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ABSTRACT. In this paper we prove the existence of multiple positive solutions
for a quasilinear elliptic problem with unbalanced growth in expanding do-
mains by using variational methods and the Lusternik-Schnirelmann category
theory. Based on the properties of the category, we introduce suitable maps
between the expanding domains and the critical levels of the energy functional
related to the problem, which allow us to estimate the number of positive
solutions by the shape of the domain.

1. INTRODUCTION

Let Q C RN, N > 2, be a bounded domain with Lipschitz boundary 92 and let
Qy := AQ be an expanding domain, where A is a positive number. In this paper we
consider quasilinear elliptic problems with unbalanced growth of the form

A(u) + [ulP"?u 4 a(z) [u]T?u = f(u) in Qy, (1)
u=0 on 0€y,
where A(u) is the negative double phase operator given by
A(u) = — div (|VulP>Vu + a(z)|Vu|?! V)
and we suppose the following hypotheses on the data:
(H)1 <p< N,p<gq<p*= NN—_’;} and 0 < a(-) € L*™(Q,) is radially
symmetric, that is, a(z) = a(]z|) for a.a.z € Q.

(H2) The function f: R — R is continuous with primitive F(t) = fg f(s)ds and
f(t) =0 for all ¢ < 0 such that the following hold:
(i) there exist r € (¢,p*) and C > 0 such that

[f@l < C(T+1)

for all t € R;
(i)
im —f(t) = 0;
t—0 tp—1
(iii)
lim F) = 00;
t—oo 14

(iv) gf,(f{ is strictly increasing on (0, 00).
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We denote the energy functional associated to problem (1.1) by

— 1 up Up @ Uq 'LLq _ u T
i) = [ (Sl ) + L (v i) - P ) e (12)
For simplification, we write Jy(u) = Ix(u) — Kx(u), where
I(u) = /Q (11) (IVul? + |ul?) + a(qx) (IVu|?+ |u|q)> dx (1.3)

and
K,\(u):/Q F(u)dx. (1.4)

The solutions of problem (1.1) are understood in the weak sense. Under the as-
sumptions on f, it is easy to see that .Jy is well-defined and of class C' and the
solutions of problem (1.1) are the critical points of J).

Problem (1.1) arises in the study of some non-Newtonian fluids whereby |Vu[P~2+
a(z)|Vu|?72 is the viscosity coefficient of the fluid and f(u) — |u[P~2u — alul|?"2u
is the divergence of shear stress. The solution of problem (1.1) denotes the speed
of the fluid, see Liu-Dai [30] for more details. Problem (1.1) is called double phase
problem and belongs to the class of problems with unbalanced growth whose ellip-
ticity rate changes according to the point in the domain. Such type of problems
can be used to characterize the hardening properties of strongly anisotropic mate-
rials, see for instance Zhikov [39]. Research on double phase problems also helps
us to understand and advance research on the prescribed mean curvature equation
and the Born-Infeld equation, we refer to papers of Azzollini-d’Avenia-Pomponio
[5] and Pomponio-Watanabe [36] for more related results.

Differential models involving the double phase operator defined by

—div (|Vu[P*Vu + a(z)|Vu|?"*Vu)

have their origin in the study of the related energy functional given by
Flu) = /(|W|P 4 a(@)|Vul?) da. (1.5)

The functional F in (1.5) belongs to the class of the integral functionals with
nonstandard growth condition according to Marcellini’s terminology [33, 34]. The
regularity theory for minimizers of F have been considered and achieved sharp
results for ¢ > p and a(-) > 0 by Baroni-Colombo-Mingione [6, 7, 8] and Colombo-
Mingione [16, 17] in a series of remarkable papers, which gave new impulse on the
studies of the double phase problems.

Based on several different methods many authors achieved existence and multi-
plicity results for double phase problems of the form

—div (|VuP*Vu + a(z)|Vu|"*Vu) = f(z,u) in Q,
u=20 on 04,
where Q C RY(N > 2) is a domain (bounded or unbounded) and the right-hand

side of (1.6) consists of a Carathéodory function f: ! x R — R that satisfies
appropriate conditions near the origin and/or at infinity. We refer, for example to

(1.6)

the works of Biagi-Esposito-Vecchi [11], Colasuonno-Squassina [15], Farkas-Winkert
[19], Fiscella [23], Gasiriski-Papageorgiou [24], Gasiiski-Winkert [25], Liu-Dai [28,
, 31], Liu-Papageorgiou [32], Perera-Squassina [35], Zeng-Bai-Gasiriski-Winkert

[38] and the references therein.
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The main objective of this paper is to investigate problem (1.1) concerning mul-
tiple positive solutions on the expanding domain 2, by applying the method of the
Nehari manifold and the Lusternik-Schnirelmann category theory. The methods
used here were first introduced by Benci-Cerami [9, 10], where they discussed the
semilinear case given in the form

—Au+ u=uP"" inQ, u=0 on 09,

where 2 < p < 2* = % These works were the starting point to apply these tech-
niques to other kind of problems in order to obtain multiple solutions. We mention
the papers of Cingolani-Lazzo [13, 14] for nonlinear Schrodinger equations, Alves-
Figueiredo-Furtado [4], Cingolani-Clapp [12] for nonlinear magnetic Schrodinger
equations, Alves [2], Alves-Ding [3] for p-Laplace equations, Figueiredo-Siciliano
[20], Liu-Dai [29] for fractional Schrédinger equations and Figueiredo-Molica Bisci-
Servadei [21], Figueiredo-Pimenta-Siciliano [22] for fractional Laplacian equations,
see also the references therein. In Ait-Mahiout-Alves [1] the authors studied prob-

lems in Orlicz Sobolev spaces of the form

—Agu+ P(Ju))u= f(u) in Qy, u=0 on 1y,

where ®(t) = fg ¢(s)sds is a N-function and Ag denotes the ®-Laplacian. We
point out that our ®-function (called H, see Section 2) depends also on the domain,
so on x which leads to generalized Orlicz Sobolev spaces, also known as Musielak-
Orlicz Sobolev spaces.

In all the above mentioned works the nonlinear terms are of class C'. Then the
related energy functional Jy\ belongs to class C? and so the Nehari manifold Ny
is a C'-manifold of codimension 1. In that case one can use the method of the
Lagrange multipliers to show that a point u is a nonzero critical point of Jy if and
only if u € Ny and u is a critical point for the restriction of Jy to A. However,
in this paper, we only assume that the nonlinearity f is continuous, which cannot
guarantee that Ny is a C'-manifold, and so we need a new treatment in order to
get similar results. In order to overcome the non-differentiability of N, we set up
a one-to-one correspondence m between the unit sphere Sy and N, (see Lemma
2.2), that is, m: S; — N, is defined by w +— m(w). Since S is a C'l-submanifold,
we can find critical points w for the restriction of ¥ to S, where U is the energy
functional associated with Jy. Finally, we can show that m(w) is a critical point
for the restriction of Jy to N, (see Lemma 2.3 for more details). This idea is due
to Szulkin-Weth [37], who studied the existence of solutions for a class of Laplace
type equations. All in all, our paper extends the results of the papers mentioned
above not only for a more general operator but also on much more general classes
of functions on the right-hand side which do not have to be differentiable (so no
condition on the derivative is assumed) and also do not satisfy the usual Ambrosetti-
Rabinowitz condition as it was supposed, for example, in Ait-Mahiout-Alves [1] or
Alves [2].

In order to state our main result we first recall the definition of the category. We
denote by catp(A) the category of A with respect to B, namely the least integer k
such that A C A; U---U A with A; (i = 1,--- , k) being closed and contractible
in B. We set catp() = 0 and catg(A) = 4oo if there is no integer with the above
property. Furthermore, we set cat(B) := catg(B).

The following theorem is our main result.
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Theorem 1.1. Let (H1) and (H2) be satisfied and suppose that the domain Sy is
topologically nontrivial, i.e., it is not contractible. Then there exists \* > 0 such
that, for any A > X*, problem (1.1) admits at least cat(Qy) + 1 positive solutions.

Remark 1.2. The weight function a(-) is the essential characteristic of the double
phase operator. It is the distinguishing feature of the double phase operator that is
different from other operators like the p-Laplacian and the (p, q)-Laplacian. The two
mappings we constructed when estimating the number of solutions are both affected
by a(-). Indeed, ®y is radially symmetric (see Sections 4 and 5), which requires
that a(-) is a radially symmetric function, since when a(-) is a radially symmetric
function, the corresponding double phase problem has a radially symmetric solu-
tion. When estimating B(-), the weight function a(-) is also required to be radially
symmetrical (see Lemmas 4.2 and 5.2). In addition, when we prove compactness,
we also require a(-) to be radially symmetric (see Lemma 3.2). When a(-) is not a
radially symmetric function, it is an interesting question whether the conclusion of
this paper holds.

The proof of Theorem 1.1 is based on the Lusternik-Schnirelmann category the-
ory. We first prove that ¥ has at least cat(Sy) critical points on S, where S,
is a subset of S;. Then we construct suitable maps between Sy and Q. Using
the properties of the category, we can show that cat(S;) > cat(2y), that is, Sy
contains at least cat({2y) critical points of . After that, we prove that there exists
another critical point of 0. Finally, by the relationship between ¥ and J \, we know
that Jy has at least cat(2y) + 1 critical points, that is, problem (1.1) admits at
least cat(§2y) + 1 positive solutions.

The rest of this paper is organized as follows. In Section 2, we will introduce the
Musielak-Orlicz Sobolev spaces in which we will work and the mapping between S
and N,. Two compactness results are given in Section 3 and Section 4 is devoted
to estimate the asymptotic behavior of some critical levels. The proof of Theorem
1.1 is provided in Section 5.

2. THE MUSIELAK-ORLICZ SOBOLEV SPACES AND THE MAPPING BETWEEN THE
UNIT SPHERE AND THE NEHARI MANIFOLD

First, we recall some fact about Musielak-Orlicz Sobolev spaces. To this end, let
D CRY and let H: D x [0, +00) — [0, +00) defined by

H(z,t) =P +a(zx)t? for all (z,t) € D x [0, +0)
while we suppose (H1). The corresponding H-modular is then given by

putw) = [ HGa.Jul)de = [ (ul + aa)fuf) do.

Denoting by M (D) the set of all measurable functions u: D — R, the Musielak-
Orlicz space L™(D) is defined by

L*(D) = {ue M(D) : py(u) < oo},

equipped with the norm

llull# =inf{u >0 : py <Z) < 1}.
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The space W1 (D) is defined by
WhH(D) = {u € L*(D) : |Vu| € L*(D)},
endowed with the norm
[l = llullz + [IVulls
with |[Vull3 = |||Vul|l2. We denote by Wy " (D) the completion of C§°(D) in
WLH(D). From now on, for any u € W, ™ (D) (D € RY), we denote with the same

symbol its extension to RV obtained by setting u = 0 outside of D.
Next, let

WhHRN) = {ue WHHRN) « w is radially symmetric} .
The first two authors [30] proved that
WEHRN) < LY(RY)  continuously for all v € [p, p*];
WEHRN) — LY(RY)  compactly for all v € (p,p*).

For more details on the spaces, we refer to Liu-Dai [28, 30] and Perera-Squassina

[35]-

We denote the positive part of a function u by u* = max{u, 0} and write X :=
Wy H(2). We define

S ={ueX:|lu=1and u™ #0}.
The Nehari manifold related to problem (1.1) is defined by

Ny ={ue X\ {0} : (J(u),u) =0}.
Then we have the following properties.

Lemma 2.1. Let (H1) and (H2) be satisfied. Then the following hold:

(i) For each w € X with wt # 0, set hy(t) = J\(tw), there exists a unique
tw > 0 such that hl,(t) > 0 if 0 <t <ty and R, (t) <0 if t > t,, that is,
MaXye(0,400) M (t) is achieved at t =t,, and ty,w € Ny.

(ii) There exists 6 > 0 such that t,, > § for w € Sy and for each compact subset
W C S, there exists a constant Cyy such that t,, < Cyy for all w € W.

Proof. (i) Let w € X with w™ # 0 be fixed and define h,(t) = Jx(tw) on [0, c0).
It is clear that h,(0) = 0. From (H2)(i), (ii) we deduce that

hott) = [ (£ v+ i)+ 22 (9ulr-+ i) @z - [ o) ds

> [ (5 P+ o) + S22 T+ i) o

f/ (et?|w|? + Cet"|w|") dx
Qx
»

tq
> P [ (Yl + jwf) do + f/ a(z) ((Vel? + [w]7) de
2p Ja, q Ja,

—CEtT/ |w|" dz
Qx

1
= Cltp +02tq — Cgtr for0<e< 2*,
p
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which implies that h,,(t) > 0 for ¢ small enough. It follows from (H2)(iii) that, for
any M > 0, there exists Ths > 0 such that F'(t) > M9 for ¢t > T);. Using this gives

hatt) < [ (tp (VP + [wp?) + 22

(|Vw|? + |w|q)> dz

-M tlw|?dz - C

Qx
=C1tP + Cot? — CsMt? — C
2
< COyP — ot — C for M > %
3

which implies that h,(t) < 0 for ¢ large enough. Hence we can find ¢,, > 0 such
that h!,(t,) = 0. Moreover, from

0= I (t) :/ (L (Vol? + [w?) + a(@)t"" (Vel? + [w]9) do
A
— f(tw)wde,
Qx
we get tw € N, and

/ a(@) ([Vw|? + [w]?) dz
Qx

t 1
:/ f(‘_”fwdxf . / (IVwl + [w]?) dz.
Q/\ tq tqp QA

Taking (H2)(iv) into account, the right-hand side of the last equality is a strictly
increasing function in ¢. This implies that h,,(-) has a unique critical point. Thus
mMax;c[o, +o00) P (t) is achieved at the unique point ¢t = t,, > 0 so that hl,(t,) =0
and t,w € Ny.

(ii) First, we show that there exists § > 0 such that t,, > ¢ forw € S;. If t,, > 1
we are done. If t,, < 1, we deduce from t,w € Ny, (H2)(i) and (H2)(ii) that

(2.1)

| @Vl + ul?) + a)t, (Vol? + ul7) do

Qx
= ftpw)t,wde
Qx
< etﬁ,/ |w]? dx—i—CEtfu/ |w|" dz
Qi Qx
or
1 1
2t <5 [ EAT0P +ul?) + alw)tl, (Tul? + ful) do < Cat,
Qx

—q

Obviously we can take § = (ﬁ) "
Now, let W C S, be compact and suppose by contradiction that there exists a

sequence {wytneny € W with ¢, := t,, — +00. By (i), we see that Jy(t,w,) =

mMaxe(o, +o00) Ja(twn) > 0. On the other hand, by (H2)(iii), we deduce that

Ja(t 1 it
SMS*— de%—oo as n — 0o,
e P Ja, In

which is a contradiction. Thus there exists Cy, such that ¢, < Cy . [

> 0 in this case.

0
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Let
m: X\ {0} = Ny, we m(w) = t,w,

where ,, is defined in Lemma 2.1 and let m := 7|s, . Then we can show that m is
a one-to-one correspondence between S, and N.

Lemma 2.2. Let (H1) and (H2) be satisfied. Then the following hold:
(i) The mapping M is continuous.
(ii) The mapping m is a homeomorphism between S+ and N, and the inverse
of m is given by m~1(w) = HZ—H for all w € Ny

Proof. (i) Suppose that w, — w in X\ {0}. Taking Lemma 2.1 (ii) into account, we
see that {t,, }nen is uniformly bounded in n. Therefore, we can find a subsequence
of {tw, tnen (which we still denote by {t,, }nen) converging to a limit, say ¢o. It
follows from (2.1) that ¢y = t,,. But then t,,, — t,,. Hence m is continuous.

(ii) By (i), we can easily see that m(Sy) is a bounded set in X and for any
w € m(S4), there exists 6 > 0 such that [|w| > J. If ||w|| > 1 we are done. If
lw| < 1 then we have

| (9wl + 1ol +a(e) (Vul? + [ul?) do
Qx
= (w)wdxﬁs/ |w\pdx+C’s/ |w|" dz
Qi Qx Qx5
or
1

1
Sl < */ (IVwl? +[w]” + a(z) ([Vw|? + |w]?)) dz
2 2 Jo,

<c / " dz < Cfu"
Qx

1
Choosing § = (55) " * > 0 gives ||w|| > &. The continuity of 7 and its definition
imply that the mapping m: S, — N, is continuous and one-to-one. Clearly, the
inverse function of m is m~!(w) = Mo for any w € N,. We only have to show that

m~! is continuous. One has

. o w v w—v (o] —wl)
m~(w) —m™ " (v) :H_’:H +
| 1=t~ ol = el ™ Tl
2w —of _2,
which shows that m ™! is Lipschitz continuous. (I

Recall that J satisfies the (PS)-condition on Ny, if any sequence {uy, }neny C Ny
such that

J(up) = c and  J'(up) =0 (2.2)
for any ¢ € R, admits a convergent subsequence. Any sequence satisfying (2.2) is
called a (PS).-sequence or (PS)-sequence. Defining ¥(w) := Jy(m(w)), we show

next that the problem of finding critical points of \il|3 . is equivalent to the problem
of finding critical points of Jy |, -

Lemma 2.3. Let (H1) and (H2) be satisfied. Then the following hold:



8 W. LIU, G. DAI, P. WINKERT, AND S. ZENG

(i) ¥ e C1(X\ {0},R) and
(W' (w), 2) = (J3(m(w)), [|m(w)]|2)

(
for allw € 84 and for all z € T, (Sy), where T,,(Sy) denotes the tangent
space to Sy at w.

(ii) If {wn}nen C Sy is a (PS)-sequence for U, then {m(wn)}nen C N is a
(PS)-sequence for Jx. If {untnen C Ny is a bounded (PS)-sequence for Jy,
then {m = (un)Ynen C Sy is a (PS)-sequence for V.

(iii) w € Sy is a critical point of ¥ if and only if m(w) € Ny is a nontrivial
critical point of Jy. Moreover, infs, U= infar, Jy.

Proof. The lemma is a direct consequence of Proposition 9 and Corollary 10 in
Szulkin-Weth [37] and Lemmas 2.1 and 2.2. O

Remark 2.4. Obviously, from Lemmas 2.1 and 2.2, we see that the infimum of Jy
over Ny has the following minimaz characterization:

() = nf ) = ol magea(ew) = Jof magc o) = fnf (o)

Note that ¢(Qy) > 0. In fact, for any w € X \ {0}, we know from the proof of
Lemma 2.1 (1) that maxgso Jxy(sw) > &, for some &, > 0. From Lemma 2.1 (ii)
we can find § > 0 such that §,, > & uniformly for w € X \ {0}. Hence

() = el)Ifl\f{O} max In(sw) > § > 0.

3. TWO COMPACTNESS RESULTS

First, we prove that W satisfies the (PS)-condition on S .

Lemma 3.1. Let (H1) and (H2) be satisfied. Then the following hold:
(1) If {wn}nen C St is a sequence such that dist(wy,dS+) — 0 as n — +o0.
Then ||m(wy)|| = +oo and ¥(w,) = +0o as n — +oco.
(i) U satisfies the (PS)-condition on Sy, that is, every sequence {wy }nen in Sy
such that, for any ¢ > 0, U(wy) — ¢ and W' (w,) — 0 as n — +oco contains
a subsequence which converges strongly to some w € Sy and dist(w, 0S;) >

0.

Proof. (i) Let {wy}nen € Syt be a sequence such that dist(wy,,dSy) — 0 as n —
+00. Then, for any v € S and n € N, we have w; < |w,, —v| a.e.in Q. For any
v € [1,p*], by the embedding theorem, we have

w27y < vé3£+ wn — vl L7 0y < Cy Uelgf |wn — v = C, dist(w,, dS)

for all n € N. Recall that f(¢) = 0 for ¢t < 0. For every ¢t > 0, it follows from (H2)(i)

and (H2)(ii) that
/ F(tw)) dx
Qx

< C (¢? dist? (wy, 0S4) + t" dist" (wy, 0S4+)) = 0 as n — +o0,

| K (twn)| =

/ F(tw,)dz + / F(tw,)dz
< o>
A A

gstp/ |w:{|pdx+Cstr/ lw|" dx
Q)\ QA
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where Q5 = {z € Q) : wy(x) > 0} and Q5 = Q) \ Q3. Note that for any ¢ > 1,
e+ 1K (t,)] 2 In(tn) 2 <l = (K (tw,)] = = K (b,
Consequently

P
l,iﬂ{;f%”m(wn)”q > ngir;g\i!(wn) > ngj_r;of Iy (twy,) > %, for every t > 1,
and thus |[m(wy)|| = 400 and ¥(w,) — 400 as n — +oc.
(i) For any ¢ > 0, let {w, }nen € Sy be a (PS).-sequence for . Tt follows from
Lemma 2.3 that {u, := m(wp)}neny C N, is a (PS).-sequence for Jy. First we will
prove that {uy }nen is bounded. Suppose this is not the case, then there exists a
subsequence (still denoted by w,) such that ||u,|| = +00. Set v, = uy,/||uy||, then
{Un}nen is bounded. Thus, after passing to a subsequence if necessary, we may
assume that v, = v in X as n — +oo. If v = 0, then it follows from Lemma 2.1

and Remark 2.4 that
c+o(1) > Ja(upn) = Ja(ty, vn) > Ja(tv,) for all t > 0.
Recall that K is weakly continuous. If ¢ > 1, then we have that

1 1
Ia(tvy) > —=tP —/ F(tv,)dx — —tP.
q Qa q

This yields a contradiction by choosing ¢ > max{1, 2(qc)%}. If v # 0, then we

know from (H2)(iii) that
1 F
L[ Pl
p Qa

< J,\(un)
[[n

= unlle

0

IN

as n — 00, again a contradiction. Hence {uy}nen is bounded and so there exists
a subsequence of {u,}nen (still denoted by wu,) such that u, — w in X. Recall
that K} (u,) — Kj(u). Since Ji(un) = Lx(u,) — Ki(u,) — 0, one has that
Ly(up) — Ki(u) as n — 400, where Ly denotes the derivative operator of I in
the weak sense. Therefore, we conclude that u,, — u in X as n — 400, since Ly is
a mapping of type (S, ). Consequently m~"(u,) — m~"(u) by Lemma 2.2, that is,
w,, — w. Therefore, ¥ satisfies the (PS)-condition on S . O

Our second compactness result is related to the limiting functional associated to
J, which is defined in the whole space. More precisely,

setwi= [ (G 0var +up) + L v+ ) - F@) .
RN \P q
The corresponding Nehari manifold is defined by
N = {u € WEHERN)\ {0 : (UL (u), ) = 0}
while the least energy level is given by
0 < c(RY):= ué%w Joo (1)
In Liu-Dai [30, Theorem 1.9], it is proved that ¢(R¥) is achieved by a positive radi-

ally symmetric function. Moreover, we can show the following compactness lemma.
The idea used here is due to Alves [2], who studied the p-Laplacian equation.
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Lemma 3.2. Let (H1) and (H2) be satisfied and let {wy }nen € Noo be such that
Joo(wn) — c¢(RY). Then either {wy}nen has a strongly convergent subsequence
or there ewists a sequence {yn}nen € RY with |y,| — +oo such that {1, (z) =
Wi (T + Yn) tnen has a strongly convergent subsequence.

Proof. Let {wn}nen € Na be such that Joo(w,) — ¢(RY). As in the proof of
Lemma 3.1 (ii), we can show that w, — w, up to a subsequence if necessary. If
w # 0, then, as in Liu-Dai [30, Section 6], we can prove that K.  is completely
continuous, that is, K/_(w,) — K. (w). Since J. (wy) = Loo(wy) — K. (wy) — 0,
one has that Lo (w,) — K. (w) as n — 400, where Lo, denotes the derivative
operator of I, in the weak sense, Ko and I are defined as in (1.4) and (1.3),
just replacing Qy by RY, respectively. Then we conclude that w,, — w as n — +00
since Lo is a mapping of type (S, ) (see Liu-Dai [30] or Crespo-Blanco-Gasiriski-
Harjulehto-Winkert [13] for more details). It is clear that w € Ny and Jo(w) =
c(RY) since J, € C*.
If w = 0, then we claim that there exist R, > 0 and {y, }nen € RY such that

lim sup/ |wp|P dz > 4. (3.1)
Br(yn)

n—-+oo

Let us suppose this is not the case. Then we have

lim sup sup / |wy, [P dz = 0.
n—+oo yeRN J B(y)

It follows from Lions [26, 27, Lemma L.1] that w, — 0 in LRY) for a € (p, p*).

Consequently, as in the proof of Lemma 2.1, we have

f(wy)wpdz — 0
RN
by (H2)(i) and (H2)(ii). Recalling that {wp}neny € Noo, we have |Jw,| — 0 as
n — +oo. Consequently Jo.(w,) — 0, a contradiction to ¢(RY) > 0.

Next, we claim that |y, | — +00. Assume this is not true, then there exists M > 0
such that |y,| < M. Set R := M + R + 1. Since the embedding WLH(B4(0)) <
LP(By(0)) is compact (see Liu-Dai [30]), we deduce that [|w,||L»(5,(0)) — 0, which
contradicts (3.1), since ||wnllLe(B,0) = |WnllLr(Br(y,))- Now, we define w,(z) =
wy (4 yy,) and apply the argument used in the case w # 0 again, with w,, replaced
by @y, to obtain 10, — 1 € Ny with Jo (@) = ¢(RY). This finishes the proof. O

4. SOME ESTIMATES

For R > R > 0, we need two auxiliary functionals which are defined as in (1.2),
just replacing Q) by Bg := Br(0) and Ap (%) := Bi(%) \ Br(Z) for all & € RY,
respectively, that is,

— 1 ulP ulP M ul? ul?) — u T
JR(U)—/BR(p(IVI+||)+ g Vult+ul®) F())d,

1
na@= [ (v e up)+ L (v - F) .
A)\R,)\R(i) b q
The corresponding Nehari manifolds are given by

Ng = {u € WEM(BR)\ {0} : (Jh(u),u) = o}
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Nos = {u € WM (A g @)\ {0} & (T} 5 (), w) =0}
We set

o(Br):= inf Jn(u). (4.1)

Then ¢(Bg) is achieved by a positive radially symmetric function ¥g. Indeed,
similar to the proof of Liu-Dai [30, Theorem 1.4], we can show that ¢(Bg) is attained
by a positive function v € Wol’H(BR). Let v* be the Schwartz symmetrization of
v, then we have that v* € Wy'*(Bg) and it satisfies

/ <1|Vv*|p + a(gC)VU*P) dz §/ <1|va+ a(x)|Vv|q> dzx,
Br \P q Br \P q

1 1
/ (v*l” G Iv*l”) o= / (Ivl” G qu) dz
Br \P q Br \P q

/BR F(o*)ds = /BR F(v) dz.

As in Lemma, 2.1, we can show that there exists a unique ¢,~ > 0 such that ¢,«v* €
NEg. Moreover, it holds

(Br) < Jn(tv") < Jn(tv) < max.Jp(te) = Jn(v) = c(Br)

and

Set U := t,«v*.Then g has all the required properties. Furthermore, we can
study the asymptotic behavior of ¢(Bg).

Lemma 4.1. Let (H1) and (H2) be satisfied and let ¢(2y) and ¢(Bgr) be defined
as in Remark 2.4 and (4.1), respectively. Then

. _ mN : _ (RN
AEIEOOC(Q)\)—C(R ) and REI-EOOC(BR)_C(R ).

Proof. We only show the first assertion, the second one can be done in a similar way.
To this end, let A > 0 and R > 0 be fixed such that Br C Q5. Let ng: [0, +00) = R
be a smooth nonincreasing cut-off function defined by

nr(t) =11 0<t<R/2, nr(t)=0ift>R, 0<nrg<1 and |nR(¢) <2.

We write wgr(z) = nr(z)w(z), where w € N is such that Joo(w) = ¢(RY). In
addition, let £tz > 0 be such that tpwr € Ny. Then we have

c(Qy) < Ja(tgwg) for all A > \.
Passing to the limit as A — +o0o0 we obtain

limsup ¢(2y) < Joo(trwR).
A—+o0
As in the proof of Lemma 2.1 we can show that tg — 1 as R — 4o0o0. Then
Joo(trwR) = Joo(w) = ¢(RY) as R — +o00. Consequently, we get
limsup ¢(2) < c(RY). (4.2)
A—+4o0
On the other hand, from the definition of ¢(£2) and ¢(RY), it follows that ¢(RY) <
c(Q)) for all A > 0, which implies that
c(RY) < liminf ¢(Qy). (4.3)

A——+o0
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From (4.2) and (4.3) the assertion follows. d

Now we choose R > diam(f2). For u € WH*(RY) with compact support in
B3(0), we define the barycenter map 8: WH*(RN) \ {0} — RY by

/RN x|u(x)|P dz
/RN u(z)P dz

Using the map  we can show the following estimate.

Blu) = (4.4)

Lemma 4.2. Let (H1) and (H2) be satisfied and let
a(\, R, R, %) :=inf {Jy5(u) : u€ Ny;z and B(u) = 7} .
Then it holds
liminf a(\, R, R, &) > ¢(R")

A—+oo

and in particular,

liminf a(\, R, R,0) > ¢(RY).

A——+o0

Proof. By the translation invariance of the Lebesgue integral and the symmetry of
u, we know that

(Ao, R, R,0) = a(\n, R, R, 7).
Hence it suffices to prove that

liminf a(\, R, R,0) > ¢(RY).

A—r+00
It is clear from the definitions of a(\, R, R,0) and ¢(RY) that
a(\, R, R,0) > ¢(RN).
We only need to show that
liminf a(\, R, R,0) # c¢(RY).

A——+o0

Suppose this is not true, then there exists a sequence {\, }nen such that
a(An, R, R,0) = ¢(RN) asn — +oo.

Here we set \,, — 400 as n — +oo. As in the proof of Lemma 3.1, we can
show that Jy, o satisfies the (PS)-condition on A, 7, r(0), and so a(A,, R, R,0)
are attained by positive radially symmetric functions. Therefore, there exists a
sequence {un }nen € Ny, 0 such that

Ba, (up) =0 and  Jy, 0(un) = a@(An, R, R,0).

ns

Note that suppu, C B, z(0)\ By,r(0). Thus u, — 0 as n — +oo. It is clear
that u, # 0 since ¢(RY) > 0. Thus it follows from Lemma 3.2 that there exists a
sequence {yn }nen € RY with |y,| — +oo such that

Up () = vp (T — yn) + V(T — Yn),
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where {v, }nen is a sequence converging strongly to 0 in X while ¥ is a nonnegative
function satisfying Jo.(¥) = ¢(RY) and ¥ € N,,. We write

M = |U(x)[P dz > 0.
RN
From v, — 0 in X, we conclude that

/ fon (& — ) + W(z — )P dar = /
By, r/2(yn)

|vp () + U (2)P de — M,
Bx, r/2(0)
which implies

/ |un P do — M,

S

where =, 1= By pgy2(yn) N Ay g, r(0)
Thus,

|

|tn|P dz — 0, where =, = AAHR,ATLR(O) \ By, r/2(Yn)-

(4.5)
Since J is rotation invariant, we may assume that y,, = (y.,0,
Hence, it follows from S, (u,) = 0 that

-,0) with y} < 0.

oz/ x1|un|pdx:/ x1|un|pd3:+/
Axné,/\nR(O) =n

. x1|un|p de,

Sn

where z! is the first coordinate of z. It is easy to check that

AR
/ o u, [P de < —

. 5 (M +on(1))
and

/~ ot |u, [P dz < )\nR[ |un, P dez,

i

where 0,(1) — 0 as n — +o00. Therefore, we have

o< MR

(M +0n(1)) + MR |

En

|t |P da,
that is,

[I]\

R
nlPdz > —(M + on(1)),
unl? da > = (M +0,(1)

n

which contradicts (4.5).

5. PROOF OF THEOREM 1.1

sets

In what follows, without any loss of generality, we shall assume that 0 € Q.
Moreover, we fix real numbers R > R > 0 such that Br(0) C Q C Bj(0) and the

QF = {z e RY : dist(z,Q) < R}

and Qp = {z € Q : dist(z,0Q) > R}
are homotopically equivalent to 2. For A > 0, let ¥z € N\r be given as in Section
4 satisfying Jxr(Uagr) = ¢(Bagr). We define ®5: AQ5z — N, by

@r(E))x) = {to”l’”‘('”” S e o)

ifz e Q)\ \B,\R<§),
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where t) > 0 is such that ®,(£) € M. Then we have the following lemma.
Lemma 5.1. Let (H1) and (H2) be satisfied. Then we have
lim Jy(@x(€)) = c(R™)
A—+00

uniformly in £ € AQp.

Proof. Following the same arguments as in the proof of Lemma 2.1 and Remark
2.4, it is easy to see that

() < In(@A(§)) = In(ErPar(|z =€)
= IA(taVar(|z])) < IN(Par(|2])) = c(Bar)-

Here we have used the translation invariance of the Lebesgue integral in the sec-
ond equality. Lemma 4.1 gives that limy s o ¢(Bag) = lmy_ 1o c(2) = c(RY).
Hence our conclusion holds. O

Given & € M2y, we set h(X) := [Jx(@A(£)) — ¢(RY)]. We conclude from Lemma
5.1 that h(A) — 0 as A — 4o00. Next, we define the sublevel set

Ny ={ueNy : Ja(u) < c(RY)+h(N)}.

It is clear that ®5(§) € Ny, which implies Ny # @ for any A > 0. Furthermore, we
have the following result.

Lemma 5.2. Let (H1) and (H2) be satisfied. Then there exists A* > 0 such that,
for any X > X*, if u € Ny, then B(u) € ANQf, where 3 is defined in (4.4).

Proof. We argue by contradiction and assume that there exist A, — +00 as n —
400 and u, € N, such that B(u,) =t z, & A\,Q2%. We can choose R > diam(2)
such that

an g A)\,,R,)WR(‘T")' (51)

Indeed, if z € Q0 then z/\, € Q. Note that x,,/\,, & QE since x,, ¢ )\nQE. Hence
|z/An — X /An| > R, that is, | — x,| > A\, R. Consequently, © &€ By, r(zy). Since
x € 2, , there exists y € €2 such that x = \,,y. Therefore, it follows that

fmn z|u(z)|P dz fQAn ‘y b lu(z)[P dz
T o @R | ST o TP
Note that z/)\, € Q, y € Q and © C Bz(0). Hence |y — 2/\,| < R. Thus,
|z — 2] < MR,
that is, € By z(y), and so (5.1) holds. From (5.1) it follows that
a(An, R, R,0) = a(An, R, R, 20) < Ji, (un) < c(RY) + h(\y).
Letting n — 400, Lemma 5.1 implies that h(A,) — 0 and so

limsup @(An, R, R,0) < ¢(RY),

n—-4o0o

n?

v — xn| =

which contradicts Lemma 4.2. O

Now, we are ready to prove Theorem 1.1.
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Proof of Theorem 1.1. We conclude from Lemmas 5.1 and 2.3 that
lim U(m~(@r() = lim JA(@A(9)) = c(®Y)
A— 400

A——+o0

uniformly in £ € AQ,. We write
S, = {u €8s s U(u) < e(RV) + h(/\)},

where h is given in the definition of NVy. It is clear that S, # ), since m~(®,(€)) €
S.. From Lemma 3.1 and the Lusternik-Schnirelmann theory (see Szulkin-Weth
[37, Theorem 27]), it follows that ¥ has at least cat(S;) critical points on S,
Lemmas 5.1, 5.2 and 2.3 imply that there exists A* > 0 such that, for any A > \*,
the diagram

—1

)\Q;c kit ./\7>\ i S~+ i N)\L)\QE

is well defined and Somom ™! o ®, is homo topic to the inclusion id: Ay — )\QE.
Hence

cat(Sy) > cat)\ﬂg()\ﬂl_%) = cat(Qy). (5.2)
Indeed, suppose that cat(3+) = n, that is, there exists a smallest positive integer
n such that

St CDUDyU---UDy,
where D;, i = 1,2,--- ,n are closed and contractible in S+, that is, there exist
hi € C([0,1] x D;, Sy), i=1,2,---,n

such that

hi(0,u) =u for all u € D,

hi(l,u) =w; € S+ for all u € D;.
We set

Ki =@ (m(Dy)).

Clearly K; are closed subsets of Ay and A\Qp C Ky U---UK,. Moreover K;,

i =1,---,n are contractible in )\QE using the deformation b;: [0,1] x K; — /\QE
defined by

hi(t,x) = (Bomohy)(t,m™ (Br(x))).
We conclude from Lemmas 5.1 and 5.2 that
h; € C([0,1] x K;, A7),
hi(0,2) = (Bomohy)(0,m (®r(z))) =z for all z € K;,
hi(1,2) = (Bomoh)(1,m H(@(2))) = B(m(w;)) = z; € AQ}, for all z € K.
Hence
cat)\Q;()\QE) <mn,

that is, (5.2) holds, which implies that S, contains at least cat(Qy) critical points
of W.
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Now we prove that there exists another critical point of ¥. Let
M = m= LD\ (AQR))

and note that M is non-contractible in 5’+ since {2, is not contractible. Next,
we will prove that there exists an energy level d > ¢(R™) + h()) such that M is
contractible in 8¢ := {u € S} : W(u) < d}. In order to do that, we choose u* € S,
such that ¥(u*) > ¢(RY) 4 h()) and define the set

C:={0u"+(1—-0)u:0ecl01], uec M}.

It is clear that € is compact and contractible, moreover 0 ¢ €. Then we can define
a continuous projection Ps, from € onto S, by

Ps, (€)= {m ™' (m(w)) : we €},
Set

d:= max Y(w).
’LUEPS+(¢)

It is obvious that d > ¢(RY) + h()\) and Ps, (€) is contractible in S¢. Note
that M C Ps, (€) € Sy, and so M is also contractible in Sjir. Consequently,
it follows from Szulkin-Weth [37, Theorem 27] that there exists another critical
point of ¥ in S¢ \'S;. Thus we conclude from Lemma 2.3 that there exist at least

cat(€2y) + 1 critical points of Jy, that is, problem (1.1) has at least cat(€y) + 1
positive solutions. (I
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