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Gain and loss on critical logarithmic double
phase equations
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Abstract. This paper is concerned with the study of the following double
phase equation with logarithmic nonlinearity

—div (\Vu|p72Vu + ,u(m)|Vu|q72Vu) + [ulPu + p(@)|u|?
=K (a:)|u\p*_2u + MK () |u]" " 2ulog(Jul) in RV,

with dimension N > 2, parameter A > 0,1 < p < g < N, u: RY — [0,00)
is a Lipschitz continuous function and max{p, N(p —1)/(N —p)} <r <
p* = Np/(N — p). Here, the weight function K is positive, while Kj
may change sign on RY. By a different variational approach, we prove an
existence result which in some aspects improves our contribution in [A.
Bahrouni, A. Fiscella, P. Winkert, J. Math. Anal. Appl. 547 (2025), no. 2,
Paper No. 129311, 24 pp.]. For this, we need some restrictive assumptions
on the weights u(), K1 and Ko.
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1. Introduction

In our paper [7], we mainly studied the following quasilinear equation
— div (|Vul[P7?Vu + p(2)|Vu|T*Vu) + [uP~?u + p(z)|ulfu 1)
= Ki(2)[uf” ~2u + AK(2)|u]"ulog(|ul) + 7Kz (x)|ul®2u, in RN,
driven by an operator of double phase type. In particular, in [7, Theorem 4.1]
we proved the existence of a mountain pass solution of (1.1) in a superlinear
logarithmic setting with exponents 1 < p < ¢ < 8 < r < p*, where p* =
Np/(N — p), and considering v = A with A sufficiently large. In order to deal

with the logarithmic term, we strongly used the nonlinear perturbation with
exponent 3. Indeed, to get a mountain pass solution for (1.1), we needed an
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important asymptotic property of the mountain pass level itself, as A goes
to co. The proof of this asymptotic condition was obtained by a challenging
combination of the superlinear logarithmic term and of the (-nonlinearity,
explicitly highlighted in the assumption

e(r—B)r(B-0)
K <
0= 750 —)
with ¢ < o < 3, strongly requested in [7, Theorem 4.1].

In the present paper, we want to face (1.1) without the help of the [-
perturbation, that is considering v = 0. For this, we study the equation

— div (|VulP 2V + p(2)|Vu|T V) + [ulP~2u + p(z)|u]?
= Ky (@)ul?’2u+ MK (@)l 2ulog(ul), in RV,

Ks(x), for any z € RY,

(1.2)

with the following structural assumptions, similar to the ones in [7, Theorem

4.1]:

(Hi) 1<p<qg<N,qg<p*and pu: RN — R, = [0,00) is Lipschitz continuous
such that u(-) € L=(RY).

(Hy) K1 € C(RMN)NL®(RY), Ki(z) > 0 for all z € RY and if {4, },eny C RY
is a sequence of Borel sets such that the Lebesgue measure |4, | < C for
all n € N and some C' > 0, then

lim Ki(z)dz =0,
0 JA,NBS(0)

for some p > 0.
(H3) K, € LY(RY) N L®(RY) with |K»| < K1 on RV,
We point out that we still suppose that Ky can change sign in RY. However,
in order to handle a superlinear logarithmic term, we need a further condition
for the weight functions appearing in (1.2):
(Hy) there exist R > 0 and x > 0 such that u(z) = 0, K1(z) = ||K1||c and
Ks(x) = | K2||oo for a.a.x € Br(0).
The requirement in (Hy) for K7 and K> is quite standard when working with
critical equations in RY, as shown in [17]. The restriction on the double phase
weight p(+) is crucial to exploit the explicit expression of the extremal functions
for the Sobolev inequality into LP" (RY), as used in [11].
Our main result is the following theorem.

Theorem 1.1. Let (Hy)—(Hy) be satisfied and let v be such that
N(p-1
max {p, ]E]p_p)} <r<p*.
Then, equation (1.2) admits at least one nontrivial weak solution for any A > 0.

We strongly point out that in Theorem 1.1 we are able to cover the situ-
ation when p < r < ¢, remain unanswered in [7, Theorem 4.1]. Indeed, we can
guarantee that N(p—1)/(N —p) < p < r < p* whenever N > p2. Also, in The-
orem 1.1 we can consider any generic value for the parameter A > 0. However,
technically speaking, we are not able to get a mountain pass solution. More
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precisely, by the mountain pass theorem we construct a Palais-Smale sequence
at the critical mountain pass level. But this sequence admits a subsequence
which just converges weakly to a nontrivial critical point of the energy func-
tional related to (1.2). That is, we cannot prove the strong convergence of the
Palais-Smale subsequence, which guarantees the attainability of the critical
mountain pass level.
Thus, comparing Theorem 1.1 with [7, Theorem 4.1], we have the follow-
ing gains:
(i) we do not need to add any [-perturbation to control the logarithmic
term, as in (1.1);
(ii) we cover a strongly superlinear logarithmic situation, with possibly p <
r<q;
(iii) the parameter A > 0 is generic.
However, we need to pay some information in exchange:

(i) we have a new restrictive assumption for the weights u(-), K1 and K as
given in (Hy);
(ii) formally, we do not get a mountain pass solution for (1.2).
The double phase operator given in problems (1.1) and (1.2) is associated
to the energy functional

W(u) = / (1|VU|P 4 M|Vu|q) de, (1.3)
RN \P q
which was first introduced in [37-39] to provide models for strongly anisotropic
materials in the framework of homogenization. A distinguishing feature of the
double phase functional (1.3) is the variation in its ellipticity depending on the
behavior of the function p(-). Specifically, the energy density exhibits ellipticity
of order ¢ in regions where p(z) > e for any fixed € > 0, while it has ellipticity
of order p at points where p(z) = 0. Consequently, the integrand in (1.3)
switches between two distinct types of elliptic behavior. A first mathematical
treatment of functionals of type (1.3) has been done in a number of papers in
[8-10,12,13,15,29-31,36] related to regularity properties of local minimizers.
Over the past 10 years, there have been several contributions dealing with
double phase problems in the whole space RY. We refer to [2,4,6,22,23,25,
26,28,33], see also the references therein. Only the authors in [25] do allow a
critical growth, in addition to the unboundedness of the domain. For bounded
domains and critical growth for double phase problems we mention the papers
by [5,11,18,19,27,32]. None of these works, however, consider the presence of
a logarithmic term on the right-hand side of the equation. For double phase
problems involving nonlinearities of logarithmic type on the right-hand side
there are only few works. In addition to the authors’ aforementioned work [7],
we can simply make reference to [1] who proved the existence of a nonnegative
solution based on the Nehari manifold method of the problem

— div (|VulP"2Vu + p(2)| Va7 ?Vu) + V(2)u[P~?u

= MK (z)|u|"ulog(|u]) in D, wul,, =0,
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where D C M is an open bounded subset of a smooth complete compact Rie-
mannian N-manifold and r € (1,p). Very recently, the authors in [3] considered
logarithmic type double phase problems where the logarithm appears not only
on the right-hand side but also in the operator. However, due to the different
operator, the function space and the variational setting are different to the
present work. In summary, our work combines several important aspects: crit-
ical growth, the presence of a logarithmic term, and the unboundedness of the
domain. Furthermore, we improve upon the results from our earlier work in
[7] in a nontrivial way.

The paper is organized as follows. In Section 2 we introduce the solution
space, the energy functional of (1.2) and some preliminary results. We give the
proof of Theorem 1.1 in Section 3, by using several auxiliary lemmas.

2. Variational setting

In this section, we first state some known results about Musielak-Orlicz spaces
in RY. By L*(R") we denote the usual Lebesgue space endowed with the norm
| - |le for 1 < £ < co. While WH¢(RY) stands for the Sobolev spaces equipped
with the norm |V - ||¢ + || - ||¢, for any 1 < £ < co.

Supposing assumption (H;), we consider the nonlinear function H: RV x
[0,00) — [0, 00) given by

H(z,t) :==tP + p(x)td.

Denoting by M (RY) the set of all measurable function u: RY — R, we then
introduce the Musielak-Orlicz Lebesgue space L™ (RY) by

LRY) = {u € M(RM): opy(u) := / H(z, |u|) de < oo}
RN
endowed with the Luxemburg norm
U
=1 : —) <
[Jwlln 1nf{7>0 oH (T) _1},
where the modular function is given by
o) i= [ M o= [ (Jul? + ) ul") de.
RN RN

N . .
By L{(RY) we denote the weighted space given by

LI(RY) = {u € M(RY): /RN () ul? dz < oo}

equipped with the seminorm

= ( [ u(m)uwdxf

Moreover, the corresponding Musielak-Orlicz Sobolev space W1 (RY) is de-
fined by

WHHRY) == {u e L"RN): [Vu| € L™(RN)}
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endowed with the norm
[ulli,z = [[Vulln + [Jullx,

where ||[Vuly = |||Vul|l3. In the following, we equip the space W1H7(RY)
with the equivalent norm

ul| == inf{T >0: /]RN K@)p+u(m) ('vT—u|>Q+ \g("w(m)\gﬂ da < 1},

whereby the corresponding modular is defined by
ow) = [ (190l + (o) [Vul + ul? + po)ul] o
R

Both spaces L™(R”Y) and W7 (R") are separable reflexive Banach spaces,
see [26, Theorem 2.7].

Next, we recall the relations between the norm || - || and the associated
modular o(-). We refer to [26, Proposition 2.6] for its proof, see also [14].

Lemma 2.1. Let (Hy) be satisfied, u € WH™(RYN) and ¢ > 0. Then the follow-
ing hold:

(i) for u # 0 we have ||ul| = c if and only if o(%) = 1;
(ii) [lul <1 implies |lul|? < o(u) < [[ul|”;
(iif) [|ull > 1 implies [lul|” < o(u) < [|ul[?;
(iv) o(u) — 0 if and only if ||u| — 0;
(v)

v) o(u) — oo if and only if ||u| — oo.
The following result is taken from [26, Theorem 2.7].

Lemma 2.2. Let (Hy) be satisfied. Then, the embedding W1 (RY) — L¢(RY)
is continuous for any € € [p,p*]. Also, WH(RN) — L (RN) is compact for
any £ € [1,p%).

Furthermore, we recall the continuous and the compact embedding of
WLH(RYN) into the Lebesgue space

o (RY) = {u € M(RM): /RN Ki(2)|u|® dz < oo} ,

where 1 < s < 0o and K fulfills (Hz). Then, in [7, Proposition 3.1] we proved
the following result.

Lemma 2.3. Let (Hy) be satisfied. Then, WH™(RN) — Ly (RY) is compact
for any s € (p,p*).

A function u € WHH(RY) is called a weak solution of (1.2) if
/ <|Vu|p72 Vu - Vo + p(z) |[Vul"> Vu - ch) dx
]RN
[l ot )l ug) do
]RN

= Ky (2)|ul” " 2up de + )\/ Ko (z)|u|"?ulog(|u|)p dz,
RN RN
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is satisfied for any ¢ € WET(RY) \ {0}. Moreover, the corresponding energy
functional I : WHH(RY) — R of problem (1.2) is given by

1 1
- p P il q q |\ _
I\ (u) p(IIVUII,nL IIUHp) + q(I\VUHq,MJr ([l ,u) /RN Ki(z)

—A/ Mmmogqu\)dxﬂ/ Ko@), 1 dg.
RN T RN

|u

I
pm dx

)
By [7, Lemma 3.3], we know that I, is well defined and of class C1(W17(RY),
R). Also, it is clear that weak solutions of (1.2) are critical points of T.

Finally, we recall the following technical lemma which allows us to deal
with the logarithmic nonlinearity in (1.2), see [35] for its proof.

Lemma 2.4.

(i) For any o > 0, we have
log(t) < %t“ for any t € [1,00).
(ii) For any o > 0, we have
7] log(t)] < é for any t € (0,1).
(iii) For any o € (0,1) and s > 1, there exists Cy > 0 such that
t*|log(t)| < Co (ts(l_”) + t5(1+”)> for any t > 0.

3. The existence result

We first study the compactness property for the functional I under a suitable

threshold ¢, set as
11\ S#
= ( — *> —— >0, (3.1)
b K&

where S > 0 is the best constant of the Sobolev embedding WP(RY) —
LP" (RN), given as

[Vullf + lullp

S =
uE€WLP(RN) |u

(3.2)

Iz
p
For this, we say that {u, }nen C WHH(RY) is a Palais-Smale sequence for I
at level ¢ € R if

Ii(up) — ¢ and Ij(u,)—0 in (WLH(]RN))* as n — 0o. (3.3)
Then, by [7, Lemma 4.5] we have the following result.

Lemma 3.1. Let (Hy)-(H3) be satisfied and let X > 0. Let {up }neny C WHT
(RN) be a bounded (PS). sequence with ¢ € R. Then, up to a subsequence,
Vu,(z) — Vu(z) a.e.in RN asn — oo.

In what follows, we provide a technical result for the logarithmic term.
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Lemma 3.2. Let (H;)-(H3) be satisfied and let {u,}nen € WEH(RYN) be a
sequence satisfying

Up —u in WHERN), w, — uin L%I(RN), un () — u(x) a.e in RY,

(3.4)
for any s € (p,p*). Then, we have
lim Ko (x)|un|" log(|uy,|) dz :/ Ko (x)|ul" log(Jul) dz (3.5)
n— o0 RN RN

and

lim Kg(x)|un|r_2unlog(\un\)gadx:/ Kg(a:)|u|r_2ulog(|u|)<pdx,
(3.6)

for any ¢ € WHTH(RN),

Proof. We only prove (3.5), equation (3.6) can be proved in a similar way. By
Lemma 2.4 and (Hj3), for any Lebesgue measurable set U C RY and for any
o > 0 such that ro < min{r — p,p* — r}, we have

/KQ(x)|un|nog(|un|)dxgcg/ K1(2) (a0 4 O
U U

Thus, considering (3.4) and Vitali’s convergence theorem we get the assertion.
O

We are now ready to study the compactness of I under the threshold .

Lemma 3.3. Let (Hy)—(Hs) be satisfied and let \>0. Let {uy }neny € WHTH(RY)
be a (PS). sequence with 0 < ¢ < € as given in (3.1). Then there exists
u € WH(RN) being a nontrivial critical point for Iy such that, up to a sub-
sequence, u, — u in WHH(RYN) as n — .

Proof. Let us fix ¢ < ¢ and let {u, }nen be a (PS),. sequence in WH(RY), that
is, (3.3) is fulfilled. We first show that {u,, }nen is bounded in WH(RY) argu-
ing by contradiction. Then, going to a subsequence, still denoted by {u, }nen,
we have nhﬂngo lun|l = 00 and |ju,|| > 1 for any n € N. Let o > 0 be such that

1 < p<max{r,q} <o <p* and let € > 0 be such that r + ¢ € (p, p*). Thus,
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invoking Lemmas 2.1 and 2.4, we get
on(1) +c+ CHunll
= I(un) — 7<I/(un) Un)

1 11
(p U) (IVeunllp + llunllh) + (q - ) (IVunl?, + llunll? )

1
+<0_> [ @l d - (-) |, Kelalual ol da
1 p 1 p*
> () uale+ (5 =) [ Ka@l o
q 0o g p RN
1 1 r
—/\(—) / K ()| " 10g | ]) da
T 0 ) J{zeRN: |uy(z)|>1]}
1 1 r
_A(_> / Ko () | og )
r g {zeRN: |u,|<1|}
1 1 1 1 *
> () [P + < )/ Ki()|unl” dz
q 0o g p RN

A (11 .

Now, we can find a suitable constant Cy > 0 such that

e(r+e)\r o o p*

and so, from (Hs), we obtain

P4y, for any t € R,

1 1
o(1) + ¢ + Cllunl| ( - ) funl? =5 [ 16a(a)
q g RN

This leads to a contradiction.
Hence {u, }nen is bounded in WHH(RY). By Lemmas 2.3 and 3.1, there
exists a subsequence, still denoted by {u, }nen, and u € WET(RY) such that
U, — v in WHH(RY), Up, —u in LP"(RY),
Vu,(z) — Vu(z) ae. in RY, un(z) — u(z) ae in RV(3.7)
up, — uin Ly (RY) for any s € (p,p*).
From (3.3), (3.6) and (3.7) we see that (I} (u), ) = 0 for any p € WHT(RN),
which means that w is a critical point of I).

Now, let us prove by contradiction that w is nontrivial. If w = 0, by (3.5)
we have

[ @)l g ) d = on 1),
RN
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from which, by using also (3.3) and (3.7), we obtain

1
¢+ on(1) = In(un) = » IVunlly + llunllp) + = (IVualld o+ lualld )

1
q

1 (3.8)
- —*/ Ki(z)|ug|P do + o,(1)
b Jrw
and
on(1) = (I\(un), un) = [Vunllp + lunll} + Vunllg . + lunlg .
. (3.9)
f/ Ki(2)|u, P da + 0,(1).
RN
Taking (3.2) and (3.9) into account, it follows
|
[Vun|p + [lunllp) 7
on(1) = o(un) |1 - ||K1||oo( A ) : (3.10)

P

If o(up) — 0, by Lemma 2.1 we have that ||u,|| — 0 so that by (3.8) we obtain
¢ = 0, a contradiction.
Thus, (3.10) implies that
ST
IVunlly + llunlly = ———=— +on(1),
1K1 ]

pF—
oo

so that by (3.8) and (3.9) we get

1 1 1 1
o= (5= ) (Fulz 4 lulf) + (5 = o) (19l + unlg,) + on )

11 #
z(—>5+%ux

* o
PP Kl

which contradicts ¢ < ¢ and (3.1). O

In order to apply Lemma 3.3, we need to guarantee that I (u) falls into
the range of validity 0 < ¢ < ¢, for a suitable u € W1 (R¥). To this end, the
idea is to employ a suitable truncation of the function

Cnyp e(N=p)/p(p—1)
(ep/(P=1)  |g|p/(P=1))(N=p)/p’

U.(z) = with & > 0, (3.11)

which belongs to W1?(RY). Here, the best constant of the Sobolev embedding
(3.2) is attained, considering a normalization constant C,, > 0 given by

_17 (N—p)/p*
N —p\? !
CN”’[N<1>—1) 1

Let us consider Br(0) as in (Hy), then we can introduce a cut-off function
¢r € C3°(Br(0)) such that

0<¢r <1 and ¢r(x)=1for x € Bg/(0). (3.12)
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For any € > 0, we set

Ue

u: = orU. and v, = (3.13)

[|ue p*.

Then, considering S as in (3.2), we can prove the following crucial estimates
for v..

Lemma 3.4. Let v. be as defined in (3.13). Then, for anyr > N(p—1)/(N —p)
and as ¢ — 01, we have:

(i) / |V |?P dz —|—/ [ve|P dz = S + O(eN =P/ (p=1)),
RN RN

(ii) / |ve|" dz = CeN-r(N=p)/p 4 O(gN*T(N*p)/p);
RN

1
(i) [ _loel” og(ol)| do = Coe=r¥-/7log (5>+0<8N“N”>/p>.
RN

Proof. Assertions (i) and (ii) follow directly from [20, Theorem 8.4], see also
[17,21,24]. We just prove (iii), inspired by [16, Lemmas 3.2 and 3.4].
First, recall the estimate given in [20, Lemma 7.1]

/RN luc|?” da = S% + O(e7-1). (3.14)

By (3.13) we have

r _ d)R UE "
[ et ostteepl o = [ (#8575 fox(on)] o

" .1
+/ < ¢R Us ) log ( Us >‘ dx (3 5)
'Y\ [luellps e -

=: A; + As.

We begin by evaluating A;, taking into account (3.11), (3.12), (3.14) as well
as Lemma 2.4, so that

U T
= (P252) oxton] as
Br(0)\Br(0) \ lluellp-

1

< — / Ul dx

erS» JBr(0)\Bg/2(0)
- CN& e — R / ! e da

erS» Br(0)\Br/2(0) (1+ |z’p%1) v

B (3.16)

= Cifvs%;fl);*%jww/ . o

erS» Br/e(0)\Br/2:(0) (1_|_ |y‘p’%1) P

o . R/e 4N-1

< CN’Z;V 8(1)]\(]?—131)) _(A;—II) +N/ 775 dt
> TN (N=p)r

erS» R/2e t »p-1

(N—p)r _r(N-p)
= (Cerlp-1) = O(E;N P )’
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for a suitable C' > 0, where the last identity comes from r > N(p—1)/(N —p).
In order to estimate Ay we first split as
(o )|
e |

e ()
RN\ B /2(0) [l |~

" 3.17
Lo (Y (e
Bpr/2(0) HUsHp* [[ue p*
:ZA3—|—A4.

By (3.14) and Lemma 2.4, we obtain

U. \" U.
|[As| < / () log ()‘ dx
RN\Bp,2(0) HUE p* ”uc‘”p*

r(l—o) r(l—o)
<Cs ( Ue > + ( Ue ) dz
RN\Bg/2(0) [|2e ||~ e || =

C (N-p)r(1—0) _ (N=p)r(1-0)
e ¢ p—1 +N
= T r(1-o)N
S »
1
X /]RN\B o S o) dz
_P_ P
2@ (14 py|*)
N—p)r(lt+o N—p)r(l+o
n Co LliprGee) (Nopirite) Ly (3.18)
r(l+0)N
S »p
1
X /RN\B o T mpr(Eo) dw
R/2e (1 + |y|pﬁ) P
C, Wopirio) _ (Noprao) [ V-1
S —aoane MY " W pra—ey At
P R/2e ¢ P
o R o] N-1
Co (N—p)r(lto)  (N—p)r(ite) 4 nr t
+ ——— ¢ p(p—1) p—1 ——dt
r(1+o)N (N—p)r(1+0o)
S~ » R/2e ¢ P

(N—p)r(1=c) r(N—p)

< (Ceg »-D = O(EN_ P )’

for a suitable C' > 0, by taking ¢ > 0 and above all ¢ > 0 sufficiently small
such that

W>N>pr(]\ffp)r.
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On the other hand, we have

(i)l
el

(N=p)r

el ) b
JB g (0) \ltellp*
e plp—1)

:C]TV/
P (N—=p)r
B N o e e

C (I(Vﬂi))
eprlp—
N,p dz

x |log -5

_P_ P _
luellp= (777 + 2l 7=T) 7

(N=p) (N=p)r
:fopﬁp(rfl;* p—€7+N/ 1 —
B 0 _P_
22O e (14l ooT) 7

c —(N-p)
e P
X |log N.p

(N=p) dy

_pP_ P
luelp= (1+ [yl 7T

Chip(N —=P) oy (Nopie <1>
: log

=_—0F o pp-1 p—1

p £

1
) /BR/25(0> P (N;p)r W
72 e (14 1yl 7T )

(N—=p)r _(N—=p)
+Cxpe PG P—IiTJrN/ : N=p)
3 —p)r
B 0 _p p
2O e (14 Jyl7oT) 7

CN,p

X |log dy

(N—=p)

P P
el (14 y17-1)

Chip(N =P) oy (Nopie <1>
: log

=8 " eplp-1 p—1
P 3

1
X d
/RN . % Y
lucllpe (14 y17-T)

Ch (N — (N—p)r _(N—p)r
+ wa Py — =1t log (1)

1

></ dy
(N—p)r

RN\Bpg /5. (0 PN\

\ R/2 (0) HUEH;* (1 ‘y|p71> P

(N—p)r _(N—p)r
+C]T\fpap(z7*1) p—1 +N/ ! (N—p)r
’ B 0 _p_ =
22O Y (1P

Cnp

X |log dy.

(N—p)

21)
luellp* (14 lyl?
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By (3.14), we observe that

1 1 o0 tN_l
—-dy < —; / - dt
/RN\BR/2E(O e STN R/2e tuiji)

(14T 7
< CUEREN _ g Ry

for a suitable C' > 0. From (3.14) and Lemma 2.4, for a suitable C' > 0
independent by e, we have

1
) (N—p)r
Br/2:(0 e

) r P P
ey (1 + 19177

Cn P

X |log = dy
p* (1 + MF) ’
¢ (g Cong) -+ el ) ) | I,
RN _p_ pp
(1+ Io177)
N—p 1 p_
+ j[ o |18 (1-%|ylpfl)‘ dy
p R 2\ p
*<1+\y|f’—1>
<cC o = W
(1+ Iy 1) '
N —p 1
+—F= / =T dy < o0
S'» pec T

N P
(1 lyle)
while the last inequality holds true if we choose o > 0 small enough such that

(N—pr , po
p—1 p—1
Hence, combining the above calculations and taking into account (3.14), we
obtain

N — <0.

Ay = CceN- 5

1 r(N—p
<s) +0(N ), (3.19)
Summing up (3.15), (3.16), (3.17), (3.18), and (3.19), we get

1 r(N—p
[ bl og(fuc a = N (2) +oev—5").
RN e

This completes the proof. O

We are now able to prove the estimate for I (tv.), with a suitable ¢ > 0,
which allows us to apply Lemma 3.3.
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Lemma 3.5. Let (Hy)—(Hy) be satisfied, let X > 0 and let v. be as in (3.13).
Then, then there exists € > 0 sufficiently small such that

sup I\ (tve) <€ for any A > 0.
>0

Proof. Let € > 0 and A\ > 0. By (Hy) and (3.13), we have

P

*

P

t
Ii(tve) =
p

(IVvelp + llvellp) = 1K1l
(3.20)

t" t"
_ )\HKQH()(J?/N |'U€|T 10g(t|’05|)d1’ +A||K2||Oor72 /N |vs|r dz.
R R

Since p < r < p*, we easily see that lim;_o I (tve) = 0 and lim;_, o, Ix(tv:) =
—oo. Hence, there exists t. > 0 such that

sup I\ (tve) = Ix(teve).
>0

If t. = 0, the proof of the lemma follows immediately. On the other hand, if
t. > 0, then using the fact that %I,\(tgvg) = 0, we obtain

0 =270 (IIVeell} + llvell}) — 1K1 lloot? ~
r—1 r r—1 r (321)
— A Eslootz™ log(te) | [ve|" da — Al K |[oot |ve|" log(Jve) dz.
RN RN

Clearly, {t-}c>0 is bounded. Indeed, if t. < e the claim holds trivially, while if
te > e by (3.21), we have

27 (IV0el + floe|5) = K lloot?

Mtz [ ol logefue]) do
RN

Mt [ ol log(e) do + MKl [ o log(ll) do
RN RN

> N Kalloe [ ol o+ Al Kallwe [ o o) do
RN RN

which gives the required boundedness. Furthermore, combining (3.21) with
Lemma 3.4, for € > 0 sufficiently small, we get

0 =27 (8 + 0N P/ E)) |||t
— -7 — r— -7 — 1
— M| Kalootl ™ og(te)Cr eN TN PP _ )| Ky sott T O N TN TP/ g (2)
_,_O(SN*T(N*P)/p)’

from which, up to a subsequence, we have either t. — 0 and the proof of the
lemma is immediate, or

g \VED)
te — (u(,”) as & — O+. (322)
1{jco
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On the other hand, by setting
S K .
h(t) = 2t — (ST 1*”“#’
p p
by direct calculation we have

1/(p"—p) B
max h(t) = h <S> _ (1 - 1) ST (323)
t>0 ||K1||oo p ||K1Hp —p

Thus, for € > 0 sufficiently small, by (Hy), (3.20), (3.22), (3.23) and Lemma
3.4, we obtain

sup I (tve) = In(t-ve)
>0

, t>0,

1K,
« e
p

1 log(t
+ )\||K2||ootr ( _ Og( 6)) / |1}5‘T dl’
RN

r

< Sp 4 e/ _
P

tT‘
Al [ ol tog(fuc) o

< (1 _ 1) ST e N-n 1) N (N0 o
P [ K8

— CeN—TIN=P)/P g <1)
€

(1 1) St
PP/ K&

with C' > 0 and r > N(p — 1)/(N — p) in the last inequality. This completes
the proof. O

We conclude by studying the mountain pass geometry for Iy in corre-
spondence of v., as set in Lemma 3.5.

Lemma 3.6. Let (Hy)—(Hs) be satisfied, let A > 0 and let ¢ > 0 be as set in
Lemma 3.5. Then we have the following statements:
(i) there exist 6 > 0 and o > 0 such that Iy(u) > o for any u € WHH(RY)
with ||u|| = ¢;
(i) there exist 7. > 0 sufficiently large such that |T.vc|| > § and I(7-v:) < 0.

Proof. Let A > 0 and let ¢ > 0 be as set in Lemma 3.5. Let u € WHLH(RY)
with |lul]| <1 and let s > 0 such that r + s € (¢,p*). By Lemmas 2.1, 2.3 and
2.4 along with Holder’s and Young’s inequalities, we get

1 ! *
I)\(u)zfg(u)—f/ Kg(x)\u|rlog(\u|)dx——*/ Ki(2)[uf”” de
(2€RY : Ju(z)[>1} p* Jun

q
dy p* dg

> full? - —llu — =,
p*
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where dj, do are positive constants. Since ¢ < r + s < p*, we can easily get (i)
assuming ||u|| sufficiently small.
On the other hand, we have

tlim I)(tve) = —o0
from which we can conclude the proof. 0

Proof of Theorem 1.1. Let A > 0 and let € > 0 be as set in Lemma 3.5. By
Lemma 3.6 together with the mountain pass theorem without (PS) condition,
see [34, Theorems 1.15 and 2.8], there exists a (PS)., sequence {u,}nen C
WLEH(RN) of I, at the positive critical mountain pass value given by

ey = inf sup In(y(t))
7€l ¢elo0,1]

with
= {7 eC ([07 1]7W17H(RN)) : 7(0) =0, 7(1) = te”s} .
By Lemma 3.4 we have

0 <cy <supl)(tv.) <C.
>0

Thus, we can apply Lemma 3.3 to {u,}nen, so that there exists a nontrivial
weak solution u € WHH(RYN) of (1.2). O
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