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ABSTRACT. In this paper we study implicit obstacle problems driven by a non-
homogenous differential operator, called double phase operator, and a multi-
valued term which is described by Clarke’s generalized gradient. Based on a
surjectivity theorem for multivalued mappings, Kluge’s fixed point principle
and tools from nonsmooth analysis, we prove the existence of at least one
solution.

1. INTRODUCTION

Given a bounded domain © in RY, N > 2, with Lipschitz boundary 02, we
study a double phase implicit obstacle problem with a multivalued operator given
in the form

—div (|VuP?Vu + p(z)|Vul!*Vu) + 0j(z,u) > f(z) in Q,
u=0 on 01, (1.1)
T(u) < U(u),

where 1 <p<qg< N, u: Q—[0,00) and T,U': WOIH(Q) — R are given functions
satisfying appropriate conditions (see Section 2). Here VVO1 H (Q) is a subspace of
the Sobolev-Musielak-Orlicz space W (Q) and j: 2 x R — R is supposed to be
locally Lipschitz with respect to the second variable.

In this paper we prove the existence of at least one weak solution (see Definition
(3.4)) of problem (1.1) by applying a surjectivity theorem for multivalued mappings,
Kluge’s fixed point principle and tools from nonsmooth analysis. In general, prob-
lem (1.1) combines several interesting phenomena like a double phase operator along
with a multivalued mapping in form of Clarke’s generalized gradient and an implicit
obstacle given by the functions T: W' *(Q) — R and U: Wy (Q) — (0, +o0),
see H(T) and H(U) in Section 3 for the precise conditions. Indeed, a solution
u € W&’H (©) of (1.1) has to belong to K (u) which is the image of the multivalued

map K: W, "(Q) - 2Wo " (D) defined by
K(u) = {v e WIHQ) | T(v) - Ulu) < o} .

To the best of our knowledge, this is the first work which combines a double phase
phenomena along with Clarke’s generalized gradient and an implicit obstacle. A
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main tool in our treatment will be a surjectivity result of Le [24] for multivalued
mappings generated by the sum of a maximal monotone multivalued operator and
a bounded multivalued pseudomonotone mapping.

One difficulty in the study of (1.1) is the occurrence of the so-called double phase
operator defined by

—div (|VuP"2Vu + p(z)|Vu|T2Va), ue Wy H(Q),

where 1 < p < ¢ < N. Although this operator looks like the (p, ¢)-differential
operator the difference is the weight function pu: Q — [0,00) which can have val-
ues in zero. That means we cannot search for weak solutions in the usual Sobolev
space WO1 P(Q), we need a certain type of a Sobolev-Musielak-Orlicz space equipped
with the Luxemburg norm, see Section 2 for its definition. The idea to treat prob-
lems driven by the double phase operators goes back to the 80s and the work of
Zhikov [36] who introduced such classes of operators to describe models of strongly
anisotropic materials by treating the functional

> [Vl + u(@) Vel do (1.2)

see also Zhikov [37, 38] and the monograph of Zhikov-Kozlov-Oleinik [39]. Integral
functionals of the form (1.2) have been considered by several authors concern-
ing regularity results and non-standard growth, see for example, Baroni-Colombo-
Mingione [1, 5, 7], Baroni-Kussi-Mingione [6], Cupini-Marcellini-Mascolo [16], Co-
lombo-Mingione [14, 15], Marcellini [27], [28] and the references therein.

In the case of single-valued equations in the whole space we refer to the works of
Colasuonno-Squassina [13], Gasiriski-Papageorgiou [17, Proposition 3.4], Gasiriski-
Winkert [20, 21], Liu-Dai [26], Perera-Squassina [33] concerning existence and mul-
tiplicity results.

Works which are closely related to our paper dealing with certain types of dou-
ble phase problems or multivalued problems can be found in Bahrouni-Radulescu-

Repovs [1], Bahrouni-Radulescu-Winkert [2, 3], Carl-Le-Motreanu [9], Cencelj-
R&dulescu-Repovs [10], Clarke [12], Gasiriski-Papageorgiou [18, 19], Papageorgiou-
Rédulescu-Repovs [30, 31], Radulescu [31], Zhang-Radulescu [35] and the references
therein.

The paper is organized as follows. In Section 2 we recall the definition of the used
function spaces, some embedding results and we state the surjectivity results of Le
[24] for multivalued mappings as well as Kluge’s fixed point theorem. In Section
3 we present the full assumptions on the data of problem (1.1), give the definition
of the weak solution and consider an auxiliary problem defined in (3.7). Next, we
prove some properties of the solution set of (3.7) stated as Theorem 3.6 whose
proof is mainly based on tools from nonsmooth analysis in terms of multivalued
mappings. Taking these results into account we are able to prove our main result
which says that the solution set of (1.1) is nonempty, bounded and weakly closed
in Wy (Q), see Theorem 3.5.

2. PRELIMINARIES

In the whole paper we suppose that  is a bounded domain in RY. Given
1 <7 <oo, L"(Q) and L7 (£2;RY) stand for the usual Lebesgue spaces equipped
with the norm ||-||, while W1 (Q) and W () denote the Sobolev spaces endowed
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with the norms || - ||1,, and || - ||1,r,0, respectively. By 7/, we denote the conjugate of
r € (1,00), that is, %—F % =1.
For the weight function in (1.1) we suppose the following condition:

H(p): p: © — [0,00) is Lipschitz continuous and 1 < p < ¢ < N are chosen such
that

q 1
<14+ —.
P Y

Set Ry := [0, 00) and consider the modular function H: Q@ x Ry — R given by
H(z,t) =t + p(z)t? for all (x,t) € Q x Ry.
The Musielak-Orlicz space L* () is defined by

L*(Q) = {u ’ u: Q — R is measurable and py (u) := / H(z,|ul) de < +oo}
Q

equipped with the Luxemburg norm

U
ull = inf{T >0 | pu (f) < 1} .
T
The space L*(Q) is uniformly convex and so a reflexive Banach space. Furthermore,
we introduce the seminormed function space L (2)

Li(Q) = {u ’ u: Q — R is measurable and /Q,u(x)|u\qu < +oo}

endowed with the seminorm

full = (] u(x)uwdz)é

From Colasuonno-Squassina [13, Proposition 2.15 (i), (iv) and (v)] we know that
the embeddings
LY(Q) — L*(Q) < LP(Q) N LL(Q)
are continuous and so, by a simple calculation, we have
min { ||l [[ull3} < llullp + lullf,, < max {Jullf, [ull3} (2.1)

for all u € L*(Q).
The corresponding Sobolev-Musielak-Orlicz space W% (Q) is defined by

WhH(Q) = {u e L*(Q) : |Vu| € L*(Q)}

and is equipped with the norm

[l = [Vulla + f[ull,

where [[Vull3 = [[[Val[l5-
The Sobolev-Musielak-Orlicz space with zero traces, denoted by VVO1 H (), is the
completion of C§°(Q2) in W1#(Q), that is,
1,H
W) =cr@” .

From the assumption on g: © — Ry in H(x) combined with Colasuonno-Squassina
[13, Proposition 2.18], it is known that

lull12.0 = |Vully  for all u e W (),
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defines an equivalent norm on W, (). Based on this we obtain directly from
(2.1) that

min { lu {0} < IVull + [V

117}1,0» [|u 117}1,07 [[ul

g4 < max {||u|

o) (22)

is true for all u € WolH(Q) Moreover, both spaces W7 (Q) and W&’H(Q) are
uniformly convex and so reflexive Banach spaces as well.
From Colasuonno-Squassina [13, Proposition 2.15] we know that the embedding
Wy H(Q) — L™(Q) (2.3)
is compact for each 1 < r < p*, where p* stands for the critical exponent to p given
by
. _ Np
p= s
Let us recall some properties of the eigenvalue problem for the r-Laplacian (1 <
r < 00) with homogeneous Dirichlet boundary condition given by

~Ayu=ANul""?u  inQ,
u=20 on 0.

It is known that the set o, has a smallest element A, , which is positive, isolated,
simple and it can be variationally characterized through

(2.4)

Ay = inf{ IVully Tu € W()I’T(Q),u * 0} ,

i
see Lé [25].
Let A: Wo*(Q) — W)™ (Q)* be the operator defined by

(A(u),v)y = /Q (IVul[P~2Vu + p(z)|Vu|?*Vu) - Vo dz, (2.5)

for u,v € Wy (2), where (-,-)3 stands for the duality pairing between W, ()
and its dual space Wy (Q)*. The properties of the operator A: Wy 7 (Q) —
Wy (Q)* can be summarized as follows, see Liu-Dai [26].

Proposition 2.1. The operator A defined by (2.5) is bounded, continuous, mono-
tone (hence mazimal monotone) and of type (S4).

The notion of pseudomonotonicity for multivalued operators is recalled in the
next definition.

Definition 2.2. Let X be a real reflexive Banach space. The operator A: X — 2%~
is called pseudomonotone if the following conditions hold:
(i) the set A(u) is nonempty, bounded, closed and convex for all u € X ;
(ii) A is upper semicontinuous from each finite-dimensional subspace of X to
the weak topology on X*;
(iti) if {un} C X with up, = w in X and if ul, € A(uy) is such that

hmsup<u;»un - U>X*><X <0,
n—oo

then to each element v € X, ewxists u*(v) € A(u) with

(u*(v),u — V) x+xx < lminf(u}, u, — V) x+xx.
n—oo
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Let X be a real Banach space with its dual space X*. A function J: X — R is
said to be locally Lipschitz at u € X if there exist a neighborhood N(u) of u and
a constant L, > 0 such that

|J(w) — J(v)| < Ly||lw —v||x for all w,v € N(u).
Definition 2.3. Let J: X — R be a locally Lipschitz function and let u,v € X.

The generalized directional derivative J°(u;v) of J at the point u in the direction
v 18 defined by

J°(u;v) := limsup Jlw +tv) = J(w)
w—u, t}0 t
The generalized gradient J: X — 2X" of J: X — R is defined by
OJ(u) :={&e X" | J°(u;v) > (§,0)x-xx forallve X} forallueX.

The next proposition collects some basic results, see for example, Migérski-Ochal-
Sofonea [29, Proposition 3.23].

Proposition 2.4. Let J: X — R be locally Lipschitz with Lipschitz constant L, >
0 at w e X. Then we have the following:
(i) The function v — J°(u;v) is positively homogeneous, subadditive, and sat-
isfies

|J°(u;v)| < Ly||vl|lx  for allv e X.

(ii) The function (u,v) — J°(u;v) is upper semicontinuous.

(iii) For each u € X, 8J(u) is a nonempty, convex, and weak®™ compact subset
of X* with ||€]|x+ < Ly, for all £ € 0J(u).

(iv) J°(u;v) = max {{{,v)x+xx | £ € 0J(u)} for allv e X.

(v) The multivalued function X > u +— 9J(u) C X* is upper semicontinuous
from X into w*-X*.

Since our results are based on fixed point results, so we now recall the fixed point
theorem of Kluge [23].

Theorem 2.5. Let Z be a real reflexive Banach space and let C C Z be nonempty,
closed and conver. Assume that V: C — 2¢ is a multivalued mapping such that
for every u € C, the set ¥(u) is nonempty, closed, and convex and the graph of ¥
is sequentially weakly closed. If either C is bounded or W(C') is bounded, then the
map UV has at least one fized point in C.

Finally, we end this section by recalling the following surjectivity theorem for
multivalued mappings which was proved by Le [24, Theorem 2.2]. We use the
notation Br(0) :={ue X : |lul|x < R}.

Theorem 2.6. Let X be a real reflexive Banach space, let F: D(F) C X — 2X" pe
a mazimal monotone operator, let G: D(G) = X — 2% be a bounded multivalued
pseudomonotone operator and let L € X*. Assume that there exist ug € X and
R > |lug|lx such that D(F) N Br(0) # 0 and

(E+n—Lyu—ug)x+xx >0
for all w € D(F) with |lul|x = R, for all £ € F(u) and for alln € G(u). Then the
inclusion

Flu)+Gu) > L
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has a solution in D(F).

3. MAIN RESULTS

We impose the following assumptions for the data of problem (1.1).

H(f): f e LV (Q).
H(j): j: @ x R — R is such that
(i) = — j(z,s) is measurable for all s € R and there exists a function
[ € L1 () with ¢; € (1,p*) such that the function z — j(x,I(x))
belongs to L(Q);
(ii) s+ j(z,s) is locally Lipschitz continuous for a.a.x € Q.
(iii) there exist # > 1 with # < min{q:,p}, o; > 0 with o < )\1_41)59 and
B; € L% (Q) such that

J°(w, 55 —5) < ayls|® + Bj(x)
for a.a.z € Q and for all s € R, where dy is defined by
1 if 0 = p,
dg = .
400 otherwise,

and Aq , denotes the first eigenvalue of the Dirichlet eigenvalue problem
for the p-Laplacian, see (2.4);
a1
(iv) there exist ¢; > 0 and v; € LT " (Q) satisfying
€] < ¢jlr|m T+ (2)

for a.a.xz € Q, for all £ € 9j(z,s) and for all s € R, where 9j(z, s)
stands for the generalized gradient of j with respect to the variable s
and ¢ is given in (i);

(v) there exists a constant m,; > 0 such that

(61— &)(s1 — 82) > —myls1 — saf?
for a.a.xz € Q and for all s1, s € R whenever & € 9j(z,s1) and
& € 0j(x, $2).
H(T): T: Wy " (Q) — R is positively homogeneous and subadditive such that

T(u) < limsup T (uy,) (3.1)
n—roo
whenever {u,} c Wy (Q) is such that u, — u in Wy (Q) for some

ue WyHt(e).
H(U): U: Wy (Q) — (0,+00) is weakly continuous, that is, for any sequence

{un} € Wy () such that u,, — u for some u € Wy (), we have

U(un) = Uu).
Remark 3.1. (a) Assumption H(j)(v) is usually called the relazed monotone con-
dition for the locally Lipschitz function s — j(x,s), see for example, Migdrski-
Ochal-Sofonea [29]. It is equivalent to the inequality
J(x, 81580 — s1) +7°(x, 52581 — 52) < mjlsy — soP

for a.a.z € Q and for all s1,s2 € R.
(b) Positive homogeneity and subadditivity of T imply that T is also a convex
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function. On the other hand, it is not difficult to see that if T': Wol’H(Q) — R is
lower semicontinuous, then inequality (3.1) holds automatically.

We introduce the following multivalued map K : Wy *(Q) — 2W5 (D) defined
by

K(u) = {v e WIHQ) | T(w) - Uw) < o} (3.2)

for all u € Wy (Q).

Lemma 3.2. Let U: Wy (Q) — (0,400) and T: Wy (Q) — R be such that
H(T) holds. Then, for each u € W™ (Q), the set K (u) is nonempty, closed and
convez in Wy (Q).

Proof. For any fixed u € W)™ () it is clear that U(u) > 0. Since T is positively
homogeneous, we have T(0) = 0. This implies T(0) = 0 < U(u), that is, 0 € K (u)
and so, K (u) is nonempty.
Let {v,} C K(u) be a sequence such that v, — v in Wy*(Q) for some v €
W(}’H(Q). Hence, for each n € N, one has
T(vy) < U(u).

Passing to the upper limit as n — oo and taking inequality (3.1) into account, we
obtain

T(v) <limsupT(v,) < U(u).

n—o0

Hence, v € K (u) which shows that K(u) is closed.

Let v1,v2 € K(u) and t € (0,1) be arbitrary. We set v; = tvy + (1 — t)ve. Then,
we have T'(v;) < U(u) for i = 1,2. By the convexity of T', see Remark 3.1, it follows
that

T(og) < t7(0) + (1 — )T (03) < 10 (w) + (1 — U () = Uu).
Thus v; € K (u). Therefore, we conclude that K (u) is a convex set in W' (€). O

Let us introduce the functional J: L% () — R defined by
J(u) == / Jj(x,u(z))dx for all w € L9 (Q). (3.3)
Q

From hypotheses H(j) and the definition of J in (3.3), the next lemma is a direct
consequence of Migérski-Ochal-Sofonea [29, Theorem 3.47].

Lemma 3.3. Under the assumptions H(j)(i)—(iv), the following hold:

(i) J: L1 (Q) — R is locally Lipschitz continuous;
(ii) there hold

J°(u;v)§/Qj°(x,u(at);v(a:))dx,

0
I (u; —u) < ajllullg + (1851

for all u,v € L1 (Q);
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(iii) for each w € L9 (QY), one has
0J(u) C / 9j(x,u(x)) dz,
Q

I€llgg < cs+llullfi™h)  for all € € 0J(u)
with some cy > 0.
Moreover, if condition H(j)(v) holds, then the inequality
Jo(usv —u) + J°(v;u —v) < mjllu— | (3.4)
is satisfied for all u,v € Wol’H(Q).
The weak solutions for problem (1.1) are understood in the following sense.

Definition 3.4. We say that u € W, () is a weak solution of problem (1.1) if
u € K(u) and

/Q (|VulP2Vu- V(v —u) + p(2)|Vu|!*Vu - V(v — u)) dx

+/ 3oz, u;0 —u)de > / f@) (v—u) dx

Q Q

for all v € K(u), where the multivalued function K is given by (3.2).
Our main results read as follows.

Theorem 3.5. Assume that H(p), H(f), H(j), H(T) and H(U) are satisfied. If
p > 2 and the smallness condition

miAr, < e(p); (3.5)
holds, then the set of solutions for problem (1.1), denoted by S, is monempty,

bounded and weakly closed in Wy 7 (), where c¢(p) > 0 is the largest constant
such that

(lzP~2z — y|P~%y) - (x —y) = c(p)lx — y[* for all z,y € RV.

From Lemma 3.3(ii) we see that if u € W, () solves the following problem:
Find u € Wol’H(Q) such that v € K(u) and

/ (IVulP>Vu - V(v —u) + p(2)|Vu|!*Vu - V(v — u)) do
. (3.6)
+ J°(u;v —u) > / flz) (v —u) dz
Q

for all v € K(u), then u is also a weak solution of problem (1.1). Based on this
fact, in the sequel, we are going to explore the existence of solutions for problem
(3.6).

To this end, we now introduce the following auxiliary problem:

For given w € Wol’H(Q), find u € K(w) such that

/ (IVulP7>Vu - V(v —u) + p(2)|Vu|!"*Vu - V(v — u)) do
¢ (3.7)
+ J°(usv —u) > /Qf(x) (v—u) de
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for all v € K(w). Setting the multivalued I': WO”'[(Q) — 2Wo () by
INw) = {u e Wy ™(€Q) | w solves problem (3.7) corresponding to w}

for all w € Wy (Q), it is not difficult to verify that u € Wy () is a fixed point
of T if and only if u solves problem (3.6). Motivated by this fact, we shall employ
Kluge’s fixed point principle, see Theorem 2.5, in order to show that I' has at least
one fixed point in W&H(Q)

Theorem 3.6. Let U: Wol’H(Q) — (0,+00). Under the assumptions H(u), H(f),
H(j)(i)—(iv) and H(T), the following hold:

(i) for each w € Wy (Q), the set of solutions to problem (3.7) is nonempty,
bounded and closed in Wol’H(Q), that is, I' has nonempty, bounded and
closed values.

(i) if, in addition, p > 2, H(j)(v) and the smallness condition (3.5) are fulfilled,
then for each w € Wy (Q), problem (3.7) has a unique solution w, €
W H(Q), namely, T(w) = {u,}.

Proof. (i) For any fixed w € Wol’H (£2), we consider the indicator function Ix () :

W, Q) — R :=RU {+00} of K(w) defined by

IK(w) (u) = {

From the fact that f € L? (Q) ¢ Wy " (Q)*, problem (3.7) can be expressed as the
variational-hemivariational inequality: Find u € W, Q) such that

(Au, v —u)y + J° (30 — u) + T ) (V) = Ty (u) > (f,v —u)y (3.8)

0 it u e K(w),

+00 otherwise.

for all v € Wy (Q), where A: Wy (Q) — W, (Q)* is the double phase op-
erator defined in (2.5). Employing the first separation theorem, see for example,
Papageorgiou-Winkert [32, Theorem 3.1.57], it is not difficult to see that inequality
problem (3.8) is equivalent to the following inclusion problem: Find u € W, ()
such that

Au + 8J(U) + ach(w) (U) S f, (39)

where the notation dclk () stands for the subdifferential of I (,,) in the sense of
convex analysis.

First, we are going to apply the surjectivity theorem for multivalued mappings,
see Theorem 2.6, in order to prove that problem (3.9) has at least one solution in
Wy (Q). In fact, we have the following claims.

Claim 1. A+0J: WOI’H Q) — 2Wa (D" is g bounded pseudomonotone multivalued
operator such that for each u € W™ (Q), the set A(u)+8J(u) is closed and convex
. 1,’H *
in Wy (Q)*.

Indeed, Proposition 2.4 and Lemma 3.3 imply that for each u € WOI’H (Q), the set
A(u) 4+ 0J(u) is closed and convex in W&’H (€)*. Besides, Proposition 2.1, Lemma
3.3(iii), (2.3) and the fact that p; < p* guarantee that

Wt (Q) 3w A(u) + 8J(u) € W H(Q)* is a bounded map.
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Next are going to apply Proposition 3.8 in Migdrski-Ochal-Sofonea [29] in order
to conclude that Wy " (Q) 3 u — A(u) + dJ(u) € Wy (Q)* is upper semicontin-
uous from WOI’H (Q) to VVOI’H (Q)* equipped with the weak topology. It is sufficient
to show that for any weakly closed subset D in W, 7*(€)*, the set (A + 8.J) (D)
is closed in W, ().

Let {u,} C (A4 0J) (D) be a sequence such that

Un — u in Wy H(Q) for some u € Wy 7H(Q). (3.10)
Hence, for each n € N, we are able to find &, € dJ(u,) such that
ul = Auy, + & € (A(un) + 0J(uy)) N D.

The continuity of A, see Proposition 2.1, implies that A(u,) — A(u) in W&’H ().
Lemma 3.3(iii) and convergence (3.10) imply that the sequence {&,} is bounded in
WO1 H(Q)* So, without any loss of generality, we may assume that

£, — € in Wy ()"

Recall that 9.J is upper semicontinuous from WO1 H (Q) to WO1 H(Q)* equipped with
the weak topology and has bounded, convex, closed values, see Proposition 2.4(iv).
Hence, it has a closed graph in Wy 7 (Q) x Wy " (Q)*, see Kamenskii-Obukhovskii-
Zecca [22, Theorem 1.1.4]. But, thanks to the weak closedness of D, we derive that
A(u)4+£€ € D and € € 9J(u), which provides that u € (A+8J)7(D). Consequently,
A+0J is upper semicontinuous from Wol’H(Q) to W&’H (€)* equipped with the weak
topology.
We now prove that A+ 9J is pseudomonotone. Let {u,} and {u}} be sequences
such that
U, —u in Wyt (Q), (3.11)
uy € A(up) + 0J(uy,)  with limsup(u),, u, —u)y < 0. (3.12)

n—oo

Our goal is to produce for each v € Wy " (Q) an element u*(v) € A(u) + 0.J(u)
such that

lim inf(u), w, — v)y > (W (v),u — v)y. (3.13)
n—oo

From (3.12), there is a sequence {&,} € Wg*(Q)* such that for each n € N,
&n € 0J(uy,) and

uy = Aup) + &,
From (3.12), and the above equality it follows that

lim sup{ Ay, , uy, — u)gy + liminf(&,, u, — u)z < 0. (3.14)
n—oo

n—oo

Applying (3.11) and the compact embedding of W™ () into L% (1), see (2.3), we
have

U, = u  in LT(Q).
By virtue of Theorem 2.2 of Chang [11], we know that
0 (Tyarniey ) () €0 (Jpa (@) (w) for all u e Wo™(©),
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which shows that
<£7L7 Up — u>7—£ = <§na Un — U>L’11 (Q)- (315)

Additionally, Lemma 3.3(iii) and the boundedness of {u,} in Wy *(€) entail that
the sequence {&,} is bounded both in L% (Q) and W, 7 (Q)*. Then, we pass to the
limit in (3.15) as n — oo, to get

nh_>120<§na Up — )y = nll_{rolo<£n7 Uy, — U)par Q) = 0.

Combining this with (3.14) leads to

lim sup{Auy,, uy, — u)y = limsup(Au,, u, — u)y + iminf(&,, u, — u)y < 0.

n—00 n—00 n—00
Hence, since A is of type (S4), see Proposition 2.1, and (3.11) yields u, — w in
Wy (Q). On the other hand, by the reflexivity of W, (Q)* and the boundedness
of {£&,} € W™ (Q)*, we can suppose that
£ — € in Wyt (Q)* for some € € Wyt (Q)*.

Then, from Kamenskii-Obukhovskii-Zecca [22, Theorem 1.1.4], we can conclude
that £ € 0J(u). Because of
liminf(u), w, —v)y = Iminf(A(u,) + &n, tn — )y = (A(u) + &, u — )3y,
n— oo

n—oo

it is clear that (3.13) holds with v* = A(u) + & € A(u) + 9.J(u). We conclude that
A+ 0J is pseudomonotone. This proves Claim 1.

Claim 2. There exists R > 0 such that
(Au+&+n— fouyy >0 (3.16)

for all u € K(w) with ||ull1,3,0 = R, for all § € 0J(u) and for alln € Oc (I (w))(u).
Let u € W, () be fixed. Since 0 € K(w) and f € LP () ¢ Wy *(Q)*, for
any & € 0J(u) and 1 € Oc (I (w))(u), we can find

> / |Vu|P~2Vu - Vudr + / w(z) | Vu|T2Vu - Vu da
Q Q

+[2§Ud$ + IK(w)(u) - IK(w)(O) - Hf”WOlH(Q)* UHLH,O (317)

> [Vl + 9l | €l do + T (6) = g Bl o

2 [Vullp + 1Vullg . = J°(u; =u) + Ty (@) = [ Fllwr 7 o) lullaeo-
0 ()

Note that I (y): VVO1 7{(Q) — R is a proper, convex and lower semicontinuous
function. Hence, we can apply Proposition 1.10 of Brezis [3] to find a g (w), bx(w) > 0
such that

IK(w)(U) > _aK(w)”U”l,H,O — bK(w) for all v € W(}’H(Q) (3.18)
In addition, by Lemma 3.3(ii), we have

I (u; —u) < ayllull§ + 11851 (3.19)
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We consider now the two cases § < p and 6 = p. Suppose first § < p and let
¢(0) > 0 be such that
lullg < c(@)|ull13.0 for all u e Wy (Q) (3.20)

due to the continuity of the embedding from WO”{(Q) to L"(Q2) for all r € (1,p*).
Applying (3.18) and (3.19) in (3.17) and using (3.20) we get

0
> [|Vullp + [[Vullg,. = ajllully = 11851l = axw)llulli 0 = bk w)

- Hf”W(}»H(Q)* u
2 [[Vullp + | a;e(6)’|
—br(w) — ||f||W01’H(Q)*||u”1,H,O
> mln{||u||17-[07| a;e(0)° |[ullf 2.0 — 1181

0= bty = 1f oy

(3.21)

—1Billx — ak(w)l

where the last inequality is obtained via inequality (2.2). Since 6 < p < ¢, it is
clear that we can find a constant Ry > 0 large enough such that Rf < R{ and

Ry — a;e(9)" Ry — |1Bjll — areuwyRo — brewy = I lywa gy~ Bo > 0-

Therefore, for each R > Ry fixed, the desired inequality (3.16) holds.
Suppose now 6 = p. Then, taking W&H(Q) C WyP(Q) into account and the
fact that

Jullp < ATLIVullf for all u € Wy P(9), (3.22)

we obtain
<Au+§+n7fau>7-l
> [[Vullp + IVulld = agllully = 185l — ax ) lullimo — brw)

- ||fHW01’H(Q)* ull1240

> (1= Ay [Vl

—18illx = axw)llulli2,0 = brc(w

- ||fHW1 Q) wl|1,2,0 (3.23)
> (1= a;Ar,) (IVullp 20) = 1851l — 0 — b (w)
- ||fHW01’H(Q)* ull1,34,0
> (1—a;A;,) = 1Bl = — bk (w)
- ||fHW1’H(Q)* ull1,3,0-

Since 1 < p < ¢ and ozj)\l < 1, we can take Ry > 0 large enough with Rf < R{
such that for all R > Ry it holds

(1= ;AL 0) R = (|85l — ax(uw) R — brc(w) — 112 2 (- B > 0.
Therefore, inequality (3.16) holds and Claim 2 is proved.

Recall that Tg(y): I/VO1 e (2) — R is a proper, convex and lower semicontinuous

function. Hence ¢ Ik (w): wyH(Q) - 2Wo " (D" is maximal monotone. This fact
combined with Claims 1 and 2 allows us to apply Theorem 2.6 which provides
w, € W H(Q) satisfying inclusion (3.9). Thus I'(w) # @ for each w € Wy ().
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Now we want to verify that I'(w) is closed in Wol’H(Q). Let {u,} C T'(w) be a
sequence such that
u, —u  in Wt (Q)
for some u € W, (). So, for each n € N, we have
(A, v = up)p + J° (Un; v — Un) + T (w) (V) = T () (Un) > (f,0 — Un)n
for all v € Wol’H (Q). Passing to the upper limit as n — oo, we get
(Au, v —u)y + J° (w30 — u) + T () (V) — T (w) ()
> hvrfl—i%p [(Aum V= Un)py + I (Un; 0 — Un) + T () (V) — IK(w)(un)]

> limsup(f, v — up)n

n—o0

= (f,v—u)y

for all v € W, (1), where we have used the continuity of A, see Proposition 2.1,
the upper semicontinuity of (u, v) — J°(u;v), see Proposition 2.4(iv), and the lower
semicontinuity of Ir (). This shows that v € I'(w). Hence, I'(w) is closed.

Finally, we need to show that I'(w) is bounded. Arguing by contradiction, we
suppose that I'(w) is unbounded. Then, there exists a sequence {u, } in I'(w) such
that

lwnll1,3,0 = +00. (3.24)

By a simple computing, see (3.21) and (3.23) for example, we are able to find
Ny € N such the for all n > Ny, one has

0= (Atn, tn)gy — J(tUn; —tn) + Ti (w) (un) > 0,

where we have used the fact that 0 € K and (3.24) which leads to a contradiction.
Therefore, I'(w) is bounded.

(ii) Now assume that H(f)(v) holds. Let ui,us € Wy (Q) be two solutions of
problem (3.7), that is,

(Aug, v —wi)p + J° (w50 — wi) + i) (V) = Ty (ws) > (f,0 —ui)n

forallv € W(}’H(Q) and for ¢ = 1,2. Taking v = uy and v = u; into the inequalities
above for ¢ = 1 and ¢ = 2, respectively, and applying (3.4) we obtain

0> (Auy — Aug,uy — uz)p — (J°(ursug — up) + J°(ug; ug — uz))
= /Q (IVur [P72Vuy — [Vua[P7?Vug) - V(ug — ug) dz
—i—/Q,u(a:) (|Vur|"*Vuy — [Vus |7 ?Vuy) - V(ug — ug) dx
—myllur — uallh
> /Q (IVur [P~*Vuy — |Vug |[P7*Vug) - V(uy — up) do — mylluy — us|?,
where we have used the fact pu(x) > 0 for a.a.x € Q. Taking

/ (|Vu1|p72Vu1 - |Vu2|p72Vu2) “V(up —ug)dzr > c(p)||V(ur — u2)l[},
Q
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into account gives
0> (Auy — Aug,uq — ug)y — (JO(U1;U2 —u1) + J°(ug; ug — u2))
> c(P)IV(ur — u2)|[h — myllur — uz|lp

> (c(p) = miAT,) [V (ur = ua)llp,

where the last inequality is obtained by using inequality (3.22). Since VVO1 Q) c
T/VO1 P(Q) we deduce that u; = uz. Consequently, problem (3.7) has a unique solution
in Wy (). 0

Now we are in the position to prove Theorem 3.5 by applying Theorem 3.6 and
Kluge’s fixed point theorem.

Proof of Theorem 3.5. We have already mentioned that the fixed point set of T is
the corresponding set of solutions to problem (3.6). Besides, Lemma 3.2 points out
that the set of solutions for problem (3.6) is a subset of the set of solutions for
problem (1.1). Consequently, it suffices to show that the set of fixed points of T" is
nonempty.

Claim 3. The graph of T' is sequentially weakly closed.

Let {wy,} C W&H(Q) be a sequence such that w, — w and u, = I'(w,) = u
in WolH(Q) for some w,u € Wol’H(Q). Then, for each n € N we have u,, € K(w,),
namely T'(uy,) < U(w,), and

(A, v — up)y + I (Un; v — uy) > (f,0 — Un)u (3.25)
for all v € K(w,). The inequality
(Auy — Aug,ug — ug)y — (JO(Ul;UQ —uy) + J°(ug; ug — uz))
2 (e(p) = miAr,) [V = wa)ll 2 0

for all uy,us € WO1 7'[(Q) and smallness condition (3.5) indicate that wu, solves the
following problem

(Av, v —up)y + J°(v;0 —up) > (f,v — un)n (3.26)

for all v € K(wp).
From hypotheses H(T") and H(U) we know that
T(u) <limsupT(u,) < limsup U(w,) < U(w).
n—oo n—oo
This means that v € K(w).

For any fixed v € K(w), since U(w) > 0, we can consider the sequence {v,}
defined by

v = U(wn)

" U(w)
The nonnegativity of U, the positive homogeneity of T and v € K(w), that is,
T(v) < U(w), imply

- U(wn) - U(wn) U(wn)U(w) -
T(vy,) —T( 0(w) v) = Tw) T(v) < U U(wy).

v for all n € N.
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Hence v, € K(w,). A simple calculating gives

| [oll1,7.0
U(w)
This shows that v,, — v. Taking v = v,, in (3.26) and passing to the upper limit as

n — 0o one has

lim ||v, —v|l1,200 = nhﬂn;o |U (wy,) — U(w) =0.

n— oo

(Av,v —uw)yy + J°(v;v — w)

> lim sup(Avy,, v, — Uy )y + limsup J°(vp; vn — uy)
n— oo n— oo

> limsup [<A'Un, Up — Un) 1 + J°(Vn; Vn — Un)]

n—oo

> lim Sup<f7 Un — un)?—[ = <f,U - u>7‘l7

n—oo

where we have used the compact embedding of W, Q) in L% (Q) and the fact
that L7 (Q) x L1 () > (v,u) — J°(u;v) € R is upper semicontinuous, see (2.3)
and Proposition 2.4. Hence,

(Av,v —w)yy + J(v;v —u) > (f,v—u)y (3.27)
for all v € K(w). Note that u € K(w) and K(w) is closed and convex. Let
t € (0,1) be arbitrary and set vy := tv + (1 — t)u. Taking v = v in (3.27) and
applying Proposition 2.4(i), we get that

(Avg, v —u)y + J° (v —u) 2 (f, 0 —w)p.
Passing to the upper limit in the inequality above as ¢t — 07 yields
(Au,v = u)p + J° (w0 —u) > (f,v —u)y

for all v € K(w) which means u = I'(w). Therefore, we conclude that the graph of
I is sequentially weakly closed and so Claim 3 is proved.

Claim 4. The set (W, ™ (Q)) is bounded in W, *(Q).
Arguing by contradiction and suppose the claim is not true. Then there exists
a sequence {wy} such that

”un”l,H,O — 00,

where u, = I'(w,). For every n € N, one has (3.25) for all v € K(w,). Having
in mind that 0 € K (w) for each w € VVOLH(Q)7 we take v = 0 as test function in
(3.25) to obtain

(A, un)r — J°(Un; —uy) < ||f||W01,H(Q)* [l 1,H,0-

By using the same arguments as in the proof of Theorem 3.6, see (3.21) and (3.23),
we can find Ny € N large enough with [[u,|]} 5, o < [[uall{ 5, for all n > Ny such
that

0 < (A, un)py — J(Un; —un) — ”f”wc}v”(g)* Unll1,3,0 <0

for all n > Ny. This is a contradiction. Therefore, we conclude that the set
(W, () is bounded in Wy " (), which proves Claim 4.
Now we can apply Theorem 2.5 for the mapping ¥ = I'. This shows that T"

admits a fixed point in W, (Q) which implies that problem (1.1) has at least one

weak solution in W, Q). We still need to show that the set S is bounded and
weakly closed.
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The boundedness of S can be obtained directly via using analogous arguments
as in the proof of Claim 4.

It remains to show the weak closedness of S. Let {u,} C S be a sequence such
that w, — w in WolH(Q) for some u € Wol’H(Q). Hence, for each n € N, we see
that u, € K(u,) and

(Ao, =+ [ J(0la)io(@) o) do 2 (fo = (329
Q
for all v € K(uy,). Because the graph of K is sequentially weakly closed, see Claim

3, this implies u € K(u). For any v € K(u), we set v, := ({]((HJ))U We have

v, € K(uyp) and v, — v in Wol’H(Q). Taking v = v, in (3.28) and passing to the
upper limit as n — oo we obtain

(Av,v —u)y + /Qjo(v(ac);v(ac) —u(z))de > (f,v —u)y

for all v € K(u), where we have applied Fatou’s Lemma. Invoking the Minty
approach gives u € §. Therefore, S is weakly closed in T/VO1 H(Q) O
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