SIGN-CHANGING AND EXTREMAL CONSTANT-SIGN
SOLUTIONS OF NONLINEAR ELLIPTIC NEUMANN
BOUNDARY VALUE PROBLEMS

PATRICK WINKERT

ABSTRACT. Our aim is the study of a class of nonlinear elliptic problems under
Neumann conditions involving the p-Laplacian. We prove the existence of at
least three nontrivial solutions which means that we get two extremal constant-
sign solutions and one sign-changing solution by using truncation techniques
and comparison principles for nonlinear elliptic differential inequalities. We
also apply the properties of the Fu¢ik Spectrum of the p-Laplacian and in par-
ticular, we make use of variational and topological tools, for example, critical
point theory, Mountain-Pass Theorem and the Second Deformation Lemma.

1. INTRODUCTION

Let © ¢ RY be a bounded domain with Lipschitz boundary 9Q. We consider
the following nonlinear elliptic boundary value problem. Find v € W?(Q) \ {0}
and constants a € R, b € R such that

—Apu = f(z,u) — |ulP~2u in £,
(1.1)
V22 ot b g on o0
v
where —Ayu = —div(|[Vu[P72Vu),1 < p < oo, is the negative p-Laplacian, %

denotes the outer normal derivative of u, and u™ = max{u,0} as well as u™ =
max{—u, 0} are the positive and negative part of u, respectively. The nonlinearities
f: QxR — Rand g: 00 xR — R are some Carathéodory functions which are
bounded on bounded sets. For reasons of simplification, we drop the notation for
the trace operator v : W1P(Q) — LP(9€) which is used on the functions defined
on the boundary 0f).

The motivation of our study is a recent paper of the author [27] in which problem
(1.1) was treated in case a = b. We extend this approach and prove the existence of
multiple solutions for the more general problem (1.1). To be precise, the existence
of a smallest positive solution, a greatest negative solution as well as a sign-changing
solution of problem (1.1) is proved by using variational and topological tools, for ex-
ample, critical point theory, Mountain-Pass Theorem and the Second Deformation
Lemma. Additionally, the Fucik spectrum for the p-Laplacian takes an important
part in our treatments.

Neumann boundary value problems in the form (1.1) arise in different areas
of pure and applied mathematics, for example in the theory of quasiregular and
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quasiconformal mappings in Riemannian manifolds with boundary (see [11],[25]),
in the study of optimal constants for the Sobolev trace embedding (see [9], [14],
[15], [13]) or at non-Newtonian fluids, flow through porus media, nonlinear elasticity,
reaction diffusion problems, glaciology and so on (see [1], [3], [2], [10]).

The existence of multiple solutions for Neumann problems like the form (1.1) has
been studied by a number of authors, such as, e.g., [12, 16, 22, 31] and homogeneous
Neumann boundary value problems were considered in [19, 30] and [31], respectively.
Analogous results for the Dirichlet problem have been recently obtained in [5, 6, 7,
8]. Further references can also be found in the bibliography of [27].

In our consideration, the nonlinearities f and g only need to be Carathéodory
functions which are bounded on bounded sets whereby their growth does not need
to be necessarily polynomial. The novelty of our paper is the fact that we do
not need differentiability, polynomial growth or some integral conditions on the
mappings f and g.

First, we have to make an analysis of the associated spectrum of (1.1). The
Fucik spectrum for the p-Laplacian with a nonlinear boundary condition is defined
as the set ¥, of (a,b) € R x R such that

—Apu = —|ulP~2u in ,
(1.2)
|Vu|p72% =a(ut)P™t —bu )Pt on 09,

has a nontrivial solution. In view of the identity
a2 = ol 2 ) = @)= )

we see at once that for a = b = A problem (1.2) reduces to the Steklov eigenvalue
problem

—Apu = —|ulP~%u in Q,

1.3
|Vu|p72% = AulP~?u on 99). (1)

We say that A is an eigenvalue if (1.3) has nontrivial solutions. The first eigenvalue
A1 > 0 is isolated, simple and has a first eigenfunction ¢ which is strictly positive
in Q (see [21]). Furthermore, one can show that ¢1 belongs to L>(£2) (cf. [18,
Lemma 5.6 and Theorem 4.3] or [28, Theorem 4.1]) and along with the results of
Lieberman in [20, Theorem 2] it holds ¢; € C**(Q). This fact combined with
¢1(z) > 0in Q yields ¢ € int(C1(Q),), where int(C*(Q),) denotes the interior of
the positive cone C1(Q); = {u € C1(Q) : u(z) > 0,Vz € Q} in the Banach space
C1(Q), given by

int(C'(Q)1) = {ue C*(Q) : u(z) >0,Vz € Q}.

Let us recall some properties of the Fucik spectrum. If A is an eigenvalue for
(1.3) then the point (A, A) belongs to ip. Since the first eigenfunction of (1.3) is
positive, 3, clearly contains the two lines R x {A;} and {\;} x R. A first nontrivial
curve C in f]p through (A2, A2) was constructed and variationally characterized by
a mountain-pass procedure by Martinez and Rossi [23]. This yields the existence of
a continuous path in {u € WHP(Q) : 1@ (u) < 0, |Jul|1»(90) = 1} joining —p; and
¢1 provided (a,b) is above the curve C. The functional I(*?) on W1P(Q) is given
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by
1@ (y) = / (|Vu|” + |u\p)dx —/ (a(u+)p + b(u_)p)do.
Q re)

Due to the fact that Ao belongs to C, there exists a variational characterization of
the second eigenvalue of (1.3) meaning that Ao can be represented as

Ao = inf  max / (|Vu|p + |u|p>doc7
gellueg([-1,1]) Jq

where
I={geC(-1,1],9) | g(=1) = —p1,9(1) = p1},

S = {u c Whr(Q) :/ |u|Pdo = 1}.
o0

The proof of this result is given in [23].
An important part in our considerations takes the following Neumann boundary
value problem defined by

and

—Apu = —slulP2u+1 in €,
1.4
|Vu|p72% =1 on 09, (14
v

where ¢ > 1 is a constant. As pointed out in [27], there exists a unique solution
e € int(C1(Q),) of problem (1.4) which is required for the construction of sub- and
supersolutions of problem (1.1).

2. NOTATIONS AND HYPOTHESES

Now, we impose the following conditions on the nonlinearities f and g in problem
(1.1). The maps f: Q2 xR — R and g : 92 x R — R are Carathéodory functions
which means that they are measurable in the first argument and continuous in the
second one. Furthermore, we suppose the following assumptions.

D))

) () By 5

(#2) tim L&)
|s]—o0 |S|p_28

(f3) f is bounded on bounded sets.
(f4) There exists 67 > 0 such that

= 0, uniformly with respect to a.a. x € €.

= —00, uniformly with respect to a.a. z € Q.

f(z,s)

|s[P=2s

>0 for all 0 < |s| < d; and for
a.a. r €.

(H2) (gl) lim 9(z,5) = 0, uniformly with respect to a.a. z € 992.
s—0 |5|P—2$

g(w,s)

2
(g ) |s]—o00 |S|p_28
(g3) ¢ is bounded on bounded sets.
(g4) g satisfies the condition

= —o00, uniformly with respect to a.a. x € 9.

l9(a1,51) = glaa, 52)| < Lfor = a2 + |31 = 5]

for all pairs (x1, s1), (22, $2) in 9Q x [— My, M|, where M is a positive
constant and « € (0, 1].
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(H3) Let (a,b) € R3 be above the first nontrivial curve C of the Fuéik spectrum
constructed in [23] (see Figure 1).
Note that (H2)(g4) implies that the function (z,s) + a|s|[P~! — b|s|P~! + g(z, s)
fulfills a condition as in (H2)(g4), too. Moreover, we see at once that u = 0 is a
trivial solution of problem (1.1) because of the conditions (H1)(f1) and (H2)(gl)
which guarantees that f(x,0) = g(x,0) = 0. It should be noted that hypothesis
(H3) includes that a,b > A; (see [23] or Figure 1).

Example 2.1. Let the functions f: Q@ xR — R and g : 0 x R — R be given by

|s[P=25(1 + (s + 1)e™) if s<-1
[z, s) = sgn(s)%ﬂ(s —1)cos(s+1)|+s+1) if —1<s<1
sP=lel=s —|z|(s — 1)sP~Le? if s > 1,
and
[s[P=2s(s + 1 4 e5T1) if s<-—1
g(w,s) = |s|p_1se(32_1)\/m if —1<s<1

sP7L(cos(1 —s) + (1 —s)e®) ifs>1.
Then all conditions in (H1)(f1)-(f4) and (H2)(g1)-(g94) are fulfilled.

(A1, 1)

FI1GURE 1. Fucik Spectrum

Definition 2.2. A function u € W1P(Q) is called a weak solution of (1.1) if the
following holds:

/ |VulP~2VuV pdx :/(f(x,u) — |ulP~?u)pdx
Q Q

Jr/ (a(ut)P™t —b(u™ )P + g(x,u))pdo, Vo € WHP(Q).
o
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Definition 2.3. A function u € WYP(Q) is called a subsolution of (1.1) if the
following holds:

/ Vul2VuVeds < / () — |l 2u)pde
Q Q
+ / (a(u™ )P~ — b(u )P + glo, w)pdo, Yo € WHP(Q),.
onN

Definition 2.4. A function u € WYP(Q) is called a supersolution of (1.1) if the
following holds:

/ \Vﬂ|p*2VEVg0dx 2/(f(x,ﬂ) — |ﬂ|p72ﬂ)<pdl'
Q Q
+ / (@ )P~ — b(@ )P + g(o,w)pdo, Vo € WHP(Q),.
oN

We recall that WP (Q); := {¢ € WIP(Q) : ¢ > 0} denotes all nonnegative
functions of W1P(Q). Furthermore, for functions u,v,w € WP(Q) satisfying v <
u < w, we have the relation v(v) < v(u) < vy(w), where v : WHP(Q2) — LP(9)
stands for the well-known trace operator.

3. EXTREMAL CONSTANT-SIGN SOLUTIONS

For the rest of the paper we denote by ¢; € int(C!(Q),) the first eigenfunction
of the Steklov eigenvalue problem (1.3) corresponding to its first eigenvalue A;.
Furthermore, the function e € int(C'(Q),) stands for the unique solution of the
auxiliary Neumann boundary value problem defined in (1.4). Our first lemma reads
as follows.

Lemma 3.1. Let the conditions (H1)-(H2) be satisfied and let a,b > A;. Then
there exist constants ¥,y > 0 such that Y.e and —9ye are a positive supersolution
and a negative subsolution, respectively, of problem (1.1).

Proof. Setting u = ¥,e with a positive constant 9, to be specified and considering
the auxiliary problem (1.4), we obtain

/|V(19ae)\p*2V(19ae)Vgadx
Q

= —g/(ﬁae)pflgodx—i—/ ﬁgilgodx—&—/ I odo, Yo € WHP(Q).
Q Q o9

In order to satisfy Definition 2.4 for w = ¥,e, we have to show that the following
inequality holds true meaning

/(192_1 — 8(9,e)P7 Y — f(x,9qe))pdx

@ (3.1)

+/ (02~ — a(Wae)Pt — g(x,94¢€))pdo > 0,
00

where ¢ = ¢ — 1 with ¢ > 0. Condition (H1)(f2) implies the existence of s¢ > 0 such
that

< —¢, foraa. zeandalls> s
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and due to (H1)(f3) we have
| — f(z,s) —csP | < |f(x,8)| +csP P <ec, foraa z€Qandallscl0,s].
Hence, we get
fz,s) < —csP™ ' 4+ ¢, foraa x€Qandalls>0. (3.2)
Because of hypothesis (H2)(g2) there exists s, > 0 such that

g(z,s)
sp—1

< —a, fora.a. x € d and all s> s,,

and thanks to condition (H2)(g3) we find a constant ¢, > 0 such that
| — g(z,5) —asP™| <|g(z,s)| +as?" ! <¢c,, foraa. xcdQandallscl0,s,]
Finally, we have

g(z,s) < —asP '+ ¢4, for a.a. x € dQ and all s > 0. (3.3)

Using the inequality in (3.2) to the first integral in (3.1) yields
/(193—1 — 8(9,e)P7 Y — f(x,9qe))pdx
Q
> [@0 =2y 20— cpda
Q

- / (91 — ¢, )pdr,
Q

1
which proves its nonnegativity if ¥, > ¢Z~'. Applying (3.3) to the second integral
in (3.1) ensures

/ (195_1 — a(ﬁae)p_1 — g(z,Vq€))pdx

o0

> / (ﬁg_l — a(19'ae)’”_1 +a(¥q.e)Pt — cq)pdx
o0

> [ @t - cpd
o0

1

We take 9, := max {cg’f’1 N } to verify that both integrals in (3.1) are nonneg-

ative. Hence, the function @ = 9J,e is in fact a positive supersolution of problem
(1.1). In similar way one proves that u = —0e is a negative subsolution, where we
apply the following estimates

f(z,s) > —csP™! —c., foraa z€Qandalls<O0,
g(x,8) > —bsP~t — ¢, for a.a. x € 9N and all s < 0.

This completes the proof. O

The next two lemmas show that constant multipliers of ¢; may be sub- and
supersolution of (1.1). More precisely, we have the following result.

Lemma 3.2. Assume (H1)-(H2) are satisfied. If a > A1, then fore > 0 sufficiently
small and any b € R the function epy is a positive subsolution of problem (1.1).
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Proof. The Steklov eigenvalue problem (1.3) implies
/ |V (ep1)|P*V(ep1)Vpdr

= /(apl) Lodx + M (ep1)P"Lodo, Vo € WHP(Q).
Q a0

Definition 2.3 is satisfied for u = ey provided the inequality

—f (e )pde + / (M — @) ()P — g(z,e01))pdor < 0,

Q [519)

is valid for all ¢ € WP(Q),. With regard to hypothesis (H1)(f4) we obtain, for

e €(0,07/[l¢1lloo]s
_ _ [ _fzeen)
Jy -t et = [ G2

where || - ||o denotes the usual supremum norm. Thanks to condition (H2)(gl)
there exists a number 6, > 0 such that

(ep1)PLpdx <0,

g(l;sl)| <a—2A1, foraa. ze€dQandalll<]|s| <4,.
s

In case € € (O } we get

dq
 Torllm
x, e _
/ (M —a)(ep)’™ = g(z, 1) cpda</ ( 1 lot (p)ll) (ep1)P ' pdo
90 2Q €<P1)”

< (A —a+a—\)(ep1)’ Lpdo
a0
=0.

Selecting 0 < ¢ < min{ds/||¥1]lc; Ir/|¢1]loc} guarantees that u = ¢ is a positive
subsolution. O

The following lemma on the existence of a negative supersolution can be proved
in a similar way.

Lemma 3.3. Assume (H1)-(H2) are satisfied. If b > Ay, then fore > 0 sufficiently
small and any a € R the function —ep1 is a negative supersolution of problem (1.1).

Concerning Lemma 3.1-3.3, we obtain a positive pair [ep1,94€] and a negative
pair [—dpe, —ep1] of sub- and supersolutions of problem (1.1) provided e > 0 is
sufficiently small.

In the next step we are going to prove the regularity of solutions of problem
(1.1) belonging to the order interval [0,9,¢e] and [—¥pe, 0], respectively. We also
point out that u = u = 0 is both, a subsolution and a supersolution because of the
hypotheses (H1)(f1) and (H2)(gl).

Lemma 3.4. Assume (H1)-(H2) and let a,b > A\1. If u € [0,94€] (respectively,
€ [—Ype,0]) is a solution of problem (1.1) satisfying u Z 0 in 2, then it holds
u € int(C1(Q)4) (respectively, u € —int(C1(Q2)4)).



8 PATRICK WINKERT

Proof. We just show the first case, the other case acts in the same way. Let u be a
solution of (1.1) satisfying 0 < u < ¥,e. We directly obtain the L*-boundedness,
and hence, the regularity results of Lieberman in [20, Theorem 2] imply u € C*%(Q)
with o € (0,1). Due to the assumptions (H1)(f1),(H1)(£3),(H2)(gl) and (H2)(g3),
we obtain the existence of constants cy,c, > 0 satisfying

|f(2,8)] <cpsP™t,  foraa. z€Qandall 0<s<3,leloo,

3.4
lg(x,8)| < cgsP™h,  for a.a. x € 9Q and all 0 < s < Yy |e]|oo- (34

Applying (3.4) to (1.1) provides
Apu < Pl ae in Q,

where ¢ is a positive constant. We set 3(s) = ¢sP~! for all s > 0 and use Vazquez’s

strong maximum principle (cf. [26]) which is possible because [, ——rds = +oc.
(sB(s) P
Hence, it holds u > 0 in 2. Finally, we suppose the existence of xy € 9N satisfying

u(xzg) = 0. Applying again the maximum principle yields %(azo) < 0. However,
because of g(zo,u(xo)) = g(xo,0) = 0 in combination with the Neumann condition
in (1.1) we get %(xo) = 0. This is a contradiction and hence, v > 0 in  which

proves u € int(C*(Q)4). O

The main result in this section about the existence of extremal constant-sign
solutions is given in the following theorem.

Theorem 3.5. Assume (H1)-(H2). For every a > A\ and b € R there exists a
smallest positive solution uy = u(a) € int(CH(Q)y) of (1.1) in the order interval
[0,9.€] with the constant ¥, as in Lemma 3.1. For every b > A and a € R
there exists a greatest solution u_ = u_(b) € —int(C1(Q),) in the order interval
[—Ope, 0] with the constant ¥y as in Lemma 3.1.

Proof. Let a > A;. Lemma 3.1 and Lemma 3.2 guarantee that u = ep; €
int(C1(Q)4) is a subsolution of problem (1.1) and u = Y,e € int(C*(Q),) is a
supersolution of problem (1.1). Moreover, we choose ¢ > 0 sufficiently small such
that ep; < Yge. Applying the method of sub- and supersolution (see [4]) corre-
sponding to the order interval [ep1, ¥,e] provides the existence of a smallest positive
solution ue = u.(\) of problem (1.1) fulfilling e < u. < Jye. In view of Lemma
3.4 we have u. € int(C1(2);). Hence, for every positive integer n sufficiently large
there exists a smallest solution wu, € int(C*(Q),) of problem (1.1) in the order
interval [L¢1,U,e]. We obtain

Up | ug pointwise , (3.5)
with some function uy : & — R satisfying 0 < uy < dgqe.
Claim 1: uy is a solution of problem (1.1).

As uy, € [201,9q€) and v(uy) € [Y(£¢1),7(d4€)], we obtain the boundedness of u,
in LP(Q2) and LP(0S?), respectively. Definition 2.2 holds, in particular, for u = u,
and ¢ = u, which results in

IVl < [ 170 e+ + oy + | o) o

< arljun o) + H%Hiqm + allunll’zp(am + az|unll L (00)

S as,
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with some positive constants a;,7 = 1,...,3 independent of n. Consequently, u,, is
bounded in WP(Q) and due to the reflexivity of WP(Q),1 < p < oo, we obtain
the existence of a weakly convergent subsequence of u,, . Because of the compact
embedding WP(Q) — LP(Q), the monotony of u, and the compactness of the
trace operator 7y, we get for the entire sequence u,,

Up — uy in WHP(Q),

Up, = ug in LP(Q) and for a.a. z € Q, (3.6)

Up, — uy in LP(OQ) and for a.a. x € 9.

Since u,, solves problem (1.1), one obtains, for all ¢ € W1P(Q),

/ |V, [P~ 2Vu, Veds
@ (3.7)

— /Q(f(z,un) - ufﬂfl)gpdx + /(m(auffl + g(x,up))edo.
Setting ¢ = u,, — uy € WHP(Q) in (3.7) results in

/Q |Vt |P2Vu, V (u, —uy)de

- / () — 08t — 10y )+ / (@2 + g(, ) (1 — 14 )dor
Q o0

Using (3.6) and the hypotheses (H1)(f3) as well as (H2)(g3) yields
lim sup/ |V P2V, V (u, —uy)de <0,
n—oo JQ
which provides by the (S )-property of —A, on WP(Q) along with (3.6)
U — ugy in WHP(Q). (3.8)
The uniform boundedness of the sequence (u,) in conjunction with the strong

convergence in (3.8) and the conditions (H1)(f3) as well as (H2)(g3) admit us to
pass to the limit in (3.7). This shows that u, is a solution of problem (1.1).

Claim 2: u; € int(CH(Q)4).

In order to apply Lemma 3.4, we have to prove that u; # 0. Let us assume this
assertion is not valid meaning u; = 0. From (3.5) it follows

up(x) L 0 for all z € . (3.9)
We set
Uy = U foralln
llunllwrr )

It is clear that the sequence (w,,) is bounded in WP () which ensures the existence
of a weakly convergent subsequence of u,, denoted again by u.,, such that

Up —u in WHP(Q),
Up — w in LP(Q) and for a.a. z € Q, (3.10)
Up, — u in LP(0N)) and for a.a. x € 99,
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with some function @ : Q — R belonging to W1P(Q). In addition, we may suppose
there are functions z; € LP(2) 1, zo € LP(9€)4 such that

[tn(2)| < z1(x) for a.a. all z € Q,

3.11
|tn ()] < z2(x) for a.a. all x € 09. (3:.11)
With the aid of (3.7), we obtain for @,, the following variational equation
IV, [P~ 2V, Vida = F@un) ot _ o1\ paw + [ air-1pdo
Q Q up 1 n n 352 n
(3.12)

+ / 79(”0’31")5%—1@0, Vo € Wh(Q).
00 uh

We select ¢ = 1, —u € WHP() in the last equality to get

/ |V, P2V, V (i, —u)ds
Q

:/ (Wﬂﬁl _gg1> (i —ﬂ)dx+/ W@ (G, —@)do (3.13)
Q o0

(%

+/8 9 U)ot 3, — @)

=
Q  Un
Making use of (3.4) in combination with (3.11) results in
|f((E, un(sc))| ’,Jp—l
p—1 n
un (x)
respectively,
o un ),
1 n
up " (x)
We see at once that the right-hand sides of (3.14) and (3.15) belong to L'(2) and

L1 (09), respectively, which allows us to apply Lebesgue’s dominated convergence
theorem. This fact and the convergence properties in (3.10) show

TyUp) ~p

lim 7f( 71n)u7’; !

9(T, un)
711’L ug]ll

(@)[tn () — ()] < cpza ()P~ (2 () + (@), (3.14)

(@)]tin () = ()] < cgza(@)" ™ (22(@) + [u()]). (3.15)

(U, —u)dx =0,
(3.16)
lim — (U, — w)do = 0.
From (3.10), (3.13), (3.16) we infer
lim Sup/ |V, |P~2 V0,V (0, —u)ds = 0,
n—o00 Q

and the (S )-property of —A,, corresponding to W1 (Q) implies

U, —u in WHP(Q). (3.17)
Remark that |@|w1.5() = 1 which means @ # 0. Applying (3.9) and (3.17) along
with the conditions (H1)(f1),(H2)(gl) to (3.12) provides

/ |Va|P~2VuVedr = —/ ﬂp_lgadm+/ at?~lodo, Vo e WHP(Q).
Q Q o9

The equation above is the weak formulation of the Steklov eigenvalue problem in
(1.3) where w > 0 is the eigenfunction with respect to the eigenvalue a > A;. As
u > 0 is nonnegative in 2, we get a contradiction to the results of Martinez et al.
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in [21, Lemma 2.4] because u must change sign on 0. Hence, u4 # 0. Applying
Lemma 3.4 yields u € int(C(2);).

Claim 3: vy € int(C1(Q)4) is the smallest positive solution of (1.1) in [0,J4e].

Let u € WHP(Q) be a positive solution of (1.1) satisfying 0 < u < J,e. Lemma 3.4
immediately implies u € int(C'(Q)y). Then there exists an integer n sufficiently
large such that u € [%@1, Yqe]. However, we already know that w,, is the smallest
solution of (1.1) in [L¢1,U,€] which yields u, < u. Passing to the limit proves
uy < u. Hence, uy must be the smallest positive solution of (1.1). The existence
of the greatest negative solution of (1.1) within [—9se, 0] can be proved similarly.
This completes the proof of the theorem. ([

4. VARIATIONAL CHARACTERIZATION OF EXTREMAL SOLUTIONS

Theorem 3.5 ensures the existence of extremal positive and negative solutions
of (1.1) for all @ > A; and b > \; denoted by u; = uy(a) € int(C1(Q);) and
u_ =u_(b) € —int(C*()4 ), respectively. Now, we introduce truncation functions
T, 7,7 : 2 xR — R and Tf”,Téﬂ,TOaQ : 002 x R — R as follows.

0 if s <0 0 if s <0
T (z,8) =< s if0<s<ug(z), T_’Eﬂ(m,s) s if0<s<uy(x)
ug(z) if s > ug(x) up(z) if s > ug(x)
u_(z) ifs<u_(z) u_(z) ifs<u_(z)
T (z,8)=1<s ifu_(z) <s<0, T?z,s)=<s ifu_(z)<s<0
0 ifs>0 0 ifs>0

u_(z) if s <wu_(x)
To(z,8) =< s ifu_(z) <s<ug(z),
ugp(z) if s > uy(x)

u_(z) ifs<u_(z)
T (z,8) =< s ifu_(z) <s<ug(x)
ug(z) if s > uy(x)
For u € W'P(Q) the truncation operators on 952 apply to the corresponding traces
v(u). We just write for simplification T9%(z, ), T?}(x,u), T? (2, u) without .
Furthermore, the truncation operators are continuous, uniformly bounded, and

Lipschitz continuous with respect to the second argument. By means of these
truncations, we define the following associated functionals given by

1 u(x)
B () = 190l + lell) = [ [ Fo oo, s))dsda
D QJo

- /89/0 [aT_‘ZQ(m, $)P71 4 (2, TI%(a, s))] dsdo,
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E-(w) = (190l ) + Nl ~ [ [ £ T (o ))dsdo
p QJo

u(z)
—|—/ / [b\TfQ(x, s)[P~t — g(a:,TfQ(a:, s))} dsdo,
a0 Jo

Bo(w) =190l g+ el ] - / / f(, To(x, s))dsdz

- / / [anQ(x, s)PL — b T2 (x, 5) P71 + g(a, TO (x, s))] dsdo,
o Jo

which are well-defined and belong to C*(W!?(Q)). Due to the truncations, one can
easily show that these functionals are coercive and weakly lower semicontinuous
which implies that their global minimizers exist. Moreover, they also satisfy the
Palais-Smale condition.

Lemma 4.1. Let uy and u_ be the extremal constant-sign solutions of (1.1). Then
the following holds:
(i) A critical point v € WHP(Q) of E. is a nonnegative solution of (1.1) sat-
isfying 0 < v < uy.
(ii) A critical point v € WYP(Q) of E_ is a nonpositive solution of (1.1) satis-
fying u_ <wv <0.
(iii) A critical point v € WYP(Q) of Eg is a solution of (1.1) satisfying u_ <
v < Ut

Proof. Let v be a critical point of Ey meaning E{(v) = 0. We have
/ |Vu|P~2VoVpda
Q
= / [f (z, To(z,v)) — [v|P~2v]pdz +/ aT_‘ZQ(x, v)P Lodo (4.1)
Q a0
b [ BT ) gl T 0)edo, o € W),
1)
As uy is a positive solution of (1.1) it satisfies

[ Va2V Vpds = [ (fus) - o pds
@ @ (4.2)
—|—/8 [auﬁ_l + g(z,uy)]pdo, Yo € WHP(Q).
Q
Subtracting (4.2) from (4.1) and setting ¢ = (v — uy )t € WP (Q) provides
/ [[VoP =2V — |Vuy [P 2Vuy V(v — uy ) Tde + / [[v]P~%v — uﬁ_l](v —uy)Tdx
Q Q
= [ o) = Sl = )

+ / [T (2, v)P~1 — BT (z,0)[P~! — vl "|(v — uy) Tdo
09

+ / (9, T (2, v)) — gz, uy)|(v — ug) o
o0
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Based on the definition of the truncation operators, we see that the right-hand
side of the equality above is equal to zero. On the other hand the integrals on the
left-hand side are strictly positive in case v > z; which is a contradiction. Thus,
we get (v — u+)+ = 0 and hence, v < uy. The proof for v > u_ acts in a similar
way which shows that Ty(z,v) = U,ng(m,v) = v, T2 (x,v) = v~ and therefore,
v is a solution of (1.1) satisfying u— < v < uy. The statements in (i) and (ii) can
be shown in the same way. (I

An important tool in our considerations is the relation between local C(Q)-
minimizers and local W1P(Q)-minimizers for C'-functionals. Fact is that every
local Cl-minimizer of Ey is a local W1?(Q)-minimizer of Ey which was proved in
similar form in [27, Proposition 5.3]. This result reads as follows.

Proposition 4.2. If zg € W1P(Q) is a local C1(Q)—minimizer of Eq meaning that
there exists r1 > 0 such that

Eo(20) < Eo(20 +h) for all h € C*(Q) with Ihllcr gy < T,

then zg is a local minimizer of Eqy in Wl’p(Q) meaning that there exists ro > 0 such
that

Eo(20) < Eo(zo + k) for all h € WHP(Q) with ||h|lwiwq) < 7o

We also refer to a recent paper (see [29]) in which the proposition above was
extended to the more general case of nonsmooth functionals. With the aid of
Proposition 4.2, we can formulate the next lemma about the existence of local and
global minimizers with respect to the functionals E, F_ and Fj.

Lemma 4.3. Let a > Ay and b > A\y. Then the extremal positive solution uy of
(1.1) is the unique global minimizer of the functional E; and the extremal nega-
tive solution u_ of (1.1) is the unique global minimizer of the functional E_. In
addition, both uy and u_ are local minimizers of the functional Ey.

Proof. As Ey : WHP(Q) — R is coercive and weakly sequentially lower semicontin-
uous, its global minimizer v, € W1P(Q) exists meaning that v, is a critical point
of E;. Concerning Lemma 4.1 we know that v is a nonnegative solution of (1.1)
satisfying 0 < vy < uq. Due to condition (H2)(gl) there exists a number §, > 0
such that

lg(z,8)| < (@ —A)sP™h, Vs:0<s<d,. (4.3)
3 s

_ 9% _0Oq
o1 Tloo * To1lToo
(4.3) along with the Steklov eigenvalue problem in (1.3) implies

Choosing £ < min{ } and applying assumption (H1)(f4), inequality

/\1—a
p

ep1(x)
Ei(epr) = /Q / f(x, s)dsdz +

ep1(z)
- / / g(x, 8)dsdo
o0 Jo

)\1—a

Pl Hiz’(aﬂ)

<

ep1(x) .
el e (o) +/ / (a — A1)sP” "dsdo
a0 Jo
=0.
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From the calculations above, we see at once that E(vy) < 0 which means that
vy # 0. This allows us to apply Lemma 3.4 getting vy € int(C*(Q),). Since
uy is the smallest positive solution of (1.1) in [0,9Y,€] fulfilling 0 < vy < wuy,
it must hold vy = w4 which proves that u, is the unique global minimizer of
E. . The same considerations show that u_ is the unique global minimizer of E_.
In order to complete the proof, we are going to show that u; and u_ are local
minimizers of the functional Ey as well. The extremal positive solution w4 belongs
to int(C*'(Q);4) which means that there is a neighborhood V,,, of uj in the space
C' () satisfying V,,, C C*(Q)4. Therefore E; = Ey on V,,, proves that uy is a
local minimizer of Ey on C*(Q). Applying Proposition 4.2 yields that u, is also a
local W1?(Q)-minimizer of Ey. Similarly we see that u_ is a local minimizer of Eq
which completes the proof. O

Lemma 4.4. The functional Ey : WP(2) — R has a global minimizer vy which
is a nontrivial solution of (1.1) satisfying u— < vg < uy.

Proof. As we know, the functional Ey : W1P(Q) — R is coercive and weakly
sequentially lower semicontinuous. Hence, it has a global minimizer vg. More
precisely, vg is a critical point of Fy which is a solution of (1.1) satisfying u_ <
vo < uy (see Lemma 4.1). The fact that Eg(uy) = Ei(us) < 0 (see the proof of
Lemma 4.3) proves that vg is nontrivial meaning vy # 0. a

5. EXISTENCE OF SIGN-CHANGING SOLUTIONS

The main result in this section about the existence of a nontrivial solution of
problem (1.1) reads as follows.

Theorem 5.1. Under hypotheses (H1)-(H3) problem (1.1) has a nontrivial sign-
changing solution ug € C*(Q).

Proof. In view of Lemma 4.4 the existence of a global minimizer vg € W1P(Q) of
Ey satisfying vg # 0 has been proved. This means that vy is a nontrivial solution of
(1.1) belonging to [u—,uy]. If vg # u_ and vy # u, then ug := vy must be a sign-
changing solution because u_ is the greatest negative solution and w4 is the smallest
positive solution of (1.1) which proves the theorem in this case. We still have to
show the theorem in case that either vg = u_ or vg = uy. Let us only consider the
case vg = uy because the case vy = u_ can be proved similarly. The function u_ is
a local minimizer of Fy. Without loss of generality we suppose that u_ is a strict
local minimizer, otherwise we would obtain infinitely many critical points v of Ey
which are sign-changing solutions due to u— < v < w4 and the extremality of the
solutions u_, uy. Under these assumptions, there exists a p € (0, |lu —u_|lw1.r())
such that

Eo(ut) < Ep(u—) < inf{Ey(u) : u € 0B,(u_)}, (5.1)

where 0B, = {u € W'P(Q) : |lu — u_|lwiro) = p}. Now, we may apply the
Mountain-Pass Theorem to Ey (cf. [24]) thanks to (5.1) along with the fact that
Ey satisfies the Palais-Smale condition. This yields the existence of ug € WHP(Q)
satisfying E{(up) = 0 and

inf{Eo(u) : u € 0B,(u_)} < Ep(up) = ;rel% terfl_alxl] Ey(n(t)), (5.2)
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where
= {recC(-1,1],W"(Q)) : n(~=1) = u_,7(1) = uy}.

It is clear that (5.1) and (5.2) imply uo # u— and ug # uy. Hence, ug is a sign-
changing solution provided uy # 0. We have to show that Eg(ug) # 0 which is
fulfilled if there exists a path 7 € II such that

Eo(7(t)) #0, Vt e [-1,1].

Let § = Whr(Q) naBy P, where 9B %Y = {u € LP(99) : |[u ooy = 1},
and Sc = S N CY(Q) be equipped with the topologies induced by W1?(Q) and
C1(Q), respectively. Furthermore, we set

Iy = {r € C([-1,1],S) : m(—=1) = —p1,7(1) = 1 },
IIyc ={r e C(-1,1],8¢) : m(—=1) = —p1,7(1) = o1 }.
Because of the results of Martinez and Rossi in [23] there exists a continuous path
7 € Iy satisfying t — 7(t) € {u € WHP(Q) : 1Y (u) < 0, ||ul|1r(90) = 1} provided

(a,b) is above the curve C of hypothesis (H3). Recall that the functional I(®?) is
given by

100) = [ (9up -+ e = [ (ol + b))

This implies the existence of u > 0 such that
IO (r(t) < —pu <0, Vte[-1,1].

It is well known that S¢ is dense in S which implies the density of IIp ¢ in Ilg.
Thus, a continuous path my € Il ¢ exists such that

1@V (r()) — T (o (1)) < £

—1,1].
5 Vi e [-1,1]

The boundedness of the set mo([—1,1])(2) in R ensures the existence of M > 0 such
that

|To(t)(x)] < M for all x € Q and for all t € [—1,1].

Lemma 3.5 yields that u, —u_ € int(C* () ). Thus, for every u € mo([—1,1]) and
any bounded neighborhood V,, of u in C*(2) there exist positive numbers h, and
Ju satisfying

uy —ho €int(CH(Q)y) and —u_ + jv € int(CH(Q) ), (5.3)

forall h: 0 < h < hy, forall j:0<j<j,, and for all v € V,,. Using (5.3) along
with a compactness argument implies the existence of g > 0 such that

u_(z) < emo(t) (x) < us(2), (5.4)
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for all x € Q, for all t € [—1,1], and for all € < gy. Representing Fy in terms of
I(@b) we obtain

[ty st pyin— [ [ et spasin
/89 /“ aTaQ (z,8)P~1 —b|T%(z, 5)|P~!)dsdo

/ / g(z, Tz, 5))dsdo.
oQ
In view of (

5.4) we get for all € < ¢p and all ¢ € [—1,1]
Eo(emo(t))

1
p

Eo(u) = 1ﬂa D () +

I( ETFQ

emo(t)(z) emo(t)(z)
// a:sdsda:—/ / g(z, s)dsdo.
(o9}
emo(t)(z
= I(“b (mo (¢ // f(x,s)dsdx
p Q
1 emo(t)(z)
——/ / g(x, s)dsdo
el Joa Jo

ow e (1)) o)
<l |l——+ — / f(z,s)ds
2p P JalJo

1 emo () ()
/ g(x, 8)ds| do
0

_l’_i
Due to hypotheses (H1)(fl) and (H2)(gl) there exist positive constants d1, 2 such
that

(5.5)

dzx

o2

|f(z,8)| < 5MP| s|P~t, for a.a. x € Qand all s: |s| < 4y,
(5.6)
lg(x, s)| < m|s|p71, for a.a. x € 9Q and all s: |s| < ds.
Choosing € > 0 such that e < min{eo, f\}[, M} and using (5.6) provides
1 emo(t)(x)
— / f(z,s)ds| dx < il
e? Ja|Jo 5p’
1 emo (1) () " (5:7)
— / g(x, 8)ds|do < —.
P Jaa |Jo 5p
Applying (5.7) to (5.5) yields
Eo(emo(t)) < gp(_ﬂ + % %) <0, forallte[-1,1]. (5.8)

We have constructed a continuous path emg joining —ep; and ep;. In order to
construct continuous paths 7, 7_ connecting e¢; and u.y, respectively,
—ep1, we first denote

u_ and
¢y = Ey(epr), my = Ey(uy)

={ue W (Q): Ei(u) <ci}.
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It holds m4 < c4 because u, is a global minimizer of E;. By Lemma 4.1 the
functional E has no critical values in the interval (m.,cy]. The coercivity of E
along with its property to satisfy the Palais-Smale condition allows us to apply
the Second Deformation Lemma (see, e.g. [17, p. 366]) to E. This ensures the
existence of a continuous mapping n € C([0,1] x ES", E") satisfying the following
properties.

(i) n(0,u) =wu, forallue E,
(i) n(l,u) =uy, forallue E',
(iii) E1(n(t,uw)) < E4(u), forallt € [0,1] and for all u € E{*.

Next, we introduce the path 7 : [0,1] — W1P(Q) given by my(t) = n(t,ep1)t =
max{n(t,ep1),0} for all ¢ € [0, 1] which is obviously continuous in W1?(Q2) joining
epy and uy. Additionally, one has

Eo(m4(1)) = E4(m4.(t) < Ey(n(t,ep1)) < Eq(ep1) <0, forall t €[0,1]. (5.9)

Similarly, the Second Deformation Lemma can be applied to the functional E_.
We get a continuous path 7_ : [0, 1] — WP(£) connecting —ep; and u_ such that

Eo(m_(t)) <0, forallte]0,1]. (5.10)

In the end, we combine the curves m_, emy and 7 to obtain a continuous path 7 € I1
joining u_ and uy. Taking into account (5.8), (5.9), and (5.10), we get up # 0.
This yields the existence of a nontrivial sign-changing solution ug of problem (1.1)
satisfying u_ < ug < w4 which completes the proof. O
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