INFINITELY MANY SOLUTIONS TO KIRCHHOFF DOUBLE PHASE PROBLEMS
WITH VARIABLE EXPONENTS
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ABSTRACT. In this work we deal with elliptic equations driven by the variable exponent double phase operator
with a Kirchhoff term and a right-hand side that is just locally defined in terms of very mild assumptions.
Based on an abstract critical point result of Kajikiya [15] and recent a priori bounds for generalized double
phase problems by the authors [14], we prove the existence of a sequence of nontrivial solutions whose
L°°-norms converge to zero.

1. INTRODUCTION

In this paper we study multiplicity results for the following Kirchhoff-type problem
-M (/ Az, Vu) dx) div A(z, Vu) = f(z,u) in Q, u=0 on 09, (1.1)
Q

where € is a bounded domain in RY with a Lipschitz boundary 99, A: @ x RY — R and A: Q x RY — RN

are given by
1 pl(x _ _
Alz,€) 1= —— [P + —=SIg 1), A, €) = VeA(x, €) = 67072 + p(x) ¢3¢,
(z,8) p(m)ll q(x)l\ (z,8) = VeA(x,§) = [¢] p(x)€]
In the following, for h € C(Q) we denote h™ := inf_ g h(x) and At := sup, g h(z).
We suppose the subsequent hypotheses:
_ _ + _
(Hy) p,q € C'(Q) such that 1 < p(z) < g(z) < N for all z € Q, (g) <141 and 0< () € CONQ),
(Hz) M:[0,00) — R is a function and f: Q@ x R — R is a Carathéodory function such that the following
conditions are satisfied:
(i) there exist positive constants tg,mg such that M € C[0,to] and mo < M(t) < M(tp) for all
le [07 t0]7
(ii) there exists €9 > 0 such that f: Q x [—ep,£0] = R is odd with respect to the second variable
and supjy <., |f(-t)] € L>();
(iii) there exists a nonempty open ball B C Q such that

F
lim 7(%})
t—0 |t|1’B

(z)

=00 uniformly for a.a.z € B,

where F(z,t) := fg f(z,7)dr and pg := inf,ep p(x).
We shall look for solutions to problem (1.1) in the Musielak-Orlicz Sobolev space (I/VolH ), - ||)7 where
H(x,t) := tP@) 4 p(z)t9® for all (z,t) € Q x [0,00) (see Section 2 for the definitions). We call a function
u e Wy (Q) a solution of problem (1.1) if f(-,u) € LL _(Q) and if

loc

M(/Q.A(J:,Vu)dx)/QA(J;,Vu)-Vde:/Qf(x,u)vdx

is satisfied for all v € C'°(€2).
Our main result reads as follows.
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Theorem 1.1. Let hypotheses (Hy) and (Hs) be satisfied. Then, problem (1.1) admits a sequence of solutions

{tn tnen with |Jup|| + |tnlloc = 0 as n — oo, where || - |loo is the norm in L>=(9).
The proof of Theorem 1.1 is based on an abstract critical point result of Kajikiya [15] (see also Theorem
2.2) and recent a priori bounds for generalized double phase problems by the authors [14] in which new

embedding results of the form W1*(Q) — L¥(Q), with
U(z,t) = t"@ 4 p(z)a @@ for (z,t) € Q x [0, 00),

where r, s € C(Q) satisfy 1 < r(x) < J\],V_ngz) =:p*(z) and 1 < s(z) < ]\],v_éz) =: ¢*(x) for all x € Q are
presented.

The novelty of our work is the fact that we combine the variable exponent double phase operator with a
Kirchhoff term and a reaction term that are both locally defined. As far as we know, there is no other work

dealing with a Kirchhoff term along with the variable exponent double phase operator. In case the exponents

p, q are constants, we refer to the work of Fiscella-Pinamonti [12] who considered the problem
P q
-m [/ <|Vu| + a(x) [Vul ) d:r] Ly (w) = f(x,u) inQ, u=0 on 0, (1.2)
Q p q '

where f: Q x R — R is a Carathéodory function that satisfies subcritical growth and the Ambrosetti-
Rabinowitz condition and

Ly (u) = div (IVul[P~2Vu + a(z)|Vu|*>Vu), ue€ wet@). (1.3)

By applying the mountain-pass theorem, the existence of a nontrivial weak solution of (1.2) is shown. Re-
cently, Arora-Fiscella-Mukherjee-Winkert [1] studied singular Kirchhoff double phase problems given by

P a

-m [/ (W;;' + a(x)'v:'> dx} L8 (w) = "7 +u""" inQ, u=0 on 09,
Q

with L7 as in (1.3), where a suitable Nehari manifold decomposition provides the existence of two different

solutions. Another interesting work in the context of Kirchhoff constant exponent double phase problems

has been published in [11] with nonlinear boundary condition based on variational tools. All these works use

different methods than in our paper.

It should be noted that the occurrence of a nonlocal Kirchhoff term was first introduced by Kirchhoff [17].
Such problems have a strong background in several applications in physics. Existence results on degenerate
and nondegenerate Kirchhoff problems for different type of problems can be found, for example, in the works
[2, 10, 13, 19, 20, 23] and the references therein.

If m(t) = 1 for all ¢ > 0, problem (1.1) reduces to a double phase problem with variable exponents. In
this case, only few and very recent results exist. We refer to the papers [3, 8, 16, 18, 22, 24], see also the
references therein. If p and ¢ are constants, we point out that the double phase operator in (1.1) is associated

to the functional
1
ut—>/ (|W|p+ “(x)wq) de, (1.4)
Q \P q

which occurred for the first time in the work of Zhikov [25]. Such functionals are used to describe mod-
els for strongly anisotropic materials in the context of homogenization and elasticity. In the past decade,
functionals of the form (1.4) have been studied by several authors concerning regularity properties of local
minimizers, we refer to the papers [4, 5, 6, 7], see also [21] for variable exponents and the recent paper [9]
about nonautonomous integrals.

2. PRELIMINARIES AND NOTATIONS

In this section we recall the main properties about Musielak-Orlicz Sobolev spaces and the double phase
operator with variable exponents along with an abstract critical point result.

To this end, let Q be a bounded domain in RY with Lipschitz boundary 92 and let M (£2) be the space of
all measurable functions u: 2 — R. We denote by L"(2) the usual Lebesgue space endowed with the norm
| || for any 1 < r < oo. Suppose (H;) and let H: Q x [0,00) — [0, 00) be the nonlinear function defined by

H(z,t) == tP@ 4 pu(z)t?™®  for all (z,t) € Q x [0, 00).
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The corresponding modular to H is given by

putw) = [ el do = [ (1 + pta) o) da

and the associated Musielak-Orlicz space L* () is then defined by
L*Q) = {ue M(Q) : pu(u) < +oo}
endowed with the Luxemburg norm [|ully = inf {7 > 0: py (%) < 1}. When u(-) = 0, we write LP()(Q) in
place of L*(€). Similarly, the Musielak-Orlicz Sobolev space W7 () is defined by
WhH(Q) = {ue L*(Q) : |Vu| € L*(Q)}

equipped with the norm |lull1,% = |lullx + |Vullx, where [|[Vul|ly = |||Vu||%. Moreover, WolH(Q) is the
completion of C§°(2) in WHH(Q). We know that L*(Q), W™ (Q) and W)™ (Q) are reflexive Banach spaces

and we can equip Wo " (Q) with the equivalent norm || - || := ||V - ||%, see [3].

Moreover, we have
lull”” = 1< pr(IVeu) < [Jul]”” + 1 for all u € Wy ™(9), (2.1)
Hu||q+ < pu(|Vaul) < |lul|P” for all u € W™ (Q) with [Jul| < 1, (2.2)
and

WetQ) — L'O(Q) (2.3)

is compact for r € C(Q) with 1 < r(z) < p*(z) for all z € €, see [, Propositions 2.13 and 2.16].
Let B: W3 (Q) — Wy " (Q)* be the nonlinear map defined by

(B(u),v) := /Q (\Vu|p(x)_2Vu + pu(2)|Vu|!™ 72 V) - Voda (2.4)

for all u,v € W' ™(Q), where (-, -) is the duality pairing between W, () and its dual space W, " (Q)*.
The operator B: Wy () — W, (Q)* has the following properties, see [%, Theorem 3.3].

Proposition 2.1. Let hypotheses (Hy) be satisfied. Then, the operator B defined in (2.4) is bounded,
continuous, strictly monotone and of type (S4), that is, u, — u in Wy (Q) and limsup,,_, . (B, t, —u) <
0, imply u, — u in WOM{(Q),

Let X be a Banach space, let X* be its dual space and let p € C'(X,R). We say that {u,}ney € X
is a Palais-Smale sequence ((PS)-sequence for short) for ¢ if {¢(un)}nen € R is bounded and ¢'(u,) —
0 in X* asn — co. We say that ¢ satisfies the Palais-Smale condition ((PS)-condition for short) if any

(PS)-sequence {uy, }nen of ¢ admits a convergent subsequence in X. The proof of Theorem 1.1 is based on
the following abstract critical point result due to Kajikiya [15, Theorem 1].

Theorem 2.2. Let (X,| - ||) be an infinite dimensional Banach space and J € C'(X,R) such that the
following two assumptions hold:

(J1) J is even, bounded from below, J(0) = 0 and it satisfies the (PS)-condition.
(J2) For any k € N, there exist a k-dimensional subspace Xy of X and a number ri, > 0 such that
supx,ns,, J(u) <0, where Sy, ={u € X : [lul| = r¢}.

Then, the functional J admits a sequence of critical points {v},cy satisfying ||vk| — 0 as k — oo.
3. PROOF OF THE MAIN RESULT
In this section we give the proof of Theorem 1.1.

Proof of Theorem 1.1. Since the the conditions on the Kirchhoff and reaction terms are given locally, the
corresponding energy functional associated with problem (1.1) may not be well defined. In order to deal with
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this difficulty and get the symmetry of the associated energy functional, we first modify the functions M and
f as follows: We define My, My: [0,00) — R given by
M(t) if0<t<t,

Mo(t) = {M(to) if ¢ > to,
It is clear that My € C(]0,00),R) and
mo < My(t) < M(tg) for all ¢ € [0, 00), (3.1)
mot < Mo(t) < M(to)t for all ¢ € [0, 00). (3.2)
Next, let n € C°(R) be a function such that 0 < n(t) = n(—t) <1 for t € R and

and J\/Zo(t) ::/0 My (s)ds.

n(t) =1 for |t| < (%O, n(t) =0 for [t| > &y,
where ¢g¢ is given in (Hy)(ii). For z € Q we define

h(z, 1) == {W)f(x’t) if [t] < e,

t
d H(z,t):= [ h(x,s)ds.
0 i) > o, an (z,t) /0 (z,s)ds

Obviously, we have

sup |h(z,t)| < sup |f(z,t)] =: fo(z) fora.a.x €. (3.3)
teR [t|<eo
Furthermore, H is even with respect to the second variable and
sup |H(x,t)| <eofo(x) fora.a. x €. (3.4)
teR

Note that fo € L>(€2) by hypothesis (Hs)(ii).
Now, we consider the following modified problem

— M, (/ Az, Vu) da:) div A(z,Vu) = h(z,u) inQ, w=0 ond. (3.5)
Q

We point out that if {vj}ren is a sequence of solutions to problem (3.5) satisfying ||vk|| + ||vk|lcc — O as
n — 00, then {vy}r>k, 1S @ sequence of solutions to problem (1.1) for some ky € N. In order to derive the

desired conclusion, we will apply Theorem 2.2 for (X, || - ||) := (Wy (), |V - [|) and

J(u) = M, (/Q,A(:E,Vu)dx) —/QH(x,u)dx, u € X.

First, we see that J: X — R is of class C' and its Fréchet derivative J': X — X* is given by

(' (u), ) = My ( /Q A(m,Vu)dx) /Q Alz, V) - Vode — | bz, w)odz

Q
for all u,v € X. Clearly, any critical point of J is a solution of problem (3.5). We will verify that J satisfies
conditions (J1) and (J2) of Theorem 2.2.
Step 1: J fulfills (J1)
Clearly, J is even and J(0) = 0. By (3.2), (3.4) and (2.1), we have

1 _
J(u) > mo | Az, Vu)dz — 60/ folw) dz > — (||qu - 1) —eollfolli for all u € X.
Q Q

This implies that J is coercive and bounded from below on X since p~ > 1. For verification of the (PS)-
condition for J, let {u,}nen be a (PS)-sequence for J, that is

J (up) =0 in X* (3.6)
and
sup |J (uy,)| < oo. (3.7)
neN

Then, the coercivity of J and (3.7) guarantee the boundedness of {u, }nen in X. Thus, up to a subsequence
if necessary, we have

Up —u in X and wu, —u in L'(9), (3.8)
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by (2.3). On the other hand, we have
My (/Q Az, Vuy,) dx) /QA(ﬂf,VUn) (Vuy — Vu)do = (J'(un), un — u) + /Q h(x, up)(un — ) dz.
Combining this with (3.1) and (3.3) yields

mo < Hjl(un)HX*Hun — ull + eoll follcolltn — ull1-

/ A(z,Vuy) - (Vu, — Vu)dz
Q

Invoking (3.6), (3.8) and the boundedness of {uy ey in X, from the last inequality it follows that

A(z, Vuy) - (Vu, — Vu)de -0 asn — oo.
Q

Hence, u, — w in X in view of Proposition 2.1. Thus, J satisfies the (PS)-condition and so (J1) is fulfilled.

Step 2: J fulfills (J2)

Let k € N be given and set X}, := span{¢1, 2, -, ¢k}, where @, is an eigenfunction corresponding to
the n-th eigenvalue of the eigenvalue problem —Au = Au in B, v = 0 on 0B, and it is extended on 2 by
putting ¢, (z) = 0 for z € Q\ B. Since X}, is finitely dimensional, all norms on X}, are equivalent. Thus, we
find positive constants ayg, Br such that

Brllvllco < lu]l < ozk||u||pg for all u € Xj. (3.9)

By condition (Hs)(iii) we can choose

M (ty)ar®
My > (;Zo"f and 65 € (0,20/2) (3.10)
such that -
H(z,t) = F(x,t) > M,]|t|’s, (3.11)

for a.a.x € B and for all |t| < d.
Let 7, € (0, min{1, 8; '65}). Then, from (3.9) we have

lull <1 and [ulle < By lrs < 6k < %0 for all w € X N Sy, (3.12)

where S,, = {ue X : |Ju|| =r}. Utilizing (3.2), (3.11) and then (3.12) with noticing supp(u) C B we
obtain

J(u) = My (/Q.A(x,Vu) d:v) —/QH(x,u)dng(to)/QA(x,Vu) d:cf/QF(x,u) dz

M (% _
< MU0} [ (19 + (o) V1)) b [ Jul5 da
p B B
for all u € Xi, NS, . Invoking (2.2) and (3.9) we infer from the last inequality that

M(t - - M(t - _ - M(t —pT -
) < 2Oy — a2 < 20D pugos — ag o s = (B ppae ) e

Thus, we obtain supy, ng, J(u) < 0 due to (3.10). Hence, J satisfies (J2).
Applying Theorem 2.2 we find a sequence of critical points {vy }ren of J satisfying J(vg) < 0 for all k € N
and ||vg|| — 0 as k — oo. Therefore, vy, are nontrivial solutions of problem (3.5), which can be rewritten as
—div A(z, Vu) = g(z,u) in Q, u=0 on 99,

where

g(z,u) := hiz,u) with |g(z,t)] < 1folloo

- M, ( /Q Az, Vu)dx) o

for a.a.x € 2 and for all t € R. According to Theorem 4.2 and Proposition 3.7 of the authors [14], we also
have that ||vg]|c — 0 as k — oco. Hence {vg }r>k, for some ko € N are solutions to our original problem (1.1)
and satisfy ||vg| + ||vk|lcc — 0 as k — co. This finishes the proof. O
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