ON (p,n)-LAPLACE SCHRODINGER EQUATIONS WITH
STEIN-WEISS CONVOLUTION PARTS IN R"

DEEPAK KUMAR MAHANTA AND PATRICK WINKERT

ABSTRACT. By using the mountain pass theorem, this article deals with the existence of positive ground state solutions to
a class of (p,n)-Laplace Schrodinger equations with Stein-Weiss reaction under critical exponential growth in the sense of
the Moser-Trudinger inequality in the whole R™.

1. INTRODUCTION AND MAIN RESULT

Nowadays, there is a great interest in the study of nonlinear PDEs involving the (p, ¢)-Laplace operator, see [3, 4, 5], due
to several relevant physical applications in the field of applied sciences such as physics, plasma physics, chemical reaction
design, electromagnetism, electrostatics and electrodynamics, see [6, 9, 11]. Such problems are both fascinating and
difficult to deal with. From an analytical point of view, there are several technical difficulties, such as the inhomogeneous
nature of the (p,q)-Laplacian and the lack of compactness of Palais-Smale sequences due to the unboundedness of the
domain. Concerning problems driven by the (p, n)-Laplacian, we refer to the papers [8, 10, 13, 14], see also the references
therein. Moreover, we also mention [1, 16, 18] for the study of existence and multiplicity of solutions of Choquard equations
with critical exponential growth in the whole Euclidean space.

Motivated by the above mentioned works, we study the following (p, n)-Laplace Schrodinger-Choquard type equation

Fy,u) floyu)
Lpv(u)+ Lyyv(u) = (/Rn PR dy) BE in R",

where 1 < p <mnwithn >2, 8>0,0<pu<n 0<28+u<n, Lyvu) =—-Anu+ V() |u?uand Ay,u =
div(|Vu|™2Vu) denotes the usual m-Laplacian for m € {p,n}. The nonlinearity f: R™ x R — R has critical exponential
growth at infinity, that is, it behaves like exp(a|s|7 1) when |s| — oo for some a > 0, which means that there exists
ag > 0 such that

(fO) hmls\—H—oo |f(:L‘7 S)' exp(—a|s|ﬁ) = {

For the scalar potential V': R®™ — R, we suppose that the following hypotheses are satisfied:
(v1) V € C(R™,R) and there exists a constant V > 0 such that infyern V() > Vo;
(v2) V(z) = +o0 as |x| = 400, or more generally, for any M > 0, u({z € R": V(z) < M}) < 400, where for any
A CR™ pu(A) denotes the Lebesgue measure of A in R™.
Next, we assume the following hypotheses on the nonlinearity f: R” x R — R:
(f1) f:R" xR — R is a Carathéodory function such that f(-,s) =0 for all s <0 and f(-,s) > 0 for all s > 0; further,
there holds f(z,s) = o(|s|""!) as s — 07 for a.a.z € R";
(f2) there exists § > n such that 0 < 0F(x,s) =6 [, f(z,t)dt < 2sf(x,s) for a.a.z € R" and for all s > 0;
(f3) there exists £ > n and 7 > 0 such that F(x,s) > ns® for a.a.z € R" and s > 0;
(f4) the maps s +— &_51) and s — % are strictly increasing for a.a.z € R™ and for all s > 0.

3
52

(P)

0 if a > ay,

) uniformly with respect to x € R"™.
400 if a < ag,

Due to (fo) and (f1), for any ¢ > n and a > «ag, there exist £ > 0 and a constant D, = D (e, @, q) > 0 depending on ¢, «
and ¢ such that

|f(z,8)| <els|" ' + D.|s|" ' ®(als|”) for a.a.z € R" and for all s € R, (1.1)
where ®(t) = exp(t) — Z?:_g ;—J, and n’ = 2. Thus, one has
max{|sf(z, s)|,|F(z,s)|} <e|s|” + Dg|s|"®(als|”) for a.a.z € R" and for all s € R. (1.2)
Note that the function F(z,s) = n(sT)¢ exp (ap(sT)") for a.a.z € R” and for all s € R, where n. > 2, >0, £ >n, 0 <
ap < a, s =max{s,0} and f(z,s) = % for a.a.x € R™ and for all s € R satisfies hypotheses (fo) — (f4)-

2020 Mathematics Subject Classification. 35A15, 35D30, 35J10, 35J60, 35J92.
Key words and phrases. critical exponential growth, ground state solution, (p,n)-Laplacian, Stein-Weiss convolution.



2 D.K. MAHANTA AND P. WINKERT

Next, we define the function space X = WyP(R™) N W™ (R™) equipped with the norm || - || = || - [[ypre + | - Iy
\'4 \'4
From [14], it is known that (X, | - ||) is a reflexive and separable Banach space, where by means of (v1) and m € {p,n},
the weighted Sobolev space

W‘l/’m(R”) = {u € Wh™(R™) : V(z)|u|™ € Ll(R")},

is endowed with the norm || - |72 = [[V - [[[3 4+ [| - [I7 /. As usual, Whm(R") stands for Sobolev space equipped with
g8 :

the norm || - |1 = IV - ;e + || - [[7, while [| - ||, is the usual norm of L™(R™) and || - ||,,,,y is the norm of the weighted

Lebesgue space L{}(R™), see [14] for its definition.

We say that u € X is a weak solution of problem (P), if there holds

<u,77/1>pyv + <u7¢>n)v = /n (/R Py, ) dy> f(zx’llé)q/} dx for all ¢ € X,

w o —ylrlyl?

where (-, ~>m v for m € {p,n} is defined by

(u, ) |, = / |Vu|"2Vu - Vipda + V(z)|u|/™2updz  for u,¢p € X.
’ Rn Rn

In addition, we say that a solution ug € X is a ground state solution of problem (P), if there holds
J(uo) = inf{J(u): ue X \ {0} and J'(u) =0},

where J € C'(X,R) is the associated functional to problem (7).
Our main result is given by the next theorem.

Theorem 1.1. Let hypotheses (v1)—(va) and (fo)—(fa) be satisfied and suppose there exists ng > 0 large enough such that
(fs) holds for all n > ng. Then problem (P) has a positive ground state solution.

The paper is organized as follows. In Section 2, we provide some preliminary results, while Section 3 is devoted to the
proof of Theorem 1.1.

2. PRELIMINARY RESULTS
In this section, we introduce some elementary results which will be useful in the sequel.

Lemma 2.1. [14, Corollary 2.6] Let (v1) and (vs) be satisfied. Then the embedding X — L™(R™) is compact for any
np

T € [p,p*) U [n, +00), where p* = nls s the critical Sobolev exponent.
Now, we recall the celebrated Moser-Trudinger inequality, which was initially established in [12, Lemma 1], see also
[7, 15, 17] and the references therein.

Theorem 2.2 (Moser-Trudinger Inequality). For alln > 2, a > 0 and u € WH™(R™), there holds
n—2

’ ‘7 /-
/ <exp(a|u|" ) — Z a'|u|”3> dz < +o0.
R™ =0 J]:
1
Moreover, if |Vul|r <1, lull, < M < +oo and o < o, = nw,'_7, where wy,_1 is the measure of the unit sphere in R",

then there exists a constant C' = C(n, M, «) > 0 which depends only on n, M and « such that

n—2 :
, o’ >
exp(alul™) — — unj)dngn,M,a.
/R< (aful™) = j!\ | ( )

J=0

n—2 gJ

Lemma 2.3. [21, Lemma 2.1 and Lemma 2.2] For any n > 2, the map s — exp(s) — >_;—y 57

n [0, +00). Moreover, for all p > 1 and s > 0, there holds

<eXp(8) - f j)p < exp(ps) — § (pfg,)j :

= 7 P

1s increasing and convex

The following doubly weighted Hardy—Littlewood—Sobolev inequality can be found in [20].
Theorem 2.4 (Doubly Weighted Hardy—Littlewood—Sobolev Inequality). Let 1 < r,s < 400, 0 < p < n,
a+B8>0and0 < a+ B+ pu <n such that%—k%—l—oﬁnﬂ:Q andl—%—%< o< 1—%, then there exists a sharp
constant C' = C(r, s,n,a, B, ) > 0 independent of g € L"(R™) and h € L*(R™) such that

g(x)h(y)
——— " dxdy| < C(r,s,n,a, B, 1) |lg|l-||hs-
/n /n |||z — y|H|y|? ( mwllgll-Rll
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Further, let

h
Te) = [
e || —y|*]y|
Then there exists a constant C = C(t,s,n,o, B,p1) > 0 independent of h € L5(R™) with 1 + % = % + (H'nﬂ and
@ < b2t gych that |T(h)| < C(t,s,n,a, B, pw)||h|s.

Next, we define the energy functional J: X — R associated with problem (P) by

1 1 1 F(y,u) F(z,u)
J(u fu u n— = d dx for all u € X.
(W) = 2l + 2l =5 [ ( | s y> -

In virtue of (1.2), Lemma 2.1, Theorem 2.2, Lemma 2.3 and Holder’s inequality, we have F(x,u) € LS(R") for all u € X

and ¢ > 1. Thus, by employing Theorem 2.4 with r = s = %7227%7# and a = 3, one has
F(y,w) F(z,u)
()] < CB,n, WIF(,u)]l2,  where I(u) = / / dy de. (2.1)
n \ Jre [ —yltlyl? |z|P
By using the above inequality, it is easy to see that J is well defined and of class C(X,R) with
F(y, u) [z, u)
/ _ _ ) ]
(J'(u),y) = <u,w>py + <u,w>n7v /Rn (/}Rn PTImE dy P dz for all u,9 € X, (2.2)

where (-, ) is the duality pair between the dual X* and X. It is standard to see that the critical points of J are exactly
the weak solutions to problem (P).

3. EXISTENCE OF GROUND STATE SOLUTIONS: PROOF OF THEOREM 1.1

This section is devoted to the proof of Theorem 1.1. First, we need to check that J satisfies the geometrical hypotheses
of the mountain pass theorem.
Lemma 3.1. Let hypotheses (v1)—(v2) and (fo)—(f2) be satisfied. Then the following hold:
(a) Any nontrivial critical point of J is nonnegative;
(b) There exist 6, p > 0 such that J(u) >0 for alluw € X and ||u|| = p;
(¢) There exists e € X with |le|| > p such that J(e) < 0.

Proof. Let u € X \ {0} be a critical point of J. Denote u = u™ — u~, where u* = max{+u,0}. Now, testing (2.2) by
u~ € X, we obtain from (J'(u),u”) = 0 and (f1) that

IVu™|P ., + ||Vu*H’VLV‘1/ =0, that is, [[Vu™[[yre = [[Vu~ [l = 0.

WP
It follows that ||u~|| = 0. Thus, we have v~ = 0 a.e.in R” and u = u™ > 0 a.e.in R™. This completes the proof of (a).
Let ¥ > 0 be such that 209" < a, for all u € X satisfying ||u|| € (0,9]. By direct calculations, one has
n
u U 1
€ WhH™(R"), v() <1 and |—| < < +o0. (3.1)
Tl fll )| Wl = V%

It follows from (1.2), (2.1), (3.1), Lemma 2.1, Theorem 2.2, Lemma 2.3 and Holder’s inequality that

1
el < et + o2l [ oGart)as) ") <o+ oo [ earl /i) )
< C(E|lull® + DZ|lul*),

where C' > 0 is a suitable constant varies from step to step. Define p = min{1,}. Then, by taking ||u| = p for allu € X, we
have J(u) > ||lul|" (52 —C/(e 2||u||"—|—D2Hu||2q ")). Choosing 0 < € < (\/2"*1710)71 and using q > n, we are able to find
p > 0 small enough such that 51— — C(2p" + D?p*=") > 0. Thus, we have J(u) > p" (5t — C(e2p" + D2p?17 ")) :=
d > 0 for ||u|| = p. This shows (b).

Next, fix uo € X \ {0} with ug > 0 and define II: (0, +00) — R by II(t) = $1(7-:) for all ¢ > 0. By using (f2), one

lluoll
has IT'(t) > YTI(t) for all ¢ > 0. Integrating it on [1, so|lug||] with s > ”u 7, we deduce that I(sup) > 39||u0||91( ) and

2n—1lp

Tuol

1
J(sug) < ?Huo”gv‘l/p + ;HUOH"W&/,W, — 9Hu0|| I( ) — —00 as § — 00,

where we have used that p < n < 6. Taking s > m large enough and e = sug, we get J(e) < 0 and |le]| > p. This
completes the proof of (¢) and consequently of Lemma 3.1. O
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By employing Lemma 3.1 and the mountain pass theorem [2] without the Palais-Smale condition, one can see that
there exists a (PS).-sequence {ux}reny C X, that is, J(ux) — ¢ in R and J'(ug) — 0 in X* as k — oo, where ¢ is the
mountain pass level given by

c:= irelfl;tren[g}l(] J(y(#) >0 >0 with T':={ye C([0,1],X): v(0) =0, J(v(1)) < 0}.

Next, we compute the following key estimate for the mountain pass minimax level c.

Lemma 3.2. There exists 19 > 0 large enough such that if (fs) is satisfied for all n > ng, then there holds

_19—n%an%19—n an%

Proof. Let ¢ € C§°(R™,[0,1]) be a cut-off function such that ¢(x) =1 if |z| < 1, ¢(x) =0 if |z| > 2 and |V¢(z)| < 1 for
all x € R™. By direct computations, we obtain

1 2w, —1(1
O = [ (9EnIm+ V@)l dr < 20 W) on o, ¢ gy,
m B‘Z(O) nm
2 _ 1 1
(ii) / / 3 dady 7 2 wn1Blnn =+ ), where ﬂ(zl,zQ)z/ 1711 — )=t
B10) JB1(0) 171° |7 — y|*|y] n—p 0

for all z1, 22 € C with Re(z1) > 0 and Re(z2) > 0 is called the Euler integral of the first kind. Thus, for all s € [0, 1], we
obtain from (f3) that
2", 1 (1+ ||V lo) and Oy — w2_B(n,n—p+ 1).

np 2(n — p)
Define the map g: [0,1] — X by g(s) = sy for all s € [0,1] and choose 71 > 0 such that J(v) < C; — Can? < 0 for all
n > n1. It follows that g € I'. Hence, one has

J(s¢) < C1sP — Con?s®*  with Oy =

< < < P Con?s?| =
¢ < max J(g(s)) < maxJ(sy) < max [C1s” — Con’s™] %

(26 —p)C1 [ pCh
2612 Cy
Therefore, we can find 7y > 7, large enough such that ¢ < ¢g for all n > ng, where ¢ is defined in (3.2). O

26—p
—0 asn— oo.

Lemma 3.3. Every (PS).-sequence {uy}ren C X for J is bounded in X, where ¢ € (0,¢q) and cg is given in Lemma 3.2.
Moreover, there holds

lim sup [|ug||" < an, (3.3)
o

k—oo
Proof. Let ¢ € (0,¢p) and {ug}ren € X be a (PS)c-sequence for J. Applying (f2) leads to
1 1

P n
¢+ ok(1) + or (1) fluxl| = (n - 0) (||Uk||w‘1/,p + ||Uk||W‘1/m) as k — oc. (3.4)

Suppose now that {uy}ren is unbounded in X. We consider three cases. Case 1: Assume that ||uk||w‘1/,p — oo and

|wg ||y — 00 as k — co. By using 1 < p < n, one has ||ug]| > [Jug| > 1 for large k. It follows from (3.4) that
\4

n p
1,n 1,n
Wy, Wy,

1 1
c+ ox(1) + ok (1)||ug|| > 2'77 (n - 0) [lugl|? as k — oo.

Dividing |lux|[? on both sides and letting k — oo, we have 0 > 277 (1 — 1) > 0, which is a contradiction. Case 2: Suppose
that HukHW‘l/p — 00 as k — oo and HU,ICHW‘I/n is bounded. Thus, we deduce from (3.4) that

1 1
¢+ ox(1) + o (1) ||ugl] > <n - 9> ||uk||€v‘1/p as k — oo.

Dividing ||uk||€V1,p on both sides and sending k — oo, we have 0 > (+ — 1) > 0, which is again a contradiction. Case 3:
Suppose that HU,]CHW‘l/,n — 00 as k — oo and ||uk~||W\1/,p is bounded, then by arguing as in Case 2, we can easily arrive at a
contradiction. Thus, {u}ren is a bounded sequence in X. Further, by using (3.4), we get

lim sup ||ug|| % 1m < nb ¢ and limsup |Jug||? 1, < nb c% (3.5)
k—o0 wy" = \0-n k— o0 Wy? = 0—n . .

It follows from (3.5) and the inequality (a + b)7 < 2°71(a% 4 b%) for all a,b > 0 and o € [1,+00) that

_1_ _n_
. n/ e ’[’1,9 n—1 n@ (n—1)p
limsup [Jug||” < 271 c + c .
k00 0—n 0—n
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By using the fact that 72~ > 1 and =5 < (GBS 1)p, we obtain from the previous inequality that

n

3

1
n 7 RoT
1wty [2n( )c] ife<t,

: / ng \* 1 —n

lim sup [Jug||” < l?( ) ] (cn—1 —|—C(7L71)P) < I (3.6)

k—00 0—n b 217 .

[QH(;H) ] if ¢ > 1.

Due to (3.2) and (3.6), one can easily obtain (3.3). This finishes the proof of the lemma. O

Lemma 3.4. Let hypotheses (v1)—(v2) and (fo)—(f3) be satisfied. Then J satisfies the (PS). compactness condition for
all ¢ € (0,¢p), where ¢y is defined in Lemma 3.2.

Proof. Let {ug}ren C X be a (PS).-sequence for J. Then, by employing Lemma 3.3, one sees that {u }ren is bounded in
X and (3.3) is satisfied. Hence, up to a subsequence not relabeled, there exists u € X such that uy — w in X. Thus, from
Lemma 2.1, we obtain u — v in L™ (R") for all 7 € [p,p*) U[n, +00) and ur, — u a.e.in R™. In addition, as a consequence
of (1.2), (3.3), Lemma 2.1, Theorem 2.2, Lemma 2.3 and Holder’s inequality, one can deduce that {F (-, ug) }xen is bounded
in L"(R™). Using the continuity of the map s — F(-,s), we obtain F(x ug) — F(z,u) a.e.in R™ as k — co. It immediately

follows that F(z,u) = F(z,u) in L"(R™) as k — oco. Set t = 2B+ , then by Theorem 2.4, the map

h(y)

L"(R") 3 h(z) — [ —
(R™) > h(@) z|Ble —y|rlyl?

dy € L'(R™)

Rn
is a linear and bounded operator. As a result, we obtain

F F
/ e (y, ur) S dy — / . (y,u) sdy in LAR") as k- oo,
re |Z]P |z — y[Hy| re ]2 |z — y[*|y|

Therefore, the sequence n % dy 1s bounded in L!*(R"). Note that (3.1) holds replacing u by u. Since
R 2] z—y[#]y|

3.3) holds and passing to a subsequence if necessary (not relabeled), we can assume that su U, n < ”‘“ . Let us fix
P g q y Pren

m e (|Jug]™, Sn) and a > ag close to ag in such a way that 2agrm < a,. Now, by using (1.1), Lemma 2.17 Theorem 2.2,
Lemma 2.3, Holder s inequality and the boundedness of {ug}ren in X, we have

(=l < ([l =) (= et i) |

1
' / 2qr
< C{IIWIIZHIIM — |y [l | EH ok — U|2qr</R P (2agr||ugll™ [(ur/|luk )] )dx) } = ox(1)

as k — oo, where C > 0 is a suitable positive constant. It follows that

R™ R

n lz—yl#]yl? |z|?

- F(y,u) [z, u)(ug —u)
lim / d dxz = 0. 3.8
k=00 Jgn ( re |z — yl#ly|P y) |z|8 (38)

Recall that (J'(ur) — J'(u),ur, —u) = ox(1) as k — oo. Hence, for m € {p,n}, we obtain by using (3.7), (3.8), the
convexity of the map ¢ — L [t|™ and (v;) that

151010 (|Vug|™*Vug, — [Vu|"*Vu) - (Vuy, — Vu) dz = 0, (3.9)
hm A V(@) (Jur™ Pk — |ul™ ) (up — u) dz = 0. (3.10)
From [19], for all w,z € R? with d > 1, there exist two positive constants C, and ¢, depending only on ¢ such that
o 2-0
o= B e T sy

Due to (3.9), (3.10), (3.11) and the boundedness of {uy}ren in X, we obtain for m > 2 that

IVug — Vul; < cm/ (V| "> Vug, — [Vu|"*Vu) - (Vug, — Vu) dz = ox(1)  as k — oo,
Rn

n

lur — ullm v < cm/ V(@) (Jup) ™ ?uk — [u|™u) (up — u) dz = o (1) as k — oco.
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Because of (3.9), (3.10), (3.11), Holder’s inequality and the boundedness of {ux}ren in X, we get for 1 < m < 2 that

[|Vuk|m + |Vu|m] = e

|

IVur — V| < Cp, [(|Vuk|m *Vug, — [Vu|"*Vu).(Vuy, — Vu)]

o3

s |Vu|<2 m)m} dz

'm

/ (V™ 2V — [Vu™ V). (Vug — Vao)]

< Cu( [ (V" 2Vey = |Val™>Vu).(Vuy ~ Vu) dx) [||ka|\m S ||Vl ? m} = ox(1)
as k — oo and
Jur —ullm v < / ) [ |2 — )™ %) (ug — u)] 7 [lus™ + Jul™] =" 4y
/ (o™ 2 = ™ 2u) (g = w)] ¥ [Jun] 57 4 Juf 5 | o
El @=m)m C=mm
- Cm( [Vl 2= ) =) de ) [laadd ™+ uld ] =ou1) a5 ko

Hence, we deduce from the above convergences that Vuy — Vu in L™(R™) as k — oo and uy, — u in L} (R™) as k — oo
for m € {p,n}. It follows that uy — w in X as k — oo. This finishes the proof. O

Proof of Theorem 1.1. By using Lemma 3.4 and J € C1(X,R), one has J(u) = ¢ > 0 and J'(u) = 0. Thus, we obtain
from Lemma 3.1 that u is a positive solution of (P). Next, we claim that u is a ground state solution of (P). It suffices to
show ¢ < © := inf{J(u): u € N}, where N := {u € X\ {0}: J'(u) = 0}. Define the map 7: (0, +00) — R by 7(s) = J(su)
for all u € N and s > 0. Note that ©'(s) = £(J'(su), su) — s"*(J'(u), ). Moreover, by direct calculations, we have

- - - Fly,u) _ F(y,su) uf f(fﬂ u) u*
/ _ (=1 __ .n—1 p n—1 ’ o ’
70 =6 =l + 0| [ 4L T e e

swE Je—ylrlylP V) wE T T wEL (o]

Flysu)  uf S fasu) | ut
+ / / a

Due to (f4), one sees that 7/(s) > 0 for all s € (0,1) and 7’(s) < 0 for all s € (1,+00). It follows that 1 is the maximum
point of 7 and thus J(u) = maxs>o J(su). Further, let g: [0,1] — X be such that g(s) = ssou, where s fulfills J(sou) < 0.
Hence, g € I' and ¢ < max,e[o1] J(9(s)) < maxg>o J(su) = J(u). Since u € N is arbitrary, we have ¢ < ©. O
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