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Abstract. In this paper we study logarithmic double phase problems with
variable exponents involving nonlinearities that have generalized critical
growth. We first prove new continuous and compact embedding results in
order to guarantee the well-definedness by studying the Sobolev conjugate
function of our generalized N-function. In the second part we prove the
concentration compactness principle for Musielak-Orlicz Sobolev spaces
having logarithmic double phase modular function structure. Based on
this we are going to show multiplicity results for the problem under con-
sideration for superlinear and sublinear growth, respectively.
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1. Introduction
Recently, the authors [2] introduced a new class of logarithmic double phase
operators given by

[Vul

iv ( [Vu/™ 2 vu z) |log(e YT T e + IVuh)
d (|v 772 o )[l gle+IVul) + oo te T oD

] |V 1) ~2 w) ,
(1.1)

whose energy functional is given by

|VU|P(9€) |VU|Q(3¢)
U — ——— + plzr)———log(e + |Vu|) | dz, (1.2)

‘ ( p(a) e v
where Q CRN, N > 2. is a bounded domain with Lipschitz boundary 052, e
stands for Euler’s number, p,q € C(Q) with 1 < p(z) < ¢(z) for all z € Q
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and pu € L1(Q). The related Musielak-Orlicz Sobolev space is generated by the
function

Hiog (2, 1) = 7@ 4 p(2)t1® log(e +t)  for all (x,t) € Q x [0, 00).

In [2] it is shown that the spaces W1 7es(Q) and Wol’Hlog(Q) are separable,

reflexive Banach spaces and the operator (1.1) turns out to be bounded, con-
tinuous, strictly monotone and of type (S;). Note that similar functionals as in
(1.2) for constant exponents have been studied by Baroni-Colombo-Mingione
[4] in order to prove the local Holder continuity of the gradient of local mini-
mizers of the functional

Wi /Q [Dw]? + a(z) | Dw|? log(e + | Dwl)] de (1.3)

whenever 1 < p < coand 0 < a(-) € C%%(Q). We point out that the functionals
in (1.2) and (1.3) coincide in case p = ¢ are constant. In this direction we also
mention the paper by De Filippis-Mingione [11] who proved the local Holder
continuity of the gradients of local minimizers of the functional

wH/Q[|Dw\1og(1+|Dw|)+a(x)\pw|ﬂ dz (1.4)

provided 0 < a(-) € C%*(Q) and 1 < ¢ < 1+ 2. Note that (1.4) originates
from functionals with nearly linear growth given by

w / |Dw|log(1 + |Dwl) dx, (1.5)
Q

see the works by Fuchs-Mingione [20] and Marcellini-Papi [34]. Functionals as
given in (1.5) appear, for example, in the theory of plasticity with logarithmic
hardening, see, Seregin-Frehse [41] and Fuchs—Seregin [21].

In this paper we are going to deepen the study of the operator (1.1) and
consider generalized N-functions given by

S(x,t) = a(z)t’@ 4+ b(x)t9@ log* @ (1 + ) for (z,t) € 2 x (0,00), (1.6)

where p,q € C(Q) with 1 < p(z),q(x) < N for a.a.x € Q, s € L°>(Q2) such
that g(z) + s(z) >r >1and 0 < a,b € L'(Q) such that a(x) + b(x) > d > 0
for all x € Q, see (Hp) for the precise assumptions. First we are interested
in continuous and compact embeddings from W1 (Q) into suitable Musielak-
Orlicz Lebesgue spaces. In particular, we prove that W1S(Q) is continuously
embedded into LS (), where S*: Q x [0,00) — [0,00) is defined as

5" (.t (ta() )" 4 (b0 1+ ) s ‘) "

see Proposition 3.8. Such type of embedding is sharp in the sense that, for
each fixed z, it coincides with the sharp Sobolev conjugate in classical Orlicz
spaces. Here we use ideas from the papers by Arora—Crespo-Blanco-Winkert
[2], Cianchi-Diening [7], Colasuonno—Squassina [9], Crespo-Blanco—Gasiriski—
Harjulehto-Winkert, [10], Fan [13], and Ho—Winkert [28]. Furthermore, we

p"(z)
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point out that the new logarithmic double phase operator generated by S
given in (1.6) is defined by

div (a(m)\VuV’(z)*ZVu

+ b(2)| V1@ 2 1og* @ =1 (1 + |Vu)) (log(l +va) + 2@ M) Vu).
q(z) 1+ [Vl

(1.7)

The study of problems involving the new logarithmic double phase operator
(1.7) (see problem (1.9) below) has two different features in contrast to the
known works. The first different feature is the degeneracy or singularity of the
operator at Vu = 0 which is of polynomial type perturbed with a logarithmic
term, which again has degeneracy or singularity at Vu = 0 depending upon
the exponent s(-). The second different feature is the exponent s(-) itself on
the logarithmic term which may change sign depending upon the space vari-
able z € Q. This sign-changing nature of the exponent s(-) creates several
challenges and technical difficulties in our analysis. In particular, it leads to
losing the convexity of the corresponding generalized N-function (1.6), which
is essential in setting up the corresponding Banach spaces. Another difficulty
arises in finding the suitable structure of the generalized (critical) N-function
for continuous and compact embeddings which takes the form of non-trivial
estimates. To handle these issues, we introduce a balance condition between
the sign-changing exponent s(-) and ¢(-), which together preserves the con-
vexity of the generalized N-function (1.6) and several other properties of the
new logarithmic double phase operator (1.7). This makes the study of the
new logarithmic double phase operator (1.7) more challenging and interest-
ing. In general, there are only few works for the double phase operator with
a logarithmic perturbation, see the papers by the authors [2], Lu—Vetro—Zeng
[33], Vetro-Winkert [43] and Vetro—Zeng [42]. In particular, in [33] the authors
introduced the operator

Hy (2, [Vul)
[Vl
where Hr: Q x x[0,00) — [0,00) is given by
Hi(2,8) = [P + p(@)t9)] log(e + at)

with a > 0. Note that (1.8) is a different operator than the one in this paper
and also the one in (1.1). Moreover, the work in [33] can be seen as the exten-
sion of Vetro—Zeng [42] from the constant exponent case to the variable one
while the paper by Vetro-Winkert [43] uses the same operator as in (1.1).

In the second part of this paper we prove a concentration compactness
principle of Lions type for the Musielak-Orlicz Sobolev space WO1 S(Q) having
logarithmic double phase modular function structure. Such result is of indepen-
dent interest and can be also used for other types of logarithmic double phase
problems. Our result extends the works by Fernandez Bonder—Silva [17,18]
for variable exponent spaces and Orlicz spaces, respectively and Ha—Ho [23]
(see also [24] by the same authors for the entire space) for Musielak-Orlicz

u— Ay, u=div ( Vu) , uwe WhH(Q) (1.8)
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Sobolev spaces having double phase modular function structure without log-
arithmic perturbation who proved a concentration compactness principle by
extending the classical work of Lions [31]. Other versions of the concentration
compactness principle have been proved, among others, by Ferndandez Bonder—
Saintier—Silva [16], Fu-Zhang [19], Ho-Kim [26] and Palatucci-Pisante [36]. In
contrast to the cases just mentioned, for the logarithmic double phase oper-
ator, the same ideas cannot be extended easily due to the non-uniform limit
(with respect to the space variable) of the Matuszewska index of the general-
ized N-function S defined in (1.6) (compared to Fernandez Bonder—Silva [18])
and the lack of appropriate scaling and homogeneity because of the logarith-
mic perturbation (compared to Ho-Kim [26]). In order to handle this issue,
we introduce suitable sub-homogeneous functions perturbed with logarithmic
growth, which plays a crucial role in our analysis. This approach can also be
extended to prove the concentration compactness principle for a larger class
of Musielak-Orlicz Sobolev spaces. In addition, we also prove a Brézis-Lieb
lemma and a reverse Holder type inequality.

In the last part of the paper, based on the continuous embedding W15 (£2)
— LS (©2) and the concentration compactness principle both developed before,
we are going to study quasilinear elliptic equations driven by the logarithmic
double phase operator and with right-hand sides having the new critical growth
perturbed with superlinear and sublinear growth nonlinearities

—div(M(z, Vu)) = AM* (2, u) + AM, (2, u) in Q,

u=20 on 092, (1.9)

where Q ¢ RN, N > 2, is a bounded domain with Lipschitz boundary 052,
A, A > 0 are parameters to be specified and M: Q x RV — R is given by

M(z,€) = 9(M(2,6),  M(z,6):= (%mp@ 4 %W log*@ (1 + \é\))

while MI*, M, are Carathéodory functions on Q x R defined by
M*(z,t) = O (M*(x,1)), Mi(z,1) = &(M.(z,1)),

where
M = p*tx) ((ata o )" + q*ta,a) ((*’(m) log(™) (1 + [¢))) ™ \t\)q*(z) ,
M (z,t) = I%(x) ((a(x))ﬁ |t|>p*(1) + r(m) ((b(a:) 1ogs*(ac)(1 + m))ﬁ |t|)q*(z) ’

with pe(+), ¢ () and p*(-), ¢*(-) being the subcritical and critical Sobolev
variable exponents of p(-) and g¢(-), respectively, that is, ps(-) < p*(-) and
g+ (+) < ¢*(+), see (H,) below. We consider the cases of superlinear and sublinear
growth separately and get multiplicity results in the Theorems 6.8 and 6.17. In
the case of superlinear growth, by extending the ideas of Komiya—Kajikiya [29,
Theorem 2.2] via genus theory and the deformation lemma, for each n € N,
we show the existence of at least n-pairs of solutions for A € (0,A,,). In case
of the sublinear growth, using Krasnosel’skii genus theory (see Krasnosel’skii
[30]) along with appropriate truncation technique following ideas by Garcia
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Azorero—Peral Alonso [22] and Farkas—Fiscella-Winkert [15], the existence of
infinitely many weak solutions with negative energy sign has been shown.
Note that the appearance of the logarithmic term in our operator makes the
treatment much more complicated than in the known works.

In general, there are only few existence results for critical double phase
problems without logarithmic perturbation in case of constant or variable ex-
ponents, see the papers by Arora—Fiscella-Mukherjee-Winkert [3], Farkas—
Fiscella-Winkert [15], Ho-Kim-Zhang [27], Liu-Papageorgiou [32] and
Papageorgiou—Vetro-Winkert [37,38]. All these works have just terms like
|u[P" ~2u or |u[?”(*)=2y on the right-hand side of their problems without any
term likes p1(2)|u|? ~2u. In the recent paper by Colasuonno-Perera [8] the au-
thors study double phase problems in the local and in the nonlocal Kirchhoff
case by allowing a growth on the right-hand side given by

[ulP" =2 + b(x)|ul? 2 (1.10)

with a suitable weight function b(-). Moreover, Ha-Ho [23] studied Kirchhoff
double phase problems with variable exponents via a new concentration com-

pactness principle (we already mentioned this fact above) and with a growth
like

* * () *
|ufP" @) =2y 4 a(z) T |ul? @2y, (1.11)

see also a paper by the same authors [24] for the case in RY. For the use of
a growth as in (1.11), the authors in [23] have used general embedding results
for variable exponent double phase problem proved by Ho-Winkert [28], see
also the work by Cianchi-Diening [7] for a general Sobolev embedding theorem
in Musielak-Orlicz Sobolev spaces. In contrast to (1.10) and (1.11) we allow a
growth of the form

_1_

e ((a(w))”(l’”’ \t|)p*(m) + % ((b(x) log*(®) (1 + |t|>) e t|>q*<x).

p(x) ¢ (x

The study of the above generalized critical growth nonlinearity is motivated
by embeddings of the corresponding Musielak-Orlicz-Sobolev space I/VO1 S(Q)
and the above concentration compactness principle. Such types of nonlinear-
ities have not yet been investigated in the literature. In this direction, the
current work presents new multiplicity results for quasilinear elliptic problems
involving the logarithmic double phase operator given in (1.7) and generalized
critical growth with logarithmic perturbation.

The paper is organized as follows. In Section 2 we present the general
theory about Musielak-Orlicz spaces and introduce our special N-function &
including the proofs of some properties of it. Section 3 is devoted to the new
continuous and compact embedding results (see Proposition 3.8) while in Sec-
tion 4 we are going to develop and prove a concentration compactness principle
adapted to logarithmic double phase structures as presented before in this pa-
per, see Theorem 4.6. In Section 5 we discuss the properties of the energy
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functional and the logarithmic double phase operator in (1.9). Finally, in Sec-
tion 6 we prove our main multiplicity results for problem (1.9) in the case of
superlinear and sublinear growth, respectively, Theorems 6.8 and 6.17.

2. The function spaces

We begin with a brief description of Lebesgue and Sobolev spaces with vari-
able exponents and introduce then the necessary definitions for introducing
the required Musielak-Orlicz Sobolev spaces. We refer to the monographs
of  ChlebickaGwiazda-Swierczewska-Gwiazda- Wréblewska-Kaminska — [5],
Diening—Harjulehto-Hésto—Ruzicka [12], Harjulehto—Hasto [25], Musielak [35],
Papageorgiou—Winkert [39] and the paper Fan—Zhao [14].

Given a bounded domain Q@ C RN with N > 2 and Lipschitz boundary
09, we denote by L"(€) the usual Lebesgue space for 1 < r < oo equipped
with the norm || - [|,. Moreover, W17 () and W, () stand for the related
Sobolev spaces with the norm ||« |[1- = |-+ + ||V || and if 1 < r < oo, then
W, (92) can be endowed with the equivalent norm ||V - ||,..

For any function f: 2 — R we write

[f1(z):=max{f(z),0} and [f](z):=min{f(z),0}.

For r € C(Q), we set r~ = min, g 7(z) and 7" = max_ g r(z) and we define
Ci(Q)={reC@):1<r}.
Note that for any bounded function g: 2 — R we use the same notation, that

is, we set

+._ d ——mi .
g =maxg(z) and ¢ :=ming(z)

Now, for r € C1(2) and M(£2) being the set of all measurable functions
u: Q — R, we denote by L™()(Q) the Lebesgue space with variable exponent
given by
L") = {u € M(Q): 0,(y(u) < 0},

equipped with the norm

[ull ) = inf {)\ >0t 0, (%) < 1},

whereby the modular associated with r is
0r(y(u) :/ u|"®) de.
Q

It is well known that L"()(Q) is a separable and reflexive Banach space and
its norm is uniformly convex. Also, it holds [L’”(') (Q)] f= 0 (Q), where ' €

C1(9) is the conjugate variable exponent of r given by r'(z) = r(z)/[r(x) — 1]
for all = € €. Furthermore, we also have a Holder type inequality of the form

/ |luv|dz < {% +
Q r

1 -
w} ullry 0]l ey < 2lullogy ol for all u,v € L7(Q).
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If ri,70 € C4(Q) and 71 (x) < ro(z) for all x € Q, we have the continuous
embedding L()(Q) — L 0)(Q).

The next proposition shows the relation between the norm and its mod-
ular, see Fan-Zhao [14, Theorems 1.2 and 1.3].

Proposition 2.1. Let r € C(Q), A >0, and u € L")(Q), then

() [lully¢y =X if and only if o,y (%) =1 with u # 0;

(ii) flullry <1 (resp. =1, > 1) if and only if or(y(u) <1 (resp. =1, > 1);
. ot -

if lullry <1, then [lull7c) < or¢y(w) < lully.);

)
)

(V) if ulley > 1, then Jullr ) < orey(u) < [lullry;
)
)

(iil

(v) llullry = 0 if and only if oy(.y(u) — 0;
(vi) |Jullpy — 400 if and only if o,()(u) — +o0.

Next, we introduce the corresponding variable exponent Sobolev space
WLr()(Q) which is defined by

wirO(Q) = {u e L"(Q) : |[Vul € L’"(')(Q)}
endowed with the norm
[ul[1,r() = inf {/\ > 0: 01,0() (;) < 1} :
where
01,0() (1) = 0r(y (1) + 07 (Vu),
with 0,()(Vu) = 0,¢)(|Vul). Moreover, we denote
Wol,r(-)(Q) _ W”'”LT(-).

We know that the spaces W) and W, ")(Q) are both separable and re-
flexive Banach spaces and the norm || - ||1, is uniformly convex. Furthermore,
we have the Poincaré inequality, that is

[ullniy < colVullny  for all w e Wy ().

for some ¢g > 0. Therefore, we can equip the space I/VO1 ’r(')(Q) with the equiv-
alent norm ||uHW01,T»(.>(Q) = [|Vul|,(.) which turns out to be uniformly convex
as well.

For r € C4(Q2) we introduce the critical Sobolev variable exponents r*
and r, with the following expression

Nr(z) if <N _

r(z) = N @) <N o alzen,
any number s € (r(x),00) if r(z) >

(N=1D)r(x) i <N -

ro(z) =< N-or@) ifr(z) , forall x € Q.
any number s € (r(x),00) if r(z) >
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Let us denote the space C"1 Tog 7 () by the set of all functions h: Q — R
which are log-Holder continuous, i.e. there exists C' > 0 such that

C
) = h0)| < o
If r € CO’Tlgtl(ﬁ), then the set C°(€2) of smooth functions with finite
support is dense in Wol’r(')(Q). Given a function u € Wol’r(')(Q) with r €
CO Tiose (€2), the smooth approximations of u in WOI’T(') () can be obtained by
means of the Friedrichs mollifiers.
The following analog of the Sobolev embedding theorem holds. Given

p,q € C(Q) with info(p*(z) — g(x)) > 0, then for every u € Wol’p(')(Q)
||qu(.)7Q S C”’LLHW(},;,(.)(Q), Wlth C = C(pi7qi’ |Q‘7 N),

— 1
for all z,y € Q with |z —y| < 7

and the embedding Wg’p(')(Q) C L10)(Q) is compact.

Next, we begin by recalling some definitions and preliminary results
from Fan [13], Harjulehto-Hé&sté [25] and Musielak [35] in order to intro-
duce Musielak-Orlicz Sobolev spaces and its properties. First, let us denote
by (X, %, 1) a o-finite, complete measure space with p # 0.

Definition 2.2. Let ¢: X X (0,400) — R. We say that

(i) ¢ is almost increasing in the second variable if there exists a > 1 such
that ¢(x,s) < ap(s,t) for all 0 < s < ¢ and for a.a.z € X;

(ii) ¢ is almost decreasing in the second variable if there exists @ > 1 such
that ap(z,s) > ¢(x,t) for all 0 < s < t and for a.a.z € X.

efinition 2.3. Let ¢: X (0,+00) — R and p,q > 0. We say that ¢ satisfies
Definition 2.3. L X x (0 R and 0. Wi h isfi
the property
nc), 1f t7Pp(x,t) 1s increasing in the second variable;

Inc), if tPp(x, t) is i ing in th d variabl

(alnc), if t7Pp(x,t) is almost increasing in the second variable;

(Dec), if t~9¢(x, t) is decreasing in the second variable;

(aDec), if t~9p(z,t) is almost decreasing in the second variable.

Without subindex, that is (Inc), (alnc), (Dec) and (aDec), it indicates that
there exists some p > 1 or ¢ < oo such that the condition holds.

Next, we give the definition of a generalized ®-function.

Definition 2.4. A function ¢: X x[0, +00) — [0, +00] is said to be a generalized
p-function if ¢ is measurable in the first variable, increasing in the second
variable and satisfies ¢(x,0) = 0, lim;_,¢+ @(x,t) = 0 and limy_, 4 o, @(x,t) =
+oo for a.a.x € X. Moreover, we say that
(i) ¢ is a generalized weak p-function if it satisfies (alnc); on X x (0, 400);
(ii) ¢ is a generalized convex p-function if p(z, -) is left-continuous and convex
for a.a.z € X;
(iii) ¢ is a generalized strong e-function if ¢(x, -) is continuous in the topology
of [0, 00] and convex for a.a.x € X.

The set of all generalized strong ®-function is denoted by ®(1Q).
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Now we define the conjugate of a generalized ¢-function and its left-
inverse.

Definition 2.5. Let ¢: X x [0, 4+00) — [0, +00]. We denote by ¢ the conjugate
function of ¢ which is defined for x € X and s > 0 by

o (x,5) = sup(ts — ¢ (, ).

We denote by ¢! the left-continuous inverse of ¢, defined for x € X and
s >0 by

o Y (x,s) =inf{t > 0: (x,t) > s}.

Definition 2.6. Let p: X x [0, +00) — [0, 4+00], we say that
(i) ¢ is doubling (or satisfies the As-condition) if there exists a constant
K > 2 such that
o(z,2t) < Kop(z, t)

for all t € (0, +00] and for a.a.x € X;

(ii) ¢ satisfies the V5 condition if * satisfies the As-condition.

(iii) Let ¢1, ¢ € ®(Q). We say ¢y is weaker than ¢o, denoted by ¢; < ¢o, if
there exist constants C1,Cy > 0 and h € L(Q), h > 0 such that

o1 (x,t) < Croa(x, Cot) + h(z) for a.a.z € Q and for all ¢ > 0.

We say that the functions ¢, ¢o are equivalent denoted by ¢ ~ ¢o, if
there exists L > 1 such that

1 (x, tL7h) < do(x,t) < ¢y (x,tL) for a.a.z € Q and for all £ > 0,

or weakly equivalent denoted by ¢; ~ ¢o if there exists L > 1 and
h € L*(2) such that

do(z,t) < @1z, tL) + h(z)
and
o1(x,t) < go(x, tL) + h(z) for a.a.z € Q and for all ¢ > 0.

(iv) A function ¢: [0,00) — [0,00) is said to be a N-function (N stands for
Nice function) if ¢ is a ®(£2) function and
e(t)

lim L(t) =0 and lim —* =

t—0t+ T t—oo t
A function ¢: Qx[0,00) — [0, 00) is said to be a generalized N-function if
(-, 1) is measurable for all t > 0 and ¢(z, -) is a N-function for a.a.z € ).
We denote by Ng(2) the class of all generalized N-function on €.

(v) Given ¢1,¢2 € Ng (), we say ¢ increases essentially slower than ¢
near infinity, denoted by ¢1 < ¢9, if for any £ > 0
(rbl (Cﬂ, Et)

lim ——~= =0 uniformly for a.a.z € Q.
00 o (2, 1) Y

Definition 2.7. Let ¢: Q x [0, +00) — [0, 4+00] be a generalized ¢-function, we
say that it satisfies the condition
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(A0) if there exists 0 < 8 < 1 such that 8 < ¢ }(z,1) < 7! for a.a.z €

(A0) if there exists 0 < 3 < 1 such that p(z,3) <1 < p(x,371) for a.a.z €
&

(A1) if there exists 0 < 3 < 1 such that Bo~t(z,t) < ¢ 1(y,t) for every
t € [1,1/|B|] and for a.a.z,y € BN Q with every ball B such that
|B| < 1;

(A1)’ if there exists 0 < 8 < 1 such that p(z, 5t) < ¢(y,t) for every t > 0
such that ¢(y,t) € [1,1/|B]] and for a.a.z,y € BN with every ball B
such that |B| < 1;

(A2) if for every s > 0 there exists 0 < 3 < 1 and h € L'(Q) N L>(Q)
such that Bp~1(z,t) < o 1(y,t) for every t € [h(x) + h(y),s] and for
a.a.x,y €

(A2)’ if there exists s > 0, 0 < 8 < 1, oo weak p-function (that is, constant
in the first variable) and h € LY(Q) N L>(Q) such that ¢(z,8t) <
Yoo(t) + h(x) and v (Bt) < p(x,t) + h(x) for a.a.z € Q and for all
t > 0 such that v (t) < s and p(z,t) < s.

The following result can be found in Harjulehto-Hé&sto [25].

Lemma 2.8. Let ¢: Q x [0,+00) — [0,+00] be a generalized weak @-function,
then
(i) ¢ satisfies the Ag-condition if and only if ¢ satisfies (aDec), for some
q>1;
(ii) if ¢ is a generalized convex p-function, ¢ satisfies the Ny-condition if
and only if ¢ satisfies (Dec), for some g > 1;
(iii) ¢ satisfies the Vo condition if and only if ¢ satisfies (alnc), for some
q>1;
(iv) ¢ satisfies the (A0) condition if and only if ¢ satisfies the (A0)’ condition;
(v) if ¢ satisfies the (A0) condition, the (A1) condition holds if and only if
the (A1) condition holds;
(vi) ¢ satisfies the (A2) condition if and only if ¢ satisfies the (A2)’ condition.

For the next result we refer again to Harjulehto-Hé&sto [25].

Proposition 2.9. Let ¢: X x [0,+00) — [0,400] be a generalized weak -
function and let its associated modular be

o) = [l ) du(o).
Then, the set
LX) ={ue M(X): p,(Au) < oo for some X\ > 0}
equipped with the associated Luxemburg quasi-norm
u
=1 . - <
l|ull, 1nf{)\ >0: o, ()\) < 1}

s a quasi Banach space. Furthermore, if @ is a generalized convex p-function,
it is a Banach space; if ¢ satisfies (aDec), for some q > 1, it holds that

LX) ={ue M(X): g,(u) < oco};
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if ¢ satisfies (aDec)q for some ¢ > 1 and p is separable, then L¥(X) is sepa-
rable; and if ¢ satisfies (alnc), and (aDec)q for some p, ¢ > 1 it possesses an
equivalent, uniformly convexr norm, hence it is reflexive.

The relation of the modular and the norm is stated in the following
proposition.

Proposition 2.10. Let ¢: X x [0,400) — [0,400] be a generalized weak -
function that satisfies (alnc), and (aDec),, with 1 <p < g < co. Then

1.
—min {[Jull2, [ul}} < op(u) < amax{[lull?, |[ul}}
for all measurable functions u: X — R, where a is the mazimum of the con-

stants of (alnc), and (aDec),.

The following characterization of suitable embeddings has been proven
by Musielak [35, Theorems 8.4 and 8.5].

Proposition 2.11. Let ¢,1¢: X x [0,400) — [0,+00] be generalized weak -
functions and let pu be atomless. Then L¥(X) — L¥(X) if and only if there
exists K > 0 and a non-negative integrable function h such that for all t > 0
and for a.a.x € X

¥ (2,t) < Ko(z,t) + h(z).

We also have the following Holder inequality in Musielak-Orlicz spaces,
see Harjulehto—Hésto [25].

Proposition 2.12. Let ¢: X x [0,400) — [0,400] be a generalized weak -
function, then

/ Jul [v] du(z) < 2[ullgllvll e for allu € L9(X), ve L¥ (X),
X
Moreover, the constant 2 is sharp.

Proposition 2.13. Let ¢: X x [0,400) — [0,400] be a generalized weak -
function such that ¢ € Ay N'Va, then

! <3U, <p(:§,t)) < p(z,t) < (x, W) for allt > 0.

Finally, we can also define associated Sobolev spaces to these Musielak-
Orlicz spaces analogously to the classical case. We refer to Harjulehto-Hésto
[25].

Proposition 2.14. Let ¢: Q x [0,+00) — [0,+00] be a generalized weak o-
function such that L¥(Q)) C L} (Q) and k > 1. Then, the set

loc
W2 (Q) = {u € L?(Q): dou € L¥(Q) for all |a| < k},
where we consider the modular

OheW) = Y 0p(0a)

0<|al<k
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and the associated Luxemburg quasi-norm

el = inf {2 >0: 0 () <1}
is a quasi Banach space. Analogously, the set
Wi @) = Gr@ 1,

where C§° () are the C°°(QY) functions with compact support, equipped with the
same modular and norm is also a quasi Banach space. Furthermore, if ¢ is a
generalized convex p-function, both spaces W*#(Q) and Wéw’(ﬂ) are Banach
spaces; if ¢ satisfies (aDec), for some q¢ > 1, then they are separable; and if
¢ satisfies (alnc), and (aDec), for some p, ¢ > 1 they possess an equivalent,
uniformly convex norm, hence they are reflexive.

The next proposition summarizes the relation between the norm in W%
(©) and its modular.

Proposition 2.15. Let ¢: Q x [0,+00) — [0,400] be a generalized weak -
function that satisfies (alnc), and (aDec),, with 1 <p < ¢ < co. Then

1.
amln {”U‘HPI;go? ||UHZ,@} < ‘Qk#’(u) < amax {”u”?@’ ”uHZv%D}

for all u € W*#(Q), where a is the mazimum of the constants of (alnc), and
(aDec),.

Now we can give our precise assumptions:

(Ho)
(i) Q c RN, N > 2, is a bounded domain with Lipschitz boundary 95;
(ii) p,q € C(Q) with 1 < p(z),q(z) < N for all x € Q and s € L>(Q)
such that g(z) + s(x) > r > 1 for a.a.z €
(iii) 0 < a,b e LY(Q) and a(z) + b(x) > d > 0 for a.a.x € Q.

We define the function S: © x [0, 00) — [0, 00) by
S(x,t) = a(x)t?@ + b(z)t1™ log* ™ (1 4+ t) for (x,t) € 2 x (0,00) (2.1)
and denote
a(z) = min{p(z),q(z)} and B(z) = max{p(z),q(z)}.

The following lemma summarizes the main properties of the ®-function

S.

Lemma 2.16. Let (Hy) be satisfied. Then S is a generalized strong ®-function
and satisfy (Inc),— and (Dec)p+ for 1 < £~ = min{p~, (¢ + [s])"} and for
0" =max{p*, (¢ + [s])"}.

Proof. Observe that in light of (Hp), we have

the map = — S(x,t) is a locally integrable for all ¢ > 0
the map t — S(x,t) is increasing and continuous for a.a.z € €.
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For all t > 0 and for a.a.x € , we have
8:°S (1) = a(a)p(x)(p(z) — V)P~

+b(@)t" 2 1og* @72 (1 4 ) x [q(x)(g(x) — 1)log®(1 +1)

t
2 log(1 —
+ 2q(w)s(@) log(1 + ) 1
2 2

t
+ s(z)(s(x) — 1)m — s(x)log(1 + t)m
i=a(2)p(x)(p(z) — DtPE =2 4 b(2)t?@) =2 10g* @ ~2(1 4 ¢) x M.

The convexity of the function S(z,-) follows from the sign of its second deriv-
ative. From the above estimate, it is enough to prove that M > 0.
Case 1: s(z) >0

It holds
M = g(z)(q(z) — 1) log®(1 + ) + 5(x) a i 5 log(1 + ) :q(aj) - 1’;}
+ ()7 1 [q(:r) log(1 +t) + (s(z) — 1)1it]
>«mmm—nm£a+@+qmuiﬂbgyﬂ)}_ﬁb]
+s(2)q(z) {log(l +1) - 1;] >0,

where in the last inequality we have used the fact that ¢(z) + s(x) > 1.
Case 2: s(x) <0
For a fixed x such that s(x) < 0, we define

hy(t):=2q(x)(1+t)log(1 +t) — tlog(l +t) + 2(s(x) — 1)t

and
(e B s(e)(s(a) e (@)1
A+t log(l4t) (1 +1)2(log(1 + ))2 (1+1t)%2log(l+1¢)
s @Dt
(1+1¢)log(l+1t) (IT+t)(log(1+1¢t) (1+1)
Note that

2 t 2
0 T+ 02(log(1+6)2 0 1+ t)log(l+t) 120 (1+t)2log(l+1)

and

M = log(1 + ) [o(&) (a(x) — 1) + 2a(8)].
Since ¢(z) + s(x) > 1 and s(z) < 0, we have
z(0) = }E% z:(t) = s(x) [(s(z) = 1) +2¢(x)] <0 and h,(0) =0.
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Next, we claim that both h, () and z,(-) are increasing functions and achieves
their infimums h,(0) and z,(0) at 0, respectively. Differentiating with respect
to t and using

(I4+t)log(l+t) >t >In(l+1¢t), qlz)+sx)>1, qx)>1,

we obtain
R () = 2q(2)[1 + log(1 + £)] — 1%:& “log(L+t) + 2(s(z) — 1)
= 2(qle) + s(2) = 1)+ (2q(2) = Dlog(l +1) = 1
> 2(g(w) + s(w) — 1) + 2ql@) — 1) 2 0
and
() = s(x)t [(1 —s(@)[t —log(1+¢)] 1 }
« (1+t)log(1+t) | (14t)2(log?(1+1t) (1 +t)2
s(z)[t — log(1 +t)] (s(z) — 1)t t
Tt 0P log?(1+ 1) 20+ gy~ T

__ ?imi[i)glfggg((llitg [29(x)(1 + ) log(1 + £) — tlog(1 + ) + 2(s(z) — 1)¢]

B s(x)t 0.
A+ 0 log(1+10) =
This implies
M = log®(1 +1) [q(2)(g(x) — 1) + 2. (t)] = log®(1 + 1) [a()(a(z) — 1) + 22(0)]
=log”(1+1) [q(x)(q(x) — 1) + s(2) [(s(x) — 1) + 2q(2)]]
=log”(1+1) [(g(2) + s(2))(q(x) + s(2) — 1)] > 0.
Note that, for any ¢ € {¢=,¢T} and = € Q, we have

% ( 9(2)=L16g5@) (1 4 t))

_ pa(e)—t-1 logs(x)_l(l +1) <(q(x) —0)log(1+1t) + s(x) t >

For £ = ¢~ =min{p~, (¢ + |s])~}

_l_

(ae) — ) log(1 +0) +5(0)- it - (()Q(x) — 0 +s(@)) 7 L{ zz; i 8
> 0.
(2.2)

For ¢ = (T = max{p™, (¢ + [s])"}

(a() — £ og(1 +1) + s(a) - < {éqw B
<

if s(z) <0
0.
(2.3)
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Therefore, in the view of the condition g(z) + s(xz) > r > 1 in (Hp)(ii) as well
as (2.2) and (2.3), it is easy to verify that, for 1 < ¢~ = min{p—, (¢ + [s]) "}
and (* = max{p™, (¢ + [s])"},

S(z,t - -
0 — ()@= 4 by 1og (1 1)
S at — — s(x
% = @ ()@ 10g"@ (1 4 1)
are increasing and decreasing functions, respectively. O

As a consequence of the previous Lemma, we obtain the following.

Proposition 2.17. Let the assumption (Hy) hold. Then, the spaces L°(S),
WhS(Q) and Wol’S(Q) are reflexive Banach spaces.

Proof. Using Lemma 2.16 and Propositions 2.9 and 2.14, we know that the
spaces L°(2), WS(Q) and W&’S(Q) are separable Banach spaces. To prove
the remaining claim, it is enough to prove that LS () is reflexive. From Lemma
S(zyt) o - iy S(z,t)
== Is increasing and the map t — =
is decreasing, i.e., S satisfies (Inc),~ and (Dec),+. Now, by using Harjulehto—
H&sto [25, Proposition 3.6.2, Theorem 3.6.6 and Lemma 2.1.8], there exists a
uniformly convex function ¢ € ®() such that S ~ ¢ and ¢ satisfies (Dec)y+.
Hence, using again Harjulehto-Histo [25, Propositions 3.2.4 and 3.6.6], L?(£2)
is uniformly convex, L%(Q) = L?(Q) and by the Milman-Pettis Theorem it
follows that LS (Q) is reflexive. O

2.16, we know that the map ¢ —

Now we denote, for all u € L(),
os(u) = / (a(x)|u|p("”) + b(x)|u|q<z) logs(m)(l + |u|)) dz,
Q

Julls = inf{)\ >0: os (%) < 1} .
The following proposition shows the relation between gs(-) and || - ||s.

Proposition 2.18. Assume (Hy) holds true and u € LS (). Then the following
hold:

(i) If u # 0, then ||u|ls = n if and only if os (%) =1.

(ii) os(u) <1 (or=1o0r>1) < |ulls <1l (or=1or>1).

(i) If [Julls < 1, then [[ullg™ PO < pg(u) < fuf gt lerlehT
(V) If fulls > 1, then [[u] 27 OHDTF < () < fuf g @D
(v) ||lunlls — 0 (or 1 or c0) in LS(Q) < os(un)
Proof. For any u € LS(Q2), define

u: [Ov OO) — R, gu(n)::QS(nu)'

Let |Julls = n. Now, by using the definition of the norm, the continuity and
the strict monotonicity of the map &, because of (Hy), we have for ¢ € (0,n)

fu( L >>1 and §u<l)§1 == §u<l):1 i.e. QS(E):L
n—e n n n

— 0 (or1 or o).




98 Page 16 of 74 R. Arora et al. NoDEA

The converse part holds trivially from the definition of the norm and the strict
monotonicity of the map &,. Hence, (i) follows. Using the continuity of the
function § and Harjulehto-H&sto [25, Lemma 3.2.3], we get (ii). Moreover,
(iii) and (iv) follow from Proposition 2.10 and Lemma 2.16. Moreover, from
(ii)—(iv), for any v € L5(Q), we have

. min{p~ ,(g+|s]) ™ max Jr,-i—s+
mm{lvllvls BT maxte” e+ D) }}

min{p~ s|)™ max{pt ST
< ps(v) SmaX{17||U|S {p™(a+Ls]) }’HUHSd {p™(a+Ts]) }}

and

min{l, (05 (v))Y/ mindp™(a+lsh ™} (QS(U))l/max{p*,(qHs])*}}
< |Jvls < max {1’ (Qs(v))l/min{p‘,(q+LsJ)‘}’ (gs(v))l/max{pﬂ(qﬂsl)ﬂ}.

Finally, by taking v = u,, in the above estimates, we obtain the required claim
in (v). O

For our purposes, we further need to work on the associated Sobolev
space, whose properties are summarized in the following statement. Its proof
is completely analogous to the proof of Proposition 2.18 except that now we
use Proposition 2.14 (instead of Proposition 2.9) and Proposition 2.15 (instead
of Proposition 2.10).

Proposition 2.19. Let (Hy) be satisfied, Then the following hold:

(i) If u #0, then ||ull1,s =n if and only if 01.s (%) =1.
(i) o1.s(u) < 1(resp. =1; > 1)< |lull1s <1 (resp. =1; >1).
(i) I ull,s <1, then [u P57 < g, s(u) < a0,
(v) If |lullis > 1, then ||u|‘r1r’lgl{p’,(q+tsj)’} < o1.s(u max{p*,(g+[s1)"}
)

) < llullys :
(v) u, — 0 (or 1 or 00) in WHS(Q) < 01.5(un) — 0 (or 1 or o) respec-
tively as n — 0.

The next lemma will be useful to prove Sobolev embeddings of Musielak-
Orlicz Sobolev spaces. We define

Boor(@,1) = a(@)”™ + b)) log") (1 4 1).

where 6, © are positive continuous function on Q and I is a bounded function
on €.

Proposition 2.20. Let (Hy) be satisfied. Then the embeddings

L3(Q) < LBram(9) < LO(Q)
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are continuous, where p, j,£ € C (), m € L>(2), £(z) < min{p(z),j(z)} for
all x € Q, and j(-) and m(-) are given by

m(z) < s(x), jlx)+m(z) >0 for a.a. x € Q and j(x)

= {q(a:) if 5() > 0, for all x € Q. (24)
< q(z) otherwise,

Proof. We will prove the embeddings by applying Proposition 2.11 to the
corresponding ®-functions. For j € C(Q) and m € L (Q) satisfying (2.4),
we have

Bpajﬂ’ﬂ (l‘, t)
= a(x)t"@ + b(z)t? @ 1og™®) (1 4 1)
< a(@)t"® 4+ @)t/ 1og™ W (1 4+ £) X (s(x) 20y ()
+ (@)t 1og™ P (1 + )X (s(a)<0} ().

(2.5)

Now, we estimate the terms in the right-hand side of the above inequality sepa-
rately. Note that the condition j(x)+m(z) > 0 implies that t/(*) log™®) (1+1)
is an increasing function.
Case 1: z € {s(x) > 0}
It holds
1) log™ ™) (14 1) < (e — 1% %ft se-b
ta(=) logs(z)(l +t) ift>e—1, (2.6)

<(e—1)7" 419 10g"@) (1 4 1),

where in the above inequalities we have used m(z) < s(x) and j(z)+m(z) >0
in {s(x) > 0}.

Case 2: z € {s(xz) <0}

By the continuity of j(-) and ¢(-), there exists € > 0 such that

4@ =@ > 4= for all ¢ > 1 and for all z € {s(z) < 0}.

Tt is easy to show that for the above choice of € > 0 there exists t, = t.(g) >
e — 1 (independent of x) such that

log™®) (1+1) <t° forallt>t". (2.7)
Combining the above estimates, we deduce that

4@ > @) 16g75@) (1 4 ¢)  for all t > t* and for a.a.z € {z € Q: s(x) < 0}.
(2.8)

Again, by using m(x) < s(z) and j(x) + m(z) > 0 for a.a.z € {z € Q: s(x) <
0}, we obtain

7 10g™® (14 1) < 1og™ ™ (1 4+ ) xpr<iey (1) + 7P 1og™ ™ (1 4 ) x5y (1)
gty (=m)t * (@) 1205(@) (2.9)
< ((t Y 1ogm™ (14t ))th‘” log® ™ (1 + t).
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Using the estimates (2.6), (2.7), (2.8) and (2.9) in (2.5), it follows that
Bp,j,m (l’,t) < S(xat) + h(x)a

where
+

h(z):=log"m™ " (1 + )tV + (e —1)7".
This concludes the proof. O

As a consequence of the previous result, we have the following embed-
dings.

Proposition 2.21. Under the assumption (Hy) the following embeddings hold:
() WHS(Q) o WhErm(Q) o WHO@Q), WS (@) — We™m(@) —
WOM(')(Q) are continuous with 1 < ¢(z) < min{p(z),j(z)} for all z € Q
and j(-) and m(-) are given by (2.4).
(i) if min{p(),j()} € COTHEAR), WS(Q) — LEO(Q), WES () —
LEO(Q) are continuous for all £ € C(Q) with 1 < £(x) < min{p(x),j(z)}
for all z € Q.
(iii) WHS(Q) — LY O(Q), W&S(Q) s LY 0)(Q) are compact for all £ € C(Q)
with 1 < 0(z) < min{p(z), j(x)} for all x € Q.

Proof. The embeddings are straightforward to verify via Proposition 2.20 and
the Sobolev embeddings in variable exponent spaces by finding a weaker &
function and comparing the variable exponents in the modular function. [

Under some additional conditions, we prove the following Poincaré in-
o 1S

equality in W37 (Q).

Proposition 2.22. Let (Hy) be satisfied and suppose

a,be L>®(Q) and max{p(x),q(x)} < min{p*(z),q*(z)} for all z € Q.
(2.10)

Then W1S(Q) < L3(Q) is a compact embedding and there exists a constant
S > 0 such that

lulls < Sl|Vulls  for all u € Wy (Q)
where S is independent of u and so |V -||s is an equivalent norm on Wol’s(ﬂ).

Proof. Note that S(z,-) is an increasing and continuous function for a.a.x € Q
and for € > 0 there exists ¢, = t.(¢) (independent of z) such that

log®™ (1 +1¢) < 10g5+(1 +1t) <t° forallt>t" and for a.a. x € {z € Q: s(z) > 0}.
(2.11)
This directly implies that

S(x,t) < C1 4 a(@)tP® 4+ b(z)t1®+=  for a.a. x € {x e Q:s(z) >0}
(2.12)
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and
S(z,t) = S(x, ) X{t<e—1}(t) + S(T, 1) X{t2e—1; ()
< Oy + a(z)tP® 4+ b(2)t?1™)  for aa. z e {reQ:s(z)< 0}(.2'13)
where C; and Cy depend on t* and L*°-norms of ¢,b and s. The uniform

continuity of p and ¢ and the sharp inequality in (2.10) gives the choice of €
in (2.11) such that

max{p(z),q(z)} + 2¢ < min{p*(z),¢*(z)} for all x € Q. (2.14)

Now, by combining the estimates in (2.12) and (2.13) with the inequality in
(2.14), we obtain

S(xat) < Cgtmin{p*(I)’q*(w)}*E +Cy.

Finally, by applying Proposition 2.11 and Proposition 2.21 (iii), we obtain the
required embedding. O

3. Musielak-Orlicz Sobolev embeddings
For a parameter £ > 1, we denote

5 Sehir o<t <t
= ¢ L USTSL
S(x,t) {S@jﬁft>&

Since Q ¢ R is bounded and S(z,t) = S(z, ) for all (z,t) € Q x [¢,00), we
get LS (Q) = L3 (2) and WS(Q) = WHS(Q) and their norms are comparable.
Therefore, in light of the embedding results, we may use S in place of S. For the
sake of brevity, we write S instead of S. Now, we define the Sobolev conjugate
function of S in order to study the continuous and compact embeddings of
certain Musielak-Orlicz Sobolev spaces into Musielak-Orlicz Lebesgue spaces.

for all (x,t) € Q € [0, 00). (3.1)

Definition 3.1. A function S, is called the Sobolev conjugate function of S if
the inverse of the Sobolev conjugate function Sy 1: Qx[0,00) — [0, o0) is given
by

x,7T)

s g—1
S: N, 8) = / % dr for all (z,s) €  x [0, 00), (3.2)
0

TN

where S,: (z,t) € Q x [0,00) — s € [0,00) is such that S;1(z,s) = t and
S71(x,): [0,00) — [0,00) is the inverse function of S(x,-) for all z € Q.

In addition to the assumption (Hg), we suppose the following regularity
and oscillation conditions:

(Hy) _ _
(i) p,q,s € C*(Q) and a,b € C*1(Q);

(i) mel@aldl) <14 Lin Q.

Now, we prove some continuous and compact embedding results using
ideas from the papers by Cianchi-Diening [7], Colasuonno—Perera [9], Crespo-
Blanco—Gasiiiski-Harjulehto-Winkert [10], Fan [13], and Ho-Winkert, [28].
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Proposition 3.2. Let (Hy) and (Hy) be satisfied. Then, the following hold:

(i) WhS(Q) «— LS(Q) is a continuous embedding.
(ii) Suppose L € ®(Q) and L < S, then there exists a compact embedding
WhS(Q) — L5(Q).

Proof. The proof follows from Fan [13, Theorem 1.1 and 1.2] provided S satisfy
the condition (P4) and condition (2) in [13, Proposition 3.1], i.e.

lim S, '(z,t) = o0 forall z € O

t—o0
and there exist positive constants c¢,ty and § < % such that for each j =
1,2,....N
t
‘888(:107)‘ < c(S(:v,t))lM for all z € Q and for all t > ¢,
Ly
for which Va(x), Vb(z), Vp(z), Vq(z), Vs(z) exist and so ‘%ﬁj’” does.
For (z,t) € Q x [1,00), note that for any e > 0 and x € Q,
_a(@)tP@ 4 b(2) 1) 1og* @) (1 + 1) ,
tliglo 1B(x)te =0 with ﬂ(SC) = max{p(x),q(x)},

that is, for any 7 > 0, there exists a constant m; > 0 (independent of z) such
that

S(z,t) = a(z)t"@ + b(2)t9™) log® @ (1 + )
<t @+ for all z € Q and for all t > m,.

Replacing ¢ by S7!(z,t) in the above inequality gives

1
t\ F@Te
Sz, t) > (77> for all x € Q and for all ¢ > S(x,mq).

Hence, by choosing ¢ small enough such that 3(z) +& < N for all x € Q, we
obtain

1 t
S (wt) > 87 (@, Sar,my)) + /" e 4

175(1'1)+a S(x,m1)
> C(U,/Bi»N) (tﬁ(;)“_% - (S(Ivml))ﬁ(’%”_%) — 00 ast— oo.

For ¢ > 0 there exists tg = to(¢) > 1 large enough such that

1 < log(log(L + t)) < log(t) < log(1 +t) < cot w3T=T < ¢t for t > t.
(3.3)
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Differentiating the function S with respect to x;, we get

OS(x,t) Op da b
9S8, t) | v | 9P|y 9a | p@) 4 | 90 | 19@) 1ges(@) (1
’ oz, ’_a(ax)t oz, og(t) + oz, P oz t4%) log® (1 + 1)
+ b(a)t9) log(t) ’aaj log*® (1 4 1) (3.4)
J

+ b(z)t?®) | log(log(1 + t))] ‘;j log®™® (1 4 1).
J

Now by using (3.3) multiple times in (3.4) for ¢t > tg > 1, we obtain
t1@+5 log® (1+1) if s(z) >0
1a(@)+% log® (1+1¢t) if s(x) <0

tmax{p@)a(@)}+Cif 5(z) >0
< (s ; -
tmax{p(ﬁf)»Q(w)}""C if S(-T) <0

t
‘68(17’)’ < (tp(m)+§ + tp(x)) + Oy {
6.’Ej

(3.5)

< O (al@)t?) + b(a)p) + playpa)) PRI

Now, by using the uniform continuity of the functions p(-), ¢(-) in Q and (H;)
(ii), we can find ¢ = {(d) such that

max{p(z),q(x)} + ¢ 1 . =
- <l+d<1+— 1in Q. 3.6
min{p(z), a(2)} N (36)
Using (3.6) in (3.5), we get
‘&S‘(x,t)‘ < C (S, )™ for (z,t) € Q x (ty, 0).
8a:j
This shows the assertions of the proposition. O

Remark 3.3. With a similar argumentation as in Arora—Crespo-Blanco-Winkert
[2, Lemma 3.10 and Theorem 3.12], it can be concluded that the function S
satisfies (A0) and (A1), provided the conditions

be C®(Q) and (q) <1+l 3.7

@ 1) <tex (37)

hold true with a(z) = 1, 1 < p(x) < ¢(z), and s(x) = 1. Consequently, this
embedding result is a specific instance of Cianchi-Diening [7, Theorem 3.5],

assuming the more stringent conditions stated in (3.7) compared to those in
(HQ) and (Hl)

Next, we provide estimates for the Sobolev conjugate function S, of S,
which is crucial for studying the concentration-compactness principle in the
next section. Specifically, we intend to look for a function &* weaker than S,
and of polynomial growth or polynomial growth perturbed with a logarithmic
function governed by the support of the modulating coefficients a(-) and b(-).
In the following we assume that (Hg) and (H;) hold.
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Proposition 3.4. Let S, be the Sobolev conjugate function of S given by (3.2).
Then, the following hold:

(i) For (z,s) € Q x [0,S(x,0)]
N? N_1

and S:l(m,s):ms N,

. st
R )
(ii) For (z,t) € Q x 0,5 (z,8(x,0))]

Sul(w,t) = (W}MMNI

where S (x, S(x,0)) = NL_fl(S(x’g))%l,

Proof. From the definition of the Sobolev conjugate function S, of S defined
in (3.1), we get

N _
st and STz, s) = ¢ e

S0 W-ns@y® "~ or ) eax05@ol

S Yz, s) =

By taking the inverse of the function S; !, we get

Si(z,t) = (‘W) T for (z,1) € Q x [0,87  (z, S(x, 0))].

O

Now, we prove a series of results offering the lower estimates of the
Sobolev conjugate function S, in the components {A4;}i—12 C Q where A;,
i = 1,2 is defined as

Ar={z € Q:a(x) #0} and Ax:={z e Q:b(x)# 0}.

Proposition 3.5. Let S, be the Sobolev conjugate function given by (3.2). Then,
for (z,t) € Ay x [S*_l(x,S(x,é)),oo), we have

()7 sy e\
a(x) v -1 x pl=
t ~ * ) =
e ( (S, 0) <p @ (S0 - 1))]
§ a(:c)ﬁt p"(z)
p*(x)
where equality holds in the region A) C Ay with AY:={x € Q: b(z) = 0}.

)

Proof. From (3.1), we know that for (z,t) € Q x [{, 00), the function S is given
by

S(z,t) = a(z)t"@ 4 b(x)t9 log* @ (1 + ¢).
By taking t = S~!(z,y) for y > S(x,/) and z € Q, we get

y = a(@) (S (2,9))" + b(@) (S (2, 1)) 1og*@ (1 + (S (2, )
(3.8)
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and
S Ha,y) > ¢ forall (x,y) € Q x [S(x,£),0).

The non-negativity of the modulating coefficient b(-) implies

1
(@)
S Yz,y) < ((;;)) U for (n,y) € Ay x [S(a, £), 00), (3.9)
a
where equality holds in A} x [S(z, ), 00). Now, by using (3.9) and Proposition
3.4 in the definition of the inverse of the Sobolev conjugate function S, for
(x,2) € Ay x [S(x,£),00), we obtain

z —1
s ) =8 s+ [ 2 @9) 4
S(z,0) Yy N
z 1
< 57 (2, 8(x,0)) + / (y) _dy
( ) S(z,0) \a(T) ylt~

L@ “z 1 NY _ oz S(z,0) )
(a(z))?@® o (5(1'75))% N-1 P (z) ( a(x) ) ] )

Replacing z = S, (z,7) for x € A} and 7 > S, (z,S(x, (), we get

" s S NNfl—p*m(sif;f))M}'

~ (a(z))7® (S(x, 0)~
This further gives

o B . L P (z)
S.(er) > [a;?(;j) <T+ (S 0)F (m)( )7 NN_flm
. [a(m)ﬂlﬂ T} p*(x) |

p*(z)

where the last inequality follows from the fact that S(x,¢) > a(x)?®) and
p*(z) > 25 for x € Ay, O

The non-negativity of the modulating coefficient a(-) in (3.8) and S~*
(x,y) > € >1for (z,y) € As x [S(z,¥),00) gives

1y )
S (z,y) < (b(x) logs(x)(l+81(x,y))> : (3.10)

Now, depending upon the sign of s(-), we further partition the set As into
two disjoint components and estimate the Sobolev conjugate function over the
following disjoint components

A=A, {s(x) > 0} and AP =4, {s(z) <0}

Proposition 3.6. Let S, be the Sobolev conjugate function given by (3.2). Then,

there exist lo > 1 and C' > 0 such that for { > ¢y and for x € Agl) the following
estimates hold true:
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(i) S Y(x,y) < (b(yw)) 7 log iGN (1 + (h(yw))w) foranyy € [S(x, L), 00)

where

h(z):=a(z) +b(x) and hi(z):=max{p(z),q(z) +¢c},e > 0.

(ll) 8;1(1’72) S q*(IL . 1) za*(z) . —|—(S($7€))_T11€ (% _ q*(ﬂ?))
C(b(@) T Jogat (1+(h(z))h1<w>>

for any ¢ € (0,1) and z € [S(z,{), 00

1 S 7" () i
(iii) Si(z,t) > C (W 1og‘1§z; (1 +t)) @ for any t € [S7(x,
S(z,1)),00).
Proof. For any § > 0, we know that log(1 +t) < #° for ¢t > ¢,(5). Then, by

taking 0 = 35 for some € > 0 and £ large enough such that £ > lo(e,]s|t) > 1
gives that

log™@ (1 + 81z, )) < (S Mz, ) 1T < (81, p))",

which further implies

_ x _ x)+e _ hi(x
y < a@) (57 (@)™ +b@) (S @)™ < hi@) (ST (@, y) "
(3.11)
Now, by using the fact that h(z) > d for all z € Q in (3.11), we get
Yy ﬁ -1 s(z) Yy ﬁ
— < 1 1 —
(h(x)) <8 (z,y) and log @
<log® @ (1 4+ 8 Hx,y)). (3.12)

Combining (3.10) and (3.12) for (z,y) € Agl) x [S(x, L), 00) it follows that

S Y(a,y) < <b(yx)> @ log 75 <1 ¥ (h(yx))’ll”> . (3.13)

Using (3.13) and Proposition 3.4 in the definition of the inverse of the Sobolev
conjugate function S, for (x,z) € Aél) x [S(x,£),00), we have

" -
S*_l(mzz) S ’S*_l(m78(zzz)) + %/ yq%(m)_l IOg qk(i)) (1 + (%) e dy
(b)) T IS0 () (344)
= S;l(x,S(x,é)) + %g(:ﬂ,z).
(b(@)) 7
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By applying integration by parts formula for (z,z) € Aél) x [S(z,£),00), we
estimate

. Zq*(z) S .’L',E q* ()
9(@2) < ¢’z @) m@\ @ a );( 0\ @
. 1 (@ sz T 11 (x
log (1 4 (h(a:)) ) log @) (1 + ( e ) >
. B (L) hll(w)
+ SEJS;Z Exi/ it L jog=(iH )
q(x)n1(x) Js(z,e h1 (=)
()"
e
Y 1
1 — d
: ( ’ (h(z)) > !
o (S, 0) 7
. za* (@ xz, o
S q (x) s(2) hl( y o s(z) S( g) ﬁ
s(2) P 1(e z, e
log a(® (1 + (h(x)) ) log «@ (1 + ( (z) ) )
s(x)q* (x
N Dy,
q(x)h () log (1+(5;f(’2§)) 1 )

.
st @t h

1
Taking ¢ > 1 such that ¢ > <e7‘“1<1<) — 1) (where the precise value of

¢ € (0,1) is chosen later), we get

s(z)q*(x S+ *\+ %
czéngqn((w)) = q((ill) < (1=¢)log (1 + () )
Ol S(z,0)\ @
- ! Olg(”(hm) )
and
g(x,2) < ¢ (2) 2T B (S(m,é))q*@)

¢ a(2) L\ @ () S(x.0)\ Fi@
tog 1) (14 (525) log i) ( 1+ (5557
(3.15)
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Using (3.15) in (3.14) and the fact that b(x) # 0 for = € Aél) implies

1
za* (@)

S:l(x’ 2) < q"(z) .

s(x 41
C(b(m))q(m) logqgw% (1 + (h(zz)> hl(z))

| ¢ q"(z) (S(z,0)) 7
+ (S(x,0)) N=1  ¢pa)a® = log;ﬁﬁ (1+ (s ) e >)
q*(x) zq%@) . =1 N B q*(:v)
= @) g5 (1+ (2)") ooy - T,

where in the last inequality we have used b(z)04() In*® (1 + ¢) < S(z,0) <
h(z)¢"*), Now, by choosing ¢ > 1 large enough and 0 < ¢ < 1 small enough
such that ¢ < % N(Nq, ), we rewrite the above estimate. Now by replacing

z=8(z,7) for x € Ag and 7 > S (z,S(x, (), we get

Su(w,7)
> [%logqgf)
<1 + (S*h((g;)ﬂ) W) {r +(S(z,0) ™ 4 (q*éx) - Nzil)”q*(m)

To estimate S.(z, 7) in the logarithmic term in the right-hand side of the above
estimate, we use the fact that S™'(z,y) > £>> 1 in (3.10) and obtain

y > (a(z) + b(x)) (571(1‘,y))min{p(w%q(l)} = h(z) (Sfl(x’y))a(a;) .
This yields

o)

S~ (x,y) < (Jx)) for (2,y) € Ay N {s(x) > 0} x [S(w, ), 00)3.17)
Now, by repeating the arguments for estimating the upper bound of inverse of
the Sobolev conjugate function S;*(z,y) in the light of (3.17), we obtain

-1 -1 1 : ———1
S (x,2) <87 (2, S(x, 0 e ———— aF@ T d
(#:2) < 87 @Sl 0) + T [, v a
= M (s + O (w507

(h(x))a‘w
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Replacing z = S, (z,7) for z € Ay N {s(x) > 0} and 7 > S; 1 (x,S(x,¥)), and

using S(z,£) > h(z)(*®) | we have
1 a®(x)
. (S@0\FT  Ne
[0 () -55))

[

4

Su(z,7) > [(h(m))( <T+ (S(z,0)

L o o™ (x)
><< (2) > @)

a*(z)

Merging the above lower estimate of S,(x,7) in (3.16) and using the assump-
2)

tion (H;) which implies i:(m > 1, we obtain

Se(@,m) 2 [W))” [T + (S, 0) T L (m - Nl)H “

q*(z) ¢ N —
a* (a)
s(2)q* (x) (h(;c))afm‘a*l(w) P o)
X log ™~ a(®) + *() T hi(@)
a“(x

1 s(x)

>C {(b(l’))q‘”’ log @@ (1+ ) |:7' Sz, 0)) T ¢ (q*éﬂﬁ) B Nlil)”q*(””)

s() ar(@)
> o) 1o @),

—

where the constant C' depends upon ¢, (¢*)+, (a*)x, h14, hy. O

Proposition 3.7. Let S, be the Sobolev conjugate function given by (3.2). Then,

there existlo > 1 and C' > 0 such that for { > ¢y and for x € AéQ) the following
estimates hold true:

(i) S (x,y) < (%)ﬁ log%(za;) (1 + (,i’zw)%) for anyy € [S(x,0),0)
where
h(z):=a(z) +b(z) and ho(z):=min{p(z),q(z) —e},e > 0.

—s(z)

(i) 572 < (S@O)T [y -q@)] + Lz 1057
(b(x)) 9

1

(1 + (%) hzm) for any z € [S(x, (), 00).

1 q" ()
(iil) Si(z,t) > C (W log% (1+ t)) t @ for  any
te [z, S(x,0)),00) .

Proof. Using log(1 +t) < £ for t > to(e,[—s]T) and € > 0 in (3.8), we
get

S(x,0) > a(x)tP® 4+ b(x)01 D= > p(2)t"2@) for £> 0y > 1, (3.18)
which further implies, by replacing y = S(x, ¢) in the above inequalities,

S Ha,y) < (hé:))w for (x,y) € Aéz) x [S(x, ), 00). (3.19)
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where

ho(z):=min{p(x), q(z) — e}.
From (3.10) and (3.19), we get

-1 < ()T e Y\
S (x,y)_(b(x)> log 1+ 7@ .

Now, by using the fact that x € Ag) in the definition of the inverse of the
Sobolev conjugate function, we obtain

N = 1 z 1 —s(x) ﬁ
(S(@. ) + [ e (14 (L))
N1 (b(x)) i s h(z)

N q" (x) S(z,z)> hztﬂ)}

N-1 (b(@)q(lw h(@)
o N . q" (z) T log o z \mo
S(S(zl))hg{Nil—q(z)]—i-Wz @) log a(» <1+<h($)> >7

¢ (z) 1 —s(@) z \m@
_2 Y LT @ log =
i (b)) e (1 - <h(x)> >
where in the last inequality we have used (3.18) and S(x, ¢) > b(x)¢7(®) log*®)
(1+¢). Now, by replacing z = S, (x,7) for z € AsN{s(z) <0} and 7 > S;(z,S
(z,0)), we get

S, Mz, 2) <

< (ST [ (S(,€)) T log w7 <1 +(

: A\ 7@
Se(w,7) > (%mg:ézz <1+ (5»;3)7)) o >>>

y {T + (S, 0)F 1 [q*(m) - NN_lnm) .

Next, by repeating the above arguments for the lower bound, we get

S(z,l) < h(m)ghg(w) for £ > e — 1, where h3(z) = max{p(z), ¢(x)}.
-
By replacing y = S(z, £), we have S~ (z,y) > (%) IO

S (m,2) > (S 0)F + é/ ST gy

N -1 (h(z)) @ Js(,0
o | N (S0 ) hi(@) e
> (8(=.0) lN—l i) () e
> h;(m)l Zhgl(z)
(h(z)) "

(3.20)
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Again, by replacing z = S.(z,7) for x € A;Q) and 7 > S;1(z,8(x,¢)) and
using d < a(z) 4+ b(z), we get

hi ()
] rhs@) < C’h(a:)rhg(‘”),

where C' depends upon d, hy, hsy, (h3)+. The above estimate and the fact that

22 Ei; > 1 implies

S*(ZFﬂ') ﬁ i (z) %
log (1 + ( h@) ) > <log <1 + (CgT 3 ) < Clog(1+¢3.21)

Finally, by using (3.21) in (3.20) shows that

1 q"(z)

() sz "

>C <(b(f>(> " logits (1+ T)) 74" (@),
q (T

For (x,t) € Q x [0,0), we define

L \P (@) 5 \7 @
S*(z,t):= ((a(x))m) t)p + ((b(x)logs<“”>(1 +t)) ( t) . (3.22)
Now we obtain the following embedding results.

Proposition 3.8. Let (Hy) and (Hy) be satisfied. Then, the Musielak-Orlicz
Sobolev space W1S(Q) is continuously embedded into the Musielak-Orlicz
Lebesque space LS (Q). Moreover, the Musielak-Orlicz Sobolev space WS ()
is compactly embedded into the Musielak-Orlicz Lebesque space LN Q) fN* <
S*.

Proof. Combining the lower estimates of the Sobolev conjugate function S, in
Propositions 3.4-3.7, the continuity of the function &* and Propositions 2.11
and 3.2 we obtain the required claim. O

Remark 3.9. Note that the embedding W1S(Q) — LS (Q) is sharp is the
sense that, for each fixed x, it coincides with the sharp Sobolev conjugate in
classical Orlicz spaces. The sharpness in the case when z is fixed and s(z) =0
can be justified by using the arguments by Cianchi-Diening [7, Example 3.11]
and Ho—Winkert [28, Proposition 3.5] while the case s(z) # 0 can be justified
by using the arguments by Cianchi [6, Example 1.2] and Cianchi-Diening [7,
Example 3.11].



98 Page 30 of 74 R. Arora et al. NoDEA

4. Concentration-compactness principle

In this section, we prove the concentration compactness principle for the
Musielak-Orlicz Sobolev space WO1 S (Q) having logarithmic double phase mod-
ular function structure. For this, we set

(@)= min {p(e), q(a) + 5~ (2)}, i (@)= max {p(a), a(e) + 57 ()}

e (2):= min {p(2), a(2) + <} ne ()= max {p(@), a(2) + <}

m} (z):=min {p*(z), ¢" () + ¢}, n! (z):=max {p*(z),¢"(z) + e} for e € R,
* '7min * * s_(m) n* ‘=—m * * s+(m)

w @)=min (o @).0"@) (14 S b w @ (o @00 @) (14 ) |

Straightforward computations give directly the following lemma.

Lemma 4.1. Let S and S* be the functions defined in (2.1) and (3.22). Then,
the following hold:

(i) forz € Q and t,z € (0,00)
- tS'(z,t)

= S(.’L‘,t) §n+($),

m_(x)

and
min{t® @ 2+ @18 (x, 2) < S(z,t2) < max{®- @) +@1S(z, 2)

where S’ represents the partial derivative of S with respect to the second

variable t.
(ii) for e > 0, there exists t = t(e,sT) > 1 such that
tS'(z,t
g(i’o) <n.(z) and S(z,tz) << S(x,2)

for (z,t) € Q x (te,00) and z > 0.

The same estimates hold for the function S* by replacing m_, ny and n. with
*, n% and nl, respectively.
Proposition 4.2. Let g € C(Q) and N € ®(Q2) satisfies the Aa-condition,

N(z,tw) < w N (z,t)  forw > 1 and for all (x,t) € Q x (0,00), (4.1)
and for a.a.x € Q, the map t — N (x,t) is non-decreasing. Then, for every
e > 0 there exists C. > 0 such that

N (2, [t +m]) = N(z, [t])]| < CN(z, [m]) + eN(z, [t]) (4.2)

for every t,m >0 and for a.a.x € €.

m

Proof. Let t,m > 0 and § > 0. If m > dt, then the monotonicity of the map
t — N(z,t) and the As-condition give

N(z,t+m) < N(z,md~" +m) < N(x,2"m) < C*N (2, m) (4.3)
where k = k() > 0 and C is the constant obtained in the Ajs-condition. If
m < dt, then using (4.1), we get

Nz, t+m) <Nz, (140)t) < (1+ 6PN (x, ). (4.4)
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Combining (4.3) and (4.4) yields
N(z,t+m) < (1 +8)I@N(z,t) + CsN(z,m).

Replacing ¢t by |t| and m by |m| and using the triangle inequality and the
monotonicity of the map s — N (x,s), we obtain

N(z, [t +m]) — N(z,|t])
< ((1+40)9") — )N (x, |t]) + CsN (x, |m]) (4.5)
< eN(z,|t]) + CoN(z,|m|) for all t,s € R and for a.a.x € Q.
Replacing ¢ by ¢t — m and then m by —m in (4.5), it follows
N (z, |t]) = N(z, [t +m|)
< (1469 — DA (a, [t +m]) + CsN (a, m]) (46)
< (1407 — 1)1 + 6PN (@, [t]) + Cs(1 + )N (2, |m])

for all ¢, s € R and for all a.a.x € 2. Then, for given £ > 0, choosing § small
enough such that ((1+6)9" —1)(1+6)9" < in (4.5) and (4.6), we obtain

N (@, [t +ml) = N(z, [t])] < C-N (=, |m|) +eN(z, [¢])-
O

Lemma 4.3. [Brézis-Lieb Lemma] Let N € ®(Q) satisfies (4.2). Then, for
fn— f a.e.in Q and f, — f in LN(Q), we have

tin ([ Nl ds = [ Nelr = 1o dc)

n— oo

://\/(ac,\ﬂ)(bdx for every ¢ € L*°(Q).
Q

Proof. Define a sequence of functions Be ,,: 2 — RT as

+
&M@kl@Nmmmmvawn@mNmuwﬂ.
From (4.2), we note that

N (@, [fn(@)]) = N, [f (@) = fu(@)]) = N2, [f(@)])] = eN (=, [fo(2)])
< Wi, [fu(@)]) = N2, [f(2) = fa(@)D] + N (=, [ (@)]) — eN(, | fn(2)])
< (Ce+ DN (z, | f(2)]).

It follows that
0 < Ben(z) < (Co + DN (2, [ f()]).

Now, by using B: ,(x) — 0 a.e.in Q and Lebesgue’s dominated convergence
theorem, we get

lim [ B.p(x)¢(x)dz =0 for any ¢ € L>°(). (4.7)

n—oo Q
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On the other hand, f, — f in LV (Q) implies
\ / N (@, | fa(2) ) $(x) da — / Nz, |£(2) — ful@))b(z) da — / Nz, |f(@))é(x) da
Q Q Q
< [ Ber@lo@ldo +e | Mol @)lo@)] da. (4.8)
< / Ben(2)[6(2)| da + €]}l oe.0C
JQ

for some constant C' > 0. Hence, the claim follows by combining (4.7) and
(4.8). O

Proposition 4.4. The following inequalities hold true:

(i) log(1l+tz) > log(1+t)log(l+ z) for z € [0,1] and t > 0.
(ii) log(1 +t)log(1l + z) > log(2)log(1 + tz) for z > 1 and t > 1.

Proof. For a fixed z € [0, 1], define h,: Rt — R given by
h.(t) =log(1l +tz) — log(1 + ) log(1 + 2).
Note that A(0) = 0 and

B (t) = z  log(l+2)

= >0 forallt>0andze|0,1].
14tz 14+t

Hence, the claim in (i) follows. Observe that the function k: [1,00) — R given
by

k(z) =z (log(1 + 2z) — log(2)) + log(1 + z) — zlog(2) is non-negative for all
z € [1,00). (4.9)
Now, to prove (ii), we fix z > 1 and define g, : [1,00) — R given by
gz(t) =log(1 +t)log(1 + z) — log(2) log(1 + tz).
Clearly ¢.(1) = 0 and

g.(t) = (log(1 + z) — zlog(2)) + (log(1 + 2) — log(2))tz
’ 1+ 01+ t2)
. (log(1 +2) — zlog(2)) + (log(1 + =) — log(2))=
N (1+t)(1+tz2)

>0 forz,t>1,

where in the last inequality, we have used (4.9). This further implies g, > 0 in
[1,00) and for all z > 1, and hence the claim in (ii) is shown. O

For € € (0,1), we define sub-multiplicative functions as follows:

2= () §f 2 < 1,

(@) if 5 > 1,
(4.10)

M (z, 2):=min{z" ) 2T @M (x,2)}  and  M.(z, z)::{
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r)<0and z>1.

where

s(a)q”
(log(1 4+ 2)) i s(z) >0 and z <1,

s(@)q* (x)
. (log(2)) e z¢ if s(x) >0 and z>1,
Melog (@, 2):=9 1 if s(x)<0 and z<1,

s(2)q" (&)

(z)

C a(@)
(log((?)) cif s
Proposition 4.5. Let S* and MI be the functions defined in (3.22) and (4.10).
Then, for every (x,t) € Q x [1,00) and z > 0, we have

S*(x,tz) > S (z, t)Mi(x, 2).

Proof. By Proposition 4.4 (i) for (z,t) € {z € Q: s(x) > 0} x [0, 00) we deduce
that

(z)q (z)
s(@)a* (2) log(2) log(1 +t if z > 1.
log™ «@  (1+tz) > ( DEL))(Z o >( ) e(x)a* (o) . (4.11)
log™ «@ (14 2)log «@ (1+1¢), ifz<1,
t)

and by Proposition 4.4 (ii) for (x,t) € {z € Q: s(x) < 0} x [1,00)

s(x)q* (x)

Vo (4 log(1+42) a(z) 5(1)4 ( .
s(x)g* () >
log e (1+tz) > ( 10(g()2)(> log (1+1t), ifz>1. (4.12)
s(xz)q
log™«@ (1 +1), if 2 < 1.

Note that for § > 0 the inequality

log(1+2) < C(8)2° for z>1
holds. Now, by using (4.11) and (4.12) in the definition of S* and choosing
0= ew’;ﬁ in the above inequality, we obtain

*

pi(@) 1 (@) s(@)a* (@)
§*(z,tz) = <a(z m) t) 2P <x>+<(b($))q<w>tz) log 9@ (1+t2)
> 8" (z, )M (2, 2).

Now, we can state the main result of this section.
Theorem 4.6. Let hypothesis (Hy) and (Hy) be satisfied and {vi}tren be a
weakly convergent sequence in WS (Q) with weak limit v such that
S*(x,|vk]) = © and S(x,|Vug|) = 0 weakly-+ in the sense of measures,

where © and 0 are signed Radon measures with finite mass. Then there exists
a countable index set I, positive numbers {O;}ier and {0;}icr, and C* > 0
such that

O =S*(x,[v)) + Y Oila,, 0> S(x,[Vo|)+ ) 0:da,
iel el
and

1 . 1 1
min{@;f(mj),(a;o(mj)} < C”max{@f’(mj) 9?5(”)}.

]
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To prove the above result, first we set ug:=vyp — v such that up — 0 in
W, $(Q) and

vip:=S"(z, |ug|) = v and S(z, |Vug|) = p  weakly- x in the sense of measures

and prove some crucial Lemmas involving the measures p and v.

Lemma 4.7. Let {vy }ren be a non-negative and finite radon measure in Q such
that v, — v weakly- x in the sense of measures. Then,

Pl o — Nl

M v as k — oo

for any ¢ € C(Q).

Proof. The proof follows by repeating the same arguments as in Fernandez
Bonder—Silva [17, Lemma 3.1]. O

Next, we prove the following reverse Holder type inequality between the
measures p and v.

Lemma 4.8. Let M* and M. be the functions defined in (4.10). Then, for every
¢ € C°(Q) the following inequality holds:

[l < Cllllm. - (4.13)
Proof. Let ¢ € C*(R). It is easy to see that ¢u € W&’S(Q) for every u €
VVOL"S (©). Using the Sobolev embedding in Proposition 3.8, we obtain
[purlls- < C[[V(pur)lls- (4.14)
wr vy, for k € N and 6:=||@||ux,,,. Then, by Lemma 4.7, it holds
klingo O = 9.

Set 6k = ||¢

If § = 0, (4.13) holds. Without any loss of generality, we can assume that
0 # 0 for k € N. Using Proposition 4.5, we have

o |oul 9]\ o
fo (5 oz [ (o 5) s e
_ ¢|) < |¢|> .
_/QM (x o) v - /UquME ) S s
=1 f/ M (:z:,|¢> S*(z, |ug|) dz. (4.15)
[ur|<1 k

L2
o

It is easy that

/MEIM; (x%) “(a, \uk|)dx</M( '(;i') (x,|uk\)dx:’

Applying Vitali’s convergence theorem in light of (4.16) and ux — 0 a.e.in €,
we deduce that

=1

ME v

(4.16)

k—oo

lim M: (Jc, W') S*(z, |ug|)dz = 0. (4.17)
lur|<1 Ok
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Now, by using (4.17) in (4.15) and Lemma 4.1, there exists ko (independent
of the choice of ) such that for k > kg

o lpukl
/Qs<,5k>d >5 (4.18)

Applying Proposition 2.18 (ii), Lemma 4.1 and passing k — oo in (4.18) gives
o = Clim inf 6l = oy (419)

lim inf ||¢ug]
k—o0

for some C' > 0 independent of k. Next, we set A\, = ||¢pVuy|ls and

_1+sup/ S (z, |Vuygl) d
keN

Because of Proposition 3.8 and the fact that u; — 0 in Wol"S(Q), we have
ur — 0 in L5(Q). From Lemma 4.1 (ii), we know that for £ > 0 and z > 0,
there exists K. > 0 such that S(x,tz) < t*@)S(x, 2) for (2,t) € Q x (K., 00).
Therefore, applying Lemma 4.1 (i), (ii) and Young’s inequality, it follows that

1:/3(x, L“’“H‘m) d
Q Ak
-/ s (o e
an{lo| <} Ak
QN AL <6l <AL K2} Ak an{lpl>Ap K.} Ak
/ S (&, [Vur|) M (x,@) d
Jan{i¢l<ak, 161>Ap Ko} Ak
9| n (z)
+/ (*) S (z,|Vugl|) dz
QAR <Idl <A K} \ Ak
1 ]
= M M (2, 22
ZM/QS(Q;,WW\) dz + Cle, )/Q (m Ak) dv
1 |8
§+C(E,M)/QM5( ,)\ ) dvy.

Again, applying Proposition 2.18 (ii) and passing to the limsup,_, . in the
above estimate, we obtain

fim sup 695 < ol (4.20)

IN

IN

Note that,

IV(¢ur)lls < lurVlls + loVuls.
Since uj, — 0 in L(Q2), we have |upVé| — 0 in L5(22). Now, by passing to
the lim sup in the above inequality and using (4.20), we get

k—oo

lim sup IV (ur)lls < Clllln. - (4.21)

Finally, combining (4.14),(4.19) and (4.21), we complete the proof. O
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Remark 4.9. The continuity of p and ¢ and the oscillation condition (Hy)(ii)
imply that M. < M! for € small enough. In order to see this, observe that the
following inequality

M (z,2) > C2"=(®) for (x,2) € Q x (1,00) (4.22)
holds for some C' > 1. In light of the above inequality, to prove our claim it is
enough to show that n.(x) < m* _(x) for all z € Q and for some £ > 0. Then,
by using the continuity of p and ¢ in €, we can find € > 0 such that

ns(x) _ max{p(x)7q($) +5} i in Q
no(@)  minfp)g@) —c) N "
This gives
no(x) <m_(2) 4+ B=®) o Mm@ Loy (4.23)

N N-n_.(z) ¢
Lemma 4.10. Let v be a non-negative, bounded Borel measure and
6l < Clidln... (424)

for every ¢ € C°(Q) and for some constant C > 0. Then, the following hold:

(i) There exists § > 0 such that for all Borel sets U C €, either v(U) =0 or
v(U) > 6.
(ii) There exists a countable index set I, scalars {v;}icr and points {x;}icr

such that
v= Z Vil .

iel

Proof. Tt is easy to see that the inequality (4.24) holds for characteristic func-
tions on Borel sets. Since  is bounded, p,q € C(Q) and (4.23) holds true,
there exists a finite cover {€2;};c; of Q such that

mi:=minm® _(z) > n;;:=maxn.(x) forallie . (4.25)
Q, o

i 7

For any U C Q being a Borel set, denote V;:=Q; NU for i € I. If v(U) > 1,

we are done. Suppose v(U) < 1. By taking ¢(x) = xv, (gz:)z/(Vl):Tl for i € I in
(4.24) and using (4.22), we deduce that

—1\n () -1 n” _(x)
/ M (@, @) dv 2 C/ (xVi(w)V(Vi)mi) dv > c/ (xvi(z)u(vi)m—e(m))
Q Q Q

dv=C > 1.

It follows that ||xv; [luz,, > CV(V;)%% Analogously, we get || xv; |l < 1/(1/2)"L
for ¢ € I. Combining the above estimates with (4.24), we arrive at

(Vi)™ < Cru(Vi)™.
From (4.25), we know that m; > n; for every ¢ € I, then either v(V;) =0 or

v(V;) > max {1, C’lm"':"Z } .
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Therefore, either v(U) = 0 or

v(U) = Zy(Vi) > Zmax{l,Clmr"i }:=4.

i€l il
Note that the constant § is independent from the choice U. d

Lemma 4.11. Let M* and M. be the functions defined in (4.10). Then, there
exist an at most countable index set I, families {x;};cr of distinct points in
and scalars v; € (0,00), such that

V= Zmdzi.

i€l

Proof. The reverse Holder inequality in (4.13) implies that the measure v is
absolutely continuous with respect to the measure u, i.e.v < p. Thus, by
applying the Radon-Nikodym theorem, there exists a non-negative function f
such that f € L), (Q) and

v=upulf ie. v(E)= / fdu  for any Borel set F. (4.26)
E

Let U be a Borel set. By repeating the same arguments as in the proof of
Lemma 4.10 with the covering {Q; };e such that v(£2;) +u(€2;) < 1 and taking
o(x) = xv;(x), Vi =Q;NU for i € I in (4.13), we obtain
N S
v(Vy)mi < Cu(Vi)mi, (4.27)
where m;, n; are defined in (4.25). Using (4.27) and the fact that n; < m;, we
have

fran=20 < > %) S u)H ! < Ol )

w(Vi)#0 w(Vi)#0

Therefore, by Lebesgue’s differentiation theorem, f € LZO(Q) On the other
hand, we can decompose the measure y as

p=po+p1 such that po(E) = p(EN Xo) and pi(E) = p(E N Xy),
where
Xo={z € Q: f(z) =0} and Xp={xeQ: f(z)#0}.

Observe that the measures pg and p; are singular and absolutely continuous
with respect to v, respectively. Indeed, the sets X, and Xy are mutually disjoint
and p0(Xy) = 0 = p1(Xo). Let E be a Borel set such that v(E) = 0. Then,
from (4.26) and using the fact that f > 0 in X, we get

O:V(E):/Efdu:/EX fdp = wm(E)=p(ENnXs) =0.
nXxg

Now, by applying the Radon-Nikodym theorem to the measures p; and v,
there exists a non-negative function g such that g € L1(Q) and 1 = v|g , and
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using the fact that v(Xy) = 0, we get
@) = [gw= [ gar= [ gan with gy, @)
E ENX; E

for any Borel set E. Finally, we have po(X3) = 0 and u = v| g+ po. Using the
fact m* _(x) > n.(x) proved in Remark 4.9, we define

1
@@ <1
Oz, )=y, =T
(A N

such that

Mz, §)i=max {8(3)™ ), ()" } § = min {@(5) ), ()= .
(4.28)
By setting 7:=II1(z, §) X 5<k}V, We are going to prove that 7 is given by a
finite number of Dirac masses and this will prove that vy <y is a finite
number of Dirac masses for all k& < oo and since v({§ = +o00}) = 0, the claim

on v is true. Taking ¢:=®(g)1x5<k) With ¢ € C(Q) as a test function in
the reverse Holder inequality, we get

/Ma (I, <I>(§)¢X{g<k}> dp = / M, <x’ <I>(§)¢X{g<k}) Gdv
Q A Q A
+/ M, <az, ‘1’(9)¢X{g<k}) dio
Q A

— / M. (x, ¢(§)¢X{g<k}) gdv (4.29)
Q A

< /QMg (mf) M (z,®(9)) gx(g<ky dv

< / M <l’, f) H(xag)X{_f]gk} dv,
Q

where the last two inequalities follow from the fact that M, is a sub-multiplicative
function and the definition of the function II in (4.28). Moreover, we have

* ‘I’@WJX g * TZ) . ~\\n¥ (z ~\\o* _(x
/QME (xvﬁ) dv 2 C/QME <£I), X) mm{({)(g)) E< )7(¢(g)) _E( )}X{ggk} dv

A
x P .
= C/Q Mz <x, X) I(z, 9)Xx{5<k} dv, (4.30)

where C' = C(e, 5T, ¢*, N). Combining (4.29) and (4.30) yields the following
reverse inequality

[¥lhez 51 < ClI w5

Using Lemma 4.10, there exist scalars {K;};cr, and points {z;};cs, such that
Dy = ZieIk K;d,,. Notice that, the sequence of measure 0, /" II(x, §)v. Letting
k — oo and using the fact that g € L}(Q), there exists an at most countable
set I, families {x; };er of distinct points in © and scalars v; € (0, 00) such that
v =1 Vide, and this concludes the proof. O
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Now we are ready to give the proof of Theorem 4.6.
Proof of Theorem 4.6. From Lemmas 4.8-4.11, we know that

S*(z, Jug|) ~v = E v;0,, weakly-* in the sense of measures.
icl

By applying the Brézis-Lieb lemma (Lemma 4.3) to S*, we get

hm (/S s lvk]) qbdx—/S* s ukl) gbdx)
= /QS*(:U, [v))pdx for every ¢ € L (Q),
which further gives the following representation
S*(z, |vg]) = © =S8 (z, |v]) + Z v;0,, weakly- * in the sense of measures.
icl
Let ¢ € C2°(Q) such that ¢(0) =1, 0 < ¢ < 1 and supp(¢) C B1(0). Define

Oy.i(z) = d)(“’ "”) for each i € I, x € RY and v > 0. Taking ¢, as a

test function in the reverse Holder inequality (4.13) for measures p and v, we
obtain

||¢%i MEv < C|‘¢77i||Msyﬂ' (4-31)

With the representation of the measure v and for any i € I, we estimate the
left- and right-hand terms of the above inequality by

Omx ((bv,i)::/ M:(J?,(b% dV = Zyz xzv¢’yz l‘])) >y
Q

i€l

It Ouz (¢+,i) <1, then

1

> (4.32)

Miv Z Yy

||¢%i
Analogously, if gu: (¢4,;) > 1, then

1
> V,a:’r

My Z Yy

[f
Similarly,

1= ( Py ) -_/ M. (x, W) du
||¢'y l| M p Q H‘?%i”Ms#
1
< Me | 2, ———— | dp
/Bﬂ,(ac,-) ( ||¢v,z'||Ma,u)

<p(B, (x; >>max{||¢%,] o

—p7
il Nl |

(4.33)
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where
o= guin, m=e (=), o= g n2(z),
67 := min m_(x), BT:= max n.(x).
T By () (=) T By (=)

Now, by collecting the estimates in (4.32) and (4.33) in (4.31) and by letting
v — 0, we get

min{yjﬁ,yjm} < C'max {u;é]),u;s(ﬁ])} ,
where pj:=p(z;) = leigo p(B,;(x;)). In particular, {z;};c; are atoms of v.
Note that for any ¢ € C(Q2), ¢ > 0, the functional
u— /Q (a(x)|Vu\p(‘”) + b(z)| V|7 1og* @) (1 + |Vu|)> odx

. . . 1,8 L. . .
is convex and continuous in Wy~ (92). Hence, it is weakly lower semicontinuous
and therefore,

/ (a(:c)|Vu|p(x) + b(x)|Vu|q(’”) logs(‘r)(l + |Vu|)) ¢dx
Q

t—oo

=/Q¢du.

Thus, p > S(z, |Vul). Finally, by extracting p to its atoms, we conclude our
result.

< lim inf/ (a(m)|Vuk|p(x) + b(2)| Vug 1) 1og* @ (1 + |Vuk|)) pdx
Q

5. Properties of the energy functional and the double phase
operator

In this section we investigate the properties of the associated energy functional
and the logarithmic operator given in (1.9). We begin by defining the energy
functional &£y z: VVO1 S () — R corresponding to our new logarithmic double
phase operator as

Ean(u) = &1(u) — A2 (u) — AEs(u),

where
€1 (u) = /Q Mz, |Vul)dz,  Ex(u) = /Q M (2, |Vul) da,
Eg(u):/QM*(:c7\Vu|)dx.

Furthermore we introduce J : W, S(Q) — (W, 5(€))* which is given by

(T (), $)s:=(T1(u), d)s — AM(Ta(u), )5 — MTs(u), ¢)s  for u, ¢ € Wy (%),
(5.1)
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where

(W) $)si= [ ala)[TuP V0 Vods

Q
+ / ()| V72 1og" @1 (1 4 V)
Q

log(1+4 |Vu|) + ———-—=—| Vu -V
X(og( [Vul) o) 1 |Vu> u-Vodz,
™ ()

<~72(“),¢>31=/Q (a(z)) »@ |U\p*(w)_2u¢dx

q* (z)

+/Q (b(x)logs(x)(1+|u\)) 1y

s(2)" () ]
g (” a@)  Tog(L+ Jul)(L + Jul)
px ()

<‘,73(u),¢>5;:/9 (a(x)) p(z) |U‘P*(I)72u¢dz

q*(z)-2

) u¢ dx,

qx (x)

+ [ (o) tog™ D+ uh) -2
Q

52 (22 (2) [
X(” a(@)  Tog(L+ [ul)(L+ [u])

) ug dr,

where (-,)s denotes the duality paring between the space WO1 S (©) and its
dual space (W, 5 (Q))*. Here J; is the new logarithmic double phase operator.

Proposition 5.1. Let (Hy) and (Hy) be satisfied. Then, the energy functional
& is well-defined and belongs to the class Ot with & (u) = Ji(u).

Proof. Observe that, for any u € Wy°(€2), we have
+

v \%
M <&i(u) < os(( _u|) < oo with nj:=maxng(z) and mg:=minmo(x).
ng mg zeQ zEQ

0<

Hence, the functional &; is well defined. Let u,¢ € Wol’S(Q). By using the
mean-value theorem, we get
Ei(utted) —&i(u)
t

=J14+ Jo+ Js.

where

Jri= / a()|Vu + 12,1tV 7 (Vi + 00,1tV 9) - Vo da,
Q

J2:= / b(@) |V + 10, et V|1 1og* ™ (1 + |V + 10, ot V) (Vu + 00 1V $) - Vo da,
Q
J __/ b(x)s(z) |V + 1, £V 1@ 1
"o a@) T4 [Vut etV

for some t € R and 7, € (0,1).
Claim: thl% Ji+ o+ J3 = (j(u), ¢>

1og* @™ (1 + |Vu + 124tV @) (VU + 72,4tV ) - Vo da
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To prove the above claim, we have to find integrable functions dominating
the integrand of J;, i = 1,2,3 and use Lebesgue’s dominated convergence
theorem. For 0 < |t| < tg < 1, we have

a(@)| Vu + 12tV 2 (Va4 10,1V 6) - Vo)
< a(@)|Vu + 00 ot VO[O V9|
< 27" a() (|7ulr @1 + 10| Vo) [V
and

/a(x)wuv’(z)*lqu\dxg/ a(z)|Vu|P® V| da
Q {IVul>|Vé[}

+ / a(a)|VuP@ 1V da
{IVu|<|Vel}
g/a(x)|Vu\p(x) dz
Q

+ / a(@)|VHIP® dz < 0s(|Vul) + os(IVé]) < .

To estimate the integrands in J; and Js, we use condition ¢(x)+s(z) > r > 1
in (Hp). In particular, this implies that
9@~ 10g*@) (1 4 1) is increasing for ¢ > 0, (5.2)
because
0<s(x)t+ (q(z) —1)(1+1t)log(l+¢t) forallt>0and z€ Q. (5.3)
Now, by using (5.3) and Proposition 2.18, we obtain the estimate

b(x)s(x) |Vu + e, t Ve[~
q(x) 14 |Vu4 1.tV

< b(@)|s()] (| Ve +n2,it V)1 log* @) (1 + [Vu + 02 1tV $])| V|
< b(@)s(@)] (|Vul + ne,et| V)™ og™ @) (1 + [Vl + 1ot V)| V6|

log® ™) =1 (1 + |Vu + 02 1tV ¢|) (Vi + 12,1tV ) - Vo

< OOt s H)b(@) (IVulT 7+ (e, ) 1DVl ) 99|

log®®) (1 4 na+t| V) if s(z) < 0 and |Vu| < ng 1t V)|,

log®@®) (1 4 |Vu|) +1og®®) (1 4 ne +t|Ve|) if s(z) > 0,
X
log®@®) (1 4 |Vul) if s(z) < 0 and |Vu| > nz,:t|Ve|.

|Vu|1(®) 10g® (@) (1 4 |Vu|) if |[Vu| > |V,

<C'(rt,stb
SCUrTe )(x){|v¢|q<w>logs<f><1+V¢> it [Vu| < [Vol,

and
/ b(@)| V|7 Tog™ ) (1 4 |Vu|) da
[Vu|>|Vgl
+ / b(z)| V|9 log* @ (1 + |V¢|) dx
[Vu|<|V e

< os(|Vul) + 0s5(|Ve|) < occ.
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Finally, by using
a(@)|Vu + 0z, it Vo|P D "2(Vu + ne,1tVe) - Vo — a(x)|[VulP(®~2Vu - V¢  ae.in Q

and Lebesgue’s dominated convergence theorem, we obtain the required claim.
For the Cl-property, let u,, — u in Wol’S(Q) and ¢ € Wol’S(Q) with
[Vé|ls <1 and we claim that

(T (un) — T1(u),0) — 0 asn — oo.
For the following computations, we define

Qo = {z € Q: |Vu| =0},
[1og(1 + |Val) + %] log*@=1(1 + |Vau)|[Vuld® —2Vu, if @\ Qo,
0 if = € Qo,

vn(x) = g(un) — g(u)

g9(u(z)) = {

(@) = log 1 (1 + max{|Vul, [Vun]}),
Q7 = {z € 2\ Q: s(z) > 0, max{|V¢|, |Vul,[Vun|} = |Vul},
Q5 = {z €2\ Q: s(x) < 0,max{|V¢|,|Vul,[Vun|} = |Vul},
07, ={z €2\ Q: s(x) >0, |Vu| < max{|V|,|Vul,|Vun|} = [Vunl},
an ={z € Q\Qo: s(z) <0, |Vu| < max{|Ve|, |Vul|, |Vun|} = |Vun|},
QF ={z €Q\ Q: s(z) >0, |Vul,|Vun| < max{|V¢|, |Vul,|Vun[} = |Vol},
Q5 ={z €2\ Q: s(z) <0, [Vul,|Vun| < max{|V¢|, [Vul, [Vun|} = [Vo[}.

Using (5.2), inequality (1 + ¢)log(1l +t) > ¢ for t > 0 and Young’s inequality,
we have

5(2) || V|
b(2)g(un) V9| < b)) [log(1L+[Vunl) + 757 = s

1og® @11 + |V )|V, | 2@ -1 V4|
< Cob(x) og* ™ (1 + |V, )| Vu, |9~ V)|
< C1b()1og* ™ (1 + [V )|V, [0

+ Cob(2) 1og* @ (1 + |Vo|)|V|21®) € L1(Q),

where C; are independent of n. Therefore, using Vu,, — Vu a.e., it is easy to
see that

b(z)v, - Vodx — 0.
Qo

By Holder’s inequality in L9C)(Q\ Qg), we have

soniil

ha,

/Q - b(z)v, - Vo dz| < 2 H(b(x))

[CEREIIIN
q(q-().ll a)
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The second factor is uniformly bounded in n and v by Proposition 2.18 (v)
and

(z)
| (@) @rwein,)" w < [ (@) V| log"®) (1 + |Vul) da
A\ Q0 QzuUs

3 uﬂgn
F [ @IV log (14 V) da
Qsuaz,
+/> b(x)|Ve|*™ log* ™ (1 + |V¢|) da
0>
4
< 05(Vu) + 05 (Vun) + 0s(Vp) < 400.

Therefore, we only need to prove that the first factor converges to zero. By
Proposition 2.18 (v), it is enough to see that this happens in the modular of

La521 (2 ), that is

q(x) q(x)
2)— -1 W1 e
/ <(b(3€))q(4<)ﬂﬂ>1 |vn|) ' dz = / b(x) (|Un|) ’ dr =2 0.
Q\QO hn Q\QO h’n

We prove this convergence by using Vitali’s convergence theorem. For the
uniform integrability, using (5.2) and the inequality (1 4 ¢)log(1l +¢) > ¢ for
t > 0 note that

Joal | 751
Un q(z)—
b LRRASE
@) ( B, )
q(x)

log*(™) (1 + [Vun|)|Vun |11 +log*(*) (1 + |Vu|)vu|q<z>—1> (=1

< Cob(x) (

log 15 (1 + max{|Vul, | Vun|})
< Ob(z) <|vun|q<w) 1og® @ (1 + [Van|) + [Vuu|2®) 1ogs@) (1 + \vu|)) .

As Vu,, — Vu in measure and u,, — u in Wol’s (Q), we know that b(z)|Va,|?(*)

10g*® (14|Vu,|) is uniformly integrable, hence we also know that our sequence
is uniformly integrable and this finishes the proof. O

We suppose the following assumptions:

(Hy) pesge € C(Q), 55 € L®(Q), 1 < pu(), ¢u(2) < N, pi(z) < p*(x) and
¢ (7) < ¢*(z) for all x € Q, and s,(z) < s(z), qu(x) + sx(z) > r > 1 for
a.a.z € (.

Proposition 5.2. Let (Hy), (Hi) and (H,) be satisfied. Then, the functionals
& and &3 are well-defined and belong to class Ct with £5(u) = Ja2(u) and
E3(u) = Js(u).

q"(z)

and Z—-=< and its conju-
g« ()

p*(x)

Proof. By Young’s inequality with exponents RG]

gates, we get

((a(sc))p(lm) t)l’*(m) < ((a(x))ﬁ t)p*(m) o
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and by (2.9),
1w) qx ()
((b(x) logs*(I)(l + t)) ! t>

q" ()
t) X{s.(z)>0}
)

> X{s.(2)<0}

< ((b( Jlog™ (") (141))

+1+ ((b( )log®™®) (1 4 1)

)q(T
)q “(x)

< ((b( ) log®*®)( 1+t

+C ((b(m) log* ™) (1 + t)) t)q - + h(z).

This gives

Si(z,t) < CS*(z,t) + h(x) forall £ >0, for a.a.z € Q and for some C' > 0
(5.4)

(1, Q*(x)
! t> .

Therefore, by Propositions 2.20, 2.21 and 3.8, we have Wol’s (Q) — LS () —
LS+(Q). Then, for any u € Wl’S(Q), it holds

with

S, 1):= ((a(x))p(lw) t)p*(” n ((b(az) log™ @ (1 + t))

0< 'QS:_(?) <& (u) < os~ (u) < oo with noJr :=maxn(z) and my "= min mf(z)
mO €N zEQ
and
u u
0< Qs{ ) < Ey(u) < QS*E) < 0o
Ny m,
where

n] = max max{p,(r),¢.(x)} and m,:=minmin{p,(z),q(z)}.
€ €N

Hence, the functionals & and &5 are well-defined. The remaining proof can be

done by adopting the same arguments as in Proposition 5.1. 0

Combining Proposition 5.1 and Proposition 5.2, we assert that the energy
functional & is well-defined and belong to class C* with &£} , (u) = J (u).

Next, we are concerned with the properties of the operator J;. For this
purpose, we need the following two lemmas. The first one is concerned with
the monotonicity of terms that are not power laws and the second lemma is
concerned with a version of Young’s inequality specially tailored for our line
of work.
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Lemma 5.3. Let ¢ > 1 and s € R such that ¢+ s > 2 — ¢ for some § € (1,2).
Then, for any £, € RN, we have the following inequalities:
If s >0,
(Iel*~2€log™ (1 + [€]) — [n|*"*nlog™(L + In])) - (€ —n)
= Cql§ —n|?log®(1 + |ml) if ¢ = 2. (5.5)

and

(€] -+ [nD)* ™ (1627 2€1og® (1 + [€]) — [n]*~>nlog® (1 + [n])) - (€ —n) (5.6)
> Oyl —n*log* (1 +|m|) if1<q<2

where m = min{|¢|, |n|} and
_ {min{22—q,2—1} ifq>2,
T g—1 ifl<q<?2.
If s<0andqg>1
(1€ +1nD)° (16172 1og® (1 + 1€]) — [nl* *nlog®(1 + [n])) - (€ — n)
= (I + Inl)® (€] €1€1" > tog” (1 + [¢]) — Inl~nlnl? "> Tog™ (1 + In])) - (€ = )
> Cs |€ = nl* Im|*>" log®(1 + |m)) (5.7)
for any 1 < § < 2 where

o min{27%,271} if§ >0,
"o +1 if —1<6<0.

Proof. The proof follows from Arora—Crespo-Blanco-Winkert [2, Lemma 4.3]
by taking h(t) = log®(1+1t) if s > 0. If s < 0, consider h(t) = t7-2%log®(1+t)
for 6 € (1,2) in Arora—Crespo-Blanco-Winkert [2, Lemma 4.3]. O

Lemma 5.4. Let w,t >0, ¢ > 1 and s € R such that g+ s > 1. Then
t
wt? og®* (14t {lo 1+t +S]
£ (14 ) flog(1L+1) + s

qg—1 st }
log(1+1t)+ ——| .
21 +2) q(q +1)

w? s s—1
< ?log (1+w)+t%1og” (1 +1t)

Proof. The proof follows by repeating the same arguments as in Arora—Crespo-
Blanco-Winkert [2, Lemma 4.4] by taking the function h: RT — R defined as

st
h(t) =1 log® (1 +¢) |log(L +¢) + ———— | .
(t) 8" (1+1) |log(1+1) ey
Note that the condition g+ s > 1 implies that the above function h is positive,
continuous, strictly increasing, and vanishes at zero. In particular, the argu-
ments in Case 1 and 2 in the proof of Lemma 2.16 imply that the function h
is strictly increasing. O

Now we can state the main properties of the operator J;.
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Theorem 5.5. Let (Hy) and (Hy) be satisfied and {un}nen C Wols(Q) be a
sequence such that

Uy —u in WyS(Q) and limsup (Fi (un), upn — u) < 0. (5.8)

n—oo

Then, the following hold:

(i) Vu, — Vu a.e.in Q.
(i) up — u in Wol’S(Q).
In particular, the operator Ji is of type (S4).

Proof. By the strict monotonicity of J; and the weak convergence of w,,, we
obtain

0 < liminf (71 (un) — J1(w), uy — w) < limsup (J1(un) — J1(0), up, — w)

n—oo
= limsup (J1 (un), tn, — u) <0,
which means
lim (J1(un) — J1(w), up — u) = 0. (5.9)

n—0o0

Claim: Vu, — Vu in measure.
In particular, as the previous expression can be decomposed in the sum
of nonnegative terms, it follows

lim a(x) (|Vun|p($)_2Vun - |Vu|p(””)_2Vu) - (Vuy, — Vu) dz =0,
e {p>2}
(5.10)
lim a(z) (|Vun|p(””)_2Vun — \Vu|p(x)_2Vu) - (Vu, — Vu) dz = 0.
e {p<2)
(5.11)
lim | b() (|vun|q<m>—2vun 1og"® (1 + |Vuy,))
=< Jo (5.12)

S AR T Il |Vu\)) - (Vu, — Vu) dz = 0.

By repeating the same arguments as in the proof of Arora—Crespo-Blanco—
Winkert [2, Theorem 4.4] for the integrals (5.10) and (5.11), we obtain

Vunlias0y — Vulgs>o) in measure.

Now, in order to prove our claim in 1,0y, we partition the domain of the
integral in (5.12) as

o Jel B B B
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where
EW = {Vu, #0,Vu #0}, E® ={Vu, #0,Vu =0},
E® = {Vu, =0,Vu #0}, EWY ={Vu, =0,Vu=0}.

It is easy to see that J; — 0 for ¢ = 2,3, 4, which also implies
14

UI_:2E7<:)Vun — 0 a.e.in Q.

On the other hand, we partition the domain of the integral .J; as

/1%“ /{s>o,q>2,b>0}mE$#>

—|—/ —|—/ =L+ L+ 13
{s>0,q<2,b>0 nEY {s<0,b>0tnEY
and using (5.5)-(5.7) and (5.9), we get

I; -0 asn—oofori=123. (5.13)

Step 1: Convergence in {s > 0,¢ > 2,b >0} N eWY:
From (5.5), for any £ > 0 we know that

{1{‘122,b>0,520}(q7 - 1)|Vu, — V“|q1E£}> 1Ogs(m)(l +t(x)) > 5}
- {1{q>2,b>o,szo} (\Vun|q(w)—2vun
logs(z)(l + |Vug|) — |Vu|q(””)*2 Vu logs(z)(l N |Vu|)>
(Vaan — V) > 6}7

where t(z) = min{|Vu,(x)|, |[Vu(z)|}. From (5.13) and the previous expression
we obtain that
Lig>2.4>0,s>0 (¢~ — 1)[Vu, — Vu|q1E<1) logs(x)(l +t(z)) — 0 in measure.
This implies (up to a subsequence)
either 1{q22,b>0,520}mE$3)Vu” — 1{g>20>0,5>0y VU

or — 0 a.e.in Q.

L s2650,550pnE0 Vin
We claim the latter part does not hold. Suppose it holds. Then,
1{g>2,6>0,5>01 (|Vun\q(m)_zvun log™™) (1 + [Vaun,|)
— [ Vu|" ™2 Ty log* @) (1 + |Vu|)> (Vaun — V)
— 1{q>2,b>0,520} |Vu|q(m) logé(x)(l + ‘VUD a.e.in €.

Since u,, is a bounded sequence in VVO1 S (©), by Vitali’s convergence theorem

L — V]! 10g*® (1 4 |Vu) da,

1{g>2,6>0,5>0}
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which is a contradiction to (5.13). Hence, by the subsequence principle, the
following is true for the whole sequence u,,,

1{q227b>0,520}mE53>Vun — 1{q2275>07520}vu a.e.in . (5.14)

Step 2: Convergence in {s > 0,¢ < 2,b >0} N EWY:
From (5.6), for any £ > 0 we know that

{1{q<2,b>0,520}(q7 = 1)|Vun — Vul?(|Vun| + |Vu|)‘1(””)*21E7(L1) log* ™) (1 + t(x)) > 6}

c {1{q<2,b>0,520} (IV2n |29 =2 G 10g" @ (1 + [Vatn]) = [ V2] 7 =2 Vurlog* @) (1 + |Vul) )
- (Vup — Vu) > s}.

From (5.13) and the previous expression we obtain that

1{Q<2,b>0,320}ﬂE§11)(q7 = DIVu,

— Vul(|Vun| + |Vu|) %™ 10g* @ (1 4+ t(2)) — 0 in measure.

This implies (up to a subsequence), either 1{q<2 b0 8>0}0E<1)Vun 4 0 a.e.in
) and B
1{q<2,b>0,320}ﬁE7(11>(q7 = DIVu, — Vu|2(|Vun|
+ [ Vau]) @2 10g* @ (1 + t(z)) — 0 a.e.in Q
or

1{g<2,6>0,6>0} VU — 0 a.e.in Q.

By repeating the same argument as above, we can show that the latter part
gives a contradiction to (5.13). Hence, 1{q<27b>07520}mE;1>Vun /4 0 ae.in Q2
and

1{q<2,b>0,sZO}ﬂE§,,1)(q_ - 1)|Vu,
— Vul?(|Vun| + [Vu|) @2 10g* @ (1 + t(z)) - 0 a.e.in Q.
Then for a.e.z €  there exists M (z) > 0 such that for all k € N

M@) 2100 o Vi, = Yl Ls, (Fun |+ V)7 "2 1og* @) (1 + t())

21, 0.0y [IVunl = [Vull? s, (V] + V)12 10g*@) (1 + 4(2).

Note that, given any ¢ > 0 and 0 < @ < 1 and S € S, the function h(t) =
[t — ¢ (t+ )92 1og® (1 4 min{t, ¢}) satisfies lim;_, ;o0 h(t) = +00. Therefore,
there exists m(x) > 0 such that |Vu,,| < m(z) for a.a.z € Q and for all
k € N. As a consequence

2 x)—2 s(x
Liycapsossopnp® | Vine = Vul* 1g, ([Vup, |+ [Vu) "% 1og* ) (1 + #(x))

>1

> 1yenpm0.s0pnet) Vin, = Va1, (m() + |Va)) " " 1og* (1 + t()

and the convergence a.e. to zero of the left-hand side and by the subsequence
principle, this yields

1{q<2’b>0’820}mE§L1>Vun — 1{q<25b>0,520}Vu a.e.in € (515)
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since 1{q<2,b>0,320}nE7(11>Vun + 0 a.e.in .

Step 3: Convergence in {s < 0,0 >0} N Efll):
Now by replacing 2 — ¢ by ¢ in Step 2 and using (5.7) in place of (5.6)
with 2 — r < § < 2, we obtain

1{b>0’8<0}mE7(L1)Vun — 1{b>075<0}Vu a.e.in Q (516)

Finally, combining (5.14), (5.15) and (5.16), we obtain the required claim (i).
From Young’s inequality and Lemma 5.4 it follows that

a(z)|Vun,|P®2Vu, - V(u, —u)dz

s(x) [V ]
+ b(x [lo 14+ |Vug|) + ————=—+
(@) [fost + IV G 4+ 9
V|9 =2V 0, 1og* @11 + [Vu,|) - V(u, — u) dz
= a(z)|Vu, [P® dz — a(z)|Vu, PP ~2Vu, - Vudz

s(2)|[Vuy|
+ b(x) [log(l + [Vu,|) + d@ 0+ V)

[V, |9 =2V 0, 1og* @1 + |Vu,|) - Vuda
a(2)|Vu, [P@ dz — a(z)|Vu, [P@ =1 |V dz

] V|7 1og® @ =11 + |V, |) do

+ b(x) [IOg(l + |vu"|) - q(z)(1+ |vun|):|

\Vun|q(l) logs(x)71(1 + |Vuy,|) dz
s(2)| V| ]
—b(x) |log(1 + [Vu,|) + ——2A VY Anl
(>[ 8L+ IVuaD) + T @+ V)
X |V |9 1og* @ =11 + |V, |) |Vu| dz
1

a(x)|Vun|p(w) dz — a(x) (p(;()x; \Vun|p(””) + ﬁ |vu|p(w)) da
(

q(x)(1 + [Vun|)
q(z) —1 5(z)|Vun|

— b(x) <[ @) log(1 + |Vu,|) + M]

X |Vu 19 10g* @=L (1 + |Vuy|)

+ b(z) [log(l + |V, |) + ] V|7 1og* @ =1 (1 + |V, |) de

+—— |V " log* @ (1 + |vu|))

q( )
Q Vu, 7@ dz — YO g @ g,

Zéx) |V | 10g* (1 + |V |) de

x)
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b T s(x
— q((f:; Va7 1og* @ (1 + |Vul) da.

As a consequence, by (5.8) and Fatou’s Lemma, we obtain

b
lim (a(x)wum(z) + @Wun\q(z) log*® (1 + |Vun|)> dz
n—oc Jo \p(z) q(x)
b

= / (a(a:) |Vu|p(w) + ble) |Vu|q(m) log®™ (1 + |Vu|)> dz.

o \p(x) q(x)
By the previous Claim, passing to a.e.convergence along a subsequence and
using the subsequence principle, we can prove that the integrand of the left-
hand side converges in measure to the integrand of the right-hand side. Finally
by applying the Brézis-Lieb Lemma (Lemma 4.3) and by Proposition 2.18 (iv),

we obtain u,, — u in Wol’S(Q). O

6. Application of concentration compactness principle

In this section, we show multiplicity results for the (A, A)-parametrized prob-
lem (1.9) with critical and sublinear/superlinear growth.

6.1. Superlinear growth

In this subsection, we assume that A = 1 and A > 0. For the sake of simplicity,
we write €z x as 4. We suppose the following assumptions:

(Hiup) Px,qx € C(ﬁ)a Sy € LOOLQ)a 1< p*(l“)’q*(x) < N, p(x) < p*(l‘) and
q(z) < gu(2) for all z € Q, and ¢, () + sx(z) > r > 1, s,.(z) < s(z) for
a.a.r € .

Lemma 6.1. Let (Hy), (H1), (Hy) and (H"?) be satisfied and suppose that
max{p", (¢ +[s])"} < min {p*, (q* + 54 %;) } - (6.1)

Then, every Palais-Smale sequence {uy }nen C WoS () is bounded.

Proof. By the definition of the Palais-Smale sequence {u,, },cn, we have

Ex(up) — ¢ and  (Eh(upn),d) — 0 for every ¢ € Wy°(Q), for some ¢ € R.
(6.2)
We set

max{er, (q+ [5])+} + min {p*, (Q* + LS*JQI;)_}

2
Now, by taking “ as a test function, and by using the Palais-Smale condition
(6.2) for n > ng, we obtain,

o.=

Un

¢+ 12 En(un) = (T (un), >
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where
Il(un)::/ (1 - 1) a(z)|Vu, |P® de
a\p(z) o
1 1 1 p"(x)
_— p(x)
—i—A/Q (cr p*(a:)) (a(x) |un\) dx
1 1 1 ()
[ — EICORI T d s
+, (5 7m) (@)™ oo
and
Ig(un)::/ (1 - 1> b(2)| Vi, |7 1og* @ (1 + |V, |) de
a\qlx) o
b(z)s(x) a@+1108" T (1 + [V, )
— | =g, |9 d
/ q(z)o V| 1+ |Vuy,| *

Ep— ] [s(2))q" ()
+A/Q <a q*(x) + log(1+ [un,)(1 + |un|)  q(z)o >
a” (z)
x (b(@)10g" ™) (1 + fun]) ) 7 fun ') da

11 |t | |54 (x)] g ()
+/Q(or @@ g+ (A T unl)  a(@)o )

ax ()

x (b(@)10g™ @1+ fual)) ™ fug] - da.

Estimate for 7Z; (u,,) : By the choice of o, we can choose ¢ > 0 small enough

such that
1 { 1 11 1 }
< -—maxmax{q —— — —, — — ——
2cQ plz) o o p*(z)

and
Ti(up) >0 / a(z)| Vu, |P® d. (6.4)
Q

Estimate for Z5(u,,) : For every § > 0 there exists a constant M(d,sT) > 0
such that 10g(1+§)(1+t) < s+6+1 for ¢ > M, therefore we have the following
estimates: By splitting the domain depending upon the size of |Vu,|, we get

[ B gt L D),
a q@)o " 14+ |[Vuy,|

(6.5)
<C(v)+ u/ ()| Vun |7 1og® @ (1 + |Vu,|) dz.
)

Now, again by choice of o, choosing § > 0 small enough such that

{1 L +Ls*(x)Jq*(x)}.

1
¢ < max — max
€

@) o Vo ¢ q(z)o

sup

By using estimates in (6.5) in light of (6.1) and (Hy™), we obtain

To(un) > 6 / b(2)| Vi |7 1og* @ (1 + |Vu,|) dz — C(5). (6.6)
Q
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Finally, inserting the estimates (6.4) and (6.6) in (6.3) and using Proposition
2.18, we deduce

ctca(d) >0 / a(2)| VP d
(6.7)
+6/b )|Vt |7 1og® @ (1 + |Vt |) dz > 6|V, || 2P (01D

which implies that the sequence {u, }nen is bounded in Wy (€). O
We set
(A= _min | (G(C(1)*(C")®)

ey Cy(A)=A""min{1,r(g") " |1+ |slgq ||

where C* and ¢, are the constants obtained in Theorem 4.6 and (6.7), respec-
tively and the constants ¢ and ¢;, c; depend on the given data.

Lemma 6.2. Let (Hy), (H1), (Hy), (H:"") and (6.1) be satisfied. Then the en-
ergy functional Ep satisfy the (PS). condition for ¢ < ¢*(A).

Proof. Let {u,}nen be a Palais-Smale sequence satisfying (6.2). Then, by
Lemma 6.1 and Theorem 4.6, there exists a weakly convergent subsequence, a
countable index set I, positive numbers ©;, ; for each i € I and C* > 0 such
that

Up — u  a.e.in €,

Up —u In WS’S(Q)

S(-,|[Vun|) = 0 > S(-,|Vu|) + Z 0;0.; weakly- * in the sense of measures
i€l (6_8)
S*(un) = 8" (-,u) + Z ©;0,, weakly-# in the sense of measures
el
S 1

min{@}ls(mj),Gmou }<cer max{@m_u ns(w )} for j € 1.
We claim that I = (). Suppose that there exists j € I. Let v > 0 and define ¢, ;

as in the proof of Theorem 4.6. Taking ¢~ ju, € Wy'° () as a test function in
(6.2), we get

mm{ 2} [ S 1Tul)6,5 00 < (i) 6500
= (T (un), by ju)s + MTa(un), ¢y ju)s + (T3 (un), ¢y ju)s
/ )| VP2V, - Vo, ju, dz

/ 2) |V, [1®) =2 10g* @1 (1 + |Vuy,|)

s(z)  |Vug| _
X (log(l + [Vug|) + @) T+ V| Vg, - Vo ju, de.
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By applying Young’s inequality and Lemma 5.4 for § > 0, we obtain
’ / a(2)|Vu, [P =2Vu, - Vé, ju, dx
Q

+/ b(@) |V |72 1og™ @ (1 4 [V |) (log (1 + [V )
Q

s(z)  |Vug|
o) 1T IVun|>

<6 [ Sl |Vun)de + ) [ S(a V6, 5u,))do
Q Q

Vuy -V, ju, dr

Since {¢ jtn fnen is a bounded sequence in W, ® () and (6.2) holds,

lim (£} (un), Py, jun) = 0. (6.10)

n—oo

By Proposition 3.8, it follows from (6.8) that wu, — w in L5(Q). From this, we
obtain

lim S( z, |V, junl)de = /QS(x, [Vor jul) de. (6.11)

n—oo

The fact that u, is bounded in Wy%(€2) and Wo*°(Q) < LS+() implies

(Ta(tn). by )] < ||¢v,j||oo( [ @5 e

ax ()

+/ (ble) og™ (1 + fun])) 7 fug 2+
Q

|3*($)|Q*($) ‘un| -
g (” a(@) log<1+un|><1+|un>> d )

|5 (2)]gx (2 /
< ; LRl S ksl S
= |¢’YJ||OOH1+ () Si(z, |up]) de < C1,

where C1 is independent of n and by Vitali’s convergence theorem, we get

lim  lm (J3(un), @y, jUn)s = hm <~73( ), Br,ju)s = 0.

y—0t n—oo

Following the same arguments as above, we obtain

p*(z) *
(T2 (tn), dry jtin)s| < /Q (a(@)) 75 [up P @y da

" (x)

/ (b ) log® “3) 1+ ‘un‘)) o ‘un|q*(1’)

, s@le* @ o .
( 4(@) log<+un><1+|un|>)¢’”d

< C’g/ S*(z, |up|)¢y,;dz < C' where Co:=
Q

SR

q(-)



NoDEA Logarithmic double phase problems... Page 55 of 74 98

and

nhﬂn;Q [(T2(tn), Dy, jtn)s| < CQ/Q (5*(:E,u) + Z@i(sxl) ¢+, dz. (6.12)

iel

Again by using Proposition 2.22 and passing as v — 0%, it follows

tim [ (e, [Voy jul) dr = lim (Jy(w). 0, u)s =0. (6.13)

y—0+

Passing to the limits n — oo and v — 0% in (6.9) and applying (6.9), (6.10),
(6.11), (6.12), (6.13), (6.2), and (6.8), we get

min{1,7(g")"'}0; < CoAO; + 6Cy,
where
Co = sup/ S(z, |Vuy,|) dz
neNJQ

Since § > 0 is chosen arbitrarily, we obtain
min{1,r(¢*)""}

<O =
Cyp; <0;, Cy oA
From this and (6. 8) we deduce
min{(Cy8;) T, (C48;) % } < C* max{e‘“—“ “f” } forjel.

(6.14)

The condition (H;) implies that there exists € > 0 small enough such that

= min min o (0), 2} — max{n- (z), n-()}] > 0.
Combining this with (6.14), we can find ¢; depending on (, p, ¢ and independent
of j such that

C;H(C*) <6; with &4 € {c1, o} and £y € {c3, ¢4} (6.15)
Using (6.7) and (6.15), we obtain

c>080; —c. > 5051 (C*)Z2 =T

which is a contradiction. Hence I = () and by virtue of (6.8), Lemma 4.3 and
Proposition 2.18, we obtain

u, —u in LS ().
Again, by taking u,, — u as a test function in (6.2), we obtain

(T (un), up —u)s = (T (un), tn — u)s + A(To(tn), un — u)s

(T3 (un), un — u)s- (6.16)
The condition in (Hy) and (H;"?) imply
g« () ()
¢ () + 5. () @) >1 and q.(x) + s(x) @ >1
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In light of the above implication along with Holder’s inequality as in Proposi-
tion 2.12, we obtain

p* (z) ()
(T (un), un — u)s| < / (a(@) 7@ Junl” O up — ul da
Q

a*(z)

+/ (b(az)logs(w)(1+|un|)) G |u n|q*(w)71
Q

Is(@)lq" () ™ o
X(” @) 1og<1+\un\><1+|un|>)'" Id

p*(w) *
< [ @) O~ ulda
Q

* q*(m) .
+ Hl + Is(-)lq ()H / (b(l’) logs(z)(l + ‘Un‘)> q(=) ‘un‘q (z)—l‘un —ulde
Q() 0.0 JQ

<c/5 ,fua), _deSCHS(a:,lunl)

H’U‘n - UHS*7

(s5*)F

where (S*)* denotes the Sobolev conjugate function of S* defined in Definition
2.5. Now, by using the conjugate modular relation in Proposition 2.13 and
Proposition 2.11, we get

S*(x, [un)

[|tn

(5*)H (6.17)
< Chllunlls-[lun —u

(Fa(ttn), tn — u)s| < cH

s+ — 0 asn — oo.
Following the same arguments as above, we deduce

[(Ts(un), un —u)s| < Crllunl|s; [un — ul

sr — 0 asnm—o0. (6.18)

Moreover, the boundedness of {uy }nen in Wol’s(ﬂ) and (6.2), gives
Tim [ (), — )] = 0. (6.19)
Collecting (6.17), (6.18) and (6.19) in (6.16), we obtain

(T (un), up —uys — 0 asn — oo.

Finally, Theorem 5.5 implies that u,, — wu in Wol’S(Q) by the (S ) property of
the operator J;. O

Lemma 6.3. There exists a sequence { Ry }ren independent of A such that 1 <
Ry < Riy1 for all k € N and for each k € N

Ea(u) <0 for all w € Xy, with ||ull1,s > Ry,
where Xy, are k-dimensional subspaces of Wy° ().

Proof. Let k € N. By the equivalence of norms in Xy, we find 7, > 1 such
that

(6.20)

M s < flufls- <
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For any u € X}, with |lul|1.s > Ri > mr > 1, using Proposition 2.18 and (6.20),
we have

max{pT YV min{p} , q*+\_s*Jq7* 3
_ ”VUHS% {7, (a+[s)T} - ”“”& ( )

EA(u) S

min{p~, ¢~} max{py, ¢ }
max +, +1sT _ min{p, ,(qg.«+[s« Ix )"
JalpastP DTy )T (et )

min{p—,¢~} max{py, ¢ }

- max{p™,(g+[s1)* }—min{p; ,(gu+[s.] L)}
min{p:,(q*-i{sd%) } ||vu||$ b ’ (q )

< |[Vu -
[Vells min{p~—, ¢~}

7min{ e *+L5*Jq7* _}
e (0l %)

max{py, ¢ }

_ max{p",(g+[s]) "} —min{p; ,(q.+]s.] %)}
min{p;,(q.+[s.] =)} [ R a
< |V 2 ) i

min{p~,q~}

—min{p},(a:+Ls.] %))
0 ( )

max{py, ¢ }

In view of (6.1), the exponent of Ry is negative. Therefore, by choosing Ry > 1
independent of A, we have the required claim. d

For each k € N, we define

Yk::{u € Xp: HUHLS < Rk},
Zy={g € C(Xk,WOl’S(Q)): g is odd and g(u) = u on 90X}

and

dk::glensz gg;;é’/\(g(u)). (6.21)

Lemma 6.4. Let (Hy), (Hi), (Hy), (Hi"") and (6.1) be satisfied. Then, the
following hold:

(i) There exist numbers R > 0 and r > 0 such that E(u) > r for every
ue Sp={ve W}°(Q): |Vv|s = R}.
(ii) There exists w € Wy° (Q) with |w| > R such that &(w) < 0.
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Proof. Let u € Wol’S(Q) with ||[Vulls = R < 1. Using Propositions 3.8 and
2.18, we can choose R € (0,1) such that |lul/s- + ||ulls, <1 and
E(u) = &1 (u) — Aéa(u) — E(u)
es(IVul) —, es-(Jul) __os.(Ju])
~max{p*,¢*}  min{(p*)”,(¢*)"}  min{ps, ¢}
min{(p*)~,(¢"+1s) 4) "}
S*
max{p*,q*} min{(p*)~, (¢*)~ }

|| Hmm{(p*) ,(q*JrLS*J *)7}

max +, +|s +
”1L“1’g§ {p (q f W) } || |

min{p; , ¢x }

max{p*+ + min{(p*) ", (a"+1s) 4) }
> C’1||u|| ax{p™,(¢+[s)"} _ CQA”U’”LS ( a )

mln{(p* (I*+LS*J% _}
— Gyl )

Now, in view of (H,), (HiuP) and (6.1), there exist numbers R € (0,1) and
r > 0 such that £(u) > r. To prove (ii), set w = Ou for some ¢ > 1 and
v € W3° (). Note that if § > 1 we have the following inequalities

sx(x)gs (x)
log S5 (1 + 61

<?%“ﬂ“%u+mW)§wwmfmu+M»iu4m>a

w(®)ax(x)
log q(@) (1 + |u|) , if S*(J?) <0,

[sx1(®)qx (@) sx(x)qs ()

<O @ log™ @ (14 |u|)

and

log*@ (1 4 |ul) if s(x) >0
log® @ (1 + 6lul) > ’ =
o= {logs(” ((1+ [u])?) > 6@ 10g* ™ (1 + |u]), if s(x) < 0.

> gLs1@ 10g* @) (1 4 Ju)).
This further gives

grin{e” (@D po(u) < ps(Bu) and  os, (Bu) < ORFPL @A TS TGN o)y
(6.22)

Let ||ull1,s = m and |ulls, = 12 with 0 < n1,7m2 < 1. Then from (i), we have
01,8 (%) =1 and gs, (n%) = 1. Now, by taking 6 = 7711 >1and 0 = 7712 > 1
n (6.22), we obtain

01,s(w) ( u )
<os =1 and
nimn{p (g+1s])~} m

“ 0s. (u)
—_— =1< * .
os, (7]2) —  max{p’,(gi+[5+] )y
M2
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Using the above estimate as well as (6.1), we get
E(w) = E1(Ou) — A&2(Ou) — E3(Ou)

< emax{p+7(q+rs-|)+}gl (u) B Gmin{P:’(Q*-H_S*J%)7}6‘3(1”

— —00 ast — oo.
Hence, by taking 6 large enough, we have ||Vw|s > R and £(w) < 0. O

Using Lemma 6.4, the deformation lemma from Ambrosetti-Rabinowitz
[1, Lemma 1.3] and following the same arguments as in Theorem 2.1 by
Ambrosetti-Rabinowitz [1], we obtain the following result.

Lemma 6.5. For each k € N, dy, is the critical value of Ep provided Ep satisfies
the (PS),, condition.

Let {T)}ren be a sequence of closed linear subspaces of WO1 S(Q) with
finite codimensions and {ej}reny be a Schauder basis of WOI’S(Q). For each
neN,let f, € (WOIS(Q))* be defined as

fo(u) = a, foru= Zajej € Wol’S(Q).

j=1
For each k € N, define
Up:i={u € Wo(Q): fn(u) =0 for all n > k}
and
Vir={u € W3 3(Q): fu(u) =0 for all n < k —1}.
Then, Wy° () = Uy @ Vi, and V; has codimension k — 1. Define

ei= sup [v]ls. -
UEVka“HW& <1

Se)=
Lemma 6.6. The sequence {ey}ren defined above satisfies 0 < epy1 < ey for
k€N and limg_, e = 0.

Proof. Because Vi41 C Vi, we have ey > epy1 > 0 for all £ € N. Hence
er — e > 0. By the definition of ey, for each k € N, we can choose uy € Vj
with ||Vug|ls < 1, such that

0<er— ||Vuk||3 < %
Using Proposition 2.17, WyS () is reflexive and {uy }rey is bounded in W, °
(€2). So, up to a subsequence, we have up — u in WOI’S(Q). Then, by Propo-
sition 3.8, u, — u in LS+ (Q2). Now, by the definition of Vj, and the fact that
ug € Vi, for each n € N and n < k, we have f,(ur) = 0 and by passing
to the limit as k — oo leads to f,,(u) = 0 for all n € N. Hence v = 0 and
limg_,ocer =e =0. ]
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Lemma 6.7. There exists C1,Cy > 0 such that
L(Ry) < di <U(Ry) for every k € N,

where

grax{pt (a+[s) "} Cl 0@ _o®

and U(Rk) = T@Rgl

L(Ry):= -
() min{p~—, ¢~}
Proof. Let A > 0, k € N and dy, is given in (6.21). First, we will find the upper

and lower bound of dj. Using Proposition 2.18 for all u € Y, it is easy to see
that

En(u)
1
zgu—Agu—é‘uS_i/Sx,Vudx
1(u) 2(u) — E3(u) w77 Jo ( )
1 min{p~,(q+|s]) "} max{p*,(g+[s1) "} (6.23)
< ——max{||Vu P .\g IV Pt
T P {IVulls [Vull s }

max +, +[s)T
<Rka{p (g+[s])"}

min{p~—,q~}
On the other hand, since Id € Zj, the definition of dj, gives

< . .24
di, < irg/}; En(u) (6.24)

Combining (6.23) and (6.24), we get
R

< = .
i = min{p~, ¢~} L(Bx)

To get the lower bound of dj, we make use of the following fact, which is a
consequence of Lemma 3.9 by Komiya—Kajikiya [29]

gYe)NOB. NV, #0 forall g € Z) and 7 € (0, Ry,).
Thus, for any 7 € (0, Ry), we have

> i .
max Enlg(u)) > uea%lmek En(u) for all g € Zj

Let 7 € (1, Ri) be arbitrary and fixed. The above inequality in view of defini-
tion of dj gives

d > inf En (U) .

u€dB, NV}

By Lemma 6.6 we can find ky € N such that for & > kg, we have

||’U,||3* < ekHVqu for all u € Vj,.
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Combining this with Proposition 2.18 and Proposition 3.8 for any u € 0B, NV},
for k > ko and |Julls =7 > 1, we get

(2) (1) (2)
o) maxfluly, Julg}

M
st llul

(2)
Exu) > [Vulg" Amax{|ul
~ max{p*, ¢t} min{(p*)~, (¢*)~} min{py , ¢ }
a(12) a(22) D‘:(f) Oééz)
> Ci||Vulst = ACe||Vullg® —e.® [[Vullg

(2) (2) oa® (@
« « o
= Cll 1 71&027 2 761@'3 T 3 ,

(6.25)

where a§2) =min{p~, (¢ + [s])"},

o4 = min {(p*)? (q* + LSJqq*> } 04” = max {(p*)+, (q* + [s] qq*)+} :

(6.26)

o) = min {(p*), (q* + [s4] q;) _} of? = max {(p*)Jr, (q* + [54] qq*>+

(6.27)

and C; for 1 = 1,2 depend on the given data and the constants in Proposition
3.8. Note that for A > 0 satisfying
Ci oD _a®
0<A<—R"' 2 =UR
202 k ( k)

we get
C
Cohr” < ?1”52) for all 7 € (1, Ry).

Using this with (6.1), (6.25) and (6.21) for any k > ko, we obtain

RONO)

Cy @ @ (2 ERCOENG)

1 @y
d > =71 —ep® 7% =(1) > U(19) > Pe, P L, (6.28)

where
1
(2) ) o -al?
Toi= 7010[1 and
T, @ o
2057 ey,

[e3 ) PRNNES SR S—
ﬁ._ (C1> W ﬁ ag’zta@ oz:(f) o a§2) 0
T2 o o '

Now we can prove our multiplicity results in the superlinear case.

Theorem 6.8. Let (Hy), (Hi), (Hy), (Hi'") and (6.1) be satisfied. Then, for
each n € N, there exists A, > 0 such that for any A € (0,A,) and A = 1, the
problem (1.9) admits at least n pairs of non-trivial weak solutions.
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Proof. We choose the sequence {A,,},en as follows. By Lemma 6.6, we find
for k > kg that e > 0. Then, take A; satisfying

Ay € (0,U(Ry,)) and di, < L(Rg,) < c"(A1) for kv > ko,

where the function U and V are defined in Theorem 6.7. The above choice
of A; implies that £, satisfies the (PS)Ulk1 condition thanks to Lemma 6.2.

Inductively, we define {Ay, }ren satisfying
An € (0,U(Rk,)) and d, < L(Rg,) <c"(A,) for k, > k.

Now, let A € (0,A,) for some n € N. Then, by using the definition of A,,,
Lemma 6.6 and (6.28), we have

0<dk1 <dk2-~- <dkn <C*(A).

Thus, in the view of Lemma 6.2 and 6.5, dg,,dg,, - ,dx, are distinct critical
values of £,. Therefore, £ has at least n distinct pairs of critical points. [

6.2. Sublinear growth

In this subsection, we assume that A = 1 and A > 0. For the sake of simplicity,
we write £x ) as £x. We suppose the following conditions:

(H"") pe,gx € C(Q), 50 € L¥(Q), 1 < pu(@),qu(x) < N, pu(z) < p(z) and
¢ (z) < q(z) for all x € Q, and q,(z) + s.(z) > r > 1, s.(x) < s(x) for
a.a.z € ().

Lemma 6.9. Let (Hy), (Hy), (H,) and (H*®) be satisfied and

+
max {pf, <q* + [s4] qq*> } <min{p~, (¢ + [s])" }- (6.29)
Then, there exists \g > 0 such that for A € (0, \g), every Palais-Smale sequence
{tn nen C Wol’S(Q) is bounded.
Proof. By the definition of the Palais-Smale sequence {uy, },ecn, we have

Ex(un) — ¢ and  (E(un),d) — 0 for every ¢ € Wy °(Q), for some ¢ € R.
(6.30)

Setting

o {t (a4 Fs.1%) ")+ mingo o+ Ls)) )
: .

Choosing “» as a test function in (5.1), and using (6.30) for n > ng, we obtain,

pr=

c+12>Ex(un) — (T (up), u7"> = 2?21 Ei(un) — (Ti(un), u7n> > Z?:lzi(un)v
(6.31)
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where

1 1

Il(un)::/ (( 7 p) a(z)|Vu, [P@ dz
]_ 1 1 p*(z)
a(x) 7@ |u, dx
a \p p($)>(() | ‘)
1 « ()

() e

and

1 1
zg(un)::/ ( - p) b(2)|Vn |7 1og* @ (1 + |Vu,|) dz
Q

q(z) 1
/Qb(;();)([‘f)|Vun|q(z>+110g5(”i_+(|1VZJ|VunI)dx
) ) i,
o (; - Ls*(q“’()j)q;(x» (00108 (1 + ) -9

Estimate for 7; (u,) : By condition (6.29), we can choose § > 0 small enough
such that

1 { 1 11 1 }
d<max-max{q — — —,— — —— p.
2€Q 2 p(x) p'p pr(z)
This further leads to

*

" (x)
1(un) >5/ )|V, |P@ dx—i—é/ P<I)> [, |) dz

« ()
aCo.p) [ (ala) 7 1unf)"
Q

Estimate for Ig(un) For every § > 0 we can find a constant M (d,s*) > 0
such that log(l+t)(1+t) < s++1 for t > M. Therefore we have the following
estimates: By splitting the domain depending upon the size of |Vu,|, we get

/ b@)s(@) G, a1 108" AL [Vual) o
a0 q " 14 [Vug|

(6.32)

(6.33)
<C(v)+ V/ b(2)|Vaun |7 10g* @ (1 + |Vu,|) do
)

We choose 6§, v > 0 small enough such that

{ 1 1 1 1 }
max max e 2 .

1
<= —_—
~ 4 zesupp(b) q(z) p o q*(x)
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By using the estimates in (6.33), Propositions 2.18 and 3.8, we obtain
2 (up) > (5/ )| Vtn |17 10g* @ (1 + |V, |) dz

a*(z)
”/ D)1og" @ (1 -+ Jun)) 7 fun | da (6.34)

ax ()

~ A\Co / (b 1og™ 1+ ual)) " fua =) der - C(01,).
Q

Inserting the estimates (6.32) and (6.34) in (6.31) and using (5.4) with A <
AO::CLCO, we deduce

¢+ c.(0) 25/S(x,|Vun|)d:c+5/S*(m,\un\)dxf)\co/S*(;U,|un|)d:c
Q Q Q

25/S(x,|Vun|)dx+(5—)\CCo)/S*(:r, |un|)dx—)\C0/Qh(x)dx

> 5 / S(@, [Vun|)d / hz (6.35)

This shows the assertion of the lemma. O

Lemma 6.10. Let (Hy), (Hy), (H,), (H:"*) and (6.29) be satisfied. Then the
energy functional £y satisfy the (PS). condition for ¢ < ¢** for all A € (0, \o),
where Ay is given in Theorem 6.9.

Proof. Let {un}nen be a Palais-Smale sequence, that is, (6.2) holds. Taking
Lemma 6.1 and Theorem 4.6 into account, we can find a weakly convergent
subsequence satisfying (6.8). We claim that I = (). Assume we can find j € I.
By following the same arguments as in Lemma 6.2, we obtain

C;l (CY*)[2 < (9]' with ¢; € {01702} and V5 € {83,64}. (636)
Now, from (6.35) and (6.36), it follows that
¢ > 005 — AoCollhllLr(q) —cx > 50;?(0*)22 = 20Collh L1 (0) — cxr=c""

which is a contradiction. Therefore I = () and so, from (6.8), Lemma 4.3 and
Proposition 2.18, we conclude that

U, —u in LS ().
Using u,, — u as a test function in (6.2) gives

(T (un), un — u)s = (T (upn), un — u)s + (J2(tn), un — u)s + MT3(un), un — u)s.

(6.37)
From (H;) and (H$"") we conclude that
() ¢ (z)
qx(x) + sy (x) ) >1 and g¢.(z)+ s(x) ) >1
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From this along with Holder’s inequality as in Proposition 2.12, one has

p* () .
(T (un), tn —u)s| < / (a(2)) 7@ Jup [Py, — uf de
Q

a* (x)
+/ (b(x)logé(l)(1+|un|)> e |un|q*(m)*1
Q
Is(z)|q" () |ty )
x |1+ Uy — uldx
( 2@ Tog( T Ty )

() *
< [ @@ fuol” O, = ulda
Q

4 ’1 T |S()Q()H / (b(l‘) logs(w)(l + |Un|)> a(@) |un|q (r)—1|un —u\dx
<c/ S funl) u|dx<C’HS(x|un|) ln
[t |un| (S*)¢

with (S*)% being the Sobolev conjugate function of S* as defined in Definition
2.5. Now, applying the conjugate modular relation in Proposition 2.13 and
Proposition 2.11 yields

S*(x, |uy
(Tt ey — w)s] < C H(") it — -
lun|  l(geye (6.38)
< Cyl|un s+ |ju g+ — Dasn — oo.

With the same arguments as above, it is concluded that
[(Ts(un), un — u)s| < Ctllunl|s; [lun —ul

Furthermore, by the boundedness of {uy, }nen in Wol’s (©) along with (6.2), we
obtain

sr — 0 asnm—o0. (6.39)

lim [(J(un),un —u)s| =0. (6.40)
Collecting the estimates (6.38), (6.39) and (6.40) in (6.37), we have
(J1(up),up —u)s — 0 asn — oo.

Then, using Theorem 5.5 gives u,, — wu in Wol’s (Q) due to the (Sy) property
of the operator 7. O

Let u € Wy° (Q) be such that |[Vul|s < 1. By Proposition 2.18, we have
1 1

IVels = st @)

: o | al®
(q*)_} mln{Hu”S* ) ||’U’||S* }a
*

g
5)\(11) 2 m mln{||u|
A

~ max{(p;)~,

(6.41)

where oy = max{p™, (¢ + [s])T}, and aéi), ozg) for i = 1,2 are defined in
(6.26) and (6.27). Now, by using the Sobolev embedding in Proposition 3.8,
there exists a constant C' > 0 such that

s+} < C||Vulls forall u e Wol’S(Q)

max{|[ulls,, [[ul
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Using the above inequality in (6.41) for ||u|| < 1, we obtain

1 ar 2
&l 2 e h e Vs~ e o
B ACos o (6.42)
max (), (g3 Y s

C1l[Vulls* (CallVulls' ™ = Cs[[Vullg?* = A) :==ha (| Vulls),

[Vl

where as € {aé”,ozf)}, Qaz € {Olgl)a 0‘5,2)}7

_max{(p.)”, ()"} - ces
Ci:= ) CQ-*max{(p*)—7(q*)—}max{p-i-,q-i-}’

Cas
COt2+043
- max{(p.) ", ()"} max{(p*)~, (p*) "}
In order to study the behavior of hy, we define
glt) = Cot®17% — Cyp2—s,

Cg:

)

1
(041—043)02 j| (ag—ag)

It is easy to see that the function g has a maximum at ¢, = —
(2—a3)C3

and the maximum value is

ag—az  agz—a o1 — as 2;31 o9 — o
Ai=g(ts) = Cy2=t C’;zfal _ —— >0 ifaz <o <as.
Qg — Q3 Qg — Q3

Then, for any A € (0, A1), the function hy has clearly two roots R;(\) and
RQ(/\) with 0 < Ry (/\) <ty < Rg()\),

>0 ift € (Ri(N),Ra(N)),
<0 ifte (0,R1(N) U (Rz(N),o00)
By (6.43), we find A2 > 0 such that for A € (0, A2)

1 gmax{p®.(a+1s)T) }

Ri(A\) -0 asA—0 and hA(t){

Ry (\)min{p™ (a+1s]) 7} i
1Y) < min 2max{pt,qt}}’ 2max{pt,qt}
Set
Awi=min{ Ao, At Ao ). (6.44)

For each A € (0,),), we define the truncated functional £y: W% (Q) — R
such that

Ex(u) = Ei(uw) = 7 (E1(w) [E2(w) + A& (w)],  w e WS (Q),
where 7 € C°(R) such that 0 <7 <1,
(1) = 1 if [t] < Ry(\)mindp™ (a+Ls)™H
)0 if [t = 2Ry (A)minte (et lsD T
It is easy to see that & € C’l(WOl’S(Q),]R) such that &y (u) < Ex(u) for u €
Wy (%),
Ex(u) = & (u) for u e WyS(Q) with & (u) > 2R (A\)™™r (415D kg6 45)
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and

Ex(u) = Ex(u) for u e WS (Q) with & (u) < Ry(A)™in{r™(atlsh™}

Lemma 6.11. Let A € (0, \,). Then, for u e Wol’S(Q) with Ex(u) < 0,
Ex(u) =Ex(u) and  E\(u) = EX(u).

Proof. Let A € (0,A.) and u € W&S(Q) with €x(u) < 0. First we claim
that ||Vulls < 1. Suppose that ||Vu| > 1, then by Proposition 2.18 we have
Jo Sz, Vu)dz > 1. Thus,

1 1 - _

> S dr > > 9R, (\)min{p s (a+1s)) 7}

Gl = maX{pﬂtJ*}/Q (V) de = max{p*, gt} )
The above inequality gives a contradiction as a virtue of (6.45) and & (u) < 0.
Furthermore, (6.42) implies hy(||Vul|s) < 0, i.e., either ||Vulls < Ri(\) or
IVulls > Ra(\) > t.. The latter inequality with Proposition 2.18 and the
upper bound of R;(A) gives

ascd +

1 ”Vu”g}dx{P J(a+[s])™}

E > | S da >

1) 2 max{p*, ¢*} /Q (@ Vu) do 2 max{p*, ¢}
t;naX{p*,(qHSJ)*}

> 9 min{p~,(q+[s])"}
max{pt,qt} = RBi(A)

This is a contradiction to (u) < 0 because of (6.45). Thus, it must hold
IVul|ls < Ri(A) and therefore by Proposition 2.18

1 ”qugﬁn{P*,(q-&-LsJ)f}
& <— | S8 dr <
1) < min{p~, ¢~} /Q (z, Vu)dr < min{p~, ¢~}

< Ry(A)mindps(at LD

O

In order to prove our multiplicity results, we will use some topological
results introduced by Krasnosel’skii [30]. To this end, let X be a Banach space
and let ¥ be the class of all closed subsets A C X \ {0} that are symmetric
with respect to the origin, that is, u € A implies —u € A.

Definition 6.12. Let A € X. The Krasnosel’skii genus v(A) of A is defined
as being the least positive integer k£ such that there is an odd mapping ¢ €
C(A,RF) such that ¢(z) # 0 for any z € A. If k does not exist, we have
~v(A) = oo. Furthermore, we set v(() = 0.

The following proposition states the main properties of the Krasnosel’skii
genus, see Rabinowitz [40].

Proposition 6.13. Let A, B € X. Then, the following hold:

(i) If there exists an odd continuous mapping from A to B, then v(A) <
V(B).
(ii) If there is an odd homomorphism from A to B, then v(A) = v(B).
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(it}) If 4(B) < oo, then 3(AN B) > 7(A) — 7(B).

(iv) The k-dimensional sphere S* has a genus of k + 1 by the Borsuk-Ulam
Theorem.

(v) If A is compact, then v(A) < oo and there exists & > 0 such that Ns(A) C
Y and v(N5(A)) = v(A), where Ns(A) = {z € X: dist(z, A) < §}.

Now, we are going to construct an appropriate mini-max sequence of
negative critical values for the functional &y.

Lemma 6.14. Let A € (0,\.). Then, for each k € N there exists € > 0 such
that

1E) > k.
where 5;5 ={ue WOLS(Q): Ex(u) < —¢}.
Proof. Let A € (0,)), k € N be fixed and X}, an k-dimensional subspace of

W, (Q). Since all norms are equivalent on X, we find J; >
(Ry(\))~min{p™(a+1sD ™} > 1 such that

51:1”“”5* < ||Vulls < dgllulls, for all u € X. (6.46)

For any u € X}, with || Vul|s < 8, ' < 1, using Proposition 2.18 and (6.46), we
have

min{p— (a+]s])- max{p} (. +[s.12) "}
) < DU D) T )
- min{p~, ¢~} max{py, ¢}
min{p~, s])™ — max{ :“7 *Jr[s*“qj* +}
. [V {p~.(a+Ls)) }_A((Snl”VUHS) pi.(a )
- min{p7,¢} max{p}, ¢}
min{p~,(¢+[s))” }—max{p; (¢, +[5.1%) "}
< [ a2y ([Tl T )
S

min{p~, ¢~}

— max{p], (g, +5.1%) "}

Adn,

max{p}, ¢ }

Now we choose t such that

1
—max{p},(ax+1s,1%) 1\ mintp— (@t Ls) =) —maxtpF (et Tox1 %)

A6,

*y

. -1
0<t<ming J, , — )

and let
Sp:={u € Xi: |Vu|ls = t}.
Clearly, Sy is homeomorphic to the (k — 1)-dimensional sphere S¥~1. Hence,

by Proposition 6.13 (iv), we know that v(Sy) = k. With the above choice of ¢,
we obtain

Ex(u) < —e <0 foralluesSy (6.47)
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where
o — _gmax{pf (a.+[s.1%)"}

min{p~(q+s]) " }—max{p},(q.+[5.1%)"} G, max{p},(q.+[5.1%) "}

min{p~,q~} B max{py, ¢}

Finally, by using (6.47) and Proposition 6.13 (i), we get
Sk C & and (E7°) > y(Sk) = k.

Now, we define the following sets, for any k € N,
S ={AcCWS(Q)\ {0}: Ais closed, A = —A and v(A) > k},
Ke={ueW;S@Q)\ {0}: & (u) = 0 and & (u) = ¢}
and the number

cr, = inf sup Ex(u).
AEXk A

It is easy to see that ¢ < ¢4 for any n € N.

Lemma 6.15. For each k € N, it holds that
—00 < ¢ < 0.

Proof. Let A € (0, A*) and k be fixed. From Lemma 6.14, we know that there
exists ¢ > 0 such that v(£;°) > k. Furthermore, because £ is even and
continuous, we know that £;° € $x. From &£,(0) = 0, we have 0 € £, °. Since
SUP,, e g}(u) < —¢ and &) is bounded from below, we obtain the assertion.

U

Lemma 6.16. Let A € (0,\*) and k € N. If ¢ = ¢, = k1 = <+ = Chtm fOr
some m € N, then K. € Il and

v(K.) >m+ 1.

Proof. The proof follows by repeating the same arguments as in Lemma 3.6
by Farkas-Fiscella-Winkert [15]. O

Theorem 6.17. Let (Hy), (Hy), (Hy), (H:*?), and (6.29) be satisfied. Then, for
A€ (0,\*) and A = 1, problem (1.9) admits infinitely many weak solutions with
negative energy values. Moreover, if uy is a solution of (1.9) corresponding to
A, then

I =0.
Jim [luallys =0

Proof. Let A € (0, \*), where A* is given in (6.44). By Lemma 6.15, £, admits
a sequence {ug }ren of critical points with Ex (ux) < 0. We consider two situa-
tions. If —co <1 <ea <+ <c¢p <Cpgp--., then &\ admits infinitely many
critical values. If there exists k,I € N such that ¢y = cx41 = -+ = ¢4y, then
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by Lemma 6.16 and Rabinowitz [40, Remark 7.3], 7v(K.) > [+ 1 and the set
K, has infinitely many points, which are infinitely many critical values of &.

By Lemma 6.11, {ux}ren are the critical points of £\ and hence weak
solutions of (1.9). Now, let uy be a solution of (1.9) corresponding to A. Then,
again by Lemma 6.11 and (6.43)

1
7max{p+7q+} /QS(IE,VU)\) dz

< / M(z, Vuy) de < By (\)™nP7@rsD™Y 0 as A — 0+
Q

Finally, from Proposition 2.19, we get the required claim and the proof is
complete. O
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