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Since inequality (4.13) in [1] is not true in general, the proof of Theorem 4.6 has to be amended.
Accordingly, we need to change condition (U1l) while (U2) remains the same. The assumptions read as
follows.

(U1) There exist ¢, co,c3 € Ry such that ¢o > ¢3 and
(f(xasag) - f(‘T,t,f))(S - t) S Cl|5 7t|p Vo S ‘Qv 57t € Rv 5 € RN?
(g(x,s) — gz, t))(s —t) < cals — t|’ —cs|s — t|* Vo € 892, s,t € R.

(U2) With appropriate p € LT/(Q), where 1 < 7/ < p*, and ¢4 € Ry one has both £ — f(x,s,£) — p(z) linear
for every (z,s) € 2 x R and

If(2,8,6) — p(x)] < cqlé] in 2 xR xRN,
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We can now formulate our uniqueness result.

Theorem 4.6. Let (H), (U1), and (U2) be satisfied.

(a) Ifp:=2>q>1 and

max {cl, @ z 63} T Y (4.7)

then (P,) admits a unique weak solution for every p > 0.
(b) If p > q := 2, then (P, ) possesses only one weak solution provided

C2 2— C4 . C3
max-< ¢y, — 0 < 2°7P  and <min< pu, — p. 4.8
X{ ' C} VA1L,2,8 {M C} (48)

Proof. Fix p > 0. Theorem 4.1 gives a weak solution u,, € WP (2)NL>(£2) of (P,). Suppose v, € WhP(12)
enjoys the same property. Using (3.7) with ¢ = u, — v, easily leads to

(Ap(uy O )y = V) + p({Ag(uy) — Ag(vn), up — vy)
+ C/ |uu‘p_ ‘Uu|p_2vu)(uu —w,)do
= /Q(f(ac Wy, V) — f(x, v, Vug)) (u, —vy) do (4.9)

+ /Q(f(zyvlu Vuy,) = f(@, v, Vo)) (u, — v,) do
—|—/ (9(z,upn) — g(z,v,)) (uy — v,) do.
o0
(a) Let p :== 2 > ¢ > 1. By monotonicity of A, the left-hand side in (4.9) can be estimated through

(A2(up) = A2(vp)s up — vu) + p{Aq(uy) — Ag(vu), up — vy)
+ C/{m(uu — ) (uy — ) do (4.10)

> [V (uy, — vu)”% + Clluy — vy 5 = Jlup — UU«”?,%

where || - ||¢,2 denotes the equivalent norm (2.1). As regards the right-hand side, due to (U1), (U2), Holder’s
inequality, and (3.14), we have

/Q(f(xa“w V) = f(@, v, V) (uy — vy,) da
+/ (f(z,vy, Vuy) — f(z,v,, Vo)) (v, —v,) do
Q

+ /6 (gl = 9o, ,)) (= v,) do

<alu = vt + [ (7 (2009 (G- 07)) - plo) ) do (111)

+ C2Huﬂ - UMH%,@Q - C3Huu — Upu

cy—cC
< max {Cl’ 2 ¢ 3} lluy — UILHE,Q + 04/0 Uy — v [V (uy —vp)| dz

C2 — C3 Cq
< (max {Cla c } + 5\ ) [y — vy
1,2,8
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Gathering (4.9)—(4.11) together now yields

||“u_vu||g2 < maX{Clvc2_C3}+ = | — vy
' ¢ V1,28

which implies u,, = v, because of (4.7).
(b) Let p > ¢ := 2. Likewise before, the left-hand side of (4.9) becomes

(Ap(uy Uy )y U V) + (A2 (uy) — Az(vu), uy — vpu)
+ C/ |uu‘p - ‘Uu|p_20u) (uy —vy) do
> 2277 |V (s — v, +u||v<uu vl (.12)
+ C/an (\uu|p_2uu — |vu|p_2vu> (uy —v,) do,
while (2.2) entails
/8 ) (\uﬂv’*uu - |v#|p*2vﬂ) (ty — v) do = 2277w, — 0|2 (4.13)

Thus, from (4.12)—(4.13) it follows
<AP(UH (UH) Uy — > + /1'<A2(uu) Ag(’l}#), Uy — 'Uu>
+ C/ |uu‘p - ‘vu|p7 Uu) (uu - Uu) do (4.14)

> 2°" Pllun — Uu”g,p + ﬁ‘”v(“u - vu)”%
As in (a), by applying (U1), (U2), Holder’s inequality, and (3.14), we have for the right-hand side of (4.9)
[ (V) = 702t V) s = 0, d
+ [ (@00 T = £, T0,)) 0, = v,) do

+ /6 (ol ) = gl .)) (= 1) do

< erfluy — vallh + /Q (f <w,vmv (;(uu - vm)) - p(w)) dx (4.15)

+ caluy — Uu”ﬁ,a(z — eslluy, —
Co
< max {Cl, ¢ } [y, — UHHIC)71) + C4/ lup — vl [V (uy — vp)| de
]

— c3lluy, — ”#”g on

< max {cl, CC } l|lw, —

Combining (4.9) with (4.14)—(4.15) yields

C4

+ 7”“# - Uu”g,z - 03”“# - vu”%,aﬂ
VA1,2,8

22_p||uu - Uu”p + |V (uy — Uu)”%

C2 C4
< max {2} = 0l + 2l = 0l = allty = v B

14y
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which directly leads to

_ . C3
2P|, — v, 2, + min {u, Z} it — 02
Co Cq
< max {en 2 s = 0l + 2~ vl

Therefore, if (4.8) is satisfied, then u, = v,,.
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