CONSTANT-SIGN AND SIGN-CHANGING SOLUTIONS FOR
NONLINEAR ELLIPTIC EQUATIONS WITH NEUMANN
BOUNDARY VALUES

PATRICK WINKERT

ABSTRACT. We establish the existence of a smallest positive solution, a great-
est negative solution, and a nontrivial sign-changing solution when the param-
eter A is greater than the second eigenvalue of the Steklov eigenvalue problem.
Our approach is based on truncation techniques and comparison principles
for nonlinear elliptic differential inequalities. In particular, we make use of
variational and topological tools, such as critical point theory, Mountain-Pass
Theorem, the Second Deformation Lemma and variational characterizations
of the second eigenvalue of the Steklov eigenvalue problem.

1. INTRODUCTION

Let Q C RY be a bounded domain with smooth boundary 9. We consider the
following boundary value problem:

—Apu = f(z,u) — |ulf~?u in 0,
(1.1)
|Vu\p*2% = MulP~?u + g(x, u) on 012,
v
where —A,u = —div(|Vu[P~2Vu),1 < p < oo, is the negative p-Laplacian, g—fj

means the outer normal derivative of u with respect to 0f2, A is a real parameter
and the nonlinearities f: 2 x R — R and g : 92 Xx R — R are some Carathéodory
functions. For u € W1P(Q) defined on the boundary 99, we make use of the trace
operator 7 : WhP(Q) — LP(99) which is well known to be compact. For easy
readability we will drop the notation 7(u) and write for short w.

Neumann boundary value problems in the form (1.1) arise in different areas of pure
and applied mathematics, for example in the theory of quasiregular and quasicon-
formal mappings in Riemannian manifolds with boundary (see [29],[60]), in the
study of optimal constants for the Sobolev trace embedding (see [18],[32],[33],[34])
or at non-Newtonian fluids, flow through porus media, nonlinear elasticity, reaction
diffusion problems, glaciology and so on (see [4],[5],[6],[19]).

Our main goal is to provide the existence of multiple solutions of (1.1) meaning that,
for all values A > X2, where A2 denotes the second eigenvalue of (—A,, WP (Q2))
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known as the Steklov eigenvalue problem (see, e.g., [36, 49, 56]) given by

—Apu = —|ulP~2u in Q,
(1.2)
|Vu|p*2? = MulP~%u on 092,
v

we show that there exist at least three nontrivial solutions. More precisely, we
obtain two constant-sign solutions and one sign-changing solution of problem (1.1).
This is the main result of the present paper and it is formulated in the Theorems
4.3 and 6.3, respectively. In our consideration, the nonlinearities f and g only need
to be Carathéodory functions which are bounded on bounded sets whereby their
growth does not need to be necessarily polynomial. We only require some growth
properties at zero and infinity given by

) ool o s gws)

s—0 |8|p72$ T 550 ‘5‘p72s o |s]—o0 |s|P*2$ N |s|—o0 |S|p728 N

and we suppose the existence of §¢ > 0 such that f(z,s)/|s|P~2s > 0 for all 0 <
‘S‘ S 5f.

In the last years many papers about the existence of the Neumann problems similar
to the form (1.1) were developed (see, e.g., [3, 17, 31, 35, 48, 68]). Martinez et al.
[48] proved the existence of weak solutions of the Neumann boundary problem

Au=|uPut fz) e,
(1.3)
a0 < h(e,w)on 90,

where the perturbations f : @ Xx R — R and h : 02 x R — R are bounded
Carathéodory functions satisfying an integral condition of Landesmann-Lazer type.
Their main result is given in [48, Theorem 1.2] which yields the existence of a
weak solution of (1.3) with A\ = Ay, where \; is the first eigenvalue of the Steklov
eigenvalue problem (see (1.2)). Moreover, they supposed in their main theorem the
boundedness of f(x,t) and h(z,t) by functions f € L4(Q) and h € L(d9) for all
(x,t) € QxR and (z,t) € 00 x R, respectively. A similar work regarding (1.1) can
be found in [32]. There the authors get as well three nontrivial solutions for the
nonlinear boundary value problem

—Apu+ |ulP2u = f(z,u) in ,
ou
p—2 -
[Vul 5 g(x,u) on 09,

where they assume among other things that the Carathéodory functions f and g
are also continuously differentiable in the second argument. The proof is based on
the Lusternik-Schnirelmann method for non-compact manifolds. If the Neumann
boundary values are defined by a function f: R — R, meaning the problem

Apu = |ulP~u in Q,
|Vu|p*2% = f(u) on 01,

we refer to the results of J. Ferndndez Bonder and J.D. Rossi in [35]. They con-
sider various cases where f has subcritical growth, critical growth and supercritical
growth, respectively. In the first two cases the existence of infinitely many solutions
under some conditions on the exponents of the growth was demonstrated.
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Another result obtaining multiple solutions with nonlinear boundary conditions can
be found in the paper of J.H. Zhao and P.-H. Zhao [68]. They study the equation

—Apu+ Az)|uP~2u = f(z,u) in Q,

0
|Vu|p72a—z = nluP~?u on 01,

where \(z) € L*(Q) satisfying ess inf .5 A(z) > 0 and 7 is a real parameter.
They prove the existence of infinitely many solutions when f is superlinear and
subcritical with respect to uw by using the fountain theorem and the dual fountain
theorem, respectively. In case that f has the form f(z,u) = [ulP” ~2u+ |u|"~?u they
get at least one nontrivial solution when p < r < p* and infinitely many solutions
when 1 < r < p by using the Mountain-Pass Theorem and the ”concentration-
compactness principle”, respectively. A similar result of the same authors is also
developed in [67]. The existence of multiple solutions and sign-changing solutions
for zero Neumann boundary values have been proven in [44, 54, 55, 65] and [68], re-
spectively. Analogous results for the Dirichlet problem have been recently obtained
in [10, 11, 12, 13, 27, 50, 52]. An interesting problem about the existence of multiple
solutions, for both the Dirichlet problem and the Neumann problem, can be found
n [15]. The authors study the existence of multiple solutions to the abstract equa-
tion Jyu = Nyu, where J, is the duality mapping on a real reflexive and smooth
Banach space X, corresponding to the gauge function ¢(t) = t*~1,1 < p < 0o, and
Ny : LY(Q) — Lq'(Q), 1/¢+1/q¢" = 1, is the Nemytskij operator generated by a
function f € C(Q x R,R).

The novelty of our paper is the fact that we do not need differentiability, poly-
nomial growth or some integral conditions on the mappings f and g. In order
to prove our main results we make use of variational and topological tools, e.g.
critical point theory, Mountain-Pass Theorem, the Second Deformation Lemma
and variational characterizations of the second eigenvalue of the Steklov eigenvalue
problem. This paper is motivated by recent publications of S. Carl and D. Motre-
anu in [12] and [11], respectively. In [12] the authors consider the Dirichlet problem
—Apu = ANu|P7?u + g(z,u) in Q, u = 0 on I, and show the existence of at
least three nontrivial solutions for all values A > Ao, where Ay denotes the sec-
ond eigenvalue of (—A,, W, ?(Q)). Therein, the main theorem about the existence
of a sign-changing solution is also based on the Mountain-Pass Theorem and the
Second Deformation Lemma. These results have been extended by themselves to
the equation —A,u = a(u™)P~! — b(u™ )P~ + g(z,u) in Q, u = 0 on 9N, where
ut = max{u,0} and v~ = max{—u,0} denote the positive and negative part of u,
respectively. Carl et al. have shown that at least three nontrivial solutions exist
provided the value (a, b) is above the first nontrivial curve C of the Fucik spectrum
constructed by Cuesta et al. in [16].

The rest of the paper is organized as follows. In Section 2 and Section 3, we recall
some preliminaries and formulate our notation and hypotheses, respectively. In
Section 4, we will show the existence of specific sub- and supersolutions of prob-
lem (1.1), then we will prove that every solution between these pairs of sub- and
supersolutions belongs to int(C(2),) and finally we will provide the existence of
extremal constant-sign solutions. A variational characterization of these extremal
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solutions is given in Section 5 and our main result about the existence of a nontriv-
ial sign-changing solution is proven in the last section by using the Mountain-Pass
Theorem.

2. PRELIMINARIES

Let us consider some nonlinear boundary value problems with Neumann condi-
tions involving the p-Laplacian. In [47] the authors study the Steklov problem

~Apu = —|ulP~2u in Q,
(2.1)
|Vu|p72? = MulP~%u on 0N.
v

The trace operator 7 : WHP(Q) — LP(99Q) is linear bounded (and even compact),
thus a best constant \; exists such that

1
>‘1/p||U||LP(BQ) < ullwrre )

The best Sobolev trace constant A; can be characterized as

A= inf {/ [[Vul? + |u|P]dz such that / |ulPdo = 1} ,
Q o0

ueW1lr(Q)

and A; is the first eigenvalue of (2.1). Martinez et al. showed that the first eigen-
value \; > 0 is isolated and simple. The corresponding eigenfunction (¢ is strictly
positive in © and belongs to L>°(£2) (cf. [43, Lemma 5.6 and Theorem 4.3]). Ap-
plying the results of Lieberman in [45, Theorem 2] implies ¢, € C1*(Q). This fact
along with ¢;(z) > 0 in Q yields ¢; € int(C*(Q)4), where int(C*(Q),) denotes
the interior of the positive cone C1(Q)y = {u € C1(Q) : u(z) > 0,Vx € Q} in the
Banach space C1(92), given by

int(C*(Q)4) = {u e C'(Q) 1 u(z) > 0,vz € Q}.

The study of Neumann eigenvalue problems with or without weights are also con-
sidered in [17, 28, 41, 43, 61]. Analogous to the results for the Dirichlet eigenvalue
problem (see [16]), there also exists a variational characterization of the second
eigenvalue of (2.1) meaning that Ay can be represented as follows:

Ao = inf  max / <|Vu|p + |u|p>dx, (2.2)
gelueg([-1.1]) Jqo
where
I'={g € C([-1,1],5) | (1) = —p1,9(1) = p1},
and

S— {u € WP (Q) /m lufPdo — 1} . (2.3)

The proof of this result can be found in [49]. Now we consider solutions of the
Neumann boundary value problem

—Apu = —clufPu+1 in €,
24
|Vu|p_2% =1 on 99, 24)

where ¢ > 1 is a constant. Let B : LP(2) — L9(Q) be the Nemytskij operator
defined by Bu(z) := clu(x)[P~2u(z). It is well known that B : LP(Q) — L4(Q) is
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bounded and continuous. We set B := i* o B o : WLr(Q) — (WLHP(Q))*, where
* 1 LY(Q) — (WHP(Q))* is the adjoint operator of the compact embedding i :
WLP(Q) — LP(Q). The operator Bis bounded, continuous, completely continuous
and thus, also pseudomonotone. We denote by 7 : WLHP(Q) — LP(9Q) the trace
operator and with 7* : LI(9Q) — (WP(Q2))* its adjoint operator. The weak
formulation of (2.4) is given by

we W' (Q): (=Ayu+ Bu—i*(1)—75(1),¢) =0, Voe WhP(Q),

meaning
/ |Vu|”_2VuV<pdx+§/ |ulP~2updz —/ wdz —/ pdo =0, YoeWP(Q),
Q Q Q o9

where (-,-) stands for the duality pairing between W'P(Q) and its dual space
(WP(Q))*. The negative p-Laplacian —A,, is pseudomonotone and therefore, the
sum —A, + B is pseudomonotone. The coercivity of A, + B follows directly and
thus, using classical existence results, implies the ex1stence of a solution of problem
(2.4). Let e1, ez be solutions of (2.4) satisfying e; # ez. Subtracting the corre-
sponding weak formulation of (2.4) with respect to ej, ey and taking ¢ = e; — ey
yields

/[|V61|p_2V61 — |Vea|P™2Ves]V(er — e)dx
Q

+ §/ [le1 |p_2€1 - \€2|p_2€2](61 —eg)dr = 0.
Q

As the left-hand side is strictly positive for e; # es, we obtain a contradiction and
thus, e; = ey. Let e be the unique solution of (2.4) in the weak sense. Choosing
the test function ¢ = e~ = max{—e, 0} € W1P(Q) results in

—/ |Ve|Pdz fq/ le|Pdx = / efdz+/ e do >0,
{zeQ:e(x)<0} {zeQ:e(x)<0} Q 0N

which proves that e is nonnegative. Notice that e is not identically zero. Applying
the Moser Iteration (cf. [26],[43] or see the proof of Proposition 5.2) yields e €
L>(Q) and thus, the regularity results of Lieberman (see [45, Theorem 2]) ensure
e € CH(Q). From (2.4) we conclude

Aye = §|€|p_2€ —1<¢eP™ ! ae inQ.

Setting ((s) = ¢sP~! for s > 0 allows us to apply Vazguez’s strong maximum
principle (see [64]) which is possible since [, st = +o00. This shows that

e(z) > 0 for a.a. € Q. If there exists zp € 99 such that e(xo) = 0, we obtain
by applying again Vézguez’s strong maximum principle that 2 52 (o) < 0, which is
a contradiction since [Ve[P=29¢(z) = 1. Hence, e(z) > 0 in Q and therefore, we
get e € int(CH(Q)4).

3. NOTATIONS AND HYPOTHESES

We impose the following conditions on the nonlinearities f and ¢ in problem
(1.1). The mappings f : @ xR — R and ¢g : 9Q x R — R are Carathéodory
functions (that is, measurable in the first argument and continuous in the second
argument) such that
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(f1) lim f(z,5) = 0, uniformly with respect to a.a. z € Q.
s—0 |s|p—23
(f2) f(@,9) = —oo, uniformly with respect to a.a. z € .

|s]— o0 ‘S|p_28

(f3) f is bounded on bounded sets.

(f4) There exists ; > 0 such that {ST:’Z >0 for all 0 < |s| < §; and for a.a.
x € .

g i xis) = 0, uniformly with respect to a.a. z € 9.

110f&2

S—r S S

(82) o g(|f,_z) = —o0, uniformly with respect to a.a. x € 9f.
s|—oo |S S

(g3) g is bounded on bounded sets.

(g4) g is locally Holder continuous in 99 x R, that is,

[9(@1,51) = g(@2, 52)| < Llar = 2] + [s1 = 52"

for all pairs (1, $1), (22, 82) in 90 x [—My, My], where My is a positive
constant and a € (0, 1].

Note that the function s + [s|P~2s is locally Holder continuous in R. This
implies in view of (g4) that the mapping ® : 9Q x R — R defined by ®(z,s) :=
Als[P=2s + g(z, s) is locally Holder continuous in 92 x R. Recall that we write
g(z,u(x)) = g(x, 7(u(x))) for u € WHP(Q), where 7 : WHP(Q) — LP(9) stands
for the trace operator. With a view to the conditions (f1) and (gl), we see at once
that f(z,0) = g(z,0) = 0 and thus, v = 0 is a trivial solution of problem (1.1).

Corollary 3.1. Let (f1),(f3) and (g1),(93) be satisfied. Then, for each a > 0, there

exist constants by, by > 0 such that
(@, )] < bls[P™h, Vs :0 < [s| <a, 51)
lg(z,s)| < ba|s|P7L, ¥s:0<|s| <a. '

Proof. The assumption (f1) implies that for each ¢; > 0 there exists § > 0 such
that

|f(z,8)] <ei]s|Pt, ¥s:0 < |s| <6 (3.2)
Due to condition (f3), there exists a constant ¢o > 0 such that, for a given a > 0,
|f(z,8)] <c2, Vs:0< |s| <a. (3.3)
If § > a, then inequality (3.2), in particular, implies
[f@,8)] < bafs|"™, ¥s:0 < [s| <a,
where by := ¢;. Let us assume 0 < a. From (3.3) we obtain
[F(a,9)| < 5557 Vs a < Js| <a, (3.4)
and thus, combining (3.2) and (3.4) yields

[f(,5)] < (ex + 651)@\?*, ¥s:0<|s| <a,

where setting by := ¢1 + 5727 proves (3.1). In the same way, one shows the assertion
for g. O
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Example 3.2. Consider the functions f: QxR — R and g : Q0 x R = R defined

by
[s[P72s(1+ (s + 1)) if s<-1
[z, s) = { sgn(s) ' ' (I(s—1)cos(s+1)[+s+1) if —1<s<1
sp’le1 S —|z|(s — 1)sP~Le® if s >1,
and
[s[P=2s(s + 1+ et) if s<—1
g(z,s) = |s|p_1se(sz+1)\/m if —1<s<1

sP7H(cos(1 —s) + (1 —s)e®) if s > 1.
One verifies that all assumptions (f1)-(f4) and (g1)-(g94) are satisfied.

The definition of a solution of problem (1.1) in the weak sense is defined as
follows.

Definition 3.3. A function u € WP(Q) is called a solution of (1.1) if the following
holds:

/ |VuP~2VuVedz
Q

:/(f(x,u) - |u|p_2u)<pdx+/ NulP~?u + g(x,u))pdo, Vo € WHP(Q).
Q a0

Next, we recall the notations of sub- and supersolutions of problem (1.1).

Definition 3.4. A function u € WP(Q) is called a subsolution of (1.1) if the
following holds:

/ |VuP~2VuVedr
Q

< / () — |l u)pdz + / Al + g w)pdo, Vo € WHP(Q),.
Q o0

Definition 3.5. A function w € WP(Q) is called a supersolution of (1.1) if the
following holds:

/ | VP2 VaVedz
Q

> / (f(x,m) — (@l *w)pdz + / NP7 + g(a,))pdo, Vo € WP(Q),.
Q

Here, W1P(Q), = {p € WP(Q) : ¢ > 0} stands for all nonnegative functions
of WHP(Q). Recall that if u € WHP(Q) satisfies v < u < w, where v, w are some
functions in W?(Q), then 7(v) < 7(u) < 7(w), where 7 : WhP(Q) — LP(9R)
denotes the trace operator.

4. EXTREMAL CONSTANT-SIGN SOLUTIONS

We start by generating two ordered pairs of sub- and supersolutions of prob-
lem (1.1) having constant signs. Here and in the following we denote by ¢ €
int(C*(Q)4) the first eigenfunction of the Steklov eigenvalue problem (2.1) corre-
sponding to the first eigenvalue A;.
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Lemma 4.1. Assume (f1)-(f4), (91)-(94) and X > Ay and let e be the unique
solution of problem (2./). Then there exists a constant 9 > 0 such that ¥e and —de
are supersolution and subsolution, respectively, of problem (1.1). In addition, ep;
is a subsolution and —epy is a supersolution of problem (1.1) provided the number
e > 0 is sufficiently small.

Proof. Let u = ey, where € is a positive constant specified later. In view of the
Steklov eigenvalue problem (2.1) we obtain

/ \V Eg@l (Egﬁl)V(de

= /(apl) godx+/ )q(égal)”*lcpda, chGWl’p(Q).
Q a0

We are going to prove that Definition 3.4 is satisfied for u = ey; meaning that the
inequality

| IVl 9 o) Vs
¢ (4.1)

< / (F(z.201) — ()P Vol + /8 )™ + gl zon)odo

is valid for all ¢ € WHP(Q),. Therefore, (4.1) is fulfilled provided the following
holds true:

/ (e, 1) pdz + / (= NP — gl co)pdo <0, Vo € WHP(Q),.
Q oN

Condition (f4) implies for € € (0,d7/|¢1]lc0)
f(xa 5901)
—f(x,e de = | —7—7—
/Q flz,e01)p o)
where || - ||« stands for the supremum norm. Due to assumption (gl) there exists
a number d, > 0 such that

(E(pl)p_lwdl‘ <0,

M < A=) foraa. ze€dQandall 0 < [s] <dy.

[ (O =N = gl cpn)edo < ( | lolee *””)(sso P do
20 o0 Wl)”
< )\1 A+ — )\1)(6(,01)p l(pd
oN
=0.

Choosing 0 < & < min{d¢/[|¢1]lo0,0r/|l¥1]|cc} Proves that u = e¢; is a positive
subsolution. In a similar way one proves that u = —ey; is a negative supersolution.
Let w = de, where 9 is a positive constant specified later. From the auxiliary
problem (2.4) we conclude

/ IV (06) P2V (9¢) V pdar
@ (4.2)

- fg/(ﬁe)Pflgodz+/ 19”’1<pdx+/ I odo, Vo € WHP(Q).
Q Q oN
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In order to fulfill the assertion of the lemma, we have to show the validity of
Definition 3.5 for @ = e, meaning that, for all ¢ € WP(Q) .,

/ |V (de) P2V (Je) Vpda
@ (4.3)

> /Q(f(:v,ﬁe) — (We)P Vpdr + /aQ()\(ﬁe)p_l + g(x, Je))pdo.

With a view to (4.2) we see at once that inequality (4.3) is satisfied if the following
holds:

/(?9”71 —(e)P~t — f(x,Ve))pdx

“ (4.4)

+/ (WP~ = X(We)P~1 — g(x,Ve))pdo > 0,
[219)

where ¢ = ¢ — 1 with ¢ > 0. By (f2) there exists s¢ > 0 such that

f(z,s)

sp—1
and by (f3) we have
| — f(z,s) —csPH < |f(x,8)| +csP ! <c., foraa xcQandallscl0s]

< —¢, fora.a. ze€Qandalls> s

Thus, we get
f(z,s) < —csP™ ! 4 ¢, for a.a. € Q and all s > 0. (4.5)
Applying (4.5) to the first integral in (4.4) yields

/ (97 — EWe)P — f(x,9e))pda
Q

> /(19”*1 —(9e)P 4 E(9e)Pt — ¢ )pdx
Q

- /Q (971 — ¢.)pdr,

1
which shows that for ¥ > ¢Z~* the integral is nonnegative. Due to hypothesis (g2)
there is sy > 0 such that

g(z,s)
sp—1

< =), fora.a. x €0 and all s > s).

Assumption (g3) ensures the existence of a constant ¢y > 0 such that
| —g(z,8) — AP < |g(z,8)| + AsP™ < ¢y, for a.a. € 92 and all s € [0, 5]
We obtain
g(x,8) < —AsP™! + ¢y, for a.a. x € 9Q and all s > 0. (4.6)
Using (4.6) to the second integral in (4.4) provides

/ (P71 — A(We)P™ — g(x,Ve))pdo
o0

> / (P~ = A(We)P~ + A(We)P ™ — ¢y )pdo
o0

2/ (WP~1 — ¢y)pdo.
o0
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1

1
Choosing ¥ := max {cé’l ,c}~" ¢ proves that both integrals in (4.4) are nonnega-

tive, and thus, u = Je is a positive supersolution of problem (1.1). In order to prove
that u = —de is a negative subsolution we make use of the following estimates:

flz,s) > —csP™! — ¢, for a.a. z € Q and all s <0,

4.7
g(z,s) > —AsP™t — ¢y, for a.a. 2 € 9N and all s < 0. 4.7

which can be derived as stated above. With the aid of (4.7) one verifies that
u = —de is a negative subsolution of problem (1.1). O

According to Lemma 4.1 we obtain a positive pair [ep7,¥¢e] and a negative pair
[—Ye, —ep1] of sub- and supersolutions of problem (1.1) assuming ¢ > 0 is suffi-
ciently small.

The next lemma will prove the C1'® regularity of solutions of problem (1.1) lying
in the order interval [0, Je] and [—¥e, 0], respectively. Note that u =@ = 0 is both
a subsolution and a supersolution due to the assumptions (f1) and (gl). In the
following proof we make use of the regularity results of Lieberman (see [45]) and
Véazguez in [64]. To obtain regularity results, in particular for elliptic Neumann
problems, we refer also to the papers of Tolksdorf in [60] and DiBenedetto in [20].

Lemma 4.2. Let the conditions (f1)-(f4) and (g1)-(g4) be satisfied and let X > A;.
If uw € [0,0¢] (respectively, u € [—ve,0]) is a solution of problem (1.1) satisfying
w0 in Q, then u € int(C1(Q)4) (respectively, u € —int(C1(Q),)).

Proof. Let u be a solution of (1.1) such that 0 < u < e. Then it follows that
u € L*(Q) and thus, u € C1*(Q) by Lieberman [45, Theorem 2] (see also Fan
[30]). The conditions (f1),(f3),(gl) and (g3) (cf. Corollary 3.1) imply the existence
of constants cy, cy > 0 such that

|f(2,8)] <cpsP™t foraa. z€Qandall 0<s<Veloo,

4.8
lg(x,5)| < cgsP™" for aa. x € 0N and all 0 < s < V|e]|oo- (48)

Applying the first line in (4.8) along with (1.1) yields A,u < cuP~! almost every-
where in 2, where ¢ is a positive constant. This allows us to apply Vézguez’s strong
maximum principle (see [64, Theorem 5]). We take 5(s) = ¢sP~! for all s > 0 which

is possible because f0+ —L ds=+400. We get u > 0in Q. Let us assume there
(sB(s)) P

exists xg € N such that u(zg) = 0. By applying again the maximum principle we

obtain %(zo) < 0. But taking into account g(xo,u(xg)) = g(zo,0) = 0 along with

the Neumann condition in (1.1) yields %(mo) = 0, which is a contradiction. Thus,

u > 0 in Q which proves u € int(C1(€2),). The proof in case u € [~¥Je,0] can be

shown in an analogous manner. O

The result of the existence of extremal constant-sign solutions is read as follows.

Theorem 4.3. Assume (f1)-(f4) and (91)-(94). Then for every A > Ay there
exists a smallest positive solution uy = uy () € int(C1(Q)4) in the order interval
[0,9¢] and a greatest negative solution u_ = u_()\) € —int(C1(Q),) in the order
interval [—Ve, 0] with ¥ > 0 stated in Lemma 4.1.

Proof. We fix A > A1. On the basis of Lemma 4.1, there exists an ordered pair
of a positive supersolution @ = e € int(C'(Q);) and a positive subsolution u =
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gpy € int(C1(Q),) of problem (1.1) assuming ¢ > 0 is sufficiently small such that
g1 < Ye. The method of sub- and supersolution (see [9]) with respect to the order
interval [ep1,Je] implies the existence of a smallest positive solution u, = uc(A)
of problem (1.1) satisfying ep; < u. < e which ensures u. € int(C1(Q),) (see
Lemma 4.2). Hence, for every positive integer n sufficiently large there exists a
smallest solution u, € int(C*(€2)4) of problem (1.1) in the order interval [L 1, Je],
and therefore, we have

Uy, | uy for a.a. x € Q) (4.9)

where uy : Q@ — R is some function satisfying 0 < uy < de. We are going
to show that wy is a solution of problem (1.1). Since u, belongs to the order
interval [L¢1,de], it follows that u, is bounded in LP(£2). Moreover, we obtain the
boundedness of u,, in LP(9Q) because 7(u,) < 7(Je). As u, solves (1.1) in the
weak sense, one has by setting ¢ = u,, in Definition 3.3

HvunHI[),p(Q) < /Q ‘f(ma un)|unda: + ||un||[£p(g) + /\”Un”ip(ag) + /Q |9(x>un)|und0

< |‘UVLH€,P(Q) + alHunHLP(Q) =+ A”“n”ip(ag) + az“%“m(aﬂ)

S as,
where a;,7i = 1,...,3 are some positive constants independent of n. Thus, u, is
bounded in W1P(Q). The reflexivity of WhP(Q),1 < p < oo, ensures the exis-
tence of a weakly convergent subsequence of u,. Due to the compact embedding

WLP(Q) — LP(Q), the monotony of u,, and the compactness of the trace operator
7, we get for the entire sequence u,,

Uy — uy in WHP(Q),
Up, = uy in LP(Q) and for a.a. x € Q, (4.10)
Up, = uy in LP(OQ) and for a.a. x € 9N.

Due to the fact that u,, solves problem (1.1), one has for all ¢ € WP(Q)

/ |V, P2 Vu, Veds
@ (4.11)

= /(f(z,un) fuffl)goder/ ()\uffl + g(x,up))edo.
Q o0

The choice ¢ = u,, — uy € WP(Q) is admissible in equation (4.11) which implies

/Q |Vt |P 2 Vu, V(u, —uy)d

— [ ()~ = o+ [ gl ) — o
Q o0

Applying (4.10) and the conditions (f3), (g3) result in

lim sup/ |Vt P2V, V(u, —uy)dr <0,
Q

n—oo

which ensures by the (S )-property of —A, on W?(Q) combined with (4.10)
Uy — uy in WHP(Q). (4.12)

Taking into account the uniform boundedness of the sequence (u,,) in combination
with the strong convergence in (4.12) and the assumptions (f3) and (g3) allows us
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to pass to the limit in (4.11) which proves that u4 is a solution of problem (1.1).
As uy is a solution of (1.1) belonging to [0, J¢], we can use Lemma 4.2 provided
us # 0. We argue by contradiction and assume that u = 0 which in view of (4.9)
results in

un(z) L 0 for all z € Q. (4.13)
We set
Up=—2" foralln.
llun llwe )

Obviously, the sequence (4,,) is bounded in WP (Q) which implies the existence of
a weakly convergent subsequence of u,,, not relabeled, such that

U, —u in WhHP(Q),

Up, = u in LP(Q) and for a.a. z € Q, (4.14)

Up, = u in LP(0N) and for a.a. x € 99,
where 7 : Q — R is some function belonging to W1?(Q). Moreover, we may suppose
there are functions z; € LP(Q)y, 20 € LP(99)4 such that

[y (2)] < 21(z) for a.a. all z € Q,

4.15
[tn (2)] < 22(x) for a.a. all x € IN. (4.15)

By means of (4.11), we get for u,, the following variational equation

/ Vi, [P~ 2V, Vipda = / (Wag—l - ag*) pdr+ | Natlpdo
Q Q Un o0
4.16
g(m,un)~p_1 1,p ( )
+ =1 U pdo, Vo € WHP(Q).
Q.  Un

Choosing ¢ = 1, —u € WHP(Q) in the last equality, we obtain

/ |V, P2V, V (i, — u)dx
Q

— /Q (f(‘i;“{‘)agl - agl) (, — U)dx +/ NP~ (@, — U)do (4.17)

U o0
+/ I ) o1 (5 ) dor
o

—1
o ub

Using (4.8) along with (4.15) implies
Fle )],
b M) "

respectively,

(@)]tin (z) — ()| < cpz (@)~ (21(2) + [U(2)]), (4.18)

Wﬂﬁx)m(m) (@) € @) (2a(a) + @), (419)

The right-hand sides of (4.18) and (4.19) are in L'(Q) and L'(9Q), respectively,
which allows us to apply Lebesgue’s dominated convergence theorem. This fact
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and the convergence properties in (4.14) show

. TyUn) ~p_1,~ .
nh~>ngo Q %Ug 1(un - ’U;)dl‘ =0,

gz, un) - 1
T un

(4.20)
lim

From (4.14), (4.17), (4.20) we conclude

(U, —u)do = 0.

n—oo

limsup/ |V, P2V, V (i, —u)dr = 0.
Q

Taking into account the (S )-property of —A, with respect to WP ((2), we have
U, —u in WHP(Q). (4.21)

Notice that ||uy1.rq) = 1. The statements in (4.13), (4.21) and (4.16) yield along
with the conditions (f1),(gl)

/ |Va|P2VaVedr = — / P pda + / NP pdo, Vo € WHP(Q).  (4.22)
Q Q o9

Due to u # 0, the equation (4.22) is the Steklov eigenvalue problem in (2.1), where
u > 0 is the eigenfunction corresponding to the eigenvalue A > A;. The fact that
@ > 0 is nonnegative in § yields a contradiction to the results of Martinez et al. in
[47, Lemma 2.4] because & must change sign on 9. Thus, uy #Z 0 and we obtain
by applying Lemma 4.2 that u, € int(C*(Q),).

Now we need to show that u is the smallest positive solution of (1.1) within [0, ¥e].
Let u € WHP(Q) be a positive solution of (1.1) lying in the order interval [0, Je].
Lemma 4.2 implies u € int(C1(Q);). Then there exists an integer n sufficiently
large such that u € [ 1, Je]. Since uy, is the smallest solution of (1.1) in [2¢q, Je],
one gets u, < u. This yields by passing to the limit v, < u. Hence, uy must be
the smallest positive solution of (1.1). In similar way one proves the existence of
the greatest negative solution of (1.1) within [—e, 0]. This completes the proof of
the theorem. (]

5. VARIATIONAL CHARACTERIZATION OF EXTREMAL SOLUTIONS

Theorem 4.3 implies the existence of extremal positive and negative solutions
of (1.1) for all A > \; denoted by uy = uy(N) € int(CH(Q)1) and u_ =u_(A) €
—int(C*(Q) ), respectively. Now, we introduce truncation functions Ty, T_, Ty :
QxR — R and TfQ,T‘BQ,TgQ : 002 x R — R as follows:ss

0 if s <0 0 if s <0
Ti(z,8)=<s if0<s<ug(z), Tw,s)=<s if0<s<ug(z)
ug(z) if s > uy(x) ug(z) if s > uy(x)
u_(x) ifs<u_(x) u_(z) if s <u_(x)
T (x,s) =< s ifu_(z)<s<0, T%ax,s)=<s ifu_(z)<s<0

0 ifs>0 0 ifs>0
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u_(z)if s <wu_(x) u_(z)if s <u_(x)
To(z,8) =< s ifu_(z) <s <ug(z), T, s)={s ifu_(z) <s<uq(z)
ug (z)if s > ug(x) ug(z) if s > ug(x)

For u € WHP(Q) the truncation operators on 9§ apply to the corresponding traces
7(u). We just write for simplification ng(m‘,u),TfQ(m,u),TfQ(m,u) without 7.
Furthermore, the truncation operators are continuous and uniformly bounded on
R and they are Lipschitz continuous with respect to the second argument (see, e.g.
[40]). By means of these truncations, we define the following associated functionals
given by

u(z)
Bew) =1Vl + i) = [ [ £ el s)dsde
(5.1)

u(x)
- / / INT9Y (2, )P~ + g(2, TI% (2, 5))] dsdo,
G19)

1
B- () = {1Vl oy + elloey] = | / T_ (v, s)dsde

u(x)
- / / [)\|Tfm(x, )P (2, 8) + g, T2 (x, s))] dsdo,
e Jo

1
Bo(w) = [| 7l p(m+\|u||mm /| / (2, To(, 5)dsda

/ / INTE (z, s) P2 T (@, 8) + g(2, T (2, )] dsdo,
o0

which are well-defined and belong to C*(W!?(Q)). Due to the truncations, one can
easily show that these functionals are coercive and weakly lower semicontinuous
which implies that their global minimizers exist.

Lemma 5.1. Let uy and u_ be the extremal constant-sign solutions of (1.1). Then
the following holds:
(i) A critical point v € WYP(Q) of E; is a (nonnegative) solution of (1.1)
satisfying 0 < v < uy.
(ii) A critical point v € WHP(Q) of E_ is a (nonpositive) solution of (1.1)
satisfying u— < v < 0.
(iii) A eritical point v € WYP(Q) of Eg is a solution of (1.1) satisfying u_ <
V< Ut

Proof. Let v be a critical point of E, that is, F/ (v) = 0. In view of (5.1) we
obtain

/ |Vo|P~2VuVed
o

- /Q (@, T (2,v)) — 0P~ 20)ipde (5.2)

+ / INT22 (@, 0)7 " + g, T2, 0))pdr, Vo € WHP(9).
o
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Since u4 is a positive solution of (1.1) we have by using Definition 3.3

VPV Vs = [ (f(ou) - o pds
Q Q
(5.3)
b [ T g leda, Ve € W)
o

Choosing ¢ = (v —uy )T € WHP(Q) in (5.3) and (5.2) and subtracting (5.3) from
(5.2) results in

/ [[VoP~2Vo — |Vuy [P 2Vuy V(v — uy ) Tde + / [0]P~20 — B (v — uy ) Tda
Q Q
= [ 1@ Tul) = w0 = ) da

+ /BQ[)\TJ‘?Q(:U, V)Pt — )\uﬂfl + g(z, T%(z,v)) — g(z,uy)](v — uy) T do

by the definition of T and TfQ,respectively. We obtain for v > uy

0 :/ [[Vo|P~2Vo — |[Vuy [P2Vuy V(v — uy ) Tda
Q

+ /Q[|v|p*2v - ufl](v —uy)tdr >0,

which is a contradiction. This implies (v — uy )™ = 0, and thus, v < uy. Taking
¢ =v~ =max(—v,0) in (5.2) yields

/ |Vv|pdx+/ |v|Pdx = 0,
{z:v(z)<0} {z:v(z)<0}

consequently, Hv‘||€v1,p(m = 0 and equivalently v~ = 0, that is, v > 0. By the
definition of the truncation operators we see at once that T (z,v) = v, T¢?(z,v) =
v and therefore, v is a solution of (1.1) satisfying 0 < v < wy. The statements in
(ii) and (iii) can be shown in a similar way. O

The next result matches C1(Q2) and W1?(2)-local minimizers for a large class
of Cl-functionals. We will show that every local C''-minimizer of Ey is a local
WLP(Q)-minimizer of Ey. This result was first proven for the Dirichlet problem by
Brezis and Nirenberg [8] when p = 2 and was extended by Garcia Azorero et al.
in [37] for p # 2 (see also [39] when p > 2). For the zero Neumann problem we
refer to the recent results of Motreanu et al. in [51] for 1 < p < co. In the case
of nonsmooth functionals the authors in [53] and [7] proved the same result for the
Dirichlet problem and the zero Neumann problem when p > 2. We give the proof
for the nonlinear nonzero Neumann problem for any 1 < p < co.

Proposition 5.2. If zo € WP (Q) is a local C*(Q)-minimizer of Eg, meaning that
there exists r1 > 0 such that

Eo(Zo) S E()(ZO + h) fOT all h € Cl(ﬁ) with Hh”Cl(ﬁ) S T,
then zg is a local minimizer of Ey in Wl’p(Q), meaning that there exists ro > 0

such that
Eo(20) < Eo(z0 + k) for all h € WHP(Q) with ||h|lw1sa) < 7o
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Proof. Let h € C1(Q). If 8 > 0 is small, we have

0< Eo(z0 + Bh) — EO(ZO)7
B
meaning that the directional derivative of Fy at zg in direction h satisfies

0 < Ej(20;h) for all h € C'(Q).

We recall that h +— E}(zo; h) is continuous on WP(Q) and the density of C1(€2)
in WHP(Q) results in

0 < Ey(20;h) for all h € WHP(Q).
Therefore, setting —h instead of h, we get
0= E6(20)7
which yields
0 :/ |V20[P 2V 20 Vda —/(f(m,zo) — |20|P"220) pdx:
Q Q

(5.4)
—/ /\\z0|p_2z0<pda—/ g(x, z0)pdo, Vo € Wl’p(Q).
oQ N

By means of Lemma 5.1, we obtain u_ < zy < u4 and thus, zp € L™(Q). As
before, via the regularity results of Lieberman [45] and Vazguez [64], it follows that
20 € int(C1(Q)) (cf. Lemma 4.2). Let us assume the proposition is not valid. The
functional Ey : W1P(Q) — R is weakly sequentially lower semicontinuous and the
set B. = {y € WhP(Q) : |lyllwrrq) < e} is weakly compact in W»(Q). Thus, for
any £ > 0 we can find y. € B, such that

Eo(z0 +y:) = min{Eo(z0 +y) : y € Bo)} < Eo(20). (5.5)
Obviously, y. is a solution of the following minimum-problem:

min Eq(zo + y)
Y € Beage(y) = %(Hy||€vlp(g) - 8p> <0.

Applying the Lagrange multiplier rule (see, e.g., [46] or [14]) yields the existence of
a multiplier A\; > 0 such that

Ey(20 + ye) + Aegl(ye) = 0,

which results in

/ V(20 + y)|P2V (20 + y- ) Vda

Q

- / (2, To(@s 20 + 92)) — |20 + 3P~ (20 + 9))pda
Q

- / (AT, 20 + )P 2Tz, 20 + ) + 9(2, TNz, 20 + ) pdor
oN

+ /\e/ [Vye|P~?Vy. Vpda + Ae/ lye [P~ ?yepda = 0,
Q Q
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for all € W'P(Q). Notice that A. cannot be zero since the constraints guarantee
that y. belongs to B.. Let 0 < A, < 1 for all € € (0,1]. We multiply (5.4) by A,
set ve = 29 + ye in (5.6), and add these new equations. One obtains

/ \VUE\ZFZVDEV(pdx—F)\E/ |V 20[P 2V 20 Vdx
Q Q
+ )\5/ |V (ve — 20)|P72V (ve — 29)Vipdz

Q

- / Aef (@, 20) + £ Tol, ve)))pde
@ (5.7)

- / (As‘zo|p72ZO + |1)5|p721)€ + )‘6|U€ - ZO|p72(U€ - ZO))SDdx
Q

+ / Ahel20lP 220 + [T (2, v0) P2 T2% (3, ve)) s
onN

+ / (Aeg(z, 20) + g(x, TSz, v.)) ) pdo.
o0

Now, we introduce the maps A. : QxRY — RN B, : QxR — Rand ®, : 90xR —
R defined by

Ac(,8) = [EP 26+ A |HIP2H + N |¢ — HIP7*(¢ — H)
—B.(z,1) = A f(z, 20) + f(2, To(z,9))
— (AelzolP %20 + [P % 4+ Aclvp — 20[P 2 (¥ — 20))
O (2,9) = M| 207220 + [T9 (2, ) [P T9 (2, 9))
+ Ag(@, 20) + g(, 9 (2, 9)),

where H(z) = Vzo(z) and H € (C*(Q))Y for some a € (0,1]. Apparently, the
operator A.(x, &) belongs to C(Q2 x RNV, RY). For x € Q we have

(-As(x?g)ag)RN
= €l + A(lg = HIP2(¢ = H) = | - HPT*(=H),§ = H — (=H))znv  (5.8)
> [|€][P for all £ € RY,

where (-, -)g~v stands for the inner product in RY. (5.8) shows that A. satisfies a

strong ellipticity condition. Hence, the equation in (5.7) is the weak formulation of
the elliptic Neumann problem

—div A.(z, Vue) + Be(z,v:) =0 in Q,
% =P (z,ve) on 052,

where % denotes the conormal derivative of v.. To prove the L*°-regularity of
ve, we will use the Moser iteration technique (see e.g. [23],[24],[25], [26], [43]). It
suffices to consider the proof in case 1 < p < N, otherwise we would be done.
First we are going to show that v} = max{v.,0} belongs to L>(2). For M > 0
we define vp/(x) = min{v (z), M}. Letting K(¢) =t if t < M and K(t) = M
if t > M, it follows by [43, Theorem B.3] that K o v; = vy, € WHP(Q) and
hence vy, € WHP(Q) N L°°(2). For real k > 0 we choose ¢ = vf{f“, then Vp =



18 PATRICK WINKERT

(kp+ 1)v§§VvM and p € WHP(Q) N L>(Q). Notice that v.(x) < 0 implies directly
vpr(z) = 0. Testing (5.7) with ¢ = vﬁf}“, one gets

(kp+1) /Q |ij\p_2ijVva§};dx + /Q |v:|p_2v:v?\f}+1d:ﬂ

i+ 1) [ [IV0F = 20)P 2007 = 20) = | = Vaol (V)]
X (Vopy — Vazg — (—Vzo))vﬁ’dx

_ /Q(/\Ef(a:,zo) + f (o To(a, vH)))0k? de (5.9)
- /Q Oclz0l7%20 + Ao — 20P2(0F — 20))0"* Lder

[ NOclaal? 220+ 9,0 P L0 a0 )0k o
o0

" / (Aeg(, 20) + 9@, T§ % (z,01)) )iy T do.
o0

Since 29 € [u_,uy], 7(20) € [T(u_), 7(uy)], To(z,ve) € [u_,uy] and T (x,v.) €
[T(u_),T(us)] we get for the right-hand side of (5.9) by using (f3) and (g3)

(1) /()\gf(m,zo) +f(x?T0($7U:)))v’;f+1dx < 61/(1}2’)’“?“0{;5
? Q
(2) - /Q()\E|ZO‘P—220 + )\5|U2_ _ zOlp_2(1};’_ _ ZQ))’Uﬁ/IlH_ldx
< 62/ |’U:|p—1(1;;‘)kp+1dx+e3/ ‘zo|p_1('[}:)kp+ldx
e Q
S/62(11:)(k+1)1'dx—|—64/(U;&-)kp+1dx
@ Q
I O e e e I e
< 65/ (U;r)kp+1do_
oN

(4) /m(Aeg(z,zO) + g2, TO 2, 02))) 0P do

< 66/ (v do.
00

(5.10)
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The left-hand side of (5.9) can be estimated to obtain
(kp+1) /Q |Vfuj|p*2ijVva§5dx Jr/Q |vj|p72v:v§5+1dx
A (kp + 1)/Q [W(vj — )PV — 2) — | — vZO|p*2(vaO)}
x (Vo — Vzo — (—Vzo))vﬁ)dm (5.11)

> (kp + 1)/ [Vorr|Posbde + / (0P oyt da
Q

kp+1 |:/ ‘V k+1|pd$+/( )p 1 kp+1d$:| )

(k + 1)
Using the Holder inequality we see at once
Gay
p— E+1D)p
/ 1- () Hldy < |Q|T (/ (uj)<k+1)pdx) , (5.12)
Q Q
and analogously for the boundary integral
kp+1
Ept1 p—1 (k+1) (k+1)p
1- (vD)Frtdo < |0Q|TFDr (v) Pdo . (5.13)
a0 a9

Applying the estimates (5.10)—(5.13) to (5.9) one gets

kip +1 k+1)p / p—1, kp+1
(CESIE [/W [Pdz + Q( Pl de

kp+1 kp+1
&+D) +Dp
< 62/(U:)(k+1)pdx +er (/ (Ug-)(k—&-l)pdx) P +es (/ (U;—)(k—o—l)pda) P .
Q Q a0

We have limps—oo var(z) = v (z) for a.a. z € Q and can apply Fatou’s Lemma

which results in
kp+1
kp+1 {/ IV(ve k 1|pdx /‘ k 1|pdx]

+1
W
<e / () *HDPdy 4 ey (/ (vj)(kﬂ)pdx) (5.14)
Q Q

kp+1

*+Dp
+eg (/ (U;‘)(k+1):0d0-> )
o0
We have either

kp+1 kp+1
=+ Dp R+Dp
(/ (v;r)(k+1)pdx) <1 or (/ (U;r)(kﬂ)pdx) < /(U;‘r)(k-i-l)pdx’
Q Q Q

respectively, either

gy ) 7 gy ) T +(k+1)p
(v) do <1 or (v) do < (v1) do.
00 o0 00
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Thus, we obtain from (5.14)

k 1
p+ |:/ |v k+1|pd1,+/‘ k+1|pdl‘:|
(k+1)p

< eg / (U:)(k+1)pd$ + 610/ (U:)(k"'_l)pda +eq1.
Q a0

(5.15)

Next we want to estimate the boundary integral by an integral in the domain €.
To this end, we need the following continuous embeddings

Ty : B3, (Q) — B;;%(ag), with s > 1,
p
Ty: Boy P (00Q) = Fiy 7 (09) — F%(0Q) = LP(9Q), with s > %,

where 2 is a bounded C*°-domain (see [58, Page 75 and Page 82], [62, 2.3.1 and
2.3.2] and [63, 3.3.1]). Let s = m 4+ ¢ with m € Ny and 0 < ¢ < 1. Then the
embeddings are also valid if 902 € C™! ([59]). In [21, Satz 9.40] the proof is
given for p = 2, however, it can be extended to p € (1,00) by using the Fourier
transformation in LP(2) ([22]).

Here B;, and F},, denote the Besov and Lizorkin-Triebel spaces, respectively, which
are equal in case p = ¢ with 1 < p < 0o and —oc0 < s < 0. Wesets=%+5,
where € > 0 is arbitrarily fixed such that s = 1% + & < 1. Thus the embeddings are
valid for a Lipschitz boundary 92. This yields the continuous embedding

.
Ts : Bpy *(Q) — LP(99). (5.16)
The real interpolation theory implies
iig
(Fu(), Fu(@), -, = (D@, W(), ., = B (),

L+Ep

(for more details see [2], [62], [63]) which ensures the norm estimate

I4E 1-1-& 1p
e Q) < 612||UHW14:(Q)||U||Lp(Q) , YveWwr(Q) (5.17)

[ 1
ol »

with a positive constant e15. Using (5.16), (5.17) and Young’s inequality yields

/ (WH)F+)Pdo
o0

= ||(U:)k+1\|ip(afz)
< el ()P, .
B (@) (5.18)
%+E P 1—%—5 P
-‘r)k-‘rlH( ) ”(v:)k-i-lH( )

< eqzers||(v2 Wir(Q) L7(Q)

: 1+&p)q —1—-2p)q’
< ey (O]l ()G + CON )Ty ™T)

= 3t (Ol () 1 ) + CEONI D 700,

where ¢ = %}p and ¢ = p,lp,gp are chosen such that %—i— 7 =1land dis a free

parameter specified later. Note that the positive constant C'(6) depends only on §.
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Applying (5.18) to (5.15) shows

kp+1 {/ V(v k+1|pd:£+/| k+1|pdx]
(k+1)p

< eg / (v;')(k+1)pdx + 610/ (v:)(kJrl)pda + e
Q 09
< eg /Q(U?)(kﬂ)p)dx +e1ad|| () I ) + e1aC O ()L, ) + ey

_ YN e _ kp+1
where e14 = ejpej3€e], is a positive constant. We take § = er2(h 17 to get

kp+1 kp+1 / o lan / las
— V(v Pd P)d
<(k‘+1)p ‘1 6142 k+1 > |: | | v | | ¥
< eg / (0 FFIPYda 4 €14, C(8)]| (v )k+1||Lp(Q Ten

Q

<eis / (D) FTPY g 4 ey,
Q

and hence,

2(k+1)P
||(’U:)k+1HW1 P(Q) < W e1s Q(vj)(k“)p)dx +e11

By Sobolev’s embedding theorem a positive constant ejg exists such that

1) o () < exsll () lwrr ()

wherep*:NN—_@if1<p<Nandp*:2pifp:N. We have

||U:||L(k+1>P*(Q)

1
= ‘|(U+)k+1 ||£2—*1(Q)

1
< e f

Ve Wie(Q)
1
1 T+1 1
[ 2¢p(k+1 +Dp
Q

11 1 ﬁ m

Sei e ((k(k:l)Z/p) U (”?)(’““)p)d””l] '
D Q

where ez = 2max{ess, €11}

k‘1+1 k 1 kE+1
Since M > 1 and lim (;)1 = 1, there exists a con-
(kp+1)7 k—=oo \ (kp+1)7

E+1) 7 L
H) < ey ™. We obtain
p+1)r

stant e;g > 1 such that <

N e o oy +y(k+1)p e (5.19)
[|vZ ||L<k+1>p*(§z) Seg s ey Q(”e ) )dz +1 .
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Now, we will use the bootstrap arguments similarly as in the proof of [26, Lemma
3.2] starting with (k1 4+ 1)p = p* to get

[ | 10 ) < (k)

for any finite number & > 0 which shows that v} € L"(Q) for any r € (1,00).
To prove the uniform estimate with respect to k we argue as follows. If there is a
sequence k, — oo such that

/(v:)(knﬂ)pdm <1,
Q

we have immediately
[oF L@ < 1,

(cf. the proof of [26, Lemma 3.2]). In the opposite case there exists ko > 0 such
that

/(U:)(kﬂ)pdas > 1
Q

for any k > k. Then we conclude from (5.19)
1 1
o || L @) < efg et 619“)” loX || L+, for any k > ko, (5.20)
where e19 = 2e17. Choosing k := ky such that (k1 + 1)p = (ko + 1)p* yields
1

—_— 1
[Can P @ < 611+1e1sk1+161(81+1)p HUJHL(M*UP(Q)'

Next, we can choose ks in (5.20) such that (ks + 1)p = (k1 + 1)p* to get

1

— 1
\/k2+1 (ko +1)p

I L pca e oy < €R2 7 e €l o2l ik 10n e
1 1 1
= elkﬁzﬂ efém el(ngrl)p ||U;—||L(k1+1)p* @)-

By induction we obtain

1

—— 1
||U | Lkn+1pe @ = €1n+1€18kn,+1el<gn+1)p ||U;r||L<k'n+1>p(Q)
1
_ elkgﬂ el\s/knJrl (gn+1)P ||U:||L(k"*1+1)p* (@)

where the sequence (ky,) is chosen such that (k, + 1)p = (k,—1 + 1)p* with kg > 0.
One easily verifies that k, +1 = (%) . Thus

g 1 | pp— N 1
L SR O v S DU e
€19 [[v

||U:||L<kn+1>p*(n) = €16 €18 Sl pvorne Q)

with r, = (k, + 1)p* — 00 as n — oo. Since %ﬂ = (p%)i and - <1 there is a
constant egg > 0 such that

[0 [ L snrner () < eaollvd (| Loosvem () < 00 (5.21)
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Let us assume that v € L>(Q). Then there exist n > 0 and a set A of positive
measure in Q such that v (x) > eaol[vL || wo+1p® () + 1 for z € A. Tt follows that

1
«\ (Fn+Dp*
HU;—HL(Mﬁl)p* « 2 (/A |’U;_(x)|(kn+l)p )

1
> (esollvd | posar e ) + I A| T
Passing to the limes inferior in the above inequality yields
lim inf ||U:||L<kn+1>p*(9) > eao||vF || pso1yer @ T
n—oo

which is a contradiction to (5.21) and hence, v € L*(Q). In a similar way one
shows that vZ = max{—v.,0} € L>(Q). This proves v. = v — v € L>®(Q).

In order to show some structure properties of A, note that its derivative has the
form

DeAc(x, &) =[¢[P721 + (p — 2)[¢P~*eg”

FA|E— HIP2T + A(p — 2)|€ — HP~4(¢ — H)(€ — H)T, (5.22)

where I is the unit matrix and £ stands for the transpose of €. Using (5.22) implies
DA (2, &) lry < ar + azléP~2, (5.23)
where a1, as are some positive constants. We also obtain

(DEAE (l‘v g)y7 y)RN
= 1EP 2 lyllan + (= 2)|EP (€, v)an
FANE = HIP2|lyl2n + Ae(p — 2)|€ — HP™H(€ — H,y)3n

2((,/[12 . (5.24)
1Pl fp>2
TP ElylEy  ifl<p<2

> min{1,p — 1}¢["2||y[|2~.

For the case 1 < p < 2 in (5.24) we have used the estimate |£[P72||y|[2~ + (p —
2)[€P~4(&, y)an = (0 — 1)IE[P2|ly[|z~ - Because of (5.23) and (5.24), the operators
A, B and @, satisfy the assumptions (0.3a-d) and (0.6) of Lieberman in [45] and
thus, Theorem 2 in [45] ensures the existence of a € (0,1) and M > 0, both
independent of € € (0, 1], such that

ve € C12(Q) and [vellgra@ < M, forall e € (0,1]. (5.25)

Due to y. = v. — 2z and the fact that v., 29 € C1*(Q), one realizes immediately
that y. satisfies (5.25), too. Next, we assume A\; > 1 with € € (0,1]. Multiplying
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(5.4) by —1 and adding this new equation to (5.6) yields

/ IV (20 + ye) [P~V (20 + y=) Vipda — / |V 20[P~2V 20V pda
Q Q
—|—/\5/ |Vye|P2Vy.Vdz

Q

= [ (Tl 20-+ u0)) — S z0) o
@ (5.26)

* / (|ZO|p72ZO - ‘ZO + ys|p72(20 + ys) - >‘s|ys|pizys)9@d93
Q

+ / AT @, 20 + ye) P 2T (@, 20 + ye) — |20[P 2 20) pdo
o0

+/ (g(x7T(?Q(xazO + ys)) - g(x,Zo))(de'.
0N

Defining again
Au,€) = - (H +EP72(H + ) — | HP2H) + ]l
—B.(x,) = f(z, To(x, 20 + ¥)) — f(x,20) + |20[" > 20
— |20 + 9P (20 + ) = Ac|9|P?ye
(I)5<x7¢) = )‘(|TOBQ(555 zo + w)‘p_gTOaQ($7ZO + ¢) - ‘Zo|p_220)
+ g<x7T089(aj?ZO + ¢)) - g(x, ZO)a

and rewriting (5.26) yields the Neumann equation

1
_diVAE('T7VyE)+TBE($ay8) =0 in Q7
v, 1
5 )\—E<I>E(x7y€) on 09,

where %”lj denotes the conormal derivative of v.. As above, we have the following

estimate

(Ae(@, ), Oan = 3 (B + EP~2(H +€) — |HP2H, H + €~ Hjg + [P

> [|€||P for all € € RY,

and can write the derivative D¢ A.(z, &) as
1
DeAc(w,&) =1 ([H + €721 + (p = 2)|H + [~ (H + (H + )"

€772+ (p = 2)lgP g™
We have again the following estimate
IDeAe(2,€)lrn < ar + az|€[P~2,
where a1, as are some positive constants. One also gets
(DeA- (2, )y, y)rn > min{l,p — LHEP?ylzn-

As before, the nonlinear regularity theory implies the existence of o € (0,1) and
M > 0, both independent of ¢ € (0, 1), such that (5.25) holds for y..
Let e | 0. Using the compact embedding C#(Q) < C*(Q) (cf. [42, p. 38] or [1, p.
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11]), we may assume for a subsequence 3. — 3 in C*(Q2). By construction we have
ye — 0 in WHP(Q) and thus, § = 0 which implies for a subsequence lyellcr @y < -
Hence, one has

Eo(20) < Eo(z0 + ye),

which is a contradiction to (5.5). This completes the proof of the proposition. [

Lemma 5.3. Let A > \;. Then the extremal positive solution uy (respectively,
negative solution u_) of (1.1) is the unique global minimizer of the functional E
(respectively, E_ ). Moreover, uy and u_ are local minimizers of Ey.

Proof. We know that E, : WP(Q) — R is coercive and weakly sequentially lower
semicontinuous. Therefore, by [66, Theorem 25.D] there exists a global minimizer
vy € WHP(Q) of E. Smce v4 is a critical point of £, Lemma 5.1 implies that
v, is a nonnegative solution of (1.1) satisfying 0 < v4 < uy. By (gl) we infer that

lg(z,5)] < (A—A1)sPh, Vs:0 < s <6y (5.27)

Using (f4) and (5.27) and applying the Steklov eigenvalue problem in (2.1), we

. ) k)
conclude for min § —4—, 22
e <min{ i R

ep1(x )\
+(ep1) / / f(z, s)dsdx +
ep1(z
—/ / g(x,s)dsda
oQ J0

L= cp1(a) )
e oullLriom) + / / (A Ar)sP~Ldsdo
o Jo

Pl 1 Hip(ag)

=0.

This shows Ey(vy) < 0 and we obtain vy # 0. Applying Lemma 4.2 implies
vy € int(C*(Q)4). Since uy is the smallest positive solution of (1.1) in [0,7Je] and
0 <wvy < wug, it holds v4 = ug. Thus, uy is the unique global minimizer of E .
In the same way one verifies that u_ is the unique global minimizer of E_. Now
we want to show that u; and u_ are local minimizers of the functional Ey. As
uy € int(C'(Q)4) there exists a neighborhood V,,, of uy in the space C''(Q) such
that V,,, € C'(Q)4. Hence Ey = Ej on V,, which ensures that u is a local
minimizer of Ey on C1(Q). In view of Proposition 5.2, we obtain that u, is also a
local minimizer of Eg on the space WP(Q). By the same arguments as above we
prove that u_ is a local minimizer of FEj. O

Lemma 5.4. The functional Eg : WHP(Q) — R has a global minimizer vy which
is a nontrivial solution of (1.1) satisfying u— < vg < uy.

Proof. The functional Ey : WHP(Q) — R is coercive and weakly sequentially lower
semicontinuous. Hence, a global minimizer vy of Fy exists. Since vy is a critical
point of Ey we know by Lemma 5.1 that vg is a solution of (1.1) satisfying u_ <
vo < ug. Due to Ep(uy) = Ei(uy) < 0 (cf. the proof of Lemma 5.3) we obtain
that vy is nontrivial meaning vg # 0. (I
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6. EXISTENCE OF SIGN-CHANGING SOLUTIONS

First, we are going to show that our functionals introduced in Section 5 satisfy
the Palais-Smale condition. In order to prove this result, we will need a preliminary
lemma which can be found in [48, Lemma 2.1-Lemma 2.3] in similar form.

Lemma 6.1. Let A, B,C : W1P(Q) — (WP(Q))* be given by

(A(u),v) ::/ \Vu\p_QVqudx—l—/ |u|”_2uvdas7
Q Q

(B(u),v) = / T2 (2, u)P 2T (ar w)ud,
o0

(C(u),v) :=/Qf(:n,To(a:,u))vdsr:—|—/(9 g(x,TOBQ(x,u))vd$,

Q
then A is continuous and continuously invertible and the operators B,C are con-
tinuous and compact.

By means of this auxiliary lemma, we can prove the following.

Lemma 6.2. The functionals E.,E_, Ey : WYP(Q) — R satisfy the Palais-Smale
condition.

Proof. We show this Lemma only for Fy. The proof for £, E_ is very similar.
Let (u,) C WHP(Q) be a sequence such that Fg(u,) is bounded and Ej(u,) — 0
as n tends to infinity. Since |Eg(u,)| < M for all n, we obtain by using Young’s
inequality and the compact embedding W1P(Q) < LP(9Q)

M > Eo(uy)
! [IIV 170y + llunll } //un(m)f( To(z, s))dsd
= — Un||7p Un || 7 p — x, ZT,S saxr
P L () L () 0o 0

Un ()
- / / NI (2, 8)[P2T5% (w0, ) + g(ar, Tg 2 (x, 5))] dsdo
o Jo

>(/p—e1—e2— 53)Hun||€vl,p(g) - C.
Choosing ¢;,4 = 1,2,3 sufficiently small yields the boundedness of u,, in WP (),
and thus, we get u,, — u for a subsequence of u,, still denoted with u,,. We have
A(up) — AB(uy,) — C(uy) = E)(uyn) — 0,
which implies the existence of a sequence (d,) C (W1P(Q))* converging to zero
such that
Up = AT (AB(uy) + C(uy) + 6,).
By Lemma 6.1 we know that B, C are compact and A~! is continuous. Passing to
the limit in the previous equality yields
up, — AT (AB(u) + C(u)) =: u,
meaning that u, — u strongly in W1?(€). O

Now, we can formulate our main result about the existence of a nontrivial solu-
tion of problem (1.1).

Theorem 6.3. Under hypotheses (f1)-(f4), (91)-(94) and for every number \ >
Ao, problem (1.1) has a nontrivial sign-changing solution uy € C*(Q).
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Proof. Lemma 5.1 implies that every critical point of Fy is a solution of problem
(1.1) in [u—,u]. The coercivity and the weakly sequentially lower semicontinuity
of Ey ensure along with infy1.pq) E4(u) < 0 (cf. the proof of Lemma 5.3) the
existence of a global minimizer vy € W1P(Q) satisfying vg # 0. This means that
vo is a nontrivial solution of (1.1) belonging to [u—,u4]. If v # u_ and vy # uy,
then wg := vy must be a sign-changing solution since u_ is the greatest negative
solution and w4 is the smallest positive solution of (1.1) which proves the theorem
in this case. So, we still have to show that the theorem is also true in case that
either vg = u_ or vg = uy. Without loss of generality we suppose vy = uy. The
function u_ can be assumed to be a strict local minimizer. Otherwise we would be
done. Now, we can find a p € (0, [[uy — u_|lw1.»(q)) such that

FEo(ut) < Ep(u—) < inf{Ey(u) : u € 9B, (u_)}, (6.1)

where 9B, = {u € W"P(Q) : |lu — u_||w1r@) = p}. Assertion (6.1) along with
the fact that Ey satisfies the Palais-Smale condition (see Lemma 6.2) enables us
to apply the Mountain-Pass Theorem to Ey (see [57]) which yields the existence of
ug € WHP(Q) satisfying Ej(up) = 0 and

inf{Eop(u) : u € 0B,(u_)} < Ep(uo) = 361{“ ten[n_alﬁ] Eo(~(¢)), (6.2)

where
U= {yeC([-1,1],W"(Q)) : y(=1) = u—,¥(1) = uy }.

We see at once that (6.1) and (6.2) show ug # u_ and wg # uy, and therefore, ug
is a sign-changing solution provided ug # 0. In order to prove ug # 0 we are going
to show that Fy(ug) < 0 which is satisfied if there exists a path ¥ € T such that

EO(i(t)) < Ov vt € [_13 1]
Let § = Whe(Q) naBy Y, where B %Y = {u € LP(99) : |[u Loog) = 1},
and Sc = SN CHQ) be equipped with the topologies induced by W1?(Q) and
C1(Q), respectively. Furthermore, we set
Lo ={y e C([-1,1],9) : 7(=1) = —p1,7(1) = ¢1},
Loo ={y € C([-1,1],5¢) : 7(=1) = —p1,7(1) = ¢1 }.
In view of assumption (gl) there exists a constant do > 0 such that

lg(z, s)|
|sfp=1

<, fora.a. ze€dandall0< |s| < do, (6.3)

where p € (0, A — A\3). We select pg € (0, \ — Ay — ). Thanks to the results of
Martinez and Rossi in [49] we have the following variational characterization of A\g
given by (see (2.2)-(2.3) in Section 2)
Ag= inf max / [|vu|1’ + \u|P] dz. (6.4)
€0 uey([-1,1]) Jo

Since (6.4) there exists a v € T’y such that
P Po
tem[_affl] ||’7(t)||wl,p(g) <A+ bl
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It is well known that S¢ is dense in S. This implies the density of I'g.¢ in I'y and

thus, for a fixed number r satisfying 0 < r < (Ao + po)% — (A2 + %0)%, there is a
Yo € I'o,c such that

_ p
e (&) = 20O l[y1.0(0) <7

This yields

][ A .
it 0O y1.0() < A2+ po

Let § := min{dy, 02}, where & is the constant in condition (f4). Due to the bound-
edness of the set 7o([—1,1])(©2) in R ensures the existence of ey > 0 such that

eolu(z)] <4 for all z € Q and all u € yo([—1, 1]). (6.5)

Lemma 4.3 ensures that uy,—u_ € int(C*(Q)4). Thus, for every u € yo([—1,1])
and any bounded neighborhood V;, of u in C1(2) there exist positive numbers h,,
and j, satisfying

Ugp — %v €int(C*(Q),) and —u_ + %v € int(C*(Q)4), (6.6)

if h > hy,j > ju,v € V. By a compactness argument from (6.6) we conclude the
existence of £; > 0 such that

u_(z) <eu(r) <ui(zr) forall z € Q,u € vy([—1,1]) and Ve € (0,e1).  (6.7)
Let 0 < ¢ < min{eg,e1}. Now, we consider the continuous path eyy in C1(Q)

joining —ep; and ;. We obtain by using hypothesis (f4)

=v0(t)(x)
f// f(z, To(x, s))dsdz < 0. (6.8)
e Jo

Applying (6.3), (6.5), (6.6), (6.7),(6.8) and the fact that vo([—1,1]) C dBF 7Y we
have

Eo(ev0(t))

P evo(t)(x)
= V0O ) + 1002 ) / / F(a, To(a, 5))dsda
p QJo
ev0(t)(x)
- / / Tz, 5)[P~2T9%(x, 5) + g, Tz, 5))] dsdo
o Jo

eP eP £70(t)(2)
< ?()\2 + po) — ;)\ - /BQ/ g(x, s)dsdo
0

e
< ;()\Q‘FPO_)\"‘/J)
<0 foralltel[-1,1].

In the next step we are going to construct continuous paths v ,vy_ which join ep,
and w4, respectively, u_ and —ep;. We denote

¢ =1 (A) = Ex(een),
my =my(A) = Ey(ug),
EY ={ue W'P(Q): B (u) <cy}
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Since uy is a global minimizer of E, we see at once that m < c4. Using Lemma
5.1 yields the nonexistence of critical values in the interval (mL,c4]. Due to the
coercivity of E along with its property satisfying the Palais-Smale condition (see
Lemma 6.2), we can apply the Second Deformation Lemma (see, e.g. [38, p. 366]) to
E. . This guarantees the existence of a continuous mapping n € C([0, 1] x Efr* , Ei*)
with the following properties:
(i) n(0,u) = u for all u € EYF

(ii) n(1,u) = uy for all u € B

(iii) E4(n(t,w)) < E4(u), Vt €[0,1] and Yu € E'.
We introduce the path v, : [0,1] — WLP(Q) given by v, (t) = n(t,ep1)t =
max{n(t,ep1),0} for all ¢ € [0,1]. Apparently, v, is continuous in W1?(2) and
joins ep1 and u4. Moreover, we have

Eo(14(8) = B+ (v+ (1)) < B4 (n(t.e01)) < By (1) < 0 for all t € [0, 1], (6.10)

Analogously, we can apply the Second Deformation Lemma to the functional E_
and obtain a continuous path y_ : [0,1] — WP(Q) between —ep; and u_ such
that

Eo(y-(t)) <0 for all ¢t € [0,1]. (6.11)

Putting the paths together, v_, vy and 74 yield a continuous path 4 € ' joining
u_ and u4. In view of (6.9), (6.10) and (6.11) it holds uy # 0. So, we have found
a nontrivial sign-changing solution ug of problem (1.1) satisfying u_ < ug < uy.
This completes the proof. (I
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