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ABSTRACT. In this paper we consider multivalued mixed boundary value problems driven by the variable exponent
double phase operator with w-logarithmic perturbation of the form

—div A(z, u, Vu) € F(z,u, Vu) in Q,

—0u

— € G(z,u) onI'y,

v g

u =0, on I'a.
First, we prove new continuous and compact (trace) embedding results related to the considered Musielak-Orlicz
Sobolev space WML, Based on these embedding results, we show the boundedness of solutions to the multivalued
mixed boundary problem above by applying De Giorgi’s method and localization arguments. Finally, we consider
several special cases of the problem above and establish boundedness results of them.

1. INTRODUCTION

Double phase problems are getting more and more attention these days due to its wide range in application, see,

for example, the works of Arora—Crespo-Blanco-Winkert [3] Colombo-Mingione [16, 17], Crespo-Blanco—Gasiriski—
Harjulehto-Winkert [18], Liu-Dai [40], Lu—Vetro-Zeng [43], Zeng-Bai—Gasitiski-Winkert [59], Zeng-Radulescu—
Winkert [63, 64] and the references therein. Especially in [43], a series of useful properties related to a kind of

variable exponent double phase operator with w-logarithmic perturbation are established. This operator is defined

as
!/
u— Ay, u=div (WVu) (1.1)

for u € WM (Q) (the precise definition is given in Section 2), where the function #Hy, is defined as the double
phase function with a new w-logarithmic perturbation term of the form

Hp(2,t) = 70 + ()19 log(e + wt) (1.2)
for all x € Q and for all t > 0, where w > 0, p,q € C(Q) such that 1 < p(z) < N, p(x) < q(x) for all z € Q, and
0 < p(-) € LYQ) with @ == {z € Q: p(z) < q(z)} € Qo := {z € Q: p(z) = 0}. A natural question is to ask
how to get sharp embedding results for the related Musielak-Orlicz Sobolev space WH7L (Q) similar to the results
obtained by Cianchi [13, 14], Cianchi-Diening [15], and Ho-Winkert [33]. Indeed, a first main result of this paper
is the proof for the embedding

WhHL(Q) — LB(Q). (1.3)
where
(@) (@) (@)
B(x,t) = 7 logr® (e + wt) + p(z) @@ t™@ loga@ (e + wt)

for all x € Q and for all t € [0,00) with 7,7 € C(Q) such that 1 < 7(z) < p*(x) and 1 < 7(z) < ¢*(z) for all

x € €. Here we use the notation p*(-) := A],sz()'()_) and ¢*(+) := Aj,qu('()_) being the critical Sobolev exponents of p(-) and

q(+), respectively. The proof of the embedding (1.3) uses ideas of the work of Cianchi-Diening [15], who recently
obtained a sharp embedding theorem for Musielak-Orlicz Sobolev spaces into Musielak-Orlicz spaces. Moreover, we
also obtain a trace embedding of the form

WHHL(Q) < LPr(Ty). (1.4)
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where
0(x) I(x) . d(z)
Br(z,t) = t°@ log»@ (e 4+ wt) + p(x) 7= @ loga (e 4 wt)

for all x € Q and for all ¢t € [0,00) with 6,9 € C(Q) such that 1 < §(x) < (p.)” and 1 < ¥(x) < (g.)~ for all
x € Q with p,(-) == W=Lp() apd g« () = % denoting the critical exponents on the boundary of p(-) and

N—p() N
q(+), respectively. Note that for any r € C(§2), we define = := min_ g r(x). The proof of the trace embedding
(1.4) is mainly based on the results taken from Cianchi [14], where a sharp trace embedding theorem for Orlicz-

Sobolev spaces into Orlicz spaces on the boundary is obtained. However, the corresponding trace embedding for
Musielak-Orlicz Sobolev spaces like W17£ () into suitable Musielak-Orlicz spaces has not been proved yet. So,
for the trace embeddings we take (p.)~ and (g.)~ as the critical exponents instead of p.(-) and ¢.(-). Based on
these embedding results together with De Giorgi’s iteration technique, we are then going to prove the boundedness
of weak solutions u € W7 (Q) of the multivalued mixed boundary value problem given by

—div A(z, u, Vu) € F(z,u, Vu) in Q,

—0u
aVA, c g(z,u) on I'y, (P)

UZO, on F27

where Q C RN(N > 2) is a bounded domain with Lipschitz boundary 92, I'y, 'y are two disjoint parts of 9§ with
[ Ul =09, A: OxRxRY — RY is a Carathéodory function and F: QxRxRY — Raswellas G: QxR — R are
two multivalued functions defined in the domain and on its boundary, respectively. Moreover, % = A(z,u,Vu) v
with v being the outward unit normal at I';.

The variable exponent double phase operator with w-logarithmic perturbation given in (1.1) is developed from

the classical double phase operator
div (|[Vw[P*Vw + p(z)|Vw|!*Vw)
with its related energy functional

w |—>/Q(\Vw\p+u(a:)|Vw|q)dx. (1.5)

Functionals of the form (1.5) have been first occurred by a work of Zhikov [66] in order to describe models of strongly
anisotropic materials. It has also applications in the duality theory and the research of the Lavrentiev phenomenon,
see Zhikov [(7]. Also, in elasticity theory, the modulating coefficient u(-) dictates the geometry of composites made
of two different materials with distinct power hardening exponents ¢ and p. From the mathematical point of view,
the modulating coefficient u(-) can change the behavior of the integral functional (1.5). In particular, on the set
Qso = {x € Q : p(x) > 0}, it has ellipticity in the gradient of order ¢ and of order p on the points where p
vanishes. Moreover, first regularity properties of local minimizers of functionals like (1.5) have been proved in
the papers by Baroni—Colombo-Mingione [6, 7] and Colombo-Mingione [16, 17]. We also mention the pioneering
works of Marcellini [44, 45] for integral functionals with nonstandard growth condition, see also the recent paper
of Beck—Mingione [8]. After these fundamental works, several papers for existence of solutions related to double
phase equations with different right-hand sides and various techniques appeared. See for example, Crespo-Blanco—
Gasinski-Harjulehto-Winkert [18], Liu-Dai [10], Zeng-Bai-Gasitiski-Winkert [59] and Zeng-Radulescu-Winkert
[63]. Especially, double phase problems involving logarithmic perturbation occur in the context of generalized
Newtonian fluids and can be applied in the theory of plasticity with logarithmic hardening law. For related papers
we refer to Arora—Crespo-Blanco—Winkert [3], Fuchs—Mingione [23], Lu—Vetro—Zeng [43] Marcellini-Papi [16] and
Vetro-Winkert [55]. We also point out that there are several applications of the double phase operator, for example
in, transonic flow problems, nonlinear theory of composite materials, nonlinear Derrick’s problem as well as image
processing that can be found in [41, 9, 64, 65].

Another main feature of problem (P) is the occurrence of the multivalued mixed boundary value conditions.
Such conditions do apply in several problems in engineering and economics, such as fluid mechanics problems with
nonmonotone friction, nonsmooth contact mechanics problems and aeronautics. Related works studying various
multivalued problems with mixed boundary can be found in the papers by Han [28], Kalita—Kowalski [34], Li-Huang
[38], Liu-Zeng—Gasiniski-Kim [41], Migérski-Dudek [18], Migdrski-Khan—Zeng [50, 19], Zeng-Gasiniski-Winkert—Bai
[60], Zeng-Migérski-Khan [61], Zeng-Migérski-Tarzia [62] and Zeng-Radulescu—Winkert [63].

In this paper, in order to show the boundedness of weak solutions of problem (P), the main tool to be applied
is the so-called De Giorgi-Nash—Moser theory. Its early research can be dated back to the works by De Giorgi [20],
Nash [53] as well as Moser [51]. Tt is well known that the De Giorgi-Nash—Moser theory is not only useful for showing
the local and global boundedness of weak solutions but also plays an important role in proving the (weak) Harnack
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inequality and the Holder continuity for weak solutions, see for example, the monographs of Gilbarg-Trudinger [27],
Ladyzenskaja—Solonnikov—Ural’ceva [36], Ladyzenskaja—Ural’ceva [37] and Lieberman [39]. Furthermore, we also
mention some recent results concerning the boundedness of weak solutions established with the De Giorgi iteration
or the Moser iteration can be found in Alonso—Morimoto—Sun—Yang [1], Amoroso—Crespo-Blanco—Pucci-Winkert
[2], Barletta—Cianchi-Marino [5], Crespo-Blanco-Winkert [19], Gasinski-Winkert [25, 26] and Marino-Winkert [17].

In this paper, we extend boundedness results to the multivalued mixed boundary problem (P) via a modified De
Giorgi iteration, covering both subcritical and critical growth. The method is mainly based on ideas of the works by
Ho-Kim [31], Ho-Kim-Winkert—Zhang [32], Ho-Winkert [33], and Winkert—Zacher [57, 58]. It is worth to mention
that Ho-Winkert [33] considered the Dirichlet problem

{—diVA(ac,u, Vu) = B(z,u, Vu) in €, (1.6)
u=0 on 01,
and Neumann problem
{—diV.A(fE,U,VU) = B(xauvvu) in €, (17)
Az, u, Vu) - v = C(z,u) on 01},

and obtained the L>-bounds for weak solutions u € W7 (Q) of problems (1.6) as well as (1.7) where they allow
general growth on the nonlinearity based on new embedding results similar to (1.3) and (1.4) but without the
log-term. On this basis, we extend the boundedness results to the multivalued mixed boundary problem (P), where
the function space is the Musielak-Orlicz Sobolev space WL (Q) generated by the function Hy, given in (1.2) with
p(+),q(-)-growth and w-logarithmic perturbation. To the best of our knowledge, this is the first work dealing with
boundedness results to this type of multivalued mixed boundary value problems as given in (P).

Furthermore, we point out that there are many interesting special cases of problem (P).

Remark 1.1.

(i) If w =0 in Hy, then Hy, equals to H without logarithmic perturbation, and problem (P) becomes (P1);
(i) If u(-) =1 and w = 0, then the operator related to Hy, is the p(-), q(-)-Laplacian, and problem (P) becomes
(P2);

(iil) If u(-) = 0, then My, exhibits the LP) log L growth, and problem (P) becomes (P3);

(iv) If p,q are constant functions, that is 1 < p(x) = p and 1 < q(z) = q for all x € Q, then Hp, is with constant
exponents, and problem (P) becomes (P4);

(v) If |T'1| = 0, then problem (P) becomes a Dirichlet boundary value problem (P5);

(vi) If |T'q| = 0, then problem (P) becomes a Neumann boundary value problem (P6);

(vii) Let F or G be single-valued Carathéodory functions. In particular, let F and G be two single-valued
Carathéodory functions, and w = 0, then, if |T'1] = 0 problem (P) becomes the Dirichlet problem (1.6),
denoted by (P7), and if |T2| = 0 problem (P) becomes the Neumann problem (1.7), denoted by (P8).

(viii) If F is independent on the gradient of the unknown function, that is, F: Q x R — RY then we can choose
F and G to be Clarke’s generalized gradient of two locally Lipschitz continuous functions. So, problem
(P) becomes problem (P9), which leads to a generalized hemivariational inequality, see Section 5 for more
information on this.

This paper is organized as follows. In Section 2, as the preliminaries of the remaining sections, we introduce some
basic definitions and results concerning the mapping H with unbalanced growth and w-logarithmic perturbation, as
well as the related Musielak-Orlicz Sobolev space W1z (). Section 3 concentrates on proving the new continuous
and compact embeddings with respect to the space WLHL(Q), see Propositions 3.4 and 3.5. In Section 4, based
on the embedding results shown in Section 3, we will show our main theorems, that is, the L*°-bounds of weak
solutions to problem (P), by employing De Giorgi’s iteration method in the subcritical case (see Subsection 4.1)
and the critical case (see Subsection 4.2). Moreover, in Section 5, we deal with the special cases of problem (P)
that are mentioned in Remark 1.1.

2. PRELIMINARIES

In this section we recall some notations and results mainly taken from Lu-Vetro-Zeng [43], where a type of w-
logarithmic perturbed double phase operator with variable exponents and its related Musielak-Orlicz spaces are stud-
ied, see also the work of Arora—Crespo-Blanco—Winkert [3] for a different type of logarithmic double phase operator.
For more information with respect to Musielak-Orlicz spaces we refer to the contributions of Diening—Harjulehto—
Hést6-Ruzicka [21], Fan—Zhao [22], Harjulehto-Hasto [30], Kovacik—Rakosnik [35] and Riadulescu—Repovs [54].
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In the sequel, for any r € C(Q) we define
r~:=minr(z) and 7' :=maxr(z),
€ TE€Q
and introduce the conjugate variable exponent of r > 1 denoted by ' € C(Q) satisfying ﬁ + % =1 for all
x €.
Next, we give the definition of a N-function.
Definition 2.1.
(i) A function ¢: [0,00) — [0,00) is said to be a N-function, if it is continuous, convez, p(t) = 0 if and only
ift =0,
t
lim —= = and  lim ﬂ
t—0+ ¢ t—+oo ¢
(ii) A function ¢: Q x [0,00) — [0,00) is said to be a generalized N-function, denoted by ¢ € N(Q), if o(,t) is
measurable for all t > 0 and ¢(z,-) is a N-function for a.a.x € Q.

= +o00.

Definition 2.2.
(i) A function p: Q x [0,00) — [0,00) is said to be locally integrable if p(-,t) € L*(Q) for all t > 0.
(ii) Let o, € N(Q). Then ¢ is weaker than 1, denoted by ¢ < 1), if there exist c1,cq > 0 satisfying
p(z,t) < crp(z, cat) + h(z)  for a.a.x € Q and for allt >0,

with h € L*(Q) being a nonnegative function. In addition, ¢, are equivalent, denoted by @ ~ 1, if ¢ < 1
and Y < .

(iii) Let p,v € N(Q). Then ¢ increases essentially slower than 1 near infinity, denoted by ¢ < 1, if for all
k > 0 it holds that

p(z, kt)
5 (2, 1)

Now, we are able to introduce the specific definition of a Musielak-Orlicz space. If ¢ € N(Q), then

po(ut) = / o (a, [u]) da,

is the related modular function. In the sequel, we denote by M () the space of measurable functions from 2 to R.
The Musielak-Orlicz space of ¢ is then given by
L#(Q) :={u € M(Q): there exists A > 0 such that p,(Au) < 400}

endowed with the Luxemburg norm

=0 wuniformly for a.a.x € Q.

ull .0 := inf {)\ >0 p,, (%) < 1} .

For the convenience, we may write the norm for the domain Q as ||ul, instead of |lul|, o in the rest of this paper.
Moreover, the associated Musielak-Orlicz Sobolev space is defined by

Whe(Q) := {u € L?(Q): |Vu| € L¥(Q)}
equipped with the norm

lullre = llulle + [Vully,
where [|[Vul|, := || |Vu|||,. Analogously, we write p,(Vu) = p,(]Vu|). The completion of C§°(Q) in W#(Q) is
1,0
the space W, % (Q) := CSO(Q)W “.
The following embedding result is due to Musielak [52, Theoreem 8.5] and will be important for us to establish

the continuous and compact embedding results in Section 3.
Proposition 2.3. If ¢ € N(Q) and 1 € N() satisfying ¢ < v, then LY (Q) — L?(Q).
Throughout this paper we will assume the following hypotheses:

(HO) p,q € C(Q) such that 1 < p(z) < N and p(z) < q(z) < p*(x) for all z € Q with Q; = {z € Q: p(z) <
q(z)} € Qo :={z € Q: p(z) =0} and 0 < p(-) € L=(Q).
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Under hypotheses (HO0), it is easy to check that H, given in (1.2) is a locally integrable N-function. The modular
function related to H, is given by

s () = [ (o ful) da
while the corresponding Musielak-Orlicz space is
LH5(Q) = {u € M(Q): py, (u) < +oc},
endowed with the Luxemburg norm
e, = inf {2 > 0: pre, (5) <1}
Furthermore, W1z () is defined as
WhHe(Q) := {u e L™ (Q): |Vu| € L7+ (Q)},

and Wy " (Q) is the completion of C§°(Q) in WMz (Q). Both Wy ™% (Q) and WMz (Q) are endowed with the
norm

ullyze, = lulla, + Vulla, -
The following proposition can be found in the paper of Lu—Vetro—Zeng [13, Proposition 2.13].

Proposition 2.4. Let hypotheses (HO) be satisfied, then the space LML (Q) endowed with the Luzemburg norm

|- 1%, is a separable and reflexive Banach space. In addition, W1t (Q) and Wol’HL (Q) are separable and reflexive
Banach spaces.

Next, we introduce the function f,:  x [0,00) — [0, 00) given as
g
folz,t) = m with 0 > 0 and 0 < w(-) € L>®(Q).
It was shown that there exists o* such that for 0 > ¢*, we have that f,(z,t) > 0 is increasing with respect to t. As
for 0 < o < o*, we can find t1, t2 satisfying the following: if 0 < ¢ < t; and t > to, then f,(z,-) is increasing, and if
t; <t <ty then f,(z,-) is decreasing. Thus, f,(z,a) < Cy - fy(x,b) for any 0 < a < b where C, = ;;’Ezg; > 1.
The next proposition shows the relation between the norm and its modular, see Theorem 2.21 in the work by

Lu—Vetro—Zeng [43].
Proposition 2.5. Let hypotheses (HO) be satisfied, u € L™= (Q) and the modular is defined by

pw, (u) = / [|u\p(x) + u(x)|u|q<x)} log(e + wlul)dz  for allu € LHL(Q).
Q

The the following hold:
(1) Nlullry, =A< pa, (3) = 1 with u # 0;

(ii) |Jullg, < L(resp.=1,>1) < py, (u) < 1(resp. =1,>1);
ceey s _ tig _
(iii) if [[ullze, <1 then C; M lullf,™ < pr, (w) < |lullfy, ;
. . - tio
(iv) if lulle, > 1 then |[ully,, < pa, (u) < Collullg,";
(V) llullaey, =0 < pa, (u) = 0;

(Vi) [[ulla, — 00 < pae;, (u) = oo;

(vil) [luflz, = 1 & pp, (u) = 1;
(viii) if uy, — u in L7 (Q) then py, (un) — pu, (u).

The space W1 %L (Q) can be equipped with the equivalent norm
. R U
lully,, = inf {A >0: pr, (X) < 1} , (2.1)

where

prus (W)= [ (190l + ) Tl ) o + | V] d
Q

[ (P + )l ) (e + ol do
Q

for u € WhHHL(Q).
Similar to Proposition 2.5 we have the following relations between || - ||5,,, and py, (+), see also Theorem 2.22 by
Lu—Vetro—Zeng [13].
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Proposition 2.6. Let hypotheses (HO) be satisfied and u € WML (Q). Then the following hold:
() [ullpn, =X pruy (%) = 1 with u £ 0;
(ii) [lullpy, < l(resp.=1,>1) & pu, (u) < L(resp. =1,>1);

ceey - _ +4 ~ -
(i) if ully, <1 then O ull 44" < fyg, () < ul,

Py
. . - “ ++
() if Nullpn, > 1 then [[ul2,, < pr, (u) < CollulZ 7

(Vi) Nlullpy, = 00 pry (u) = 00;
(Vii ”uHﬁHL =1 pu, (u) -1
(viii) if up — u in WESHL(Q) then py, (un) — pp, ().
For 1 <r € C(), we define H, 1: Q x [0,00) — [0,00) as
Hyr(z,t) = ") Jog(e + wt)
for all x € Q, for all + > 0, and w > 0 is the same constant given in H;. The following embedding results are taken

from Theorem 2.23 by Lu—Vetro—Zeng [43].

Proposition 2.7. Let hypotheses (HO) be satisfied. Then the following hold:
(i) L72(Q) «— LHrr(Q) — L7O(Q), WhHE(Q) = WhHeL(Q) — W O(Q), Wi HH(Q) — Wy H(Q) —

Wol’r(')(Q), for all r € C(Q) with 1 < r(z) < p(z) for all z € Q;

(ii) let p € C(Q) N CO s (Q), then WhHe(Q) — L"O(Q) and Wy (Q) < L™O(Q) for all r € C(Q) with
1 <r(x) < p*(x) for all x € ;

(iii) WEHE(Q) s LHr2(Q) — LTO(Q), Wy (Q) e LH 2 (Q) — L7O(Q) for all r € C(Q) with 1 <
r(z) < p*(z) for all z € Q;

(iv) let p € C(Q) N W (Q) for some v > N, then WL (Q) < L70(89Q) and Wy (Q) < L™O(0Q) for all
re C(Q) with 1 <r(z) < p.(x) for al x € Q;

(v) WHHL(Q) s L0 (99Q), Wol’HL (Q) = L™O(9Q) for all 7 € C(Q) with 1 < r(x) < p.(x) for all z € Q;

)
)
)
(v§ il g, — 0 & ey (w) = 0;
)
)

We point out that a function h: @ — R € €1 Tos T () is called log-Hélder continuous, if [h(x) —h(y)| < Wg*yH
for some C > 0 and for all 2,y € Q with |z — y| < %

Remark 2.8. If the domain Q C RY is bounded and v > N, then the following inclusions hold
COLQ) c W (Q) ¢ CO TR (Q).
The next proposition and its proof can be found in Lu—Vetro—Zeng [13, Proposition 2.24].

Proposition 2.9. Let hypotheses (HO) be satisfied.
(i) WhHe(Q) < LH*(Q);
(ii) the Poincaré inequality holds, namely
Jullp, < C|Vulls, for all u e Wy (),
where the constant C' > 0 is independent of u.

In the sequel, for all ¢ € R, we set ¢4 := max{¢,0} and t_ := —min{¢,0}. Moreover, we write uy(-) := [u(-)]+
for any function u: Q — R. The following proposition is taken from Lu—Vetro—Zeng [13, Proposition 2.25].

Proposition 2.10. Let hypotheses (HO) be satisfied and let u € WH1HL(Q), v € WOLHL(Q) and {un}nen C
WLHL(Q) be a sequence.
(i) fus € WHHE(Q), and V(+us) = Vul{r,soy;
(ii) if up — u in WHHL(Q), then & (u,)+ — Fug in WHHL(Q);
(ili) +ve € Wy (Q).

As we mentioned before, we can take the multivalued terms F and G as two Clarke’s generalized gradient of
locally Lipschitz functions. So, we recall the following definitions and results about nonsmooth analysis. For a
given real Banach space X and corresponding dual space X*, a function F': X — R is locally Lipschitz continuous
at u e X, if

|F(u) — F(v)| < Ly|lu—v|x for all u,v € N(u),

where L,, > 0 is the Lipschitz constant and N(u) denotes the neighborhood of w.
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Definition 2.11. For a locally Lipschitz continuous function F: X — R, let F°(u;v) be Clarke’s generalized
directional derivative of F' at the point uw € X in the direction v € X , that is

F tv) — F
F°(u;v) = limsup (w+tv) (w)
w—ru, tN\0 t

Moreover, Clarke’s generalized gradient OF : X — 257 of the locally Lipschitz function F: X — R is given by
OF(u) ={h € X": F°(u;v) > (h,v)x+xx forallve X} forallueX.

The next proposition summarizes the main properties of generalized directional derivatives and generalized
gradients in the sense of Clarke, see, for example Carl-Le [11].

Proposition 2.12. Let F: X — R be locally Lipschitz continuous at uw € X with L, > 0 being the Lipschitz
constant. Then the following hold:

(i) the function v — F°(u;v) is positively homogeneous, subadditive, and satisfies

|F°(u;0)| < Ly|lv|lx  for allv € X;

(i) the function (u,v) — F°(u;v) is upper semicontinuous;

(iii) OF (u) is a nonempty, convez, and weakly* compact subset of X* with ||£]|x+ < Ly for all £ € OF (u);

(iv) F°(u;v) = max {{&,v) x«xx: £ € OF (u)} for allv € X;
(v) the multivalued function X 3 uw— OF (u) C X* is upper semicontinuous.

The following lemma is taken from Ho-Winkert [33, Lemma 2.10] which is a necessary tool to show the bound-
edness of weak solutions of problem (P).

Lemma 2.13. Let {Z,},n=0,1,2,..., be a sequence of positive numbers, satisfying the recursion inequality
Zpir < ME™ (ZIPM +Z072) ) n=0,1,2,..
for some k >1, M >0 and Ao > A1 > 0. If

el

_ L
Zo < min (17 (2M) " ™1k A%)

or

Zo < min ((2M)—flk_;%, (2M)‘fz/<;_*11*2j2*51> :
then Z,, <1 for some n € NU{0}. Moreover,

Z, < min (1,(2M)X11k_*1%k:;1> ,  for all n > ng,
where ng is the smallest n € NU {0} satisfying Z, < 1. In particular, Z, — 0 as n — oo.

3. NEW CONTINUOUS AND COMPACT EMBEDDING RESULTS

In this section we are going to prove new continuous and compact embeddings related to our Musielak-Orlicz
Sobolev spaces W1 7L (Q). We use ideas from the works of Cianchi [13, 14] and Cianchi-Diening [15].
We start with the definition of a Young function.

Definition 3.1. A function ©: [0,00) = [0,00] is called a Young function if it is convex, continuous, non-constant,

©(0) =0 and (t fo 7)dr, where a: [0,00) — [0, 0] is a non-decreasing function. In addition, ¢: [0, 00) —
[0, 00] is called a genemlzzed Young function if o(x,-) is a Young function for a.a.x € Q and (-, t) is measurable
for allt > 0.

Next, we introduce another function associated to the Young function ¢ (see also Cianchi [13]):

2p0(x,t) — 1 ift >1,
Plat) = limsup @o(z,t) if0<t<1,

|| =00

where g (z,t) = max{p(z, p~1(x,1)t),2t — 1} for all z € Q and for all ¢t > 0. Furthermore, the Sobolev conjugate
pn of ¢ is given by

‘PN(xa t) = @(x,T&l(.Lt))
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for all z € Q and for all ¢ > 0 with Ty : Q x [0,00) — [0, 00) defined as

e </ot (ve T))Nll dT>N'

for all x € Q and for all £ > 0. Indeed, ¢y is a generalized Young function.

Coming back to our N-function Hy, given in (1.2), we see that it is a generalized Young function and since
it satisfies (A0) and the As-condition (see Cianchi-Diening [15] and Lu-Vetro—Zeng [13]), we deduce that H, is
equivalent to #H, for all €  and for all ¢t > 0 since  is a bounded domain in RV,

The following hypotheses are required to guarantee our main embedding results.

(H1) Let @ € RN, N > 2, be a bounded domain with Lipschitz boundary 9. Assume p: Q — [0,00) is a

k-Holder continuous function and p,q € C%1(Q) such that
(i) 1 <p(z) < N and p(x) < q(z) with @ := {z € Q: p(z) < q(x)} € Qo := {z € Q: p(z) = 0};
@) W) gy E
p) N’
for all x € €.
Next, we recall the conditions (A0) and (A1) for Young functions.

Definition 3.2. A Young function ¢ is said to satisfy the condition:
(AQ) if there exists 0 < 8 < 1 satisfying

B< o H(w,1) <

for a.a.x € Q. This implies, in particular, that one can find a constant 8 € [0,1] satisfying p(z,5) <1 <
o(x, %) for a.a.x € Q.
(A1) if there exists 0 < 8 < 1 satisfying

| =

B~ a,t) < o™y, 1)
for allt € [1,@}, for a.a.z,y € BN Q with |Bgr| < 1.

According to Cianchi [13, Theorem 3.6, Theorem 3.7] along with Lu—Vetro—Zeng [13, Theorem 2.17] we obtain
the following Proposition.

Proposition 3.3. Let hypotheses (H1) be satisfied. Then the following hold:
(i) Wl,HL(Q) < L(HL)N(Q);
(ii) If&: Qx[0,00) — [0,00) is a continuous function such that ¢ € N(Q) and ¢ < (Hr)n, then WHHL(Q) sy
LE(92).
Based on the above Proposition, we are ready to give the following embedding results for the Musielak-Orlicz
Sobolev space Wz () to suitable Musielak-Orlicz spaces.

Proposition 3.4. Let hypotheses (H1) be satisfied. If
(@) = (2) n(2)
B(x,t) = t7 logr® (e + wt) + p(z) 1@t loga@ (e + wt)

for all x € Q, for all t € [0,00) with 7,7 € C(Q) such that 1 < 7(z) < p*(x) and 1 < n(z) < ¢*(z) for all z € Q,
then the embedding

WhHo(Q) — LB(Q). (3.1)
is continuous. Additionally, if 1 < 7(x) < p*(z) and 1 < w(z) < ¢*(x) for all x € Q, the above embedding is
compact.

Proof. According to [43, Theorem 2.17] we know that if (H1) hold, then # satisfies (A0) and (Al). First, let
w > 0, since ¢(z,t) = P log(e + wt) ~ tP(*) log(1 +t) for t > K > 1. We see that there exists K > 1 large enough
such that if p(z,t) = t?@) log(e + wt) then according to Example 1.2 of Cianchi [13], we have

~

on(x,t) =tP p (@ )log p@) (e + wt)

for all z € Q and for all ¢t > K. As for Hy (x,t) = [tP@ + u(z)t?®]log(e + wt), note that
Hi(,t) = o(,t) = t" log(e + wt)
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for (z,t) e {z€Q:pu(x) =0} x {teRHU{z € Q:pu(z) A0} x {teR: ¢t < 1}), and
Hi(z,t) = 9@ log(e + wt) for (z,t) € {x € Q:p(x) #0} x {teR:t>1}.
Therefore
(o) (a0, 8) = 17 @ og 567 (e + wt) + p(x)*t7 @ log T (e + wt) = H*(x,t)

with s > 0. Thus, employing Theorem 3.6 by Cianchi-Diening [15], we obtain W1H%(Q) < L' (Q). Moreover,
if 0 <t < K, then we see that H*(x,t) < C(K,p,q) < CHp(x,t) for all z € Q. Tt follows that WML (Q) —
LM (Q) < L™ (Q). Also, it is not hard to verify that if w = 0, the same embedding results hold true. Furthermore,
since

Bla,t) < 7" log 567 (e + wt) + pu(x)*t7" @ log T (e + wi) + 2

for all z € Q and all ¢ € [0, 00), which implies B(z,t) < H*(x,t), it follows the continuous embedding (3.1).
On the other hand, to verify the compact embedding we only need to show that B(x,t) < H*(z,t) under the
assumption that 1 < 7(z) < p*(x) and 1 < 7(z) < ¢*(z) for all z € Q. In fact, for all t > 0 and C > 1, we have

log(e + Ct) < C'log(e + t). (3.2)
Thus, for any k > 0, for all € , and for all ¢ > 0, employing (3.2) we have

B(xz,t)  (kt)™® log 7Y (e + wkt) + u(x)% (kt)™(=) log 7 (e + wkt)

* p* (x) a* (x)
H* (1) tP* (@) log v (e + wt) + p(x)5t?" (@) log a@ (e + wt)

st et 7@ log% (e +wt) + u(x)%t“(m) log% (e + wt)
< <1 + k ~ + k q— >

(@) (@)
2" (@) 1og 7 (e + wt) + p(z)5t7" (@ log T (e + wt)
Applying Young’s inequality, we get

T(x)

( . P (@)
t7(®) logv@ (e + wt) < et? @ log 7= (e + wt) + C(e),

analogously,

() * a*(z)
t™@ Jog e (e + wt) < et? @ log @@ (e 4 wt) + C(e).
B(z,t)
H* (z,t)

Due to u € L*°(Q), if £ > 0 small enough, it follows that lim; = 0 uniformly for a.e.x € . |

When it comes to the trace embedding, note that for p(z,t) = t*(*) log(e + wt) we take
0 () ;=17 log(e 4+ wt) < p(z,t) = P log(e + wt).

And if w > 0, invoking Example 3.3 and the embedding theorems given by Cianchi [14], we see that there exists
K; > 1 such that log(t) =~ log(e + wt) for all t > K7, then W1?(Q) — W% (Q) — L¥7(9Q) with

- (PT)«
or(z,t) :=tP ) log v~ (e + wt).
As done above in the proof of Proposition 3.4, we get W12 (Q) — LH7(9Q) where

(P )«
=

_ - (a7)x
Hp(z,t) :=t? )= log (e 4+ wt) + p(x)*t'7 )" log = (e + wt).

However, if 0 < t < K then we see that Hp(x,t) < C(Ky,p,q) < t" with 7 < p~. So, we have W1 Hz(Q) —
L7 (09Q) — L7 (9%). Similarly, for w = 0, we get the same results.
Next, we prove the trace embedding results related to the space W17z ().

Proposition 3.5. Let hypotheses (H1) be satisfied. If
o(z) 1. L) 2 gy 2@ =
Br(z,t) = t"'* logr@ (e + wt) + p(z) 1@tV loga@ (e + wt) for all x € Q, all t € [0, 00),

with 6,9 € C(Q) such that 1 < 0(z) < (ps)~ and 1 < 9(x) < (q.)~ for all x € Q, then the following continuous
embedding holds true

WhHL(Q) < LPr(Iy). (3.3)
Moreover, if 1 < 0(x) < (p.)” and 1 < I(z) < (g.)~ for all z € Q, then the above embedding is compact.
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Proof. First, one can observe that for r € C'(Q) with 1 < r(x) < N for all z € Q, there hold (r=)* = (r*)7, (r7 ). =
(r«)” and Br(z,t) < Hr(z,t) + 2, thus WHHL (Q) — LHT(9Q) — LBr (9Q), which implies (3.3).

On the other hand, let 1 < 6(z) < (p«)~ and 1 < ¥(z) < (g.)~ forallz € Q. Due to WHHL (Q) — WP (Q) ——
LY(Ty), then {uy}neny € WHHE(Q) is a bounded sequence, we see that u, — u in measure on I'; (in the sense of
subsequence). For fixed ¢ > 0 and w; j := M with j, k € N, we know that {w;} is bounded in LPr(I'y),
ie. ||wjkllper, <K, where K > 0. Similar to the proof of Proposition 3.4 we can show that

tliglo m =0 uniformly for a.e.z € I'y.

Hence there exists t; > 0 such that for all ¢ > ¢; and z € €, we get
1 t
Br(z,t) < ZHT (33, K) .
Let § > 0 such that if |E| < 6 we have

A~ =

/EBp(x,tl) <

Moreover, we choose I'j , = {x € Ty : |w; x(z)| > B! (ﬁ) }. Note that {u;} converges in measure and according

to the definition of w; , we know that there exists N € N* such that if j,k > N, then |T'; ;| < §. We define
ik ={ €Tjpfwjkl >t} and TF, =15\,
Based on the above setting, for j, k > N we get

/F B, () = / o Bele i @hds + / Br (2, [w; 1(2)])ds

+ / Br(w, |w; () )ds
I
Ty 1/ lw; k()] /
< — H —L= ) d t1)de < 1.
=9y +4 ; Tl K S+ Fj,kBF(% 1)ds <

This implies that ||u; — ug|lg,r, < € and therefore by the completeness of LBr(I';) we see that u, — u in

LBr(Ty). O

’
g,k

4. BOUNDEDNESS OF WEAK SOLUTIONS TO PROBLEM (P)

In this section, we prove the boundedness of weak solutions of problem (P) by employing De Giorgi’s method
along with localization arguments. The proofs of our main results are using ideas of the papers by Ho-Kim [31],
Ho-Kim-Winkert—Zhang [32], Ho-Winkert [33], and Winkert—Zacher [57, 53].

For any u € M(Q2) and y € [M(Q)]Y we define

F(u)={¢€ M(Q): &(z) € f(x,u(x),y(x)) for a.a.x in N},

as the measurable selections of f(-,u,y), due to the hypotheses (A) and (B), which will be introduced below, the
above set is nonempty. Similarly, for any u € M () we define

G(u) ={C e M(T'1): ¢(z) € g(z,u(x)) for a.a.z in '},
which is also nonempty.

4.1. Subcritical growth. We start with the subcritical case and suppose the following assumptions:
(A) Let A: Q x R x RN — RN be a Carathéodory function satisfying
(i)
|A(z, t,y)]

p*(z) N-1 N-1 " (z) N-1
< ap [t 77 log TP (e + wlt]) + p(z) TI@ [t 7@ log N1t (e + wlt])

+ [y[P™) " log(e + wly|) + (@) |y|1 " log(e + wly|) + 1],
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Az, t,y) -y
> [y log(e + wly]) + () [y| log(e +wly))|
wz) (@) (@)
— a [ 1o (e + wlt]) + p(a) K117 Log 56 (e + wlt) + 1]

for a.a.z € Q, for all t € R and for all y € R with positive constants a1, s and as.

(B) (i) Let f: Q x R x RY — 28\ {()} and g: Iy x R — 2%\ {}} be graph measurable functions. Moreover,
fla,-,): R x RY — 2R\ {()} is upper semicontinuous for a.a.z €  and g(z,-): R — 28\{0} is upper
semicontinuous for a.a.z € I'y.

(ii) Let ¢,m € C(Q) with p(z) < «(z) < p*(x) and ¢(z) < 7(x) < ¢*(z) for all z € Q and

sup{[¢[: € € f(z,t,y)}
o(z) m(x) m(z)
< B[t~ og 7 (e + wlt]) + () 1 [£]7 " log @ (e + wlt])
plx) 141
+ Iyl 75 10g7 7 (o + wly)
141 a@) 141
+ p(2) 7@ T @ [y 76 log #@ T @ (e + wlyl) + 1
for a.a.z € Q, for all t € R and for all y € RY with a positive constant 3. -
(iii) Let 0,9 € C(R2) with p(z) < 0(z) < (p«)~ and ¢(z) < ¥(z) < (g«)~ for all z € Q and
sup{[¢]: ¢ € g(z,t)}
8(2)~1 100003 (@) 1 g
< 119697 10856 (e 4 wlt) + a() 55 1] log 3 (e + ol + 1]

for a.a.z € I'y and for all ¢ € R with a positive constant ~.

According to the embedding results given by Propositions 3.4 and 3.5 we know that the following definition of
weak solutions to problem (P) are well defined under hypotheses (A) and (B).

Definition 4.1. A function u € WML (Q) is a weak solution to problem (P), if there exist £(x) € f(x,u(z), Vu(z))
for a.a.x € Q and ((z) € g(x,u(x)) for a.a.x € T'y such that

/A($7u,Vu)~Vvdx:/§vdx+ Cvdg (4.1)
Q Q

ry
is satisfied for all v € WHHL(Q).

Now, we are going to state and prove our main results concerning the boundedness of weak solutions.

Theorem 4.2. Let hypotheses (H1), (A) and (B) be satisfied. Then every weak solution of problem (P) belongs to
L>(Q)N L°(T) and it holds

g+ lulser,) }, (4.2)

[ulloc,2 + l|tfloo,r, < Cmax{ (lullz.e + lullze,r)™  (lul
with C, 11,72 being positive constants independent of u.

Proof. Let u € WH2(Q) be a weak solution of problem (P). We divided the proof into several steps.
Step 1. Construct the iteration sequence and make basic estimates.
First, for any n € Ny we define

(x)

n = /A [0 = )" 10g 5 (e 4+ (s — ) + () T (= )™ Log T (e + w(u — )] da,
Pn

with
Ay ={r e Q:u(z) >y}, ¢YekR (4.3)
and
Voim [ [ )" 10853 (et wlu = )+ ()T (0= 6" 1og T (e 4wl - 62))] .
Bi/’n
with

By :={x eT:u(z) >v}, ¢ ek (4.4)
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For n € Ny, we define

P = s <2 —~ ;) : (4.5)

where 1, > 0 will be specified later. It is easy to see that for all n € Ny, there hold
Yn S 29 and  hy <ahp < 29,
Ay, CAy, and Znp < Z,, (4.6)
B¢n+1 C B,/,n and Y,41 <Y,.

Furthermore, we have the following estimates

)~ = o) 1

|Awn+1’ S/
A¢n+1

9t(x)(n+1) (z) ;. =)
S/ (= 1) @ logh® (e + w(u — 1)) du.
v(x)
Ad)n /17[}*

for a.a.xz € Ay, ,,

_ ¥n _ u()
TNy R T

and

v(x) (e
(ﬁ) log ™ (e + w(u = ,)) da

It follows that

u(z) < (2"% = 1) (u(z) —¢,) for a.a.z € Ay, ., and for all n € Ny (4.7)
and
Ay, | < (zp;f + z/J;L*) ot it 7 < 9 (1 + zp;”) 2D 7 for all n € N. (4.8)
Similarly, we get
u(z) < (2"% = 1) (u(z) —¢,) for a.a.z € By, ., and for all n € Ny (4.9)
and
By, < (1/1;9‘ + w;“) 2Dty < 9 (1 + w;“”) 20y for all n € No. (4.10)

In the sequel, for any fixed 7 € N, we denote by C; a positive constant independent of u,n, %, and we set
Xn=2Z,+Yy, (4.11)
We claim that, for all n € Ny,
/ (1767 log(e + w|Vul) + ()] Vul?) log(e + w|Vu)| da
A (4.12)
8
< Cl (1 + ,(/J*—oco) 2”(50+p%)Xn’
where o := max{t*,07} and By := max{, T, 7", 07, 9T}
First, we take ¢ = (u — ¢p41), € WHH2(Q) as test function in (4.1) and obtain
/ i (u - z1Z)n+l) dz + / ¢ (u - q/)n-‘,-l) ds. (413)
A

By
Note that u > u — 141 > 0 and u < w*® + 1 in Ay . Using this and applying (A) (ii), (B) (i) and Young’s
inequality we get

A(z,u, Vu) - Vudr = /

A

Pn1 Yn41

/ A(z,u, Vu) - Vude
A

Yn41

> ag/ [IVu|”(I) log(e + w|Vu|) + p(z)|Vul?® log(e + w\Vu|)] dz
A

Ynt1
a) () ()
—ag [ub(”’) log 7@ (e + wu) + p(z) @ u™®) log = (e + wu) + 1} dx
A#’n#»l
and

/ € (4 — tns1) do
A

Y41
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)

L) (
) (e + wu)

7 (x) (x
<g [ub(w)*l log 7@ (e + wu) + p(z) @ ™ *) =1 gt
jqupkl

pz) 141 141 a@) 141
+|Vu|@ logr™® " V@ (e + |Vu|) + p(z) 7@ 7@ |Vul| =@ logr™ " =@ (e 4+ |Vu|) + 1| udz

<3 [IVul"@ log(e + w|Vaul) + u(x) | Vul7 log(e + w|Vu]) | do
A,¢,n+1

() x(x) x(x)
+ Cs / [ub(m) log?® (e 4 wu) + p(z) 7 u™®) loga® (e 4 wu) + 1] dz.
Agppa
Similar, taking (B) (iii) into account, we get

/ ¢ (4~ Pny1) ds
B

Y+l
0(x) 9 (x) ()
< ’y/ [u9(1)71 log 7@ (e 4+ wu) + p(z) 7@ u? @~ oga® (e + wu) + 1} udg
By
6(x) 9 () 9 ()
< 27/ [ug(x) log?® (e + wu) + p(z) 1@ u’® log«® (e 4 wu) + 1} ds.
By i1

From the estimations above along with (4.7) , (4.9) as well as (4.13), we obtain

/ [|vu|p<m> log(e + w|Vu|) + pu(2)|Va|?@ log(e + w|vu|)] da

Agpis

< (s / {u‘(’”) log#® (e 4+ wu) + p(z) 7@ u™ @ loga@ (e 4 wu) + 1} dz
A¢n+1

(x) (=) ()
+ C’4/ {ue(z) log% (e + wu) + u(z)%uﬁ(m) log% (e + wu) + 1] dg
B

P41

SC{A G@“ﬁ—lﬂu—me@H%%%&%Hu@ma_1ﬂu_¢“]

n+1

()T [(27%2 = 1) (= )] log T [e +w (2772 — 1) (u — ¥n)]) dz + Cs |Ay,.. |

+ C4/B ([(2n+2 —1) (u— ¢n)]0(z) log% e +w (272 — 1) (u — )]

¢7r+1
Y (x)

+p(z) 9@ [(2"+2 — 1) (u— 1/}@}19(1) log% [e +w (2"+2 — 1) (u— wn)]) d¢+Cy |B¢,n+1 |g .

Hence, with (3.2) and (4.11), it follows, for ag := max{s™, 07} and By := max{t™,7",07, 9"}, that

/ [|vu|p<m> log(e + w|Vu|) + (2)|Vu|?@ log(e + w|vu|)] da
14#“1+1
(8o 20
< C52 (ﬁOJr’F )Xn + C3|A1Z1n+1| + C4|B¢n+1 ‘qv
From this, with (4.8) and (4.10), we see that (4.12) is satisfied.
Step 2. Establish the iteration inequalities between X,,,; and X,,.
For this purpose, we are going to estimate Z,, 1 and Y, ;1 by X,, for n € Ny. To this end, let B; C RY be

open balls of radius R with i € Z := {1,--- ,m} and assume that {B;};", is a finite open covering of O such that
Q; := B;NQ for i € T are Lipschitz domains and also I'; := B;NT"; # (). For ¢ € Z, we take R small enough fulfilling
Q] <1, |T <L (4.14)
ph < <uf <), and ¢ <m; <7f <(¢");, (4.15)
pi <0 <6f <(p.); and qf <9; <IF < (q.); , (4.16)

where for a function f € C(Q) and i € Z , we denote

i ==max f(¥) and f; := min f(x).
€ zEQ;



14 S. ZENG, Y. LU, V.D. RADULESCU, AND P. WINKERT

Next we take vy, := (u — 9¥n41), for all n € Ng. Moreover, for any i € Z, & > 0, and 3 > 0, we define

Thi(d, B) /Q |:U log”(* (e + wuvy) + p( )<L 51 g(L

V(e + wvn)} dz.
Note that
) @) ()
Znt1 = / {v;@) log#® (e 4+ wup ) + p(z) 7@ v log e (e + wvn)} dx
Q

m
L(z) w(x) 7 (x)
<> / [0 1087 (¢ + wop) + pa(2) T 07 10g T (e + wvy) | d,
; Q;

Utilizing the above estimate along with the following interpolation inequality

% <t*4¢7 forallt>0andforal&f,4witho<a<p<?, (4.17)

we have
s €30 [ (7.75) + T (77 (4.18)

With view to (4.15), we can fix € > 0 satlsfymg

i i 9" — o (¢f) —
€< llgrl}lgrlmmln{(p ); — (¢, —m; } (4.19)

Let x € {+,—} for i € Z. Applying Holder’s inequality and (4.14) we obtain

*

Tpi(ef, ) = / [U;{* log 757 (e +wvyp) + ,u(x)Ti)vZZ log @@ (e + wvn)} dz
Aw”+lﬂﬂ

*

P vite Lfﬁ _e
< (/ “log #@ (e 4 wuy) dx) |Ayp, . it
Q;
+€ + LA Fte w;.ﬁf £
+ / p(x) KON log @@ (e + wu,) da | Ay, M|t (4.20)
Qi :

*

i
%
5
7 te

< |Awn+1 Ny

Fete </ " +Elogw (e +wvn)d$>
2

*

T *te + fﬁfa
" / () 9 vy, log Fe) (e +wuy,) dx
Q

Next, we denote

. e Tr4e ¥ te

Bi(z,t) :=t" T log ?@ (e + wt) + p(x) @@ t™ = log 2@ (e + wt),

and from (4.19) one can see that

ii+e<(p*); and w +e<(q");
This along with (p*); = (p~); and Propositions 2.7 and 3.4 indicates that

WP (Q,) s WP (Q;) — L () (4.21)
and

WhHe (Q;) — LP* () (4.22)

continuously. Taking the embeddings (4.21), (4.22), Proposition 2.6 (for the case p = 0 and Q = ;) as well as
(3.2) into account we see that there exist o > 0 such that

o <min{s; —q¢, 7 —q 07 —qt 9 —q¢f} forieT

Z E )
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X

satisfying

N e it
</ it log&m)(ewvn)dx)
Q;
. . (4.23)
" i i :
< oalls. o, < Colvaling o, < Or [ S25 + 5757 |
where
. o if lonlls, .0 <1,
L, = x .
Fola s tlellsa > 1,
and

S, ;= / [\Vun\p(m) log(e + w|Vu,|) + p(z) |an|q(a:) log(e + w|an\)} dx

s
i

+ / [vﬁ(z) log(e + wvy, ) + p(z)vi® log(e + wvn)] dx.
Q;

*

Furthermore, by using the continuous embedding (4.22) and Proposition 2.6 we find that

(/ u(x)%vﬁ”a log% (e 4 wuy) dx) kS
(4.24)
< oallz 0, < CsllvallT, 0, < Co | ST +87577 |
with
L {m* i foalls e, < 1,
L) w4+ Z—i if ||vn |8, 0, > 1.
From the inequalities (4.20), (4.23) and (4.24), we get

i
quro

i i N
e - ¥ -
Fiatt Py a o P;
T Smi + Sn,i + Smi + Sn,i

Tn,i (L:,ﬂ';) < Chp |A¢,n+1 nQ;

Combining this and (4.17) we infer
T (0, 7)) < Chi Ay, T (Sptm 4+ 5y, (4.25)
with
Sn = / (1907 log(e + w|Vun]) + () [ Vo7 log(e + w|Veun])| d
Q (4.26)
+ / [vﬁ(x) log(e + wuy) + p(z)vd® log(e + wvn)} dx
Q
and
. 0 o i+ e o+ -
0<v:= min min{-—/——,—* —1 < 9 := max max — — 1.
1<i<m q +o q +o 1<i<m p; p;
Invoking (4.18) and (4.25) we obtain
(4.27)

Zn+1 < C’12 |A1Z1n+1 ‘ L++i++6 (S'rlL+71 + Srll—‘r’m) .
In addition, since hypotheses (B) ensure that p(z) < «(z) < p*(z) and ¢(z) < 7(x) < ¢*(z) for all z € €, there hold

/A (= Ynr1)" log(e + w(u — ni1)) + (@) (1 — Y1) log(e + wlu — vni1))| do

"ﬂ[’n+1

v(x)
= / [0 = $1) P 1og® (e + w(t = Yt)
Ay

n+1
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2)
@) 5 (1= 1000) 05T (e + w(u — ) + 2] d
This along with (4.6), (4.8) and (4.11) implies

/ [vﬁ(z) log(e 4 wup) + p(z)vd™® log(e + wvn)} dz
A

Pnt1
S 5 (1 + ,(/)*—L+) 2(7L+1)L+Zn S 5 <1 + 1p*—L+) 2(7L+1)L+Xn
for all n € Ny. The above inequality along with (4.12) leads to
8
Sn < Ci3 (1 + w*_o‘”) 2n(ﬂ°+ﬁ)Xn for all n € Ny.

Therefore, we get

Sﬁf’h + S7ll+“/2 < Cyy (1 + w*—ao(l-l-’yz)) 2"(30-"—5*2)(1-1-’72) (X7ll+’v1 + X$+’Yz) )

In addition, (4.8) implies that

et

e — et =
TFirtre < 015 (d’* L++7r++s _|_1/) 1++1r++£> 27L++w++e"Zﬁ++"++5

|A1/Jn+1

et

— et PR S
< Cis (w* T ) *H“s) P RESETAD O

Taking (4.17), (4.27), (4.29) and (4.30) into account, we arrive at
Zpt1 < Cre (V7" + o #2) k™ (XAT™ + X2P®2)  for all n € Ny,

where
0 < er— - (1+9) + et
=— =« _
M= Ty e o2 0 P A e
1<k:=9 (50+ Lo )(14-“/2)-‘1-71_*__*_7‘__*__'_E
0< = — <y = _
e =

Now, we estimate Y, 41 by X,,. Forany i € Z={1,--- ,m}, & > 0, and 8 > 0, we define
H, (&, B) = / {vf{ logﬁ(e + wop) + u(x)%vﬁ log% (e + wvn)] ds.
I';

We have

Y41 = logpm (e + wuy) + p(z) Eo] v, ¥ log @ (e + wvn)} ds
i 4

6(x) 9 (x)
/ [ @) Jog»@® (e 4 woyp) + p(z) 7@ 2@ Jogat=) T (e + wvn)} ds.

Similarly, we obtain
m
n+1 S 2{: n,i )4_l{nz(9j7ﬁj)}~

From (4.16), we can fix € > 0 such that
€ < min mln{( Wi — 05 (g0, —19;“}.

1<i<m

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)
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Let x € {+,—} for i € Z. We apply Holder’s inequality and (4.14) to obtain
Hosl07.07) = [
By
234

+ 0f +e = =
<{/ log 7@ (e 4 wv,,) ds | By, N 0y
r

i

*

x oF i
) [vfj log?® (e + wvy,) + p(z )Q( 5 o 10g“ 7 (€4 wun) | do
b

n+1

*

9Fte 9F e 9% +e 719:1 . e
+ / (o) T ol 106 % (et dc) T 1B, BT (434
Ir;

9%
0% +¢

< By, N I; |9+M++E (/ vfﬁ' te log 7@ (e +wvn)dg)
r

3

9*

19 “+e 19 +e 19 +e TZ’{»E
([ )T ol 108 (e ) ds
r;

We set
9 fe

* 6;"'5 ﬁ:i * YiTe
B, r(x,t) := t% T 1log 7@ (e + wt) + p(z) 9@ 1% T log W@ (e + wt).
From (4.33) we conclude that
07 +e < (ps); and U7 +e<(q); -
Using this with (p.); = (p; )« and Propositions 2.7 and 3.5 gives us
WLPO) (Q;) < Whee () < LI+ (1) (4.35)
and
WHHL (Q;) — LBr (Ty) (4.36)
Then, from (3.2), (4.35), Propositions 2.6 and 2.7, Remark 2.8 and Proposition 3.5 we have

o
o* 0 4e 0¥ +e
</ vy T da log 7@ (e + wuy) dg)
I

o
S ||/UTLHBZ* 1"712‘1‘

G a1 (4.37)

i

or . Tte
< Cir ||UnH1fHL797¢ < Cig | Snt +Sn i )

where S, is given by (4.26) and
N {0: i lonla, g, < 1
[ p— 01* . .
07 + e if HU”HB*,r,Fi > 1.

From the embedding (4.36) and Proposition 2.6 we derive that

9X +e 19 te OF +e 0f+5
/ H( ) @ Vn log e o) (e+wvn)d§
Ir;
5* 0* (438)
9% 4
< Cyg ||vn‘|1:7-LL,Qi < Cy it + S o

or
<ty .

with
7 * q 3 .
95 + prd if ”vn”B*,p,Fi > 1.
Combining (4.34), (4.37) and (4.38) yields

5* 5* g% g%
0] 0; 97 97

H,;(0:,97) < Co |B o | g 4 gu T L gri 4 ognte
ni (07,97) < 21‘ wn“‘g W + S, T8k 48
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From this and (4.17) it follows that

H,; (67,97) < Co1 | By, |e‘++§7++5 (S 4 §i+i)
with
+ 07 g+, 9
) e g bF + o0 0F +
0<% := min mnq———, —1 <A := max max —* —
1<i<m q; + o q; + o 1<i<m p; p;

Invoking (4.32) and (4.39) we obtain
Vi € OBy [T (557 4+ 534%).
which implies, along with (4.28), that

SIET 4 G2 < (g (1 4 apy o0t %)) gn(Bot J2)(1+42) (X7 X2

Furthermore, from (4.10), we conclude that

g6 cot

e — — ot €
e ot +9F+¢ ot +oF++¢ TFaoFiony ot +ot4e
‘B¢n+1’§9 e < Oy <¢* + 20 0%+ 7Y,

£ cot

ot e
ot +u++ T etgott = ot +ot++
< Cyy (w © 4y ¢ | 28 F ot X c

Combining (4.40), (4.41) and (4.42) leads to
Vg1 < Cos (W™ + 47 P2) k™ (XS + X2T¥2)  for all n € Ny,

where
g0~ ; _ ef*
O = e < s Ut g
1< ko 2O O e
~ ~ € - ~ €
P T e S T e e

Then, employing (4.31) and (4.43) we have
X1 < Cog (V0 + 9, 2) ki (X,lﬁ')‘1 + X,ll'MQ) for all n € Ny,
where
0 < g1 :=min{puy, fin} < g2 := max{ua, fi2},
1 < ko := max{k, k},
0 < A1 := min{ew, @1} < A2 := max{ws, W2 }.

Step 3. Show the boundedness of solutions

Finally, we are going to verify (4.2). According to Lemma 2.13, the iteration inequalities (4.44) imply

X, —=0 asn— oo,
provided that

1 _ 1

o< minf (i (o2 4 7)o (v )

Next, we specify 1, in order to be satisfied (4.46). Note that
o)
0= / [0 = )7 10gh® (e + wlu — 14,).4)
Q
m(z) n(z)
+a(2) T (=) 1og T (e +wlu — v.))| do

/B £, ul)d

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)
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and
Yy = / [(w = 6.0 10875 (e wl(u = )
I
() 1 (= 16,) 7D 1og T (e + w(u — 1)+ | ds
< | Br(w, |u])ds

I

Hence
(4.47)

Xog/B(x, lul)dz + | Br(z,|u])ds = I(u).
Q T

1

I(u) < (2027)*ﬁ (V7o + w;gz)*ﬁ k A?’
L1 heeng (4.48)
A1 Ag

I(u) < (2Co7) % (P70 +9py @) e ky 7

We also see that

is equivalent to
_1
UL 0 < (2057) TRy T ()T,

1, - &2 A
Vo0 P2 < (2097) kgt (I(uw) 2.
Moreover,
_ *2 *1
2 < (2027)_1 k:o mln{ u))_/\z} ,
_ A2 A1
29 < (2C27)71 ko mln{ u))f)‘z} ,
is equivalent to
>\2 >\1 Ao
i > (4Co7)er o kel(h )max{ ’(I(u))ﬁ}7
s Al) ) (4.49)

Yy > (4Co7) 2 o ]{}QQ(Al max{([(u))g ,(I(u))%}

Hence, if we take
Az LS AL

) masc { (I(u)) %, (I(u))* },
46). Thus we can employ (4.45)

¥ = max {(4027) o, (4Cy7) %2 } k2t

it follows (4.49), which implies (4.48). Invoking (4.47) and (4.48), one can get (4.
associating with Lebesgue’s dominated convergence theorem to arrive at

Xn = / {(u — )7 logh (e + wlu — 1))
Q
T (e + w(u — ¢n)+)} dz

m(xz) oz
(@) T (u — 1h,) T log
2y, A
[ [l )i 10858 (e ol - 6)2)
Iy
(@) " ()
11(2) T (= )} Log 3 (e + w(u —hn)+)| de
v(x)
- / (= 20.)") 10g 7 (e + wolu — 200
Q
(z) n(z) (@)
(@) T (1 = 20.)7 10g T (e + wlu - 20.)4)] da
4 [ w2000 10858 e wlu - 26).)
Iy

()T (1= 20,) 1 1og T (e + w(u — 26.) )] ds,

as n — oco. This implies that the right-hand side of the above equals to zero, and then

esssup u(x) + esssup u(x) < 4h,.
z€Q zely
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Analogously, we get the following results by replacing v with —u

esssup (—u)(z) + esssup (—u)(x) < 4e,.

zeN zel'y
Therefore,
[ulloo,0 + llulloc,ry < Cmax{I(u)™,I(u)"}, (4.50)
with C,rq, ro being positive constants independent of w. Finally, through (4.50) applying Proposition 2.5, we obtain
(4.2). O

4.2. Critical growth. In Subsection 4.1 we discussed the case that the exponents of the N-function possesses
subcritical growth, namely, p(z) < o(z) < p*(z), ¢(x) < w(x) < ¢*(x) for all z € Q and p(x) < O(z) < p.(x),
q(z) < ¥(z) < q«(z) for all z € T'y. However, the critical case has not been considered, since among the proof of
Theorem 4.2, if we take ¢(-) = p*(-), 7(-) = ¢*(-) and 0(:) = (p«)~, ¥(-) = (¢+)~, then we cannot apply Holder’s
inequality in (4.20) and (4.34). Thus the method for showing the boundedness of weak solutions to problem (P) in
Theorem 4.2 is not suitable for the critical case. Therefore, in this subsection, we use a different way to prove the
boundedness result under critical growth assumptions. The proof is based on the ideas by Ho-Winkert [33].
Here and in the following, let hypotheses (A’) and (B’) to be (A) and (B) respectively, with «(z) = p*(x),

7(x) = ¢*(z) for all z € Q and (z) = (p.)~, I(x) = (q.)~ for all x € Ty.
Theorem 4.3. Let hypotheses (H1), (A’) and (B) be satisfied. Then every weak solution of problem (P) belongs
to L>°(Q2) N L>(Ty).
Proof. As before, let B; be open balls with radius R for i € Z := {1,...,m} and {Bi}ﬁl is a finite open covering
of Q such that Q; := B; N Q are Lipschitz domains and I =B NI, # () for 1 € Z. In the sequel, we choose R
sufficiently small satisfying

g < (p*); forallieT. (4.51)
Recall that for a function f € C(Q) and i € T , we denote

i i=max f(¥) and f; := min f(x).
€, TEeQ;

Also, Ay and Ty are given by (4.3) and (4.4), respectively. Next, assume u € WHHL(Q) is a weak solution of
problem (P) and choose ¥, > 1 large enough such that

’HL(x,|Vu|)dx—|—/ ’H*(:U,\u|)dx+/ Hor(a, u]) ds < 1. (4.52)
Ay, Ay, By
Recall the definitions

Hi(x,t) == tP@ log(e + wt) + p(z)t?™ log(e 4 wt),
H* (2,t) == t? (@) logpﬂi(;)) (e +wt) + u(x)%ﬂ*(w) log% (e + wt),
_ (px)— (ax) " - (ax) "

Hyp(z,t) :=tP) log v (e+wt)+ p(z) « t@) log « (e+wt),
for all x € Q and for all ¢+ € [0,00) and for each n € Ny, {¥n},en, ave defined by (4.5). Moreover, we take
U = (U — Ppy1), and set

L, = Hi(z,|Vu])dz + H* (z,u — ) do + Hr (z,u — y,) ds. (4.53)
Ay, Ay, By

Similar to the proof of Theorem 4.2, it follows that

Ln+1 S an (454)

u(z) < (2" — 1) (u(z) — ) for a.a. z € Ay, ,,, (4.55)

u(z) < (2"7% = 1) (u(z) — ¥y,) for a.a. z € By, (4.56)
o(n+1)(p*)* .

}A¢n+1| S 711” S 2(7’L+1)(P )+Ln; (457)

,w&”")i
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for all n € Ny. In the following, we assume again that C; for ¢ € N are positive constants independent of u,n and
.. We prove the main result in several steps.
Step 1 We are going to prove that

(et
/ H (z,v,) de < Cy 27 o« (LT + LET”2)  for all n € Ny (4.58)
A'wn+1
with

p p
0 = 1< = 1
Smim s T lSm= man

— £\ —

where o > 0 satisfies
o <min{(p*); — g, (p.)” —q; } foriel
For i € Z, it holds that

/

Furthermore, from (4.52) and Proposition 2.5 we see that

/ H* (z,v,) do < ||vn|\(p) -

H* (z,v,) de = /Q’H* (z,v,) dz < Z/Q H* (x,vy,) de. (4.59)

Png1

This together with Proposition 3.4 implies
/ H (2,0) de < Co[[|Voullng., + lonlla 070

Based on this and employing the equivalent norm given in (2.1), Proposition 2.6 as well as (4.52) we get
(™),

i

aF +o
/Hz(x,vn) dr < Cy (/ HL(x,\anDdx—i-/ HL(x,vn)dx) 7,+
Q; Q; Q;

("),
q;rJro
<Cy / "HL(x,|an|)dm+/ H* (z,v,) do + |Ay,, +1]
Ay +1 Ayppt1
Then, from (4.53), (4.54) and (4.57) we obtain
neten; e
H* (z,vp) dz < C52 @'+ Lo ™7,
loF
Taking this and (4.59), (4.17) as well as (4.51) we obtain (4.58). Thus, Step 1 is completed.
Step 2 There exist 13,74 > 0 such that
n(p*) V(@) t
/ Hr (z,v,) ds < Cg2 o~ (Lyts + L1t14)  for all n € N, (4.60)
B

Yn41
with 13 and 74 to be specified later.
For i € Z it holds that

/ Hrp (z,v,)ds = Hy (z,v,)ds < / Hry (z,v,) (4.61)
Bw l—‘1

1<i<m
Furthermore, invoking Propositions 2.5, 2.6 and 2.7, Remark 2.8, and Proposition 3.5 along with (4.52), we see that

(Px);

(Px) 4 +o
/ oP) log 7 (e +avy)ds < [loall 7 < Cr lloall (s g, < CoSa ™7 (4.62)

i

and
[CE

_ (as) ™ -~ s
/f ,u(x) O v(q*) log «= (e+ av,)ds < an||E:ZT L <C9an||17-LLQ < CroSpi 7, (4.63)

T
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where

Sp 1= / ’HL(x,|an\)dx+/ Hi(x,v,)de.
Q Q
From (4.62) and (4.63), we get

(p+)y (ax);

[ Hrp (z,v,)ds < CsSnt ™7 4 CroSmt
T

(Px);
q; to

<Cny </ Hi(z, |Vo,|)dz +/ Hr(z,vp) dz + Awnﬂl)
Ay 1 App+1

(ax);
a; +o
+C11 (/ HL(’I,\V%DdJH-/ Hr(z,v,) dz + |Awn+1> :
App+1 A +1

Now, by using (4.53), (4.54) and (4.57), we conclude that
n(p*) T (e)] (pe)y n(p*) T (ax)] lax);

[ Hy (z,v,)do < Cra2 %47 Lyt ™ +Ci32 st Ly ™.
r;

Finally, taking this along with (4.61), (4.17) as well as (4.51), we infer that

n(p*)+(Q*)+

/ Hr (l’, Un) do < C142 q— (L:LJF"?S + L711+n4) ’
T

where

0 <73 := min min{ (Pn); (g); }1 <74 := max Inax{ (ps+); : (g+); }1.

1<i<m qi_+g'7qi_+o'

Hence, we have finished Step 2.
Step 3 We show that

/ Hi(z, |Vul|) dx
Mgt
o (4.64)

x4+ )2
¥yt + *y
((pz) +<P>q£@*) +(q*)++<qq2 ](

n
< C152 { ‘ Lt 4 L1+’Y2) for all n € N,

n—1

where 0 < Y1 = min1§i§4 ;i < Y2 = INaxX1<;<4 ;-
Taking ¢ = v, € WHH2(Q) as test function in (4.1) yields

/ Ew—dur) drt [ Clumvni)ds
A B
Note that v > u—1,41 > 0and u > 1,41 > 1 on Ay, .. Applying the assumptions on (A’)(ii) and (B’), we obtain

/ Az, u, Vu)Vudz > 042/
A A

Pn+1 Ynt1

2042/
A

A(z,u, Vu) - Vudz :/

A

Ynt1 Y41 Y41

HL(:r7|Vu|)dx—a3/ [H*(x,u) + 1] dz

A'Pn+1

Hi(z, |Vul|)de — 2043/ H* (x,u) dz,
A

Ynt1 Y41
and
f (u - wn-&-l) dz
Awn+1
p*(m)fl P’ (@) a*(x) q*(z)fl a*(x)
<p u log 7@ (e + wu) + p(x) @ u log @@ (e + wu)
A’Jﬂn+1
N1 N+1

() (@)
+|Vu| @) log™ ¥ (e + w|Vu|) + ,u(x)%|Vu| @@ log™ ™ (e +w|Vu|) + 1} udx

<2/ Vil [ W de

2
Awn+1 A’Pn+1
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as well as

C (u - zbn+1) dg

Bwn+1

£ (2)
< 'y/ [up* 2)=1]og 5 (e +wu) + p(x) G - (@)1 log a@) Eo) (e +wu) + 1} uds
B

Pn41

< 27/ Hrp(z,u)ds.
B

Y41
Combining the three estimates above, we get

/ ’HL(w,|Vu\)dx§C'17/
A

A
From this, (4.55) and (4.56) we arrive at

x/AwnJrl

Combining this and the results given by Step 1 and Step 2 we show (4.64). Therefore, (4.54), (4.58) and (4.60)
indicate

’H*(x,u) dx"‘Clg/ HT(IE,U)dC.

B

Yng1 Png1 Yn41

(@) a2t
Hi(z, |Vu|)de < Crg2 a H* (z,v5-1) do + Hrp (z,v,-1)ds| .
Ai/ln Bﬂ"n

Lypt1 < Cook™ ( H_Wl + L1+72) forallmn e N

where
n|:((pz)7+)2+(p*):£q*)+ +(q*)++(q;,)+:|
k:=2 > 1.

It follows that
Logns1) < Cork? 1 (ngﬂl + L;ZW) for all n € No.

Now, we set Zn = Lo, and k := k2 and obtain

Lni1 < kCork™ (E}ﬁl + Z}ﬁW) for all n € No. (4.65)
Invoking Lemma 2.13 we see that if
Ly < min {(2/;021)% T (2kCo) BT _#} : (4.66)
then
Loy = L, — 0 asn — oo. (4.67)

Note that (4.65) implies
Louiyer < Cark® 0 (L3044 Ly73)  for all me No
and if we take L,, := Lo, 1 as well as k := k2 the former inequality equals to
Ly < kCor k™ ( I + LHW) for all n € Ng.

This combined with Lemma 2.13 means that if

To < min { (212021) Ol (21}()21) g A } , (4.68)

then
Lopi1 =1L, —0 asn— oo. (4.69)
Note that

Lo=L <Ly=Ly< / Hi(z,|Vu])dx + H* (x,u) dx + Hp(z,u)ds.
Aw* Aw* Bw*
Then, if we take ¥, > 1 large enough, it holds that

Hi(z,|Vu])dx + H* (x,u) dx + Hy(z,u)dg
Aw* Aw* B"J’x
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- = - L 1 _mem
< min {1, (2k‘021> g (2k021> "2z 43 } ,
where k := k2. Therefore, (4.52), (4.66) and (4.68) hold and thus (4.67) and (4.69) hold true as well. Hence

L, = Hir(z,|Vul)dx + H (z,u—y) dz + Hr (x,u—1,)ds =0 asn— oo.
Ay, Ay, By,
We deduce that
/(u - 21&*){):(3”) dz + / (u— Zw*)f*)_ d¢ = 0.
Q

I
So, (u—2¢,)+ =0 a.e.in Q and (u — 2¢,)+ = 0 a.e.on I'y. This means

esssup u(x) + esssup u(x) < 4h,.
z€eQ zel'y

Replacing u by —u in the above arguments we obtain

esssup (—u)(z) + esssup (—u)(x) < 4e,.
zeN zel'y

Hence
[ulloo. + lufloc,ry < 49,
where ¢, € R, which completes the proof. O
5. SPECIAL CASES

In this section, by applying Theorem 4.2 and Theorem 4.3, we establish the boundedness of weak solutions to
the problems mentioned in Remark 1.1. As we discussed in Remark 1.1, problem (Pi) (1 <i < 9,7 € N) are special
cases to (P). Thus, under suitable assumptions, we obtain the following corollaries directly. We focus on Dirichlet
boundary value problem (P5), Neumann boundary value problem (P6), and generalized hemivariational inequality
(P9). In this section, we denote by C, 71,72 positive constants independent of w.

Definition 5.1. A functionu € Wy (Q) is a weak solution to problem (P5), if there exist £(z) € f(x,u(z), Vu(z))
for a.a.x € Q such that

/A(m,u,Vu)-Vvdx:/&)dx
Q Q

is satisfied for all v € Wol’HL(Q).

Corollary 5.2. Let hypotheses (H1), (A) and (B) be satisfied. Then every weak solution of problem (P5) in the
sense of Definition 5.1 belongs to L>°(Q2) and it holds

[t]loc.00 < Cmax{|lull 5o, ullZq}-
Moreover, if hypotheses (H1), (A’) and (B’) hold, then any weak solution of problem (P5) belongs to L™ ().

Definition 5.3. A functionu € WML (Q) is a weak solution to problem (P6), if there exist £(x) € f(z,u(z), Vu(x))
for a.a.x € Q and ((z) € g(x,u(x)) for a.a.x € T'y such that

/ A(z,u,Vu) - Vode = / §de—|—/ Cvdg
Q Q a0
is satisfied for all v € WHHL(Q).

Corollary 5.4. Let hypotheses (H1), (A) and (B) be satisfied. Then every weak solution of problem (P6) in the
sense of Definition 5.3 belongs to L>°(Q2) N L*>°(9Q) and it holds

[tllsc.2 + l[ulloc,00 < Cmax{(|ullsa + lullsr.00)™ , (lullse + [[ullsr00) ™} -
Moreover, if hypotheses (H1), (A’) and (B’) hold, then any weak solution of problem (P6) belongs to L*°(2) N
L>(09).
For problem (P9), we consider F and G as Clarke’s generalized gradients of two locally Lipschitz functions
i OAxXxR—>R with (z,5)— j(z,s),
jr:I'xR—=R with (z,s)— jr(z,s),
namely, f(z,u) := 0j(z,u) and g(x,u) := djr(x,u).
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Definition 5.5. A function u € WHML(Q) is a weak solution to problem (P9), if there exist £(z) € 0j(x,u(x)) for
a.a.x € Q and ((z) € djr(z,u(x)) for a.a.x € I'y such that

/Q.A(z,u,Vu)-Vvdzz/Qévdx—F/F Cvdg (5.1)

is satisfied for all v € WHHL(Q).

Now, we suppose the following assumptions on j and jr as follows:

(J) (i) For all s € R, the mappings = +— j(x,s) and x — jr(z, s) are measurable in 2 and on I'1, respectively.
In addition, for a.a.z € Q and for a.a.z € I'; the functions s — j(z,s) and s — jr(z,s) are locally
Lipschitz on R.

(i) Let ¢,m € C(Q) with p(z) < t(x) < p*(z) and q(x) < 7(x) < ¢*(x) for all z € Q such that

sup{|y|: y € f(x,t)}
< B [1H197 10g 3 (e + wlt) + p(a) 7 7 0g T (e + wl]) + 1]

for a.a.z € Q and for all £ € R with a positive constants f3. -
(iii) Let 0,9 € C(R) with p(z) < 0(z) < (p«)~ and g(z) < ¥(z) < (g«)~ for all z € Q such that
sup{ly|: y € f(z,t)}
0(2)—1 1 g ore) 2 9@ 1ot
< [ [~ Tog 7 (e + wlt]) + () T 1]~ log 7 (e + wlt]) + 1]
for a.a. x € I'y and for all ¢ € R with a positive constant .

Moreover, assume hypotheses (J’) to be (J) with ¢(x) = p*(z), 7(z) = ¢*(z) for allz € Q and 0(x) = (p.) ", I (z) =
(g«)~ for all z € T';. As done by Carl [10, Proof of Lemma 2.5], we deduce that hypotheses (J) implies (B) (i), also,
hypotheses (J’) implies (B’) (i).

Next, we are going to verify that u € W12 (Q) is a solution to problem (P9) in the sense of Definition 5.5 if
and only if u is a solution to the following generalized hemivariational inequality

/QA(:L’,U,VU).V@u)d:z:qL/Qjo(z,u;vu)der/Fljf’(x,u;vu)chO (5.2)
(€2)

for all v € WhHe
First, we give the notion of sub- and supersolution to problem (P9).

Definition 5.6. A function u € WL (Q) is a subsolution to problem (P9) provided the following conditions are
satisfied:

(i) u<0onTy;

(i) &(z) € 0j(z,u(x)) for a.a. x € Q and ((x) € Ojr(x,u(x)) for a.a. r €T'y;

(ii)

A(z,u,Vu) - Vodz + [ fvdx + Cvde <0
Q Q~ r;
holds for all v € WYHL(Q) with v(x) > 0 for all x € Q.

Definition 5.7. A function @ € WhHHte (Q) is a supersolution to problem (P9) provided the following conditions are
satisfied:

(i) w>0onTy; B

(ii) &(x) € 9j(z,u(x)) for a.a.x € Q and {(x) € djr(z,u(x)) for a.a.x € Ty;

(i)

/A(m,u,Vu%Vvdx—f—/gvdx—i— Cvds >0
Q Q I
holds for all v € WYHL(Q) with v(x) > 0 for all x € Q.

Lemma 5.8. Let hypotheses (H1), (A) and (J) be satisfied. Then u is solution to the generalized hemivariational
inequality (5.2) if and only if it is a solution to problem (P9).
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Proof. Let u be a solution of problem (P9). Then, we can find £(z) € f(z,u(x)) = Jj(x,u(z)) for a.a.z € Q and

¢(z) € g(z,u(x)) = djr(z,u(x)) for a.a.x € I'y satisfying (5.1). Recalling the definitions of 95 and djr, we have
jo(x,u;v—u)zg(x)(v—u) in Qa
Jjp(z,u;v —u) > C(x)(v—u) on Ty,

for all v € WHHL(Q). Since 95 and 9djr fulfill hypotheses (J), we infer that j°(x,u;v — u) belongs to L'(£2) and
jR(z,u;v — u) belongs to L1(I'y). Taking (5.1) and (5.3) into account, we see that (5.2) holds true.

On the other hand, assume u is a solution of (5.2). As done by Carl-Le [11, Proof of Theorem 3.2], we only need to
show that w is a subsolution and also a supersolution of problem (P9), since it indicates that v is solution of problem
(P9). So, we first prove that u is a subsolution to problem (P9). Taking the test function v = uA¢ =u— (u— ¢)"
for any ¢ € WLHL(Q) we have

—/A(w,u,Vu)-V(u—¢)+dx+/jo(m,u;—(u—¢)+)dm+/ Go(z,u; —(u— ¢)T)ds >0,
Q Q

Iy

(5.3)

for any ¢ € WHH2(Q). Applying the positively homogeneity (see Proposition 2.12) of ¢ + j°(z,t; 0) (resp. o
Jp(z,t; 0)), we get from the above inequality

—/A(x,u,Vu)-V(u—¢)+dx+/jo(x,u;—l)(u—¢)+dx
! ¢ (5.4)
+ [ G- o)t dczo,
r

for all ¢ € WHH2(Q). Invoking Proposition 2.12 (iv) we see that
7% (@, u(x); =1) = max{—n(z) : n(z) € 9j(x, u(x))}
— —min{n(z) : n(z) € 05z, u(z))} (5.5)
= —£(x),

jr(, u(z); =1) = max{—nr(z) : nr(z) € jr(z,u(x))}
= —min{nr(z) : nr(z) € 9jr(z,u(x))} (5.6)
= _g(x)7

for a.a.x € T';. Taking (5.4), (5.5) and (5.6) into account we obtain

/AxuVu (u—¢)+dx+/—§(u—¢)+dx+ —((u—¢)Tdc >0
Q

Iy

for a.a.z € Q and

for all ¢ € W7 (Q). The above inequality equals to
/A(m,u,Vu)~Vvdm+/§vdx+ Cvds <0
Q Q- I

for all v € WHHL(Q) with v(z) > 0 for all z € Q. Thus, u is a subsolution of problem (P9). In a similar way, we
can show the u is also a supersolution of problem (P9), hence a weak solution of (P9). O

Then, utilizing Lemma 5.8, as done in the proof of Theorems 4.2 and 4.3, we have the following corollary.

Corollary 5.9. Let hypotheses (H1), (A) and (J) be satisfied. Then every weak solution of the generalized hemi-
variational inequality (5.2) belongs to L>°(2) N L>°(T'1) and it holds

r)™ s (lulls.o + lullse,r,)™

with positive constants C, 1,72 of u. Moreover, if hypotheses (H1), (A’) and (J’) hold, then any weak solution of
(5.2) belongs to L>(2) N L>(T'y).

l[ulloc, + [[ulloc,ry < C max {(
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