x) < p.(z)
for all x € Q;

(vi) if p € L®(Q), then LIO(Q) < L*(Q) is continuous.

Remark 2.8. Note that for a bounded domain Q@ C RN and v > N it holds C%1(Q) c Wh(Q).

Let us now suppose stronger conditions as in (H1):

(H2) p,q € C(Q) such that 1 < p(z) < N and p(x) < q(x) < p*(z) for all z € Q and 0 < pu(-) €
L>=(Q).

Under (H2) we have the following result, see [16, Proposition 2.18].

Proposition 2.9. Let hypothesis (H2) be satisfied. Then the following hold:
(i) WhH(Q) — L*(Q) is a compact embedding;
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(ii) there exists a constant C' > 0 independent of u such that
Jullg < Cl[Vully  for all w € Wy (Q).

Next we mention the following lemma concerning the geometric convergence of sequences of numbers
will be the key to our arguments to obtain the boundedness of solutions via the De Giorgi iteration.

The proof of the lemma can be found in the paper of Ho-Sim [43, Lemma 4.3]
Lemma 2.10. Let {Z,},n = 0,1,2,..., be a sequence of positive numbers, satisfying the recursion
inequality

Zpy1 S KO (Z)T + Z0T) 0 n=0,1,2,...,
for someb>1, K >0 and pa > p1 > 0. If

fR—— P D T 15
Zo < min ((2K)mb M QK) sy e )

S
=™

Zo < min (1, (2K) " #1b

or

then Z,, <1 for some n € NU{0}. Moreover,
1 -1 n
Z, < min (1,(2K)Mb ui bm) , for alln > ny,

where ng is the smallest n € NU {0} satisfying Z, < 1. In particular, Z, — 0 as n — oo.

Furthermore, in the next sections we frequently use Young’s inequality of the form
-1

1 1 , 1
ab < —ea + n e T <ea+e¢ T1peT  for all a,b>0,e>0,n>1.
n

Let us now fix our notation. We write Ny := N U {0} and for a real number ¢ > 1 we denote by
t'= ﬁ the conjugate number of ¢. For a measurable function v: 2 — R we set

vy = max{v,0} and v_ :=max{—v,0}.
By | E| we denote the N-dimensional Lebesgue measure of E C RY and by |E|, the (N —1)-dimensional

surface measure of £ C RY. For 1 < p < oo, the space L?(E) is the usual Lebesgue space with norm
- Mlp. -

3. NEW EMBEDDING RESULTS FOR MUSIELAK-ORLICZ SOBOLEV SPACES W17 (Q)

In this section, we want to discuss new embedding results for the space W17 (Q) into an Musielak-
Orlicz space L¥(Q) for a suitable ®-function ¢. These results extend those in Proposition 2.7.
First, we are going to introduce the Sobolev conjugate function of 7. We define for all x € Q

tH(z,1) 0<t <1,
1) =
Halet) {H(x,t) it > 1.

It is well known, since 2 is a bounded domain, that L*(Q) = L*1(Q) and W1 *(Q) = W1 (Q),
see Musielak [56]. Hence, for embedding results of W1 *(Q) we may use H; instead of H. For
simplification, we write H instead of H;.

We start with the following definition.

Definition 3.1. We denote by H™1(x,-): [0,00) — [0,00) for all z € Q the inverse function of H(x,").
Furthermore, we define H;1: Q x [0, oo) [0,00) by

(x,s) / L e 1’ dT for all (z,s) € Q x [0,00), (3.1)

where H: (x,t) € A x [0,00) — s € [O,oo) is such that H;(x,s) = t. The function M, is called the
Sobolev conjugate function of H.
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In order to have further properties on W (Q) and W, (1), we suppose the following stronger
assumptions as those in (H1) and (H2).

= _ +
(H3) p,q € C%1(Q) such that 1 < p(z) < g(x) < N for all x € Q, (%) <14+ and0<pu() €
co1(Q).
The next proposition, obtained in [16, Proposition 2.21], provides fundamental embedding results

on WHH(Q) and W, ™ (Q).

Proposition 3.2. Let hypotheses (H3) be satisfied. Then the following hold:
(i) WHH(Q) < L™ (Q) continuously.
(ii) Let K: Qx[0,00) — [0,00) be continuous such that K € N(Q) and K < H., then WLH(Q) —
LX(Q) compactly.
(iii) It holds H < H. and in particular, WL (Q) — L™(Q) compactly.
(iv) There exists a constant C' > 0 independent of v such that

lull3 < C|[Vully  for all u € Wy TH(Q). (3.2)
It is worth pointing out that in [16, Proposition 2.21] the authors did not assume ¢* < N as well as
they used a stronger condition of %, namely Z—t <1+ % However, from the proof of [16, Proposition

2.21], we can easily see that it indeed needs the condition g™ < N and while one can relax the condition

of % as mentioned above. Note that thanks to the Poincaré-type inequality (3.2), the norm ||V - ||

. . 1,1
is an equivalent norm on W, "*(Q).
Regarding the critical boundary trace embedding, we have the following proposition.

Proposition 3.3. Under hypotheses (H3) it holds that
N—-1

WhH(Q) — L (T)

continuously, where

N—-1 N-—1

’H*T(:E,t) = [Ha(z,t)] ¥

for all (z,t) € Q x [0,00).

The proof of this result can be easily obtained by repeating the argument in the proof of [16,
Proposition 2.19] to verify the conditions of Theorem 4.2 in Liu-Wang-Zhao [50]. We leave the details
for the reader.

In the following, we will give an exact form of the critical terms, which will help us to study double
phase problems with a larger class of nonlinear terms than in previous works.

We have the following proposition.

Proposition 3.4. Let hypotheses (H3) be satisfied. Then we have the continuous embedding

WhH(Q) — L9 (Q), (3.3)
where G* is given by
G (2, 6) = 7@ 4 u(2) T @ for (w,4) € T x [0,00). (3.4)
Proof. First, we are going to prove that
G*(w.1) < 2[(a")" | Halet) or all (2,1) € Q% [0,00), (3.5)

where H, is the Sobolev conjugate function of H given in Definition 3.1.
For any (z,t) € Q x [0,00) we have H(x,t) > t**) and so H~'(z,t) < t?®. From this and (3.1)
we get

t e _
H (x,t) < / TNﬁdT zp*(a:)tﬁ%@) for all (x,t) € 2 x [0, 00).

0O 7T N

It follows that
t=H @, Ho(,t) < p* (@) [Ha(z, )] 7@ for all (z,t) € Q x [0, 00),
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this means
Ho(z,t) > [p*(@)] 77 @@ for all (z,t) € Q x [0, 00). (3.6)
Similarly, we obtain for any (z,¢) € (\ p='({0})) x [0, 00) that

H Nz, t) < p(x) 7@ ta@

which implies

1 1
) T a(x) 1 1

t — 3=
ot < [ ST b = g @) e
T

for all (z,t) € (2\ p=1({0})) x [0,00). Thus we have

1

b= H M@, Ha(w,1) < ¢ (@)p(e) "7 [Ho(e, )70
for all (z,t) € (Q\ 1~ ({0})) x [0,00). This finally gives

a* (z)

Ho(2,t) > [¢*(2)]"C @ p(x) @@ @ for all (z,t) € Q x [0, 00). (3.7)
From (3.6) and (3.7) we get that

[p* ()] 7" @ (@) 4 [q*(x)]_Q*(x)u(x)%tQ*(’”) < 2H.(x,t) for all (x,t) € Q x [0, 00).

Then, (3.5) follows.
Invoking Propositions 2.2(ii) and 3.2 along with (3.5) we have the continuous embeddings

WhH(Q) — LM (Q) — LI (Q),
which shows (3.3). The proof is complete. O

Even the embedding W17 (Q) < L*+() is not optimal as mentioned in the Introduction, we will
try to determine the optimal Musielak-Orlicz Space LBrs. () among those with B, s o of the form

Brsalx,t) = @) 4 u(x)o‘(g”)ts(””) for (x,t) € Q x [0, 00),

where r, s, are positive continuous functions on €, such that the following continuous embedding
holds

WEH(Q) s LPree(Q). (3.8)

By the optimal N(Q)-function By, s,., for the embedding (3.8), we mean that if (3.8) holds for any
data (p, q, u, 2) satisfying the assumption (H3), then there must be r < rg, s < sg and « > «p.

Proposition 3.5. Let hypotheses (H3) be satisfied with constant exponents. Then Bp* i is the
optimal N (Q)-function for the embedding (3.8).

Proof. For simplification, let Q = B be the unit ball in RY and let p,q,a are constants satisfying
a>1,1<p<qg< N and % <1+ % First, we will show that if (3.8) holds then r < p* and s < ¢*.
Fix u € C°(B) \ {0}. For each A > 0, we define

vr(z) == u(\z), xRN,

Clearly, vy € Wy ™ (B) for all A > 1. If the embedding (3.8) holds, then by Proposition 2.9 we find
C > 0 such that

lvAllB,...0.0 < C|[Vurllp  for all X > 1. (3.9)

By the definition of the Musielak-Orlicz norm, we easily see that for ¢(z,t) := t*+w(x)t’ in B x [0, 00)
with 1 < a < 8, and 0 < w(-) € L*(B), it holds

% l(/B Ivl‘*dmf’ i (/B w(a)|ol? dm)é] < vllp.n < 2% [(/B |v“dx)i . (/Bw(x)mﬂdx)é]
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for all v € L?(B). By means of this fact, from (3.9) we find a constant C' > 0 such that

(f mvdxf ([ u(x)%ﬁdxf
<C [(/B |va|de>; + </B u(x)|Vv>\|qu>é] for all A > 1.

In order to see s < ¢*, let u(x) = 1. From (3.10) we get

1 1 1
</ Nk dm) <C (/ [VuylP dx) ’ + (/ |Vv/\|qu) q] for all A > 1. (3.11)
B B B

By change of the variable y = Az we get from (3.11) that

A (/B u(y)[® dy)i

(3.10)

1 1
<C AT </ |Vu(y)|? dy> AT </ y|Vu(y)qdy> ] for all A > 1.
B B
Since the preceding inequality holds for all A > 1, noticing % < %, we obtain
N q¢—N .
—— < , lLe., s<q .
s q

Next, let p(x) = |x|. Then, from (3.10) we have

</ vwdx) (/ |Vv,\|pd9:)p + (/ |x|Vv,\|qd:c) ] for all A > 1,
B
(/ |x|a|@)\|8dx>s <C K/ wwm) " (/ |x|Vu,\qu> ] forall \>1.  (3.12)
B B B

By change of the variable y = Az we get from (3.11) that

3 ([ utran)
s (/B|Vu(y)|i”dy)p A (/B |y||Vu(y)|qdy)q1 for all A > 1.

Since the preceding inequality holds for all A > 1, noticing that ]% <1+ % is equivalent to % >

and

<C

qd;’*l, we obtain
— < , le, r<p.
T p

Finally, we will show o > . For this purpose, let p,q, > 1 be constants satisfying +1 <g<N
and

9141 (3.13)

= = — — € .

p N

for € € (0,1) small enough. From (3.12) we get

. :
([ wltutl-av)
B
A5 (/ |Vu(y)|de>p A (/ |y||Vu(y)|qdy)q] for all A > 1.
B B

<C
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p—N

Since the preceding inequality holds for all A > 1, noticing ==

_a+N < p— N'
q* p
From this and (3.13) we easily deduce that

> %, we obtain

>s N2
a > — — €.
q N-—gq

(3.14)

*

This means that if a < %, then by taking p € (1, ¢) satisfying (3.13) with € > 0 sufficiently small such

that a < % - NN—_Qqs we have that (3.14) cannot happen. Hence the embedding (3.8) does not hold.

Thus, we have shown that the necessary condition for (3.8) to be valid for all p € (1,¢) and for all
0<u(-)eC®(Q)isr <p*, s<q* and a > i
O

Next, we will look for an explicit form for the critical boundary trace embedding. We have the
following proposition.

Proposition 3.6. Let hypotheses (H3) be satisfied. Then we have the continuous embedding
W () < LT(D),
where T* is given by
T*(2,8) = @) 4 () 55 4@  for (2,1) € T x [0, 00)
with the critical exponents p., q. given in (2.5).

Proof. From Jensen’s inequality and (3.5), we have

N N

[’T*(x,t)]% < oW1 IGH (g, t) < 2W-T {(q*)q*rr?-[*(x,t) for all (x,t) € Q x [0, 00).

This implies that

N—-1

T*(2,t) < 2 ([(q*)q*r> U (@, 0] forall (2,8) € O x [0, 00). (3.15)

Let v € WH(Q). From Proposition 3.3 we have u € LW(T'), where W(z,t) := [’H*(x,t)]¥.
Hence, u € L7 (T') due to (3.15). We set A\ = |ul|yw.r and assume first that A > 0. Then, we obtain

1:/Fw(x, %D dchal/FT* (x‘%‘) do,

N—-1

A\ N
where cq 1= 2 <[(q*)q } > . This implies

12/7'* x, ? do.
r

(a)F
™A

Hence, we get

—L1 —1
(ax) _ . (ax)
0 A=¢ |

[ull7r < ¢ [ullw,r-
From this and Proposition 3.3 we arrive at
[ull7=r < Cllull13.0;
where C' is a positive constant independent of u. The proof is complete. O

In the last part of this section we prove new compact embedding results.
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Proposition 3.7. Let hypotheses (H3) be satisfied and let
s(x) —
U(x,t) =@ 4 ()@ @ for (z,t) € QA x [0, 00),

where 7,5 € C(Q) satisfy 1 < r(z) < p*(z) and 1 < s(z) < ¢*(x) for all x € Q. Then, we have the
continuous embedding

WwhH(Q) — LY(Q). (3.16)
Furthermore, if r(z) < p*(x) and s(z) < q*(x) for all z € Q, then the embedding in (3.16) is compact.
Proof. First, it is clear that

. f@) . _
Wz, t) <t @ 414 pl) T 7@ 41 =G*(z,t) +2 for all (z,t) € 2 x [0, 00).

From this along with Propositions 2.2 and 3.4 we obtain (3.16). B
Let us now suppose that r(z) < p*(x) and s(z) < ¢*(z) for all z € Q. In order to prove the
compactness of the embedding in (3.16) it is sufficient to show that ¥ < H, due to Proposition 3.2(ii).

This means, for any k > 0, we need to show that
U(z, kt)
im

t—oo H,(x,1)
Indeed, from (3.5) we have for (z,t, k) € Q x [0,00) x (0,00) the estimate

=0 uniformly for a.a.z € . (3.17)

s(2)
U (z, kt) + kr@r@) 4 gs@) () a@ ¢s(@)

Ha(z,t)

<2 [(q*)q*}

19" (@) 4 p(a) T o @)
s(x)
(@) p(x)a® ts(x)

«71+

<2[@)"] (1487 48 -
tp* (@) 4 p(x) 9@ ta* (z)
Then, by using Young’s inequality with € > 0, we obtain
. __ r@ . (e
1@ < p"@ 4 emrmom < e’ @ 4 ()T 1

and

u(m)%tsm < EM(.CL') qﬂz(%) tq*(x) + e Q*(;)(f)S(w) < gu(m) qﬂz(%) tq*(a:) + g_(cf%r)+ + 1.
Combining the last three estimates, we easily get (3.17) and this completes the proof. O

Similarly to Proposition 3.7, we have the following compact boundary trace embedding.

Proposition 3.8. Let hypotheses (H3) be satisfied and let
m(x) —
T(z,t) = " + p(z) @ ™ for (z,t) € Q x [0, 00),

where £,m € C(Q) satisfy 1 < £(z) < p.(z) and 1 < m(z) < q.(z) for all x € Q. Then, we have the
continuous embedding

WhH(Q) — LY(I). (3.18)
Furthermore, if £(x) < p.«(z) and m(z) < q.(z) for all x € Q, then the embedding (3.18) is compact.
Proof. We have
T(a,t) < @) 414 p(2) 5 1@ f 1= T*(@,t) +2 for all (z,t) € Q x [0, 0). (3.19)

Then, the embedding (3.18) follows from Propositions 2.2 and 3.6 by taking (3.19) into account.
Next, suppose that £(x) < p.(z) and m(z) < g.(z) for all € Q and note that

WEH(Q) — WP (Q) s LY(T). (3.20)
Let {u,}nen be a bounded sequence in W1*(Q). From (3.20) we can suppose, up to a subsequence
not relabeled, that w, — u in measure on I'. Let € > 0 be given and set
u; () — uk(z)

vj(z) = — for j,k € N.
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From Proposition 3.6 we see that {v; 1} ; xen is bounded in L7 (T), say ||v; x|
Arguing as in the proof of Proposition 3.7, we find ¢y > 0 such that

1 t _
T(z,t) < ZT* (:v, k) for all (x,t) € 2 x (tg,00).
0
Then, arguing as in the proof of Theorem 8.24 of Adams-Fournier [1], we find N, such that ||v; g|vr <1
for all j,k > N.. That is, we have shown that ||u; — ux||v,r < € for all j,k > N.. Hence, u,, = u in
LT(I"). The proof is complete. O

7or < ko for all j, k € N.

4. A PRIORI BOUNDS FOR GENERALIZED DOUBLE PHASE PROBLEMS WITH SUBCRITICAL GROWTH

In this section, we prove the boundedness of weak solutions to the problems (1.7) and (1.8) when
the nonlinearities involved satisfy a subcritical growth as developed in Propositions 3.7 and 3.8. The
proofs are using ideas from the papers of Ho-Kim [11], Ho-Kim-Winkert-Zhang [12] and Winkert-Zacher

[69, 70]

Let hypotheses (H3) be satisfied. We suppose the following structure conditions on .4 and B:

(Dy): The functions A: @ x R x RY — RY and B: Q x R x RY — R are Carathéodory functions
such that

- el o |t T 4 (g1 a(a)-1

() A, 6] < aa [0 + (@) ¥ [ 76+ g+ (el =t 41
s(z)

(i) A(e,t,€) - € = az [|E1"® + pu(@)]g]"®] — ag [ + (@) {1 +1]

()
TE 4 p(z) T T |

(ili) [B(z,t, )| < B [tl“w)‘l + ()T 1|1 4 [¢ @+ 1} ;

for a.a.x € Q and for all (t,£) € R x RV, where a;,as, a3, 3 are positive constants and
r,s € C(Q) satisfy p(z) < r(x) < p*(z) and q(x) < s(z) < ¢*(z) for all z € Q.
For the second problem (1.8) with nonlinear boundary condition we need the additional assumption
on C:

(N7): The function C: I' x R — R is a Carathéodory function such that
Ca, )] <y [JHA + pu(a) 56 [0 1]
for a.a.x € I' and for all ¢ € R, where 7 is a positive constant and ¢,h € C(Q) satisfy
p(z) < £(z) < pi(x) and g(z) < h(x) < g.(x) for all x € Q.
The weak formulation of (1.7) and (1.8) read as follows.
Definition 4.1.
(i) We say that u € Wy (Q) is a weak solution of problem (1.7) if

/A(x7u,Vu)~V<pdx = / B(z,u, Vu)pdz (4.1)
Q Q

is satisfied for all v € W&’H(Q).
(ii) We say that u € WH(Q) is a weak solution of problem (1.8) if

/.A(x,u,Vu)~chdx:/B(xm,Vu)godx—f—/C(x,u)g@dU (4.2)
Q Q r

is satisfied for all o € WHH(Q).

Under the assumptions (D) and (N;) we know that the terms in (4.1) and (4.2) are well-defined
due to Propositions 3.7 and 3.8.
For the Dirichlet problem (1.7) we have the following result.

Theorem 4.2. Let hypotheses (H3) and (D1) be satisfied. Then, any weak solution u € WolH(Q) of
problem (1.7) belongs to L>°()) and satisfies the following a priori estimate

[ulloc.o < Cmax {{JullF . [ullF o} (4.3)
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where C, 11, To are positive constants independent of u and

(z,t) = t"@ 4 p(z) @ 5@ for (x,t) € Q x [0, 00).

Proof. The proof is based on the ideas used in Ho-Kim [11], Winkert-Zacher [69, 70] and will use

Lemma 2.10. Let u be a weak solution of problem (1.7).

Step 1. Defining the recursion sequence and basic estimates.
For each n € Ny, we define

Zui= [ [w s @ u() ¥ (0 )]
A

Rn

where
Ag={ze€Q: ulx) >k}, KeR

and

1
nn:n*<22n), n € Ny

with k. > 0 to be specified later. Obviously,
kn 2k and Ky < Ky < 2K, for all n € Ng.
It is clear that

A CA,, and Z,y1 <Z, forallneNg.

Rn41

Moreover, from the estimates

w(@) — ki > u(z) (1 -

_ r(z) r(z)(n+1)
n 2 )
Ara| < / (“) dr < / (= ) da,
" K — K r(z)
Aﬁn+1 n+1 n A, Ko

we obtain the following inequalities

u(z) < (2" = 1)(u(z) — ky) fora.a.z e A

= fora.a.x € A
Rn+1 2n+2 -1

Kn+41

on ) u()

and

for all n € Ny

Rn+1

and

[Apia| < (n;” + n;”) ottt 7 <9 (1 + H:T+> 9+ 7 for all n € N.

By the assumptions on the exponents we have

/A [(u - Hn—&-l)p(m) + p(x)(u — /@',H_l)q(f”)] dz

Kn+41

< (= )@ ()3 (= k42)" + 2] da
Ah‘rn+1

Combining this with (4.6) and (4.8) gives

/ [ = )P (@) (= )] dz <5 (14 w777 ) 200077
A

Kn+41

for all n € Ng.
Next, we are going to show the following estimate for truncated energies

/ [|Vu\p(z) + u(x)|vu|q@>} dz < Cy(1+ k77 )20+ 7 for all n € Ny.
A

Kn41

(4.4)

(4.5)

(4.6)

(4.10)
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Here and in the rest of the proof, C; (i € N) are positive constants independent of u, n and k.. To
this end, testing (4.1) by ¢ = (u — finy1)y € Wy H(Q) gives

/ A(z,u,Vu) - Vudzr = / B(z,u, Vu)(u — kpt1) de. (4.11)
A A

Fn41 41
Since u > u — Kp41 > 0on A

fact that u < u"® +1 on A

rni1s Using (Dy)(ii) and (Dy)(iii) along with Young’s inequality and the

rkns+1s We Obtain the estimates

/ A(z,u, Vu) - Vudz
A*Cn+1
s(x)
> a2/ [|Vu|p(m) + /L(:I?)|Vu|q($)} dz — a3/ [ur(‘r) + px) 3@ @ 4 1} dz
A"n«#l A“n#»l

and

/ B(z,u, Vu)(u — kpy1) do
A

Kn+1

<o (WOt @I 4 [ )
A"n+1

<22 [|vu|z><w> +u(x)|vu|q<m>} de + 02/
2 Ja A

a(z)
sT(@) 1) udx

s(x)
[u“z) + () 1 @ 4 1] da.
Fn+1 Rn41

Combining the last two estimates with (4.11) and then using (4.7) it follows

/ {|Vu|p(””) + ,u(x)|Vu|Q(””)} dz
A

Kn+41
< C’g/ [ur(w) + u(x)%us(@ + 1} dz
A"'n+1
n+2 _ r(z) % n+2 _ s(z) A
<Cs [(2 D(u— k)] + plz)a [(2 1)(u — k)] dz + C3]Ax, |
Ay
< 042n(r++s+)/ {(u _ I{n)r(z) + u(x) ZE;; (u— /{n)S(z)] dz + C’g|ANnJr1 |.
A

Kn

From this and (4.8) we obtain (4.10).

Step 2. Estimating 7,1 by Z,.

In the following, we estimate Z,41 by Z, with n € Ny. To this end, let {B;}, be a finite open
covering of Q, where B; (i € {1,---,m}) are open balls of radius R in RY such that ; := B; N Q
(i € {1,--- ,m}) are Lipschitz domains. We may take R sufficiently small such that

;] <1 forallie{l,---,m}, (4.12)
and
ph<ri <rf< (@), and ¢" <s; <sf <(¢*); forallie{l,---,m}, (4.13)
where for a function f € C (ﬁ) and i € {1,--- ,m}, we denote
[T :=max f(z) and f; := min f(z).
e z€Q;
Let n € Ny and denote v, := (4 — kiny1)4. For each i € {1,---,m}, @ >0, and 3 > 0, we denote
. R s 5
T B) = [ |ot+ ute)ired] an
Q;
We have

Zui= [ [ 4 p@i 0] ar < 3 [ [ 4 i) an
Q : Q;
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From this and the basic inequality
8<% 4147 forallt>0and for all & 3,7 with 0 < & < § < 7, (4.14)

we obtain

1§i ri,s;) 4 Toa(ri, s (4.15)

From (4.13), we can fix € such that

0<e< 12111<n min{(p*); —r,(¢*); — s} (4.16)

Let i € {1,--- ,m} and let x € {4, —}. By Holder’s inequality and (4.12) we have

Tni(rf,st) = / [v:f +M(£U)tz?§c)v,i::| dz
Aw, ) N9

Rn41
rite Tﬂ;a e
< vp' T de | Ak, 0 N[
Q;
b (4.17)

s¥+e fye s¥te .

([ w0 ¥ an) T A
Q;

* s¥

< Ay N (/ “Wd"”") *(/ @) 5 v +de>
Q; Q;

Denote
Wi 1) = 070 ) T 7

By (4.16), it holds

rf+e<(p*); and sf+e<(q); .
Hence, we have

WO Q) — WhPr (Q;) < L™ () w1
and

WIH(Q,) <5 LY () (4.19)

in view of Proposition 2.7 (for the case © = ;) and Proposition 3.7 (for the case 2 = Q;), respectively.
Taking the embedding (4.18) and Proposition 2.6 (for the case y = 0 and = ;) into account we
have

*
Ty r¥ r;

rive T . o, et
0 Un dz < C5an||17p(.),gi < C5 Rn,i + Rn,i ’ (4'20)

where
Rosi= [ [[90P® + ) Foa@] o [ [0+ u(wpog®] o

On the other hand, by invoking the embedding (4.19) and Proposition 2.6 we have

*

i Tte ﬁ st sy ;1 ;}*
A () 9@ vy da < llonllg, o, < Cellvnlli’z 0, < Co | Ryli + Ryl | - (4.21)

From (4.17), (4.20) and (4.21), we obtain

Toi(rf,s7) < Ol Aw, ., N7+ [ RZ +RY, +RY, +RY, . (4.22)
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Invoking (4.22) and (4.14) we infer
Tn,i (T;a S:) S Cs‘AKn+l ‘ T++§++E (R717,+’h + R711+’Y2) ) (423)
where
R, ;:/ {|vvn|p(w) +,u(a:)|an|Q(””)] dx+/ {vﬁ(w) +,u(:v)vg(75)} dr
Q Q
and
- + F
0 <7 := min min{rz_,si} —1 <7y := max max{7ﬂi_, s’_} —1.
1<i<m P, 4q; 1<i<m p; b;
Using the estimate (4.23), we deduce from (4.15) that
Zni1 < Col|Ay, | 7revse (RLFT 4 RL2). (4.24)
On the other hand, combining (4.9) with (4.10) gives
R, < Cio (1 + /i:T+) 2”(T++S+)Zn for all n € Np.
Thus,
R 4 RUE < 0y (1 4 H;r+(1+72)) on(rt+s™)(14+72) (ZlJm + Z”'*?) ] (4.25)
Moreover, (4.8) implies that
. _ er— __ ert ot e
| Ay, |[TF777 < Cha (m T g T++S++E> Qe gyt e (4.26)
From (4.24), (4.25) and (4.26) along with (4.14) we arrive at
Zpi1 < Crz (K" 4 k712) 0" (ZEF0 + ZE%2)  for all n € Ny, (4.27)
where
0<pinim — o <y i=rt(1+ )4—7671+
P st e 127 T st re (4.28)
1< pom o0 H 0P
and
0<d:= —_— <y = _ 4.29
! 71+7ﬂ++s++5_ 2 72+r++s++5 (4.29)
Step 3. A priori bounds.
In this step, we will obtain (4.3) by using an argument similar as in Ho-Kim [41, Proof of Theorem
4.2]. From Lemma 2.10, we get using (4.27) that
Z, -0 asn— oo (4.30)
provided
R [N MRS SR b K
Zy < min{(2C’13(/€;’“ + R M) b 0T (205 (kM + kM) P2 b 1 % } (4.31)
In order to specify k. satisfying (4.31), we first estimate
Zo = / [(u — k)P 4 () (u — /1*)3_(96)} dz < / U(z, |u]) dz (4.32)
Q Q
Note that
_a
/ (e, ul) dz < (2C15) 757 (5790 + K242) T30
@ (4.33)

[
/ \I/(x, |U|)d.’13 S (2013)_%(;%;#1 + ﬁ;#2)_@b 6162 5’5’
Q
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is equivalent to

—5;
koM R < (2013)_1b7ﬁ (/ U(z, u|)dx) ,
Q

_ _ 1 _ 1 _%3=% —%2
KP4+ k12 <(2C13) b 1 % U(x, |u|)dz .
Q

On the other hand we have that

- A
2k < (2C13)7 b 31T T2 min

2k, 17 < (2013)_119_%_62‘;261 i {

is equivalent to

1 ;(;_,_52*51) % %
Kx > (4C1g)Frbm\01" %/ max / U(x, |u|) dz , U(x, |u|)dz ,
Q Q
. . (4.34)
1 ;(L+52*51> o )
ks > (4C13) 2 b2 \01 7 %/ max / U(x, |u|) dz , / U(x, |u|)dz .
Q Q
Therefore, by choosing
5 5
do—3
Ky = mMax {(4013)ﬁ, (4013)‘712 } bﬁ(ﬁ-‘r 252 1)

max (/pr(x,m)dm)“,(/Q\y(x,|u|)dx)”2l ,

From this and (4.32), we derive (4.31). Hence, (4.30) holds.
Meanwhile, by Lebesgue’s dominated convergence theorem, we have

7z, = / [(u — b)) 4 () 5 (u — Hn)i(“] dz
Q

(4.34) holds and so (4.33) follows.

s(2)
— / [(u - 2/<;*):_(I) + p(z) 1@ (u — 2@)3_('%)} dz asn — oo.
Q
This implies that

o)

/ [(u —26)" ) 4 () T (u— 25*)1(””)} dz =0
Q

and so

esssup u(z) < 2ky.
€N

Replacing u with —u in the arguments above, we obtain

esssup(—u)(x) < 2k,.
x€Q
Therefore,

5 -
W m
lulloee < C'max (/ U(a, Jul) da:) * (/ (e, |u|)dx) e (4.35)
Q Q
where C' is a positive constant independent of u. Note that by Proposition 2.5, we have the following
relation

- +
[ et o < mas {ull g Julla }

Combining this and (4.35), we derive (4.3) and the proof is complete.

Next, we want to prove a priori bounds for problem (1.8). We have the following result.
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Theorem 4.3. Let hypotheses (H3), (D1) and (N1) be satisfied. Then, any weak solution v € W1H(Q)
of problem (1.8) belongs to L>=(Q) N L>°(T") and satisfies the following a priori estimate

[ulloo.0 + [[ulloo,r < Cmax{([[ullw.q + llullv,c)™ , (lullw.o + [lullr,0) ™}, (4.36)

where C, 11, Ty are positive constants independent of u and

h(x)

s(z)
(z,t) = t"® 4 p(x)s@ @ Y(x,t) = t"®) 4 p(z) a@ (M@
for all (z,t) € Q x [0,00).
Proof. The proof uses similar ideas as the proof of Theorem 4.2.

Step 1. Defining the recursion sequence {X, },cn, and basic estimates.
For each n € Ny, we define

X, i= Zn + Y,

where

Zy = / [(u — k)" () e (u— ﬁn)s<w>] da
A

Kn

and

Y, = / [(u — k)@ 4 () 5 (u — nn)h@)} do.
I

Kn

Here A,; and {ky, }nen, are given by (4.4) and (4.5), respectively, and
I'y:={zel :ux) >k}, ek (4.37)
It is also clear that

r cly, and Y,y <Y, forallneNy.

Rn41

Arguing as that obtained in (4.7) and (4.8) we have

u(z) < (2" —1)(u(z) — k,) fora.a.z € Ty, and for all n € Ny (4.38)
and
1PN (K;:r + n;ﬁ) 2ty < 9 (1 + H;[+) 24Dy for all n € Ny, (4.39)
Furthermore, we are going to show the following truncated energy estimate
/A [|Vu|p(x) + u(m)|Vu|‘I(m)} de < C1(1+ k)20 X, for all n € N, (4.40)
P

where o := max{r*, (T} and By := max{r*,s*, T hT}. As before, we denote by C; (i € N) positive
constants independent of u, n and .. In order to prove (4.40), we test (4.2) with ¢ = (u — Kkpy1)+ €
WLHH(Q) in order to get

/ A(z,u, Vu) - Vuda
A”n+1
(4.41)

_ /A Bl u, V) (1 — ti11) da + / Cla,u)( — Fnsr) do

T

Kn4+1 Kn4+1

From the previous subsection, by using the structure conditions in (D;)(ii) and (Dq)(iii), we have

/ A(z,u, Vu) - Vudr
A

Kn+41

> oy [17uP® + () V@] da — a /

[ur(m) + u(z)%us(@ + 1} dx
A A

Kn+1 Rn41
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and

/ B(z,u, Vu)(u — fipy1) de
A

Kn41
< % {|VU|P(1) + ,u(:v)|vu|Q(w)] dz + CQ/ [ur(w) -l-,li(x)%us(w) + 1] da.
A

Fn41 Rp41

From the fact that 0 < u — #,11 < u < u*®) 4+ 1 on I'x, ., and hypothesis (N;) we get

/ C(m,u)(u - Hn+1) do < '7/ [UZ(I)il + /1'( )q<z) Uh(w) + 1} udo
r r

Fn41 K41

< 2'y/ [uf(z) + u(x)%uh(z) + 1} do.
F”n+1

Combining the last three estimates with (4.41) and then using (4.7) and (4.38), we obtain

/ [|Vu|p($) + p(x)\Vu\q(z)] dz

Kn41

< 03/ [ur(z) + M(@%US(I) + 1] dz + C4/
A

r

Kn+1 Kn+1

< 03/A ([(2n+2 — 1) (u— I{n)]r(w) + p(z) ;E:g [(2n+2 - 1)(u— mn)}S(z)) dz + C3|Ax, |

Kn+41

+ 04/ ([(2n+2 —1)(u— ﬁ./n)]e(m) () by

Kn+41

[(2n+2 _ 1)(u _ ﬁn)] h(m)) do + 04‘an+1 |0"
This yields

/ VU@ 4 (@) Vul@ | da < C52"% X,y + Col A, + CalTiy s o
A

Fn41

Combining this with (4.8) and (4.39) we obtain (4.40).

Step 2. Estimating X, 1 by X,.

Let n € Ng. We are going to estimate X,, 11 by X, through estimating Z, 1 by Z,, and Y41 by
X,,. To this end, let {B;}™, be a finite open cover of Q as in Step 2 of the proof of Theorem 4.2 with
the same notations. Denote by I the set of all ¢ € {1,--- ,m} such that T'; := B; NT" # (). We may
take R such that (4.12) and (4.13) hold and

|0, <1 foralliel (4.42)
and
p <07 <tf <(p.); and ¢ <h] <hl <(q.); foralliel. (4.43)
From Step 2 of the proof of Theorem 4.2, we have
Zpi1 < Co (KM + w712) 0" (Z2H0 + Z21%2)  for all n € Ny, (4.44)

where b, u, po are given by (4.28) and 41, d2 are given by (4.29).
Next we estimate Y;, 11 by X,,. For each i € I, & > 0, and § > 0, we denote

Hosad) = [ o+ w0l ao
99,
where v,, :== (4 — Kpy1)+. We have

Yn+1=/r[z(m)+u( )i

From this and (4.14) we obtain

TL+1 < Z z ) ’L +Hn 7/(€z 7h:r)] (445)
i€l

da < Z/ Z(m) + p(z )Zég vﬁm} do.

i€l
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From (4.43), we can fix € such that
i - _ - _pt
0<5<IZ_n€1}1 min {(p.); — ¢, (¢:); —hi}. (4.46)

Let i € I and let x € {+, —}. By Holder’s inequality and (4.42) we have

* h
itk = [ 0] ao
ﬂ .

Rn41
VA

. e
< (/ vt da) L.
Py
2 (4.47)

Yte fie Tzrs
([ a4 ) T i, noe T
oQ;

o h*

e zflg h+€ }L’.‘:»s
FrnF £; ¢ hy ¢
| N EIEEAES (/ vﬁda) +(/ ) 7 vy +5da)
oQ; oQ;

* hite o —
D, (z,t) = th T 4 p(x) 9@ thite for (x,t) € Q x [0, 00).
Since £f +¢e < (p«); and A} +¢e < (g4); (see (4.46)), we have
WP () s WP (Q;) < L5+ (99Y) (4.48)

£+6

We denote

and
WEH(Q,) — L*+(09;) (4.49)

in view of Proposition 2.7 and Remark 2.8 (for the case Q = §;), and Proposition 3.8 (for the case
Q = ;). Applying Proposition 2.6 (for the case p = 0 and Q = ;) and the embedding (4.48), we
have

ex ox 3

* EZ“FS -
(/ vy e dU) < Cy
oQ;

<G| Ri 4R, (4.50)
Roo= [ (1900 + @) 90,"] o+ [ [o2) + p(e)et®)] go
Q

On the other hand, by invoking the embedding (4.49) and Proposition 2.6 we have

.2

where

ite Rl e hfif 54 hx :z %
/89 () 5 e dg <onll¥ g0, < Collonlllya, < Co | RE +RE ). (451)
From (4.47), (4.50) and (4.51), we obtain
er er 14 hy
P = + = +
Hpi(€5,h}) < Crollw, |6 ™ | Rpt + Ry’ +Rp' + Ry | (4.52)
From (4.52) and (4.14) we infer
(05, h7) < Cia[Day sl 74 (R 4+ Ry2) (4.53)
where
S oy gy
o= 11<111<nm min et Yo = Dax max et :

Utilizing the estimate (4.53), we deduce from (4.45) that

Y11 < Op|T GEIAEE (RE + RE?) for all n € No. (4.54)

Knt1lo
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Note that by (4.9) and (4.40) we have
R, < Cia(1 + k;%0)2"0 X, for all n € N,

where o and fy are given in (4.40). It follows that

RTT 4+ R < Oy (1 - n:%“*%)) gnfollt9e) (X 1+ 4 xl+92) (4.55)
On the other hand, we deduce from (4.39) that
€ _ el _ ot ot €
s |75 < Oy (0 05 4, T8 | gvfimany Foiees (4.56)
From (4.54), (4.55) and (4.56) we arrive at
Y1 < Chs (2™ + k772) B (X}ﬁgl n X}ﬁ&) for all n € No, (4.57)
where
0<f oL < i (1+%2) + 2
= = N
Ay e
1 < b= 2P0 i
and
0<8ii=m+——— <lp=Tot
LT 1 e = T Tt v e

Finally, combining (4.44) with (4.57) gives
Xn+1 < Crg (k7™ 4+ k™) by (X4 + X2T22) for all n € Ny, (4.58)
where
0 < my = min{p, iy} < 19 := max{pus, fia}, 1 < by := max{b, b},
and
0 < A :=min{d;,6;} < Ay := max{dy, 02}
Step 3. A priori bounds.

We will also apply Lemma 2.10 to the sequence {X,, } nen, with the recursion inequality (4.58). Note
that

Xo = /Q {(u — m*)ﬁ(m) + pu(z)(u — Iﬁ*)i(z)] dx
x h(z) T
—l—/ [(u - n*)ﬁ( )+ p(x)a@ (u — /@*)i( )} do
r

S/Q\I/(x, |u|)dx—|—/FT(x,|u\)da

and
s(x)

X, = / [(u - Hn):_(x) + p(z) @ (u — fsn)i(x)] dz
Q

h(x)

—|—/F [(u - /Qn)i_(m) + px) @ (u — nn):ﬁ(w)} do

— / {(u — 25*):_(36) + () 2523 (u — 2,.;*)8(1’)} dx
Q

h(x)

+/ [(u - 2/1*)3_(@ + p(x) @ (u — 2;@*)2(;”)] do asn — oo.
r

By repeating the arguments in Step 3 of the proof of Theorem 4.2 we get that
[ullso,0 + ulloo,r < Cmax {G(u)™, G(u)™}, (4.59)
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where C, 71 and Ty are positive constants independent of u and

Glu) ::/Q\I/(x, |u|)dx+/FT(a:,|u|)da.

In view of Proposition 2.5 we easily derive (4.36) from (4.59) and this completes the proof. O

5. THE BOUNDEDNESS FOR GENERALIZED DOUBLE PHASE PROBLEMS WITH CRITICAL GROWTH

The aim of this section is to discuss the boundedness of weak solutions to the problems (1.7) and
(1.8) when we suppose a critical growth based on the Propositions 3.4 and 3.6 via the idea in Ho-Kim-
Winkert-Zhang [12] using the De Giorgi iteration together with a localization method. Let hypotheses
(H3) be satisfied and we state our hypotheses on the data.

(Dg): The functions A: @ x R x RY — RY and B: Q x R x RY — R are Carathéodory functions
such that

p*(x) - a*(z)
m|A@¢@MSa1P+uww>+mwﬁ3®uww4—WM*l+mmmﬂ”*]

(ii) Alz,t,6) - € > ag [|€PF) + p(@)[¢]1®)] — a3 {Itl”*(“") T ) T o)) 1] :

a*

« £ w (z )
Pr@=1 () o) [t (@)= 1 ¢ FSue) + M(x)%m U + 1] ,

i) 18,1, 6) < 8 [
for a.a.x € Q and for all (¢,£) € R x RV, where a1, as, a3 and 3 are positive constants.
For problem (1.8) we need an additional assumption for the boundary term.
(N2): The function C: I' x R — R is a Carathéodory function such that
Ca,t)] < oy [P+ @1 + () T |t
for a.a.x € I' and for all ¢ € R, where + is a positive constant.

g« (z)—1 + 1:|

The definitions of weak solutions to problems (1.7) and (1.8) are the same as that given in Defini-
tion 4.1. In view of Propositions 3.4 and 3.6, these definitions make sense under the above conditions

(D2) and (Ny).
We start with the Dirichlet problem (1.7) and have the following result.

Theorem 5.1. Let hypotheses (H3) and (Ds) be satisfied. Then, any weak solution u € Wol’H(Q) of
problem (1.7) is of class L>=(£2).

Proof. As before, we can cover 2 by balls {B;}™, with radius R such that each Q; := B;NQ (i =
1,---,m) is a Lipschitz domain. Note that by (H3), it holds ¢(x) < p*(z) for all x € . Thus, we may
take the radius R sufficiently small such that

¢ =max g(x) < (p*); = min p*(x) forallie {1,--- ,m}. (5.1)
re); r€Q;

Let u be a weak solution to problem (1.7) and let k. > 1 be sufficiently large such that
/ H(z, |Vu|) dz +/ H(w, [u]) de +/ G (2, ul) da < 1, (5.2)
A, A, A,
where A, for k € R is defined in (4.4) and recall that, for all (z,t) € Q x [0, 00),

H(z,t) =@ 4+ p(2)t?®  and  G*(x,t) =7 *®) 4 u(x)(zq(ig)tq*(x),

see (2.1) and (3.4). Then, let {ky,}nen, be as in (4.5) and define v, := (u — kp41)+ for each n € Ny.
Moreover, we define
I, ::/
A

Similarly to the previous Section 4, we easily obtain

Zni1 < Zy, forallneNy (5.4)

H(w, [Vul) de + / G (2, u — 1) da. (5.3)
Ah‘/n

Kn



24 K. HO AND P. WINKERT

and
9(n+1)(p*)*

Kn+1l — *)—
m(kp )

|A Z, <2tV 7 for all n € Ny, (5.5)

In order to apply Lemma 2.10, in the following we will establish recursion inequalities for {Z,, }nen,-

In the rest of the proof, as before, C; (i € N) stand for positive constants independent of n and k..

Claim 1: There exist constants p1, o > 0 such that

n(*+)?

/ G (z,v,)de < C127 v~ (ZyTM +Z1T#2)  for all n € Np.
A5n+1
Indeed, we have
m
/ G (x,vp)de = | G"(z,v,)da < Z G*(x,v,) dz. (5.6)
Ay Q = Jo
Let i € {1,--- ,m}. From (5.2) and the relation between the norm and the modular (see Proposition
2.5) we get
/ G* (2, vn) da < [lon |25
Q;

Then, applying Proposition 3.4 for Q2 = 2; we obtain
| 0@ o) ds < Call Tl + lonlua] "
Q;

From the equivalent norm in (2.3) and Proposition 2.6, noticing (5.2) again, we then have

(p™);

)i
/ g*(x,vn)dx§03</ H(x,|an|)dx—|—/ H(x,vn)dx) i

< Cy (/A H(:c,|an\)dx+/A

Kn41

Using this along with (5.3), (5.4) and (5.5) we infer that

(P*);

q+l
g*(x7 vn) dz + ‘Alﬁn+1 >

(3

Rn41

ne) T "7 %

/ g*(‘r’v’ﬂ) dz S 052 q;r Zn K
Qi

Now, if we combine this with (5.6) and (4.14) we arrive at
/ G (z,v,)de < Cg2 o (Z}L""“ + Zrlf“z) ’
AK/
n41
where

0 < p1:= min W : 4
1<i<m q; 1<i<m @,

due to (5.1). This shows Claim 1.
Claim 2: It holds that

)2
nli((pqiﬁ)-i-(q*)+:| 14 1
H(z, |Vu|)dx < C72 (Z e+ Zn'*_"l”) for all n € N.

n—
Rn+41

We test (4.1) with ¢ = v, € W7 () to get

/ A(z,u, Vu) - Vudr = / B(z,u, Vu)(u — Kpt1) de. (5.7)
A

A

Kn41 Kn+1
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Note that u > u — kp11 > 0 and u > Kkpy1 > 1 on A, . Applying this along with the structure
conditions in (D5)(ii), (D2)(iii) along with Young’s inequality, we reach the following estimates

/ Az, u, Vu) - Vudz > ag/ H(z,|Vul)dr — a3/ G (z,u) + 1] dz
A

Kn+41 A*ﬂn+1 A*Cn+1

ZO{Q/ ’H(x,|Vu\)d:r72a3/ G*(z,u)dz
A

Kn4+1 A”71+1

and
/ B(z,u, Vu)(u — kpt1) do
A”'“n+1
*(1,’)71 q* (x) *(I)fl P(?) N41 ‘1(?)
<B 14+ uP + p(z) @ u? + |Vu|&@ + p(x) N |[Vu| @@ | ude
A

Rn41

< % ’H(m,\Vu\)dx—i—Cg/ G*(z,u) dx.
A

Rn+41 A"n+1

Combining the last two estimates with (5.7) and then using (4.7), we obtain

/ H(z,|Vul) dz

Ay
Ay
*(x “(2) n *(x
< Cg/ ([(2n+2 —1(u— Kn)}p (@) + p(x) ‘@ [(2 2 1)(u— I{n)]q ( )> dx.
Ay

This yields

/ H(z, |Vul)dx < Cho2ma)” / G*(z,vp—1) dz.

Fn41 Ak

Thus, from Claim 1 and the last inequality we obtain the assertion in Claim 2.
Using the Claims 1 and 2 along with (5.4) gives us

Zpi1 < Crib" (thffl + Zj:/;?) for all n € N, (5.8)

() ]
where b:= 2L o~ E > 1. This implies

Zo(mer) < Cryb?n (221;“1 n 221:“2) for all n € No.

So, writing Zn := Zop, and b= b2, we have

Zn+1 < bCp1b" (Zlf’“ + Zlﬁ'“"‘) for all n € Np. (5.9)
Now we can apply Lemma 2.10 to (5.9). This yields
Ton = Zp —0 asn — oo (5.10)
provided that
~ L oL 1 e 1 _mammg
Zy < min {(2b011)ﬂ1 b #1,(2bCyp) "2 b M2 w3 } ) (5.11)

Using again (5.8) we also obtain
Zo(ni1y41 < Cp1b? ) (Z;Iﬁi + Z;:{ﬁ) for all n € Ny,
which for Z,, := Zon+1 and again b= b2, reads as

Zni1 < DOy, 0" (Z;ﬂ“ + Z;W) for all n € No. (5.12)
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Lemma 2.10 applied to (5.12) now leads to
Zops1 = Zyp — 0 asn — 00 (5.13)
provided that

Zo < min {(25(111)‘51 b (26011)_i e “2#_%“1} . (5.14)
We point out that

Zo=21<Zy=2y < /A H(z, |Vul|) dz —|—/A G*(z,u)dx.
Hence, if we choose k. > 1 sufficiently large, \:fe obtain h

/ H(x,|Vu|)dx+/ G*(z,u) dx
Ag, Aw,

1 1 Ho—H1

1 N S
2 7 K2 7T 2
k1 5 (26011) b Him2 K2

< min {17 (26C11) 71 b
Therefore, (5.2), (5.11) and (5.14) are satisfied and we then get (5.10) and (5.13) which says that

Zn:/ ’H(x,|Vu|)dx+/ G*(z,u — kp)dz -0 asn — oo.
A A

Kn Kn

This implies that

/ (u— 25*){(1) dz = 0.
Q
Thus, (u — 2k4)+ =0 a.e.in Q and so

esssupu < 2K,.
Q

Replacing u by —u in the above arguments we also get that

esssup(—u) < 2k,.
Q

From the last two estimates we obtain
[ulloc,0 < 26
This shows the assertion of the theorem. O

Next, we are going to study the boundedness of weak solutions of (1.8) under critical growth and
the additional structure condition (No). This result reads as follows.

Theorem 5.2. Let hypotheses (H3), (D) and (N3) be satisfied. Then, any weak solution of problem
(1.8) is of class L>=°(2) N L>=(T").

Proof. As in proof of Theorem 5.1, we cover Q by balls {B;}™; with radius R such that each Q; :=
B;N (i =1,...,m) is a Lipschitz domain. Denoting by I the set of all ¢ € {1,...,m} such that
T; := B, NT # (), we may take R sufficiently small such that

pj < (p«); and q;r < (p*); forallie{l,---,m}, (5.15)
where, as before, for a function f € C' (Q) and i € {1,--- ,m} we denote
[T :==max f(z) and f; := min f(z).
€, ze);

Let u be a weak solution to problem (1.8) and let k. > 1 be sufficiently large such that
/ H(m,|Vu|)dx+/ G*(z, |u|)dx+/ T*(z,|u|)do < 1, (5.16)
A, A, T,
where A, and T, are defined by (4.4) and (4.37), respectively, and for all (z,t) € Q x [0, ),

G*(x,t) ==t ®) 4 u(x)qq(i%)tq*(z) and  T*(x,t) == 7@ 4 u(:ﬁ)%tq*(z).
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Let {kn}nen, be as in (4.5) and for each n € Ny, we define v, := (u — Kp4+1)+ and

Zy = / H(x,|Vu|)d:E+/ G*(z,u — ky) dl’+/ T (z,u— ky)do, (5.17)
A, A, T,

where, as before, we see that

Zni1 < Z, for all n € Ny, (5.18)
and
u(z) < (2" —1)(u(z) — K,) fora.a.x €A, , forallnée N, (5.19)
u(z) < (2" —1)(u(z) — ky) fora.a.xzel,,,, forallne N, (5.20)
| A iy | < %Zn <20t 7 for all n € N,. (5.21)
R

In the rest of the proof, C; (i € N) are again positive constants independent of n and k.. As in the
proof of Theorem 5.1 the following assertion holds.

Claim 1: It holds that

n((p*)+)2
/ G*(z,vp)de < C127 o (Z}ﬁ'”l + Z}f”?) for all n € Ny,
A"n+1
where
*\— *\—
0 <wvp:= min ﬂflgl/g:: max %71.
1<i<m q; 1<i<m q;
We also have a similar estimate for the trace of u.
Claim 2: There exist positive constants vz, v4 such that
y ne) (@0t 1+ 1+
/ T (x,v,)do < Cy2 I (Zn vs 4+ Zn "4) for all n € Ny.
r

Rn41

Indeed, we have

/ T*(x,v,)do —/T* (x,v,) do < Z (x,vy) do. (5.22)
r

Kp41 iel

Let i € I. From the relation between the norm and the modular (see Propositions 2.5 and 2.6), the
critical trace embedding for W'P()(Q;) (see Proposition 2.7 and Remark 2.8) and due to (5.16), we
have

Py

o3 oo, <C’3an||1pp()9 < C3R," | (5.23)

R, :/H(m,|an\)dx+/H(x,vn)dx
Q Q

ax () —
Define ¢(x,t) := p(z) 9@ t@) for (z,t) € Q x [0,00). From the relation between the norm and the
modular, Proposition 3.6, and due to (5.16) again, we have

/ @ do < Jo,

i

where

(ax);
+
T+ éQ S C4||Un||1 Hb < CyR," . (5.24)

/aQ (@) T 0f @ do < o] i, < ol
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Combining (5.23) with (5.24) gives
Gy (a)]
* 5 @
T (:L‘,Un) do < C3R, " + C4R."
9,
(p+)y

i

S 05 (/ 7‘[(13, |VU|) dx + / g*(l',’Un) dz + |Ann+1 |>
A

A

Rn41 Rn41

+Cs </A H(x, |Vu|)dx+/A

Fn41

From this, (5.17), (5.18) and (5.21) we obtain

(ax);
+

i

g*(x7 Un) dl’ + |A,~;n+1 |>

Kn41

JC RN PR e @y 4

o+
Tz o) do < Cs2 7 Z,"0 +Cq2 W Z,"
o0

Combining this with (5.22) and noticing (4.14) we arrive at

ne) T (@0t

[T @) do < c2™ T (zr s 2,
r

where
0 < v3:= min min @, (q*)i — 1<y, := max max (p*)’ , (q*)i -1,
1<i<m + + 1<i<m + +
D; q; b; q;

see (5.15). Hence, we have proved Claim 2.
Claim 3: It holds that

n[(<”*)+)2+<p*>+(q*>++(q*)+} 14 14
H(z, |Vu|)de < Co2" = = (Zn_‘l“ + Zn_g‘?) for all n € N,

Fn41
where 0 < M1 = minlgig4 v; < M2 = INaxX)<;<4 V;.
Testing (4.2) by ¢ = v, € WH(Q) gives

/ Az, u, Vu) - Vudz z/ B(z,u, Vu)(u — kpt1) de
A

A

Rn41 Rn41

+ / Clz,u)(u — Kpt1) do.
i

Arguing as in the proof of Theorem 5.1 (see the proof of Claim 2), we obtain

/ A(z,u, Vu) - Vudz > 042/ H(z, |Vu|) dzx — 2043/ G*(x,u)dx,
A

Rn41 A”n+1 A”n«#l
and
/ B(z,u, Vu)(u — kpt1) dz < a2 ’H(x,|Vu|)dx+Clo/ G*(z,u) dx.
A”n+1 2 A”n+1 A”n«l»l

Furthermore, by hypothesis (N3), we have

ax ()
/ Clz,u)(u — kpg1)do < 7/ [up*(g”)_l + () S e ()1 + 1} udo
r r

Fp41 Fp41

< 27/ T*(z,u) do.
F"'n+1

Combining the last three estimates, we obtain

/ H(z,|Vul)dx < Cpy / G*(x,u)dx + Cia / T*(z,u) do.
A A

Kn41 K41 F”71+1
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Then, by using (5.19) and (5.20) we deduce from the preceding inequality that

/ H(x, |Vul) do < C132°@)" /
A A

Kn41 Rkn

g*(x,vn,1)dx+/ T (z,vp—1) do
r.,

Then, Claim 3 follows from the last inequality and Claims 1 and 2.
From Claims 1-3 and (5.18) we arrive at

Zni1 < Cpab™ (Z}Lf’f‘ n Z}:*f?) for all n € N, (5.25)

- 2
(@9h) + @O @t ot

where b := 2[ a P ] > 1. Repeating the arguments used in the proof of Theorem
5.1, by choosing k, > 1 sufficiently large such that

/ H(z, |Vu|)dm—|—/ G*(z,u) dx+/ T*(z,u)do
A, Ak, Pr,

a1~

< min {1’ (26Cha) 75 b o , (25014)75 Z_muz—”“g“} 7
where b := b%, we deduce from (5.25) that
" / i Vonal)de +/ G" (@, vn-1) dw + / T (z,vp—1)doc — 0 asn — oo.
This implies thasz ¢ r

/ (u— Qﬁ*){f(m) dz + /(u - 2f~@*)i*(m) do =0.
Q r

Therefore, (u —2k4)+ =0 a.e.in Q and (v — 2k4)4 = 0 a.e.on I'. This means

esssup u(x) + esssup u(x) < 4k,
TEQN zel

Replacing v by —u in the above arguments we also obtain

esssup(—u)(x) + esssup(—u)(z) < 4k,.
€N zel

Hence
[ulloc,0 + [[efloo,r < 4k
This finishes the proof. 0
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