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Abstract We consider a nonlinear parametric Dirichlet equation driven by a nonho-
mogeneous differential operator involving a reaction exhibiting the competing effects
of concave and convex terms. Using variational methods combined with truncation
and comparison techniques we prove a bifurcation near zero theorem describing the
dependence of the positive solutions on the parameter A > 0.
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1 Introduction

Let © € RY be a bounded domain with a C'"%-boundary 92, @ € (0, 1). In this
paper, we study the existence, nonexistence, and multiplicity of positive solutions to
the following nonhomogeneous parametric Dirichlet problem
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—diva(Vu) = f(x,u, A) in 2, P1)
u=0 on 0%2, A
where ¢ : RY — RY is a continuous and strictly monotone mapping satisfying
appropriate regularity and growth conditions listed in hypotheses H(a) below. These
hypotheses are general enough to incorporate many differential operators of interest in
our framework such as the p-Laplacian (1 < p < 00), the (p, ¢)-differential operator
(1 < g < p < o0) and the generalized p-mean curvature differential operator
(1 < p < o0). The reaction of the problem depends on a parameter A > 0 and is
Carathéodory in the variables (x, s) € QxR (thatis,x — f(x, s, A) is measurable for
alls € R, forall . > 0Oands — f(x, s, A)iscontinuous fora.a. x € Q,forall A > 0).
We assume that f(x, -, 1) is (p — 1)-superlinear near +oc but without satisfying the
usual in such cases Ambrosetti—-Rabinowitz condition (AR-condition for short). Near
zero, the reaction f(x, -, ) exhibits a concave term (thatis,s — f(x, s, A)is(p—1)-
superlinear near 07). So, we have in problem (P;) the competing effects of concave
and convex terms. Such problems were studied by Ambrosetti—Brezis—Cerami [2], Li—
Wu—Zhou [23] (semilinear equations driven by the Laplace differential operator), and
by Filippakis—Kristdly—Papageorgiou [10], Gasiiski—Papageorgiou [16,17], Garcia
Azorero—Peral Alonso—Manfredi [12], Guo—Zhang [18], Hu—Papageorgiou [19], and
Marano—Papageorgiou [24] (nonlinear problems driven by the p-Laplace differential
operator). In the aforementioned works, the reaction has the form As?™ 4 g(x, 5) with
g(x,-) being (p — 1)-superlinear. With the exception of Marano—Papageorgiou [24],
in all the other works the (p — 1)-superlinearity of g(x, -) is expressed by employing
the AR-condition. Moreover, in the works of Garcia Azorero—Peral Alonso—Manfredi
[12] and Guo—Zhang [18], g(x,s) = g(s) = s"~!forall s > 0 with p<r<pt=

2L ifp < N . o
L (see also [2,23]). We mention that the p-Laplacianis a (p — 1)-
+oo if N<p

homogeneous differential operator and this fact is exploited in the methods used in
the aforementioned works. The differential operator here is not homogeneous and this
is source of difficulties in the analysis of problem (P, ). To overcome these difficulties
we need a different approach and new techniques. We prove a bifurcation result for
A > 0 near zero which describes the variation of the set of positive solutions as the
parameter A > 0 varies. Our theorem contains as special cases the main theorems
of [12,16,17,19], and [24]. Recently, a similar bifurcation theorem was proved for
Robin problems by Papageorgiou—Rddulescu [26] under stronger conditions on the
nonlinearity f : Q2 x R x (0, c0) — R.

Our approach is variational based on critical point theory combined with suitable
truncation and comparison techniques. In the next section we develop the necessary
mathematical background material which will help to follow the arguments in this

paper.

2 Mathematical background

Let X be a Banach space and X* its topological dual while (-, -) denotes the duality
brackets to the pair (X*, X). We have the following definition.
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Definition 2.1 The functional ¢ € C'(X) fulfills the Cerami condition (the C-
condition for short) if the following holds: every sequence (u,),>1 € X such that
(@(un))n>1 is bounded in R and (1 + [lu, || x)¢’ (u,) — 0in X* as n — oo, admits a
strongly convergent subsequence.

This is a compactness-type condition on the functional ¢ which compensates for
the fact that the ambient space X does not need to be locally compact (X is in general
infinite dimensional). The C-condition is one of the main tools in proving a deformation
theorem which in turn leads to the minimax theory of the critical values of ¢. One of the
basic results in this theory is the so-called mountain pass theorem due to Ambrosetti—
Rabinowitz [3] which we state here in a slightly more general form (see, for example,
Gasiniski-Papageorgiou [13]).

Theorem 2.2 Let ¢ € C'(X) be a functional satisfying the C-condition and let
up,ur € X, luz —uillx > p >0,

max{p(uy), p(uz)} < inf{e) : |lu —uillx = p} =:m,

and ¢ = inf, er maxo<,<1 @(y (1)) withI' ={y € C([0,1], X) : y(0) = uy, (1) =
us}. Then ¢ > m,, with c being a critical value of ¢.

By L7(2) (or LP (Q; RN)) and Wol’p(Q) we denote the usual Lebesgue and

Sobolev spaces with their norms || - ||, and || - ||W1,p @ Thanks to the Poincaré
0

inequality we have

1,
lelly 1y = IVull, forallu e Wy ().

The norm of R¥ is denoted by || - lgnv and (-, -)gn stands for the inner product in RN
For s € R, we set s* = max{=+s, 0} and for u € W(}’p(Q) we define u®(-) = u(-)*.
It is well known that

ut e W&’p(Q), ul=ut4+u", u=ut—u".
The Lebesgue measure on RY is denoted by | - |y and for a measurable function

h: QxR — R (for example, a Carathéodory function), we define the Nemytskij
operator corresponding to the function & by

Np(u)(-) = h(-,u(-)) forallu e Wol’p(Q).
Evidently, x — Nj(u)(x) is measurable.

In addition to the Sobolev space Wol’p (2) we will also use the ordered Banach
space

cl@ = {u eC' @ :ul,, = 0}
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and its positive cone
Ch@4 = {u e Ch@ :u() = Oforall x e @}
This cone has a nonempty interior given by

int (CO(Q)+) [u e Cl@y 1 u(x) > Oforallx € Q, Z(x)< 0 forall x € asz],

where n(-) stands for the outward unit normal on 92.
Now let € C!(0, +-00) be a function satisfying

<co and P <9@) < (1 +z1’—1) Q.1

for all # > 0 and with some constants ¢, cg, ¢, ¢z > 0. The hypotheses on a : RN —
RY read as follows.

H(a): a(¢) =ag (||§||RN) £ for all € € RN with ag(t) > 0 for all # > 0 and
(i) ag € C'(0, 00), t — tap(t) is strictly increasing in (0, 00), lim,_, o+ tag(t) =
tag(t)
=c>—1;
ao (1)

9
i) |Va(@)lgy < qw for all £ € RN\ {0} and for some c3 > 0;
]RN

4 N
(i) (Va(€)y, gy > 2 (11zv)
=

(v) if Go(r) = fot sao(s)ds for all t > 0, then there existsd, v € (1, p),l < u <
min{d, v}, and & > 0 such that
(D) t— Gy (té) is convex in (0, +00);

t
(2) limsup,_, o+ # < 400;

0, and lim,_, o+

||y||]%,\, for all £ € R¥\{0} and all y € RY;

(3) t2ap(t) — ,uGo(t) > cﬂ’ for all # > 0 and for some c > 0;
@) pGo(t) — t2ap(t) > E for all > 0 and for someé > 0.

Remark 2.3 We point out that the assumption H(a)(iii) is equivalent to || Va () || RNV =

ﬂf‘”;l”“i]N) since a(§) = ao(]|€||gr~ )& which gives that Va(£) is symmetric. Therefore,
R

one also could write conditions H(a)(ii),(iii) together in the form

? (II€Igy) il (||§||]RN)‘

A\ v <
T e A Ty

Hypotheses H(a)(i), (ii), (iii) allow the usage of the nonlinear global regularity results of
Lieberman [22]. Hypothesis H(a)(iv) is dictated by the needs of our problem. However,
as we will see in the examples that follow, it is satisfied in many cases of interest.
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Note that the primitive G(-) is strictly convex and strictly increasing. Let G(§) =
Go (||E “RN) for all £ € RY. Then G(-) is convex and differentiable. We have

§

VG ) = Gy (I§lIgn) ey

=ao (I§llgv) € =a(§) forall e RY.

Hence, G(-) is the primitive of a(-) and the convexity of G(-) along with G(0) = 0
imply

G(€) < (a(§),&E)gny forall € € RV, (2.2)

Using hypotheses H(a) as well as (2.1) and (2.2) we have the following lemma
summarizing the main properties of the map a(-).
Lemma 2.4 Under the hypotheses H(a)(i)—(iii) there holds
(1) &€ — a(&) is maximal monotone and strictly monotone;
(i) [la@)llpy < ca (1 + IISIIﬁ;;l)for all ¢ € RN and for some c4 > 0;

(iii) (a(§), &)my = 247 I€lIGy forall § € RY.

From this lemma we easily deduce the following growth restrictions for the primitive
G(-).
Corollary 2.5 If hypotheses H(a)(i)—(iii) hold, then

c1
m”f”féw <G(&) <os (1 4 ”f”féw) forall & € RN and for some cs > 0.

Example 2.6 The following maps satisfy hypotheses H(a).

(i) Letl < p <oocandleta(§) = ||§||I’;{;2§ . Then a(-) represents the well-known
p-Laplace differential operator defined by

Apu = div (||W||Hg;2w) for all u € WP ().

(i) Let 1 < ¢ < p < oo and leta(§) = [£[12,7% + [€]1%,°€. Then a(-) becomes
the (p, ¢g)-differential operator defined by

Apu+ Agu = div (||Vu||f;{;2Vu) + div (||W||@2w)

forallu e W(; 'P(Q). Such differential operators arise in many physical applica-

tions (see Cherfils—I1'yasov [5] and the references therein).
p=2
(iii) Let ]l < p <ooandleta(§) = (1 + ||§||12RN) : &. In this case a(-) represents

the generalized p-mean curvature differential operator which is defined by

p—=2

div [(1 T ||Vu||I2RN)T w} for all u € WP ().
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@iv) Letl < p < ccandleta(é) = ||€]|P~ ZE +5 | £ Inthis case the corresponding
differential operator is

| Vullfy’ Vi |
Apu+divl —————— ) forallu e W7 (Q),
L+ IVull gy

which arises in plasticity theory (see Fuchs—Gongbao [11]).

/ *
Now, let A : W, P(Q) — W) = (W()l’p(Q)) (%+§= 1) be the

nonlinear map defined by
(A(w), v) = / (@(Vu), Vo)gw dx forallu, v e Wy'” (). (2.3)
Q
The next proposition gives the main properties of A (see, for example, Gasinski—

Papageorgiou [14]).

Proposition 2.7 Let hypotheses H(a)(i)—(iii) be satisfied. Then A : Wé Q) -
wLr (R2) defined by (2.3) is bounded (that is, it maps bounded sets to bounded sets),
demicontinuous, strictly monotone (hence maximal monotone), and of type (S)+, that

is, if up, — uin Wol’p(Q) and lim sup,,_, o, (A(up), up —u) < 0, then u, — u in
Wy P ().

Now, let fp : 2 x R — R be a Carathéodory function satisfying the subsequent
growth condition

| fo(x, )| < ap(x) (1 + |s|’—1) fora.a x € Qand forall s € R,

withap € L>(Q)4 and 1 < r < p*. Setting Fo(x,s) = [y fo(x, )dt we define the
C'-functional ¢y WOl "7(Q) — R through

(/’O(”)Z/ G(VM)dX—/ Fo(x,u)dx.
Q Q

From Gasinski—Papageorgiou [15] we have the following result.

Proposition 2.8 Let the assumptions in H(a)(i)—(iii) be satisfied. If uy € Wol’p (2) is
a local C& (Q)-minimizer of o, that is, there exists py > 0 such that

¢0(u0) < goluo +h) for all h € Co(Q) with |hllc) g < Po,

then ug € Cé’a(ﬁ) for some o € (0, 1) and ug is also a local Wol’p(Q)-minimizer of
©o, that is, there exists p1 > 0 such that

90(u0) < goluo +h) forall h € Wy () with |1l 1.0 o) < p1.
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Let g, h € L°°(2). We write g < h if for every compact set K € 2 there exists
e =&(K) > Osuchthat g(x) +¢& < h(x) fora.a.x € K. Clearly, if g, h € C(2) and
g(x) < h(x) forall x € Q, then g < h.

Using this order < we can have the following strong comparison result which
extends Proposition 2.6 of Arcoya—Ruiz [4] where the case of the p-Laplacian is
considered.

Proposition 2.9 Let hypotheses H(a)(i)—(iii) be satisfied, ¢ > 0,g,h € L*®(Q),
g <h,andletu,v € Wé’p(Q) be solutions of the following Dirichlet problems

—div(Vu) + EulPPu=g inQ,

—div(Vo) + P =h inQ,

0
0

t]yg =
v)yq =
with v € int (C}(Q)+). Then v — u € int (C}(Q)+).

Proof From Ladyzhenskaya—Ural’tseva [20, p. 286] we know thatu € L™ (£€2). Invok-
ing the regularity results of Lieberman [22, p. 320] we have that u € Cé(SZ). Note
that

Aw) +EulP2u=g <h=A@w) +&"" inw 7 (Q).

Acting with (u — v)T € Wol’p(Q) we obtain

(4G =A@, G =)+ & [ (12— o) = vy ax <0,
Q
which gives

/ @(Vu) — a(Vv), Vi — Vo) dx+£ (ul’*‘ - vl’*‘) (4 — v)dx < 0.
{u>v}

{u>v}

Therefore, |{u > v}|y = 0 and consequently, u < v.
First, we are going to show that u(x) < v(x) for all x € . For this purpose, we
introduce the following two sets

Eo={xeQ:ulx)=vx)}, E={xeQ:Vulx)=Vvix)=0}.
Claim Ey C E;
Letting xo € Eo, the function x — y(x) = (¢ — v)(x) attains its maximum at xo.
Hence, Vu(xo) = Vu(xg). If Vu(xp) # 0, then we can find B, (xp) € 2 such that
[Vu(x)| >0, |Vux)| >0, (Vu(x), Vv(x))gy >0 forallx e Ep(xo),

where Ep (x0) is the closed ball with center xo and radius p > 0. Setting w =
vV—u € Cé (2)\{0}, we point out that this function satisfies the following linear
elliptic equation
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- i o (/3~<x>8—w) == (v - ) +h—g @4
ax,' Y 8Xj '

i, j=1

whereby the coefficients 8;;(-) of the differential operator are given by
1 aa,'
By = [ 52 (= 0Fut) + 100 dx
o 9yj

(see Arcoya—Ruiz [4], Cuesta—Takac [6]). Therefore, B;; € C B (Ep (xo)) for some
B € (0, 1) and they form a uniformly elliptic differential operator in (2.4). Moreover,
by taking p > 0 even smaller if necessary we can show, using g < #, that the right-
hand side in (2.4) is positive on Ep (x0). Invoking the strong maximum principle (see,
for example, Pucci—Serrin [27, p. 111]) there holds

w(x) >0 forall x € By(xp),
or equivalently
u(x) <v(x) forallx € B,(xp),
which contradicts the fact_that xo € Ep. This proves the claim.

Owing to v € int (C}(Q)4), we have E; € Q and E is closed, thatis, E; CC Q.
Now, because of Eg € E and the closedness of Eq, it follows that Eq is compact as
well. Hence, we can find a smooth open set €21 such that

EyCQ CQ CQ.
Then, we can find a number ¢ € (0, 1) such that
u(x)+e& <wv(x) forallx € 0Q; and g(x)+e¢e <h(x) foraa. x € Q.
Now, let § € (0, &) such that

Ells|P72s — |t|P721| <& foralls,t €[—n, 1l |s — 7| <28,

where n = max{]Julloo, [|vlloo}. We get

—diva(V(u+8) + &lu+ 81" 2(u +8) = —diva(Vu) + &lu + 8|7 (u + 8)
— [|u 8P 2+ 8) — |u|l’*2u] tg

<g+te
<h
= —diva(Vv) + &vP~! foraa. x € Q.
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Then, due to Damascelli [7, p. 495] it follows that u + 6 < v in ;. Since Ey C Q)
we infer that Eg = ¢ and

u(x) <v(x) forallx € Q.

Moreover, by virtue of Proposition 2.4 of Cuesta—Takac [6], we obtain

v du
— < — onof2,
on  on
which implies v — u € int (C}(Q)4). o

From Filippakis—Kristaly—Papageorgiou [ 10, Lemma 3.3] we borrow the following
lemma.

Lemma 2.10 Let X be an ordered Banach space, K is an order cone of X, int K #
#, and e € int K. Then, for every u € K, there exists t = t(u) > 0 such that

te—u eintK,.

3 Bifurcation theorem

Our hypotheses on the nonlinearity f : Q2 x R x (0, co) — R are the following.

H: f: Q@ xR x (0,00) — R is a function such that (x,s) — f(x,s,X) is
a Carathéodory mapping for all A > 0, A — f(x,s, ) is nondecreasing,
f(x,0,1) =0foraa. x € Q,forall A > 0, and
(i) for every p > 0 and every A > 0, there exists a,(1) € L°°(R2)+ such that

(1) A — “ap Q) ||OO is bounded on bounded sets;
2) 1f(x,s,0)] <ap(A)(x) fora.a. x € Q and for all s € [0, p];
(i) if F(x,s,A) = [y f(x, 1, A)dt, then, for all A > 0,

. F(x,s,A)
lim ——

= 400 uniformly for a.a. x € Q
§—> 400 sP

and there exist r(A) € (p, p*) with A — r(A) nondecreasing, r (1) — rg €

(p, p*) as A — 0T, and functions foo (L), oo (A) € L%°(K2) such that

(1) & = Ao, and 2 = [06 (1)l are bounded on bounded sets;
f(x,s, 1) f(x,s, 1)

(2) Moo (x) = liminfs— 400 -1 < limsup,_, o1
Noo(A)(x) uniformly for a.a. x € Q;
(iiii) foreveryi > 0, thereexist (1) € (max {(r(x) - 1} , p*) and By (%) >
0 such that
(1) A — 7(A) and A — Bp(A) are nondecreasing;

s ,)\ — pF , ’A
@) Bo() < liminf,_, 4o L8NS = PFX. S )
570
Q;

uniformly for a.a. x €
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(iv) for every A > O there exist g(A),0 € (1, u) [see hypothesis H(a)(iv)] with
qg(X) <0 and §y(r) € (0, 1), co(A) > 0 such that
(1) ¢(1) = qo € (1, p)as & — O
(2) A — Co(2) is strictly increasing and ¢o(A) — +00 as A — +00;
(3) coM)s? < f(x,s,M)s < g(A)F(x,s,A) foraa. x € Qandforall s €
[0, So(M)];
and there exists a function ng(-, A) € L ()4 such that

) lmoC Moo ?(0 as kk)_) 0™;
. X, S,
() limsup,_, o+ — 65—

(v) there exist r* € (p, p*] and ¢ > 0 such that
flx,s,1) > —césr*_1 fora.a. x € , forall s > 0, and for all A > 0.

< no(x, A) uniformly for a.a. x € Q;

Remark 3.1 Since we are looking for positive solutions and the above hypotheses
concern the positive semiaxis Ry = [0, 400), we may assume, without loss of gen-
erality, that f(x,s, A) = 0 fora.a. x € 2, forall s < 0, and for all > > 0. Note that
hypotheses H(ii),(iii) imply that, for all A > 0,

. fx,s, )
lim —

I T = 400 uniformly for a.a. x € Q.
§—>+00 SET

This means that f (x, -, 1) is (p — 1)-superlinear near +oc. Such problems are usually
treated using the AR-condition (unilateral version) which says that there exist T =
T(A) > 0and M = M(A) > 0 such that

O<tF(x,s,)) < f(x,s,A)s foraa.x € Qandforalls > M, 3.1
0 < essinfq F (-, M, 1), (3.2)

(see Ambrosetti—Rabinowitz [3] and Mugnai [25]). Integrating (3.1) and using (3.2)
we reach a weaker condition, namely that

cest < F(x,s,A) foraa.x €, foralls > M, withcg =ce(X) > 0. (3.3)
From (3.3) follows the much weaker condition (recall that T > p)

. F(x,s,4) .
lim ———— = 400 uniformly for a.a. x € Q. (3.4)
s——+o0 sP

In the present work we employ (3.4) together with condition H(iii) which are weaker
than the AR-condition and permit the consideration of superlinear reactions with
slower growth near +oo which fail to satisfy the AR-condition. If the AR-condition is

satisfied, then we may assume that 7 = 7(A) > max [(r()L) — p)%, 1}. Hence, (3.1)
and (3.3) imply
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Sx,s,0)s — pF(x,s,2)
S'L’
f(xs S,)\.)S _TF(X,S,)\,) F(x, Sv)\')
= = + (= p)
> (t — p)cg foraa. x € Qandforalls > M.

In consequence, hypotheses H(iii)(2) is fulfilled.

Example 3.2 The following functions satisfy hypotheses H (for the sake of simplicity
we drop the x-dependence).
(G fi(s) =ast 45" foralls > 0and with1 < ¢ < p <r < p*.

This is the nonlinearity considered in Ambrosetti—-Brezis—Cerami [2] where p =
2 (semilinear equations driven by the Laplacian) and in Garcia Azorero—Peral
Alonso—-Manfredi [12], Guo-Zhang [18] where 1 < p < oo (nonlinear equations
driven by the p-Laplacian).

(i1) A reaction which does not satisfy the AR-condition can be given by
Fols) = asd— 4 sp=1 [ln(s) + %] forall s > O with 1 < g < p.

(iii) Other admissible reactions are the following.

(1) f3(s) = &O) (sqfl —l—srfl) foralls > Owithl < g < p < r < p*
£(L) > 0, L — £()) is increasing, £(A) — 0T as A — 0T, and £(\) — +o0
as A — +o00.

Asd~1 ifs € [0, p(M)],
@ fa)=1"_, . T
ST AT = p(V) if p(l) <s
withl < ¢ < p <r < p* p(d) € [0,1], A — p(A) is nondecreasing,
p(A) > 0t asA — 0T, and p(A) — 1~ as A — +oo.

First, we introduce the following sets

L ={x > 0: problem (P,) admits a positive solution},

S(A) = the set of positive solutions of problem (P;).

We define, for every A > 0, the corresponding C!-energy functional ¢;, : WO1 Q) —
R to problem (P, ) by

€0A(M)=/ G(Vu)dx—/ F(x,u, Mdx.
Q Q

We start with an observation concerning the solution set S(1).

Proposiﬂon 3.3 If hypotheses H(a)(i)—(iii) and H(i),(iv) hold, then S(\) C
int (Cé(Q)+)f0r every A > 0.

Proof We may assume that A € L, otherwise S(A) = @. Therefore, there exists
u € Wy'P(Q),u > 0,u # 0 such that

—diva(Vu) = f(x,u,») foraa.x e Q. (3.5)
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From Ladyzhenskaya—Ural'tseva [20, p. 286] it follows tﬁat u € L°°() and the
regularity results of Lieberman [22, p. 320] imply u € Cé (2)+:\{0}.
Owing to hypotheses H(i),(iv), for a given p > 0, we can find & l); > 0 such that

fx.s,0) + &' >0 foraa xeQandforall 0 <s < p. (3.6)
Let p = ||u|loo > 0 and let E;; > 0 be as in (3.6). Combining (3.5) and (3.6) gives
—diva(Vu) + ééupfl >0 foraa. x € Q,
equivalently
diva(Vu) < &)u?™! foraa x € Q. (3.7)
Letting yx (t) = tag(¢) for all t+ > 0, hypothesis H(a)(iii) and (2.1) ensure that
tx' (1) = 12a)(t) + tap(r) > c11P7 L

Integrating by parts leads to
t t 5 1
/ sx'(s)ds =tx(t) —/ x(s)ds = t7ap(t) — Go(t) > —1tP. 3.8)
0 0 p

We set H(t) = t2ag(t) — Go(r) and Hy(r) = %tp forall > 0. Let s € (0, 1) and
s > 0. We introduce the sets

Ci={te@,1):H@t)>s} and Cp={r € (0,1): Hy(t) > s}.

It is easy to see that Co € Cg [see (3.8)] and so inf C; < inf C,. Therefore, due to
Leoni [21, p. 6],

H™'(s) < Hy ' (s).

Hence

= +400.

p 0

8 8 oS
[ [ =
0 Hl(éfp s'”) 0 Hl(sp sl’) crJo s

p
Then, because of (3.7), we may apply the strong maximum principle of Pucci—Serrin
[27, p. 111] which ensures that u(x) > 0 for all x € 2. The boundary point lemma of
Pucci-Serrin [27, p. 120] implies then u# € int (Cg (§)+). We conclude that S(1) €

int (CJ(Q)+). o
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Proposition 3.4 If hypotheses H(a) and H(i)—(iv) hold, then the energy functional ¢,
satisfies the C-condition for every X > Q.

Proof Let (up)n>1 C Wol’p (£2) be a sequence such that

l@) (uy)| < My for some My > 0, foralln > 1, 3.9
/ : -1,p
(1 + ||un||W(:‘p(Q)) OLn) — 0 in WP (Q)asn— 00.  (3.10)

Thanks to (3.10) there holds

enllill y1.r

(5. Gan). )| )

<——2 7 forallh € WyP(Q) with e, — 07,
1+ ||un||W(}-p(Q)

that is

enllhllyr g
'(A(u,,), h) —/ fx, up, Vhdx| < ————2 — foralln>1. (3.11)
Q

Taking i = —u;; € Wy () in (3.11) gives

/ (a (—Vu;) , —Vu;)RN dx <¢g, foralln >1,
Q

which results in, due to Lemma 2.4(iii),

C1
p—1

”Vu;”Z <g, foralln>1.

Hence,
u, =0 in Wy (Q) asn — oo. (3.12)

Moreover, combining (3.9) and (3.12), yields
/ pG (Vuj,’) dx —/ pF (x, uj,' A) dx <M, foralln >1, (3.13)
Q Q
for some M5 > 0.1In (3.11) we choose h = u:[ € WS’P(Q) to obtain

—/ (a (Vu). Vu,f)RN dx —|—/ fxouf A)ufdx <e, foralln>1. (3.14)
Q Q
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Adding (3.13) and (3.14) gives

[ 196 () = (o (Vi) Vi) g

+/ [f (x, u;:',)\) u;:' — pF (x, M;:_,)\.)]d.x <Mz foralln>1,
Q
for some M3 > 0. Taking into account hypothesis H(a)(iv)(4) we get
/ [f (x, u,‘f, A) ujl' — pF (x, u;l", A)] dx <My foralln > 1, (3.15)
Q

for some M4 > 0. By virtue of hypotheses H(i)—(iii) we can find 81 € (0, Bp()1)) and
¢7 = ¢7(A) > 0 such that

f(x,s,\)s — pF(x,s,1) > ﬂlst(k) —c¢7 foraa.x € Qandforalls > 0. (3.16)
Using (3.16) in (3.15) we infer that
W =1 S L™ () is bounded. (3.17)

First we assume that N # p. Having regard to hypothesis H(iii), without loss of
generality, we may assume that (1) < r(A) < p*. Therefore, there exists t € (0, 1)
such that

L_l_t_kL (3.18)
r() - T) o p* '

Invoking the interpolation theory (see, for example, Gasifiski—Papageorgiou [13, p.
905]) in combination with (3.17) and the Sobolev embedding theorem we have

+
v

< Nt ey s

u e < fut H’Wol,pm) foralln > 1 (3.19)

(%)

and for some cg > 0.
Hypotheses H(i),(ii) imply that

F(x,5,0) < co (1 +s’<*>) foraa. x € Q, foralls > 0, (3.20)

and for some cg9 > 0. Now we choose h = ujl‘ € W(:’p(SZ) in (3.11) to get

/Q (a (Vul), Vuf{)RN dx — /Q f(x uf A)ufdx <e, foralln=> 1.
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From this, by applying Lemma 2.4(iii), (3.20), and (3.19) we conclude that

Cl ) )
g = e (14 [ 170) <en (14 1)) G2

for all » > 1 and for some cg, c11 > 0.
The hypotheses on t(A) [see H(iii)] and (3.18) imply that 77 (A) < p. Hence, from
(3.21) it follows that

W, )u=1 € W, P (%) is bounded. (3.22)

If N = p, then by definition p* = oo while from the Sobolev embedding theorem
we know that Wol’p(Q) is compactly embedded in L7(2) for all € [1, c0). So, for
the previous argument to work, we need to replace p* by n > r (1) large enough such
that

nr@) —t) _

=T

Then we reach again (3.22).

From (3.12) and (3.22) we know that (u,),>1 C Wol’p(Q) is bounded and so by
passing to a suitable subsequence if necessary we may assume that

uy — uin Wy'P(Q) and u, — uin L'™(Q). (3.23)

In (3.11) we choose h = u,, —u € Wol’p(Q), pass to the limit as n — oo, and apply
(3.23). This gives

lim (A(u,),u, —u) =0,
n—00
which by the (S).-property of A (see Proposition 2.7) results in
Uy, — uin Wol’p(Q).
This proves that the functional ¢, satisfies the C-condition for every A > 0. O

Next we prove the nonemptiness and a structural property of L.

Proposition 3.5 If hypotheses H(a) and H hold, then L # ) and for every A € L we
have (0, 1] C L.

Proof We are going to show that the functional ¢, satisfies the mountain pass geometry
(see Theorem 2.2) for A > 0 small enough. This fact in conjunction with Proposition
3.4 will permit the usage of the mountain pass theorem (see Theorem 2.2) which will
show that, for A > 0 small enough, the solution set S(A) is nonempty and so £ # .
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Claim There exists & > 0 such that, forall ) € (0, 1), we can find ;. > 0 such that

inf [@2) ¢ 1) = 02] = m2 > 0 = ¢2.(0).

For every A > 0, by virtue of hypotheses H(i), (ii), and (iv), we can find c12(A) >
0, c13(A) > 0 such that

c12(k) = 0T as A — 0, A — c13(1) is bounded on bounded sets,
and
F(x,s,2) < cinW)s?™ +c13(00)s™™ foraa. x € Qandforalls > 0. (3.24)

Taking into account Corollary 2.5, (3.24), and the Sobolev embedding theorem we
derive

@ (u) =/ G(Vu)dx —/ F(x,u, \)dx
Q Q

> C—luwng—/ Fr. . )dx
p(p—1) Q

> p _ A q(A) _ N r(d)
2 cuallully g = es®Ilfr, o= els®Il,
with c14 = ﬁ, c15(A) > 0 satisfying c15(A) — 0T as A — 07, and (1) > 0
with A — ¢16(X) being bounded on bounded sets. Therefore,
> _ by qg)—p _ A r(A)—p p . 25
or(u) = [614 cis( )IIMIIW(;,,,(Q) cie( )Ilullwg,p(m IIMIIWS,p(Q) (3.25)

Now, let &.(1) = c15(MtIP P + c16(M)" PP for all + > 0. Clearly, &, €
C1(0, o0) and since g(A) < p < r(A) forall A > 0, we see that

&(t) - +ooast — 0T and as t — +o0.

Thus, we can find a number 7y € (0, 400) such that &, (o) = inf;~¢ &, (¢), that is,
&, (t9) = 0. This gives

N—p—1 .
(p — qONeisMEP P = (1) — preismyg PP,
respectively

to=1to() = [(r(?») = p)eis()
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The hypotheses on . — ¢ () and on & — r(X) [see H(iii), (iv)] and the properties
of A — c15(1) as well as A — c16(X) imply that

&.(t)) = 0T as A — 0T,
So, we can find a number A > 0 small enough such that
£.(to) < c1a forall & € (0, 4).
Then, from (3.25) we see that
@) Zmy > 0=, 0) forall flufl, 1,5 =1®) = 0.

This proves the Claim. o
Hypothesis H(ii) implies that, for all u € int (C}(€2).), there holds

oy (tu) > —o0 ast — +oo and for all A > 0. (3.26)
Then, the Claim, (3.26), and Proposition 3.4 permit the usage of the mountain pass
theorem (see Theorem 2.2) to find an element u; € Wol’p(Q) (for A € (0, X)) such
that

@, ;) =0 and ¢;,(0) =0 < my < @, (up). (3.27)
The second assertion in (3.27) gives u; # 0 and the first one reads as

A @) = Ng, (u3), (3.28)

where fi(x,s) = f(x,s,A). Acting on (3.28) with —u, € Wol’p(Q) we directly
obtain, using Lemma 2.4(iii), that

Cl
p—1

[Vus ], <0

implying u; > 0,u; # 0. Therefore, u; € S(A) C int (Cg (82)+) (see Proposition
3.3)and so (O, ):) C L, hence £ # @. This proves the first assertion of the proposition.
Next, let A € £ and take y € (0, A). Since A € L there exists u; € S(A) C

int (C}()4). Thus,
—diva (Vu;) = f(x,up, A) > f(x,uy,y) foraa x e Q, (3.29)

because y < X and the fact that A — f(x, s, A) is nondecreasing (see H).
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We introduce the following Carathéodory function

2 ) fxsy) ifs <uy(x),
Ty = |f(x,uA(X),)/) if 5. (x) < s. (330)

Setting ﬁy (x,8) = fos fy (x, 1)dt we define the C'-functional 1/})/ : W(}’p(Q) - R
through

B = [ 6wdx — [ Fudx
Q Q

From Corollary 2.5 and the truncation defined in (3.30) it is clear that v, is coercive.
Moreover, the convex integral u — fQ G (Vu)dx is sequentially weakly lower semi-
continuous (follows from Mazur’s lemma) while, by applying the Sobolev embedding
theorem, the same property can be shown for the functional u — fQ ﬁy (x,u)dx. It

follows that the functional u — 1}), (u) is sequentially weakly lower semicontinuous
on Wé’p (€2). Then, by the Weierstrass theorem, we find u,, € Wé’p (€2) such that

By (uy) = inf [y (@) s € Wy (@)]. (3.31)

Owing to hypothesis H(a)(iv)(2) we find numbers 77 > 0 and §; € (0, 80(;/)] such
that

Go(t) < 7it’ forallt € (0,8]. (3.32)

Let u € int (C}(2)+) and recall that u; € int (Cj(2)4). By Lemma 2.10 there
exists a number 7 € (0, 1) small enough such that

fu(x), 7 |Vu(x)| € [0, 8] for all x € Q and u < u;. (3.33)

Applying (3.32) and (3.33) as well as hypothesis H(iv)(3) yields

lﬁy (fu) =/ G (fVu) dx —/ I:“,, (x, fu) dx
Q Q
< i ()" 1Vul? = &0 ()7 ull§. (3.34)

Since @ < v [see hypotheses H(a)(iv) and H(iv)] we see that by taking 7 € (0, 1) even
smaller if necessary we will have from (3.34)

~

vy (fu) <0
which gives, due to (3.31),

Uy (uy) <0=1j(0).
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n N/
Hence, u, # 0. As u, is a critical point of v, there holds (1/f,,) (uy) =0, that is
Auy) =N (). (3.35)

Acting on (3.35) with —u, € Wé’p(Q) gives

C1 7
[ =0
p—1 Vip

thanks to the truncation in (3.30) and Lemma 2.4(iii). Hence, u, > 0, u,, # 0.

Now, taking (uy, — ux)+ € Wol’p(SZ) as test function in (3.35) results in, due to
(3.29) and (3.30),

(4 ) Gy =) ) = [y () g =)
= /Q fx,up,y) (uy — uk)+dx
< <A ) . (y —uk)+>.

Therefore
/ (a (Vuy) —a(Vuy), Vu, — VuA)RN dx <0,
{uy >u;}

which means that |{u, > u;}|, = 0and sou, < u;.
To sum up we have proved that

uy €10,1] = {u e Wy ()10 < u(x) < () foraa. x € 2}
Then according to (3.30), Eq. (3.35) becomes
A(uy) =Ny, (uy) with f,(x,5) = f(x,5,7).

Hence, u,, € S(y) C int (Cé (§)+) andsoy € L.
Therefore, we can say that if A € £, then (0, A] € L. O

Remark 3.6 The above structural property of the admissible set £ means that £ is in
fact an interval in (0, +00).

Hypotheses H(iv), (v) imply that, for all A > 0,
fx,s,0) = éoM)s”~! —¢hs™ ! fora.a. x € Qandforalls > 0. (3.36)

This unilateral growth estimate on f(x, -, ) leads to the following auxiliary Dirichlet
problem
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—diva(Vu) = éo(u? ! — ca‘ur*_1 in Q, (Auy)
u=~0 on 0€2,

We have the following existence and uniqueness result for (Auy).

Proposition 3.7 Let hypotheses H(a) be satisfied and let0 < u <d < p < r* <
p* as well as . > 0. Then, problem (Au;) has a unique positive solution u, €
int (C(l)(Q)+) and the map , — i, is increasing, that is, if A < y, then ii,, — ii) €
int (CA(©)4).

Proof First, we establish the existence of a positive solution to (Auy) for all A > 0.
To this end, let &, : Wé 7 () — R be the C!-functional defined by

" _—
60 = [ v = O g+ B ]

Since r* > p and because of Corollary 2.5 we easily verify that &, is coercive. Similar
to the arguments in the proof of Proposition 3.5 we can conclude that &, is sequentially
weakly lower semicontinuous. Hence, we find 1, € W(;’p (€2) such that

£, (ii;) = inf [E;\(u) ue Wol’p(Q)]. (3.37)

As in the proof of Proposition 3.5 and since ¢ < u < p < r* < p* we infer that if
u € int (Cé (Q)+) and ¢ € (0, 1) sufficiently small, then &, (fu) < O, which implies,
because i1, is the global minimizer of &, [see (3.37)], that

& () < 0=26,(0).

Thus, i) # 0. Furthermore, (3.37) gives &, (i) = 0, that is

Aiiy) = éo (@)™ = ¢ (@) " (3.38)

Taking — (u;)~ € W(} P (Q) as test function in (3.38) yields, owing to Lemma 2.4(iii),

c1
p—1

[V @, <o.

So, ity > 0, u; # 0. Then, (3.38) becomes
A (i) = éo ()" — ¢ (i) !

meaning that iz, is a positive solution of (Auy, ). As before (see the proof of Proposition
3.3), the nonlinear regularity theory (see Ladyzhenskaya—Ural’tseva [20] and Lieber-
man [22]) and the nonlinear maximum principle (see Pucci—Serrin [27, pp. 111, 120])
imply that &, € int (C(% (§)+).
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Now, we are going to prove the uniqueness of ii,. To this end, let T : L'(Q) —
R U {oo} be the integral functional defined by

/ G (Vuﬁ)dx ifu>0,ul e Wol'p(Q),
T =1qJa

400 otherwise.

Letu;, u bein the domainof 7, i.e.u1, us € dom(T) = {u € L1(Q) : T (u) < 400}
1 1

and let further y = ((1 — t)u; + tuz)é with 7 € [0, 1]. Let y; = u{, y» = uj, then
Y1, 2 € WO1 "7 (Q). Now, we apply Lemma 1 in Diaz—Sa4 [8] to obtain

1

193@ gy < (=D 1Vl +119520)lg )" ae.in .
Since Gy is increasing and thanks to hypotheses H(a)(iv)(1) we obtain

Go (IIVu(x)lIgv)
1
< Gy (((1 — O IVy1@) gy +1 ||Vyz(x)||§gN)“)

< (1= DGo (IVy1Wllgn) +1Go (IVy2(0)llgv)  ae.in Q.
In view of G(£€) = Go(||€])) for all € € RY it follows
GVulx)) <1 —=1)G (Vy1(x)) +tG (Vyy(x)) a.e.in Q.

Therefore, T is convex. In addition, via Fatou’s lemma, we see that T is lower semi-
continuous.

Suppose that u, is another positive solution of (Au,). As done for i;, via the
nonlinear regularity theory and the nonlinear maximum principle, we have u; €
int (C}(Q)+). Therefore, if » € C}(Q) and ¢ € (—1, 1) is small enough in its absolute
value, then

(ii)* +th e dom(T) and (@)% + th € dom(T).

So, the Gateaux derivative of T at (i ,\)d and ()% in the direction & exists and
using the chain rule it follows

i~ d 1 —diva(Viy)
7 ()’) i = < /S2 — T

i — d _1 —diva(Vu,)
(@) o= g [ =
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The convexity of T implies the monotonicity of 7’. This leads to
0= {1 (@) ~7(@)). @ - @)
=< (#3) () ) > @)" — (uz) L@

L[ (=diva(Vi)  —diva(Vi)\ (- a4
o d /Q ( (ﬁx)d_l (ﬁk)d_l ) ((uk) (uy) )dx

A - _ - *—1 ~ _ k=1
1 / (co(m @) =gy o) = e )
Q

d ()" ! ()

x (@) = @) dx

—1/(é(x)[ L — }+c*[(—>’*"i—<~ )])
T e\ L™ T @y e

x (@ = @)?) dx.

Since# < u <d < p < r* < p*, thelastinequality implies &, = u;. This proves
the uniqueness of the positive solution of (Au, ) for all A > 0.

N_ext, we examine the monotonicity of the map A — u; from (0, co) into
Cé (2)+\{0}. Letting 0 < A < y, we first observe, due to hypothesis H(iv)(2), that

—diva (Vii,) = o)l " — cgiil, !

> Sl — cjiiy, 7! foraa x € Q. (3.39)
Introducing the Carathéodory function

0 if s <0,
va(x,5) = 18o)s?1 — chs ! if0<s <ii,(x), (3.40)

2o (fiy ()" ™" = ¢t (i 0) " i, () < s,

and setting V. (x, 5) = [y vs.(x, 1)dt, we consider the C'-functional o;, : W&"’(Q) —
R defined by

oy (u) = / G(Vu)dx — / Vi(x, u)dx.
Q Q
Applying Corollary 2.5 and the truncation defined in (3.40) we conclude that o, is
coercive. In addition, it is sequentially weakly lower semicontinuous. Therefore, we
find an element 7, € Wé "P(Q) such that

o3 (i) = inf [U,\(u) ue Wol’p(Q)] . (3.41)

As in the proof of Proposition 3.5 and since 6 < u < r*, for u € int (Cé (§)+)
and ¢ € (0, 1) small enough (at least such that fu < i,, see Lemma 2.10), we have
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oy (tu) < 0 implying
o (12;\) < 0 =0,(0).
Thus, i), # 0. The assertion in (3.41) gives o; (LAt)L) = 0 and so
A () = Ny, (i02) - (3.42)

Acting on (3.42) with — (ftky € Wol’p(Q) and applying Lemma 2.4(iii) as well as
(3.40) gives

1

p—1

76|, <o

p

Hence, i; > 0, i, # 0. Now, we choose (il), — zly)+ € Wé’p(Q) in (3.42). By
means of (3.39) and (3.40) we obtain

(A (@) (@ —,)") :/ v (0, 3 (an — iiy) " dx

= [ [0t @)™ =i @) ] i — )
= <A (ity) . (@ — ’ZJ/)+>’

which implies

/{;, oy (@(00) ~a (Vi) it = Vi) =0

Taking into account Lemma 2.4(i) we conclude that ]{ﬁ A > ﬁy} | N= 0 and hence,
ity < ity.So, we have proved

i € [uiiy] = {ue Wy T (@0 sut) sty foraaxe ). (343

Then, Eq. (3.42) becomes

A (i) = o0 ()" ™" = et ()",

due to the truncation function defined in (3.40). Therefore, i1, is a positive solution of
(Auy) and because of the uniqueness of the positive solutions of (Au, ) we infer that
u;, = ity In particular, we conclude that

iy, < ity (3.44)

[see (3.43)].



968 N. S. Papageorgiou, P. Winkert

Note that, for a given p > 0, we can find &, > 0 such that

s — f»;ps”” — c§s’*1 is nondecreasing on [0, p]. (3.45)

Let p = ||ﬁy ||OO and let &, be as in (3.45). Then, by applying (3.44), (3.45), and
hypothesis H(iv)(2), we obtain
—diva (Vi) + & @)" ™" =000 @) = c§ @) " + & )"
< () @) = ¢ (iy) " & (y)"
< o(y) (ﬁy)e_l — ¢ (ﬁy)r*_l +& (’Zy)p_l
= —diva (Vii,) +&, (i,)"" foraa xeQ.

Now, let

g(x) = G0 (@ ()™ = ¢ @) T+ &) @ (x)P !,
h(x) = 000 (@i ()" = ¢ (it () + &, (i1, ()",
h(x) = o) (ity )"~ = ¢ (it, @)~ +&, (i, (0)" "

Evidently, g(x) < ﬁ(x) < h(x) for a.a. x € Q. Note that, by means of (3.44),

h) = h) = (o) = é0() (5, 0)" "+ cotr) (@, 0)"" = @)

> (20(y) — o) (i, (1))

Since i, € int (Cé (§)+) and ¢o(y) > ¢o(A) [see H(iv)(2)], it follows that h<h
which implies g < /. Then, Proposition 2.9 gives ii;, —ii;. € int (C}(Q)4). Therefore,
A — 11, is increasing. O

Proposition 3.8 Let hypotheses H(a) and H be satisfied and let 1. € L. Then, i) <u
for all u € S(\), where u; € int (C&(Q)Jr) is the unique positive solution of (Au,,)
obtained in Proposition 3.7.

Proof Letu € S()) C int (C}(S2)+) (see Proposition 3.3) and consider the following
Carathéodory function

0 if s <0,
k(x,s) = {co(n)s'~! — cis ! if0 <s <ux), (3.46)
CoMu(x)?=1 — cgu()c)’*’1 ifu(x) <s.

Let K (x,s) = [y k(x,1)dt and consider the C'-functional & : wgm) - R
defined by
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6(u)=/ G(Vu)dx—/ K(x,u)dx.
Q Q

It is clear that & is coercive and sequentially weakly lower semicontinuous which
implies the existence of i € WO1 P () such that

& (@) = inf [&(u) ue Wol”’(sz)]. (3.47)
As before, exploiting the fact that § < u < p < r*,foru € int( Q)4 ) andt e
(0, 1) small enough, we can show that & (fu) < 0, Wthh implies & (A) < 0=20(0).

Hence, i # 0.
From (3.47) we have (6)/ (ﬁ) = 0, that is

A (i) = Ni (1) (3.48)
As before, acting on (3.48) with — (it) € Wol’p(Q) and using (3.46) as well as

Lemma 2.4(iii) we have 2 > 0, u # 0. Next, we choose (12 — u)+ € Wg’p(Q) as test
function in (3.48). Based on (3.36), (3.46) and since u € S(A), we obtain

(4 (ﬁ),(ﬁ—u)+>=/gk(x,ﬁ) (6 —u)* dx
:/Q[éo(x)u9*1 ciu” *1] (i —u) " dx
S/Qf(x,u,)») (i —u)" dx
= (Aw), (@ —u)*).

Consequently,
/{ﬁ>u} (a (Vit) —a(Vu), Vi — Vu)py dx < 0.

Therefore, |{ii > u}| v = 0 [see Lemma 2.4(i)] and so, ii < u. We have proved
that

e[0,u] = {v € Wé’p(Q) :0 <vx) <u(x)fora.a x e Q} .

Having regard to (3.46) and (3.48) we see that # is a positive solution of (Auy, ). Taking
into account Proposition 3.7 we easily verify that 2 = &, which implies i; < u for
allu € S(A). O

Let A* = sup L.

Proposition 3.9 If hypotheses H(a) and H hold, then .* < oc.
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Proof Arguing by contradiction, suppose we can find a sequence (1,),>1 S £ such
that A, /' +o00 asn — oo. For every n > 1 we find u, € S(A,) C int (Cé(Q)Jr)
satisfying

on, (y) <0 (3.49)

(see the proof of Proposition 3.5). Inequality (3.49) reads as

/ pG(Vu,)dx —/ pF (x,uy, Ap)dx <0 foralln > 1. (3.50)
Q Q
Moreover, there holds

A(up) = Ny, (un) foralln > 1.

Taking u, € Wol’p (£2) as test function gives

—/ (@(NVuy), Vu,))gydx +/ fx,up, Ap)updx =0 forallm > 1. (3.51)
Q Q
Adding both (3.50) and (3.51) and making use of hypothesis H(a)(iv)(3) results in
/ [f (e, un, M) up — pF (X, up, Ap)ldx < Ms foralln > 1, (3.52)
Q

and for some M5 > 0.
By virtue of hypotheses H(i), (iv) there exist 8 € (0, B (A1)) and c17 > 0 such that

BsTH) — 17 < f(x,s,h) — pF(x,s,Ay) foraa. x e, foralls >0, (3.53)
and for all n > 1. Applying (3.53) in (3.52) shows that
(Un)n=1 € LT*(Q) is bounded. (3.54)

Now, applying (3.54) and reasoning as in the proof of Proposition 3.4 [see the part
of the proof after (3.17)], we obtain that

(Un)n>1 S Wé’p(Q) is bounded. (3.55)
From (3.51), (3.55), and Lemma 2.4(ii), we see that there exists Mg > 0 such that

/ fx, up, Ap)updx < Mg foralln > 1.
Q

This gives, due to (3.36),

A *
eoOun) lunll§ — ¢ llunll < Mg foralln > 1.
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Recall that 7* € (p, p*] [see hypothesis H(v)]. Then, from the last inequality and
the Sobolev embedding theorem combined with (3.55) it follows

éoOun) llunlly < M7 forall n > 1 and with some M7 > 0.

Now, we may apply Propositions 3.8 and 3.7 to obtain
co(hn) iz, ||z < M7 foralln > 1,

which contradicts the fact that ¢y(X,) — 400 as n — 00 [see hypothesis H(iv)(2)].
This proves that A* < co. O

Proposition 3.5 implies that (0, 1*) € L.
Next, we establish a multiplicity result if A € (0, A*). To do this, we need to
strengthen the conditions on f(x, -, A).

H: f: Q2 xR x (0,00) - Ris a function such that (x,s, A) — f(x,s,A) is a
Carathéodory mapping on 2 x [R x (0, 00)], . — f(x, s, A) is nondecreasing,
f(x,0,1) =0 for a.a. x € Q, for all A > 0, hypotheses H’(i)—(v) are the same
as the corresponding hypotheses H(i)—(v) and

(vi) forevery p > 0 and every A > 0, there exists & 3 > 0 such that

s — f(x,s, 1)+ E;‘s”_l is nondecreasing on [0, p]
for a.a. x € Q and for A > p > 0 there holds
essinfo[f(x,s,1) — f(x,s,u) :s > pl >=m, > 0.

Remark 3.10 The examples of functions f presented after hypotheses H still satisfy
the new conditions stated in H’.

Proposition 3.11 Let hypotheses H(a) and H’ be satisfied and let A € (0, A*). Then,
problem (P) ) admits at least two positive solutions

uo, i € int (cg (§)+) with wo < ii and ug + 4.
Proof Lety € (A, A*) and letu,, € S(y) < int (C}(Q)+). We have
—diva (Vuy) = f(x,uy,y) = f(x,uy,2) foraa x e Q. (3.56)
We introduce the following Carathéodory function

f(x,s, 1) if s <uy(x),

filx.s) = Hf(x, uy(x),A) ifu,(x) <s.
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Setting I:"k(x, s) = f(; fx(x, 1)dt, we define the C!-functional 1/% : Wol’p(Q) —- R
through

V() = / G(Vu)dx — / By (x, u)dx.
Q Q

Reasoning as in the proof of Proposition 3.5 [see the part of the proof after (3.30)] and
using (3.56), we can show the existence of a solution ug € S(A) such that

up € [0,u,] = {u € Wol’p(Q) :0 <u(x) <uy(x)foraa x e Q}

In fact we can say more. Let p = |u, || andlet&), &} be as postulated by hypothesis
H’(vi). Choosing &, > max {7, g)'} and using H’(vi), u9 < u,, and the fact that
u, € S(y) we derive
. & p—1 & p—1
—diva (Vug) + %‘puo = f(x,up, A) + E,o”o
s p—l
= f(x,u0, ) +Eul —[f G ouo,y) — f (x,u0, M)]
< f(x,uy,y) +ép”;€_l

= —diva (Vuy) + §ul™" foraa x e Q.

Note_that, if o(x) = f(&x,upx),y) — f (x,up(x), ), then since ug €
int (C(l)(Q)+) and owing to hypotheses H’(vi) we have 0 < o and so we may apply
Proposition 2.9 to conclude that u;, — ug € int (C}(Q)+ ). Therefore, we have

ug € intCé(ﬁ)[O’ uyl. (3.57)

Applying ug we introduce the following truncation of the mapping s — f(x, s, 1)

e s) If(x, wo(x),2) i s < uo(x), 358)

f(x,s, ) ifup(x) < s,

which is known to be a Carathéodory function. We set Ej (x, s) = f()s e (x, t)dt and
consider the C'-functional w;, : W(}’p (2) — R defined by

wx(u)z/ G(Vu)dx—/ E),(x,u)dx.
Q Q

Claim K, = {u e WP(Q) : wl(u) = 0} C [uo)
with [ug) = {u € WP() : up(x) < u(x) foraa. x e Q}

Letu € K, , that is, w} («) = 0 and so

A(u) = Ng, (u). (3.59)
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Acting on (3.59) with (ug — u)™* € Wé’p(Q) yields

(A(u), (up — u)+) = /Szek(x, u) (wo — u)" dx

=/ [ uo,A) (up —u)tdx
Q
= (A (o) , (uo — u)™)

due to the truncation defined in (3.58) and the fact that uy € S(A). Therefore
/ (a (Vup) —a (Vu),Vug — Vu)gy dx =0
{uo>u}

implying [{#g > u}|y = O [see Lemma 2.4(i)] and thus, ug < u. This proves the
Claim.

By virtue of the Claim and (3.57) we see that the critical points of w; are positive
solutions of problem (P; ). So, we may assume that

Ky, N [[uo, 0y \{uo}:| = (3.60)

[see (3.57)], otherwise we would already have a second solution & > ug, it # ug.
Now, we introduce the following truncation of e, (x, -)

e (x,s) %fs < uy(x), (3.61)
ex(x,uy(x)) ifu,(x) <s,

en(x,s) = {

being again a Carathéodory function. We set E; (x,s) = f(; ¢, (x, t)dt and consider
the C!-functional W, : W(}’p(Q) — R defined by

zf)k(u)z/ G(Vu)dx—/ E; (x,u)dx.
Q Q

By means of (3.61) and Corollary 2.5 we see that w;, is coercive. As before, it is also
sequentially weakly lower semicontinuous. Then, the Weierstrass theorem implies the
existence of iip € WO1 "7 (Q) such that

s, (i) = inf [uA)A(u) ue Wol”’(Q)] ,
that is, (ﬁ);\)/ (1g) = 0, hence

A (o) = Np, (o) . (3.62)
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As before, acting on (3.62) with (i — uy)+ € Wé’p(Q) and using the Claim, we
derive that

i € [uo, uy | = {u € Wol’p(Q) tug(x) < u(x) <uy(x)foraa. x e Q}

Then, from (3.60) (3.61) we see that i1g = ug.
Note that w;, |[0 ] = Wi |[0 ] which follows from the definition of the truncations
Uy Sy

in (3.58) and (3.61). Recall that u;, — ug € int (CA(2)+) [see (3.57)]. Therefore, we
know that u( is a local Cé (Q)-minimizer of w;,_and taking into account Proposition

2.8 we have that ug is a local WO1 "7 (Q)-minimizer of w; as well.

Let us assume that K, is finite, otherwise we would have infinity distinct positive
solutions u of (P;) with u > uq (see the Claim). Hence, there exists p € (0, 1) small
enough such that

wy (1) < inf I:wk(u) Mt = w01l 1. = p] =m, (3.63)

(see Aizicovici—Papageorgiou—Staicu [1, Proof of Proposition 29]). Note that, due to
(3.58),

wy =@ + &, with§, € R, (3.64)
From (3.26) and (3.64) it follows, for u € int (Cé (§)+),
wy (fu) - —o0 ast — +oo. (3.65)
Furthermore, owing to (3.64) and Proposition 3.4, we have that
w), satisfies the C-condition. (3.66)

Now, based on (3.63), (3.65), and (3.66), we may apply the mountain pass theorem
stated in Theorem 2.2. Hence, there exists i € W(;’p (€2) such that

i e Ky, and wy(ug) <m, < w (12) . (3.67)

The first assertion in (3.67) in combination with the Claim and Proposition 3.3 says
that

ieSO Cint (cg(§)+) and ug < ii.
The second assertion gives ug # u. O

Next, we examine what happens at the critical case A = A* (bifurcation point).

Proposition 3.12 If hypotheses H(a) and H’ hold, then A* € L and so L = (0, A*].
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Proof Let (Ay)n>1 < L be a sequence such that 4, /' A* as n — oco. Then we can
find u,, € S (\,;) such that

¢y, (uy) <0 foralln > 1. (3.68)
Since u,, € S(A,), there holds
A (un) = Ny, (up) foralln > 1. (3.69)
From (3.68) and (3.69), as in the proof of Proposition 3.9, we obtain that
(Un)n=1 € Wy'P () is bounded.
So, we may assume that
Un = s in Wy P(Q) and u, — uyin L'0(Q). (3.70)

Acting on (3.69) with u, — u, € W(;’p(Q), passing to the limit as n — oo, and
using (3.70) (recall that » (A*) > r (A,) for all n > 1, see H’(ii)), we obtain

lim (A(uy), uy — uy) =0,

n—oo

which by the (S)4.-property of the operator A (see Proposition 2.7) results in
Un — 1ty in Wy'P(Q). (3.71)
So, if we pass in (3.69) to the limit as n — oo and apply (3.71), we get
A(uy) = N (us) .
Additionally, Propositions 3.7 and 3.8 imply that
iy, <, <u, foralln>1.

Therefore, i, < u,. From this we see that u, € S(1*) and so A* € L, that is
L= (0,1*]. o

Next, we show the existence of a smallest positive solution to problem (P, ) for
every A € L = (0, A*]

Proposition 3.13 Let hypotheses H(a) and H’ be satisfied and let & € L = (0, A* ]
Then, problem (P, ) admits a smallest positive solution u; € S(A) C int (C& (§)+)
and the map A — u,, from (0, 0o) into Cé (Q2)4+\{0} is increasing, that is, if . <y,
then i, — i), € int (C§(R)+).
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Proof As done in Filippakis—Kristdly—Papageorgiou [10], due to the monotonicity of
the operator A (see Proposition 2.7), we can check that S(A) is downward directed,
that is, if u, # € S(L), then there exists # € S(A) such that # < u and &z < u. Since
we are looking for the smallest positive solution of problem (P, ), we may assume,
without loss of generality, that there exists Mg > 0 such that

lulloo < Mg forallu € S(1). (3.72)

From Dunford-Schwartz [9, p. 336] we know that there exists a sequence (i,),>1
C S(A) such that

inf S(A) = rllgfl Uy.
Moreover, since u,, € S(A), we have
A (up) = Ny, (u,) foralln > 1. (3.73)
From (3.72) and (3.73) it follows that
(a1 € Wy (%) is bounded.

Then, as in the proof of Proposition 3.12, by applying Proposition 2.7, we have (for a
subsequence if necessary) that

U, —> U in Wol""(Q) asn — 0o.
Hence, (3.73) implies

A () = Ny, (up) foralln

v
—_

Moreover, due to Proposition 3.8, i, < u, for all n > 1, hence u; < u, and so
u) € S(A). Evidently, u) = inf S(A).

Finally, if y € (A, k*], then, as in the proof of Proposition 3.11, we can prove the
existence of

i € S() suchthat @), € intqy g, [0.7,].

Thus, it, — 1y, € int (C}(R)+). o

We can also prove a continuity property of the map A — u, from (0, A*] into
CH(Q).

Proposition 3.14 [f hypotheses H(a) and H’ hold, then » — u, from (0, A*] into
Cé (Q) is left continuous.
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Proof Let (A,)n>1 € L be a sequence such that &, /" A as n — o0o. By means of
Proposition 3.13 we know that (E;\n) is increasing and u, < u; foralln > 1. We

n>1
have
A (iy,) = Ny, (w5,) foralln > 1,
that is
—diva (Viy,) = f (x, @5, An) in Q,
u=20 on 092.

The regularity results of Lieberman [22] imply the existence of « € (0, 1) and
Mg > 0 such that

W, € Cy“(Q) and |, <My foralln > 1.

fora(9)

Exploiting the compact embedding of Cé’“(ﬁ) into C}(Q) gives, due to the

monotonicity of the sequence (i3,), .

w, /" in Cy(Q), @*eS(rY). (3.74)

Suppose that #* is not the minimal positive solution of problem (P, ). Then we can
find xo € €2 such that

it3.(x0) < i*(xp).
Moreover, taking into account (3.74), we find a number ng > 1 such that
u; (x0) < Uy, (xo) forall n > no,

which is a contradiction to Proposition 3.13. Hence, #* = u, and we have proved the
desired continuity of & — uj. O

Summarizing the situation for problem (P;), we can state the following bifurca-
tion-type theorem.

Theorem 3.15 If hypotheses H(a) and H’ hold, then there exists A* > 0 such that

(i) forall » € (0, A™), problem (P, ) admits at least two positive solutions
up, il € int (Cé(§)+) ,ouo < U, ug # i
(ii) for A = A*, problem (P; ) has at least one positive solution

s € int (cg (§)+) ;
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(iii) for all » > A*, problem (P;,) has no positive solution.

Furthermore, for every A € (0, A*], problem (P, ) has a smallest positive solution
u € int (Cé (§)+) and the map » — u;_from (0, A*] into Cé (Q) is

increasing, that is, if . < y, thenu,, — u, € int (Cé (§)+);
A — u,, is left continuous, that is, if ., /' A, thenu, — U, in Cé (Q).
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