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1. Introduction

In this paper, we are interested in the study of two nonlocal problems involving
an integro-differential operator of fractional type. More precisely, the fractional
Laplacian in RV as a nonlocal generalization of the Laplace operator denoted by
(—A)* and defined pointwise for z € RY up to normalization factors by

1 w(xr +y) +ulx —y) — 2u(x)

Ay == [ e Iy, 0

takes center in our considerations in terms of two nonlocal problems involving
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one, respectively two positive parameters. Let us mention that in recent years
much attention has been devoted to the study of nonlocal problems of elliptic type
and a lot of papers have appeared both in bounded and unbounded domains, see,
for example, Autuori-Pucci [1], Molica Bisci [15], Molica Bisci-Radulescu [16],
Lehrer-Maia-Squassina [13], Servadei-Valdinoci [21] and the references therein.

Nonlocal operators such as (—A)® naturally arise in a quite natural way in many
different contexts, both for pure mathematical research and in view of concrete
real-world applications, such as, for instance, the thin obstacle problem, opti-
mization, finance, phase transitions phenomena, stratified materials, anomalous
diffusion, population dynamics and game theory, flame propagation, conservation
laws, continuum mechanics, quasi-geostrophic flows, multiple scattering, minimal
surfaces, etc. For more details, we refer to Caffarelli [5], Caffarelli-Vazquez [6],
Chang-Wang [7], Cheng (8], Felmer-Quaas-Tan [11], Hajaiej [12], Lehrer-Maia-
Squassina [13], Secchi [20], Tan-Wang-Yang [22] and the references therein.

Dealing with such nonlocal problems involving (—A)® operator requires a partic-
ular functional framework. We refer the reader to Di Nezza-Palatucci-Valdinoci
[10] and to the references included for a selfcontained overview of the basic prop-
erties of fractional Sobolev spaces.

The purpose of this paper is the study of two nonlocal problems by using two
different approaches. In the first part, we consider the eigenvalue problem for
the fractional Laplacian in RY and using a nonstandard variational procedure we
show the existence of at least one solution corresponding to some positive param-
eter. Additionally, we establish some regularity results for the solution obtained
in terms of global L*-estimates by constructing an iteration scheme to bound
the maximal norm of the solution following Moser’s iteration (see, for example
Drabek-Kufner-Nicolosi [9]). The second part concerns a nonlinear problem with
two parameters involving the fractional Laplacian. The existence and multiplicity
results are proved by applying a variational principle of Ricceri [17]. Let us note
that since the appearance of the abstract result proved by Ricceri in [19] and its
revisited note established in [18] dealing with variational equations in both local
and nonlocal settings, they have been widely investigated and have intensively
been applied for the study of the existence of multiple nontrivial solutions; in
recent years a lot of papers have appeared in the scalar case and for systems of
elliptic equations. In [17], Ricceri obtained a general three critical points theorem,
that has been applied for a class of local integro-differential equations involving
a large class of nonlinearities. We will not mention such applications here since
the reader can easily access to such literature in this regard. In our context, we
are interested in a class of nonlocal integro-differential equations involving two
parameters and nonlinearities with subcritical growth in RY and prove multiple
nontrivial solutions by making use of the variational principle of Ricceri [17].
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2. Preliminaries

Throughout this paper and before defining the natural framework for such two
nonlocal problems involving the fractional Laplace operator (1), namely, a frac-
tional Sobolev-type space, we will denote by || - ||, the Lebesgue norm in L? (R")
and Cg° (]RN ) will be the space of all functions with compact support in RY with
continuous derivatives of arbitrary order.

Let us introduce the function space D* (RN ) as the completion of C°(RY) with
respect to the Gagliardo norm

lu(z
// yIN+2 d ay

R2N

It can be shown that

DS (RN) _ {u c L2 (RN) : [u(z) — u(y)| c L2 (RN v RN)}

| — y[N/2te
and that
|ull2s < Cox[u]s  for all u € D* (RY), (2)
where 27 = 22 5. = c(N) 5&,1__253), cf. Maz’ya-Shaposhnikova [14, Theorem

1] (see also Bourgain-Brezis-Mironescu [2, Theorem 1]). Moreover, the space
D# (RY) is a reflexive Banach space continuously embedded into L* (RY).

The following two lemmas will be used in later considerations, see Brasco-Parini
[3, Lemmas A.1 and A.2].

Lemma 2.1. Let 1 <p < oo and f: R — R be a convex function, then

la = b"*(a = b) [Alf' ()"~ f'(a) = BIf (0) P2 f'(0)]
> |f(a) = FOP*(f(a) = f(b))(A = B),

for every a,b € R and every A, B > 0.

Lemma 2.2. Let 1 <p < oo and g: R — R be an increasing function. Define

Glt) = /t g (s)bds, tER.
Then we have |a — b|P~2(a —b)(g(a) — g(b)) > |G(a) — G(D)|P.

The subsequent Lemma can be found in Autuori-Pucci [1].

Lemma 2.3. For any R > 0 and p € [1,2%) the embedding D*(Bgr) — LP(Bg)
is compact, where B denotes the ball in RY of center zero and radius R > 0.



268 S. El Manouni, H. Hajaiej, P. Winkert / Bounded Solutions to Nonlinear Problems ...

Now, let X be a real Banach space. We denote by Wx the class of all functionals
® : X — R possessing the following property: if (u,),>1 is a sequence in X
converging weakly to v € X and liminf, ,. ®(u,) < ®(u), then (u,),>1 has a
subsequence converging strongly to w.

The following abstract critical point theorem is due to Ricceri [17, Theorem 2].

Theorem 2.4. Let X be a separable and reflexive real Banach space, ® : X — R
is a coercive, sequentially weakly lower semicontinuous C-functional belonging to
Wy which is bounded on each bounded subset of X and whose derivative admits
a continuous inverse on X* and J : X — R is a C'-functional with compact
derivative. Assume that ® has a strict local minimum xo with ®(xy) = J(xg) = 0.
Finally, set

~—

_ J(x) .. J(x) J(x
a = max < 0, limsup , lim sup , p= sup ,
{ lel-r+oo B(2) " ame B() rea-1(0,+00]) B (7)

and assume that o < B. Then, for each compact interval [a,b] C ]%, é [ (with the

conventions % = 400, %o = 0), there exists r > 0 with the following property:

for every X € [a,b], and every C'-functional ¥ : X — R with compact derivative,
there exists o > 0 such that for each p € [0, 0], the equation

'(z) = A\J () + p¥ (z)

has at least three solutions whose norms are less than r.

3. A nonlinear eigenvalue problem

In this section, we consider the following nonlinear eigenvalue problem with a
parameter A > 0

(—A)*u = dw(x)|u|”?u  in RY, (3)
where 0 < s < 1,25 < N,2 < ¢ < 2¢ and (—A)*® is the fractional Laplace

operator given in (1). We suppose the following assumptions on the indefinite
weight function w : RV — R.

(W) there exists an open subset 2 # @) of RY such that w(x) > 0 a.e.in ;

27 2%
(Wy) we L™ (RY) with 7 € [2;iq7yi12’;iq] for some ¢ < v < 27 = 2.

Definition 3.1. We say that u € D* (RY) is a weak solution of (3) if there exists
A > 0 such that

// [u(@) —u@)lle@) =W ;0 A/w(x)yu\ﬂw da (4)
E |

N+2
—y| N
R2N RN

for all p € D* (IRN).
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Our first result concerns the existence of at least one solution to problem (3).

Theorem 3.2. Suppose that 0 < s <1,2s < N, 2 < q < 2%, (W) and (W3) are
satisfied. Then (3) possesses at least one nontrivial weak solution u € D?* (RN)
with

a ([uf? + )
(2 + 2§[u}§:72) /RN w(z)|u|? dz

A:

Proof. Let us consider the functional J : D* (RV) \ {0} — R defined by

/RN w(z)|u|?dx
TR

which is well defined and bounded. Indeed, in view of (W3) and (2), we get

ull, < efulf,

s—4

[ w@lufrds < ol
RN 2%

where ¢; = Cf. ||w|| 22 < oo.
s 2;*(}
On the other hand, since 2 < ¢ < 2% we have

[w]? < [W)? + [u]® for allu € D* (RV).

Hence, it follows that J(u) < ¢; for all uw € D* (RV) \ {0}. Now let

S:=  sup J(u).
0£ue D5 (RN)

We choose g € C5° (RY) such that

sup ¢o(r) > 0,
zeRN

which gives § > Sy with Sy = 1J(¢o) > 0. Let (ug)r>1 € D* (RY) with wy # 0
be such that

J(ug) > S as k — +oo.
Since § > Sy and due to the fact that J(Ju|) > J(u), one can choose
up, >0 and J(ug) > Sy forall k€ N.
Then

*

So ([ur]? + [ur]?*) < erfug]? for all k € N.

S
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Hence there exist constants 0 < A; < Ay < oo such that A; < [ug]s < Ay holds
for all & € N. Then, one can find a subsequence still denoted by (ug)r>1 and an
element u € D* (RY) such that

up —u in D? (]RN).
Taking Lemma 2.3 into account, we obtain that
D? (Br) < LP(Bg)
is compact which implies that
up — u in LP (Bg) forall p € [1,27).

Since RY = UgsoBg, we deduce that u > 0 a.e.in RY. By using Holder’s
inequality and (2), we have for all R > 0 and k € N,
% dx)

/ wug(x)|dx
|z|>R

®

<([ woEse) " ([
lz[>R lz[>R
22 2
< C4, (/ |w(x)|2E-a dx) [ug]?
" \Jlz|zR

2% 2%
< ¢y (/ |w(x)|2E- dx) ,
lz[>R

where ¢; is a positive constant independent of R and k. In addition, we have
25

2 w
‘/ wlu(z)|?dr| < c3 (/ |w(z)| % dx) :
lz|>R lz|=R

for some constant c¢3 > 0 independent of R. This implies that for each ¢ > 0
there exists R, > 0 such that

‘/ wlug(z)|? dx
|z|>Re

hold for all £ € N.
On the other hand, applying Young’s inequality, we get

*

<e and <e, (5)

/ w|u(z)|? dx
|z|>Re

v v(g—1)
v—1 ’t‘ v—1

(wlt]*™) 7T = w(z)
< 2, —q
<=

S

*

w(:v)ﬁ(z’ji—q) +

q ,  vla=D 25

2*’“ vt
s

for a.a. x € B. = {z € R": |z| < R.} and for all t € R. Now ¢ < v implies

v—1 g¢q s
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Hence the Nemytskii operator N}, associated with h(u) = (w|u|¢") 77 is contin-

v(g—1) 23

uous from L T « (B.) in L'(B.). Then we conclude that

v v(g—1) v v(g—1)
/ w(z) v Jug| v dx — w(x) v |u| v dx,

as k — oo. Thus, it follows that w(z)|us|9™" converges to w(x)|u|? in Lv1(B.).
Hence, since L* (B.) C L"(B.), we have w () |uz !~ |ug| converges to w(x)|u|9™"u)
in L'(B.), that is

/ (w(@)|ux]*™ fug| — w(@)|ul*" |u]) dz — 0. (6)
|z|<Re
Finally, in view of (5) and (6), we get
/ w(x)|ug|? de —>/ w(x)|u|?dz . (7)
RN RN
Now, since J(ug) > Sp, we have

[ ol do = Salful + )

> Sp(A7 + AT) > 0.

It follows from (W) that 0 < / w(z)|u|? dz, therefore u # 0 in RY.

RN

By Corollary 3.9 of Brezis [4], from the weak lower semicontinuity of the norm in

D# (RY) and in view of (7), we obtain
/ w|ug|? dx
S = lim sup J(ug) = lim sup JRN

k—s00 k—oo [ug]? + [uk]z

/w\u|qu /w]u\qd:v
= lim sup &Y < RY

koo [ug]2 + [ug]s” ~ lim kij}i([uk]? + fug)2)

Hence, we get

and consequently, we have J(u) = S.
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Let ¢ be a fixed element in D? (]RN ) and consider

1
2

— |N+28

R2N

Due to the fact that u # 0, and the continuity of &, we can find gy > 0 such that
[u+epls >0 forall e € —eg,ep].

Define a function

/ wlu + epl? dr
RN

[+ )2+ [u+epls

ne)=Ju+ep) = £ €] —eg,e0] -

The functions / wlu + ep|?dz, G(e) = [u+ e)? and H(e) = [u + eg]> are
RN
differentiable with respect to €. We therefore have

(e) = 2// (utep)(@) = (ut o) Wlle(®) =W,

|z —y| N
H'(6) = 2[u + e~ / / [(u+ep)(x) —‘(xu _erg‘ﬁ(;?“@(x) —eWl . a.
/ q(G(e) +H(5))/RNw|u—|—5<p|q2(u+€go)g0d:c
i) = (GE + HEP -

(G'(e) + H(2)) / - cpltdr
- G + HE)?

Since zero is a global maximum of the function 7, one has 1’(0) = 0. This implies
that

q(G(0) + H(0)) /RN wlu|"*up dz — (G'(0) + H'(0)) /RN wlu|?dx =0.
Therefore,
0 4 170y — AC0) + H0)

/w]u\q_ngodm.
/w]u|qu R
RN

Finally, we get

[ = 2 sy =3 [ wtallupupds

R2N
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for all p € D? (RN ), where

23
of[ul + [

@+ 2% [ w@urde

This completes the proof. O

A:

(8)

The next result gives, in particular, the boundedness of weak solutions to (3).

Theorem 3.3. Under the assumptions of Theorem 3.2, every weak solution u €

D* (RY) satisfies u € L~ (RY) for any k € [2%, 00].

Proof. For every 0 < € < 1, we define the smooth convex Lipschitz function
fo(8) = (2 + ).

Taking ¢ = ¢ fl(u) as test function in (4) with ¢ € C§° (]RN) being a positive
function gives

[ )= L) OO gy, [ ot i
|$_ |N+25 RN € ’

R2N

Then using Lemma 2.1 with p = 2, we obtain

|3§' _y’NJrQS - RN €

R2N

Since f. converges to f(t) = [t|, and using the fact that |f!(¢)] < 1, then by
Fatou’s Lemma, we get

u(x)] = fu)[[¢¥(x) = ¢(y)] A
/ @ — y[N+2s d:l:dyé)\/RN\me Ydx, (9)

R2N

for all ¢ € C§° (RN ) By density, the last inequality remains true for all ¥ €
D# (RY) with ¢ > 0.

For M > 0, we define the cutoff function wy(z) = inf{u(z), M} of u. Then,
for k& > 0 let us choose ¢ = u2"™ as a test function in (9). Note that 1 €

D (RY) N L*(RY). This yields

_ w2kl 2k+1
[ = B 0 - 0, ¢ / - g,
T RN

_ y|N+2s

R2N

Let g(t) = (inf{t, M})**! to have G(t) = [} ¢'()2 d7,t € R. Then in view of
Lemma 2.2 with p = 2 we get

2]{: 1 k+1 k41
|°T RN

_ |N+25
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Now, in view of (2), we obtain for a positive constant ¢,

2
ca(2k + 1) (k+1)2? %= ~1, 2
_ S < q +1 .
e . Uy dx A . |w||ul uy T de (10)

On the other hand, using (W;), (W) and Hoélder’s inequality we derive

/ |w||u|q_1u?\’}+1 dr < / |w||u|2(k+1)+q—2 dr

RN RN
1
o7

1
s(/ wdx)"(/ |u|"’2<’“+1>|u|"’<q—2>dx>”
RN RN

where c¢5 is a positive constant, n = ﬁ;fq,n’ its conjugate exponent and r =
225y’ r —
%TEQW' Let us remark that 1 <7 <27 and (57)'n'(¢ — 2) = 2;. It follows that

2
/RN |w||u|q_1u?\§+1 dr < cg (/RN |u|r(k+1) dx) v | (1)

for some positive constant ¢g. Hence, combining (10) and (11), there exists a
constant ¢; > 0 independent of M > 0 and k£ > 0 such that

2 2
L\ = k4 1)2 :
/ u V% ) < C7<+_) / | D d )
RN (2k + 1) RN

1
k+1

el sy (12)

that is

E+1

1
U . < Ck+1 -
Nwar || (rg1)2: < cg L

K]

1 )
with ¢s = ¢Z. Since u € D* (RY), hence u € L* (RY), one can choose k; in (12)

such that (k; + 1)r = 2%, that is k; = 27 — 1. Thus

_1
[ES]

lu

_1 kl + 1
sl ey ny2s < g™

(2ky +1)2

9x forall M > 0.

Note that limps o up(z) = u(x). Then, Fatou’s lemma implies

_1
Bl +1

k41
(2k +1)2

1
Juall gy 122 < g™ [|lu

2% -
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Therefore u € Lk1+1)2 (RN ) By the same argument, one can choose ks in (12)

A\ 2
such that (ke + 1)r = (k; + 1) 2%, that is ky = (27) — 1 to have

_1
ko +1

ky 41
(2ky + 1)z

1
ko+1

HlLH(k2+4)2: < ¢ HYLH(k1+J)2§'

By iteration, we obtain k, = (27)” — 1 such that

1
1 k, + 1 Fn 1
HuH(kn+1)2,; S CSkT”Ll m "u"(kn71+1)2; fOI‘ all n e N .
It follows
1
Z?:lﬁ n kjl + 1 ki+1
| (k,, « < c g ulf2x ,
Jwll k+1)2 8 11: 2k 1+ 1)} )|
or equivalently
1
|| || < i1 kr1+1 ki +1 klﬁl - ||
U|| (ky, S C ‘ u|2x
otz =T LU ok + 1)
Since
1 1
1 v+l 1 Vz+1
Ll >1 forallz>0 and lim Ll =1,
(22 +1)z 2200 | (224 1)2

there exists a constant ¢g > 0 independent of n € N such that

. S
=1 /k;+1

A —
HUH(knJrl)Q: < Ca i=1 k2+109

1_7‘i 1_TiT< -1
ki+1 \2¢) " Vk+1 \\V2r) 2 2*

Hence, there exists a constant c;g > 0 independent of n € N such that

where

(13)

for all n € N. Passing to the limit as n goes to infinity we get
2 - (14)
Therefore, due to (13) and (14), we deduce that

uEL””(]RN) forall 27 <k <oo.

[ulloo < crollu
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Proposition 3.4. Let u € D* (RV)\{0} be a weak solution of problem (3) cor-
responding to the parameter A given in (8). Then

1
_(a4=2)\*+
MS_(QZ‘—q) '

Proof. Let u € D* (RY)\{0} be a weak solution of problem (3), that is,

// nyV(fQ)s_ ol 4, dy = A/ w(z)|ul'Pup d

RN
R2N

for all p € D? (]RN ) Taking ¢ = w it follows that

q@ﬁ+mﬁ) AN

[u]? = )\/RN w(z)lul!dx = <2+2* )f]RN 2)|ule da

Hence, a simple calculation gives the result. O

Remark 3.5. Consider the following more general class of nonlinear and nonlo-
cal eigenvalue problems

(=Ay) u = Af(z,u) in RY, (15)
where
CA V(e — 9 lim u(@) — u(y)[P~*(u(z) — u(y))
aum =2k [ i dy,

is the fractional p-Laplacian, 0 < A\, 0 < s < 1 and sp < N. Assume that f is a
Carathéodory function satisfying

(Hy) There exists an open subset 2 # @ of R such that f(x,¢) > 0 for a.a.z € Q
and for all t € R;

(Hy) |f(z,t)| < g(x)ts! for all z € RY and for all t > 0 with p < g < p¥, where
g is nonnegative function such that

g€ Lt (RY) N Lt (RY)

for some constant § € [0,00) and pf = NPT]\L])'

To deal with the problem (15), we shall use the following function space

D (RY) = { u e L% (R) :/ lu(z) _u(y)|pdxdy <ol

|z —y| Ve
R2N
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which is a Banach space under the norm
_ |u(z) — u(y)lP
[U]&p = / dedy
R2N

Here solutions of (15) are always understood in the weak sense, that is, u €
Ds’p (RN ) is a weak solution of problem (15) associated to the eigenvalue A > 0

/ ) e ) =) ey =a [ fteu)ods,

]x — y| N RN

is satisfied for every ¢ € D*? (RY).

One can prove that similar assertions as stated in Theorems 3.2 and 3.3 remain
true concerning problem (15) by the use of the same approach and arguments
similar to those used in their proofs.

Remark 3.6. Another generalization of problem (3) that is of interest can be
given when (—A)* is replaced by any nonlocal integro-differential operator

1

Leulr) = — / e+ y) +ule —y) — @K ) dy x e RY,

along any rapidly decaying function u of class C*° (]RN ), where the positive weight
K : RM\{0} — R* satisfies the following properties:

(Ky) vK € L' (RY) with v(z) = min(|z|?,1);
(Ky) there exists I' > 0 such that K (z) > T'|z|~V*29) for any » € RN\ {0};
(K3) K(z) = K(—=z) for any x € RV\{0}.

In particular, when the kernel K is given by K(z) = |z|~
with the fractional Laplace operator (—A)?®.

If 2s < N (where s € (0,1)), then under an adequate functional framework and
suitable conditions on the right-hand side term, the assertion of Theorems 3.2
and 3.3 should be a generalization of previous results.

(N+25) [ coincides

4. Nonlinear problems with two parameters

We consider the following nonlinear problem with two parameters
(—A)*u = Af(x,u) + pg(z,u) in RY, (16)

where 0 < s < 1, 2s < N, 2 < ¢ < min(r,2¥), A\, > 0 are real parameters,
f,g : RY x R — R are two nonlinearities that have subcritical growth with
respect to t and (—A)?® is the fractional Laplacian operator defined in (1). To be
more precise, we assume that f and g are Carathéodory functions satisfying the
following conditions.
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(F) |f(x,t)| < m(x)|t|7! for a.a. 2z € RY and for all t € R, where m is a positive
function such that m € L227*1 (RM)n L%M (RY) with some & > 0;

(G) |g(z,t)] < h(x)[t]""! for a.a.2z € RY and for all t € R for some nonnegative
function h such that h € L;ﬁ (RM) n L%H (RY)if 1 <r <2,
or |g(z,t)| < h(z)[t|*! for a.a.z € RN and for all ¢ € R with h € L (RY)
it r = 2.

Recall that a weak solution of problem (16) is any u € D* (RY) such that

// |x _ Tf\f(fQ)s_ )] drdy = /RN()\f(x,u) + pg(z,w))pdr, (17)

for all p € D? (]RN).

Now we state our main result of this section about the multiplicity of solutions
to problem (16).

Theorem 4.1. Let 0 < s < 1 with 2s < N and assume (F). Furthermore,
2*

suppose, for 1 <1 < 2 and some positive function p € L7 (]RN) that

)

< M < +oo  uniformly for a.a.x € RN (18)

lim sup
ful =00 P(ff)| "

and

sup / F(z,u)dz >0
RN

ueDs(RN)

where F(z,t) fo (x,€)dE. Set

([ [ lu(z) — u(y)? ‘
) / ’x _ y’N+2s d$dy
0= 5mf el u € D* (RY) / F(z,u)dz > 03 . (19)
/ F(z,u)dz R
RN
\ 7

Then, for each compact interval [a,b] C |0, +oc[, there exists 1 > 0 with the
property: for every A € |a,b] and for every Carathéodory function g satisfying
(G), there exists § > 0 such that for each p € [0, 0] the equation (16) has at least
two nonzero weak solutions in D?* (RN) whose norms are less than ry.

Proof. The functional ® : D? (]RN ) — R defined as

L[ [ Julz) —u(y)P
o0 =g [ e e
R2N
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is well defined and coercive. By Lemma 3.2 of Autuori-Pucci [1] we know that ®
is continuous, Gateaux differentiable and belongs to C*((D* (RY) ,R) with

W) = [ L= 0lole) — o0 o,

|(L’ _ y|N+25

R2N

for all u, p € D* (RN ) Moreover, ® is weakly lower semicontinuous by Corollary
3.9 of Brezis [4] and it is clearly bounded on each bounded subset of D* (]RN )
Finally, by using Theorem 26.A of Zeidler [23]|, we deduce that & admits a
continuous inverse on (Ds (RN ))* This implies that ® € Wpsgn). We define
the functional J : D* (]RN) — R by

From (F) it follows that

1
|F(2,t)] < —m(z)|ul? for a.a.z € RY and for all ¢ € R.
q

Then, by standard argument, F is in C! (RN X R), hence we see that J is well
defined and continuously Gateaux differentiable with

J (u)v = f(z,wyvdz for all u,v € D* (RY).
RN

Let us prove that J' is a compact map from D* (RY) to (D* (RY))*. Indeed, let

(ur)k>1 be a sequence in D? (RN ) which converges weakly to u. On one hand, in

. .. , . . . 2% 2% .
view of Holder’s inequality, (2) and since 5T < 3iogy We obtain

*
2:—q

2% 2%
/ fx,u)vdr < C3. (/ |m |25 dm) ][],
|lz|>R |z|>R

for all u,v € D? (]RN) and for all 0 < R < 4o0. Since (ug)r>1 is a bounded
sequence, this implies for any € > 0 the existence of R. > 0 such that

/| . flz,up)vdr <e and /|| . flz,u)vde <e (20)
z|>Re T|>Re

holds for all k.

On the other hand, let 6; =1+ 2:2;’1(5. Applying Young’s inequality gives

2% — 25 2%
701 < (@) 00 < 2@ 5+ O

s
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for a.a.z € B. = {x € RY : |z| < R.} and for all t € R. Note that

2% 2% 27
f— = —— 14, (q—l)«915<2: and 6] < 2!

01* - *
2 —q 2t —q

25

* 2:
(2:—9)(25-1)

<0< G=ED

for some 0 > 0 such that with 6] being the conjugate

exponent of ;.
Hence, in view of Lemma 2.3, we conclude that the Nemytskii operator N 01

23
associated with f% is continuous from L'V (B.) in L'(B.) and that
/ 0 (z,up,) do — O (2, u) de .
|$|<Rg |1"<R6

This implies that f% (x,u;) converges to f% (x,u) in L'(B.). Taking L% (B.) C
L% (B,) into account, we get that f(z,uz)v converges to f(x,u)v in L'(B.), that
is

/|<R (f(x,ug) — f(z,u))vder — 0, (21)

for all v € D* (RY). Finally, in view of (20) and (21), there holds

f(z,up)vde — flz,uw)vde.

RN RN

Therefore J' is a compact operator. We claim that

, J(u)
lim su <0.
o ®(u) =

For all u € D* (RY) \{0} we have

q . q
o) _ 2 fou Mgl el
w) g QWi T [

Then, using again (2), we obtain

sy _ 2, I
B g H T

Consequently, since 2 < ¢ we infer for € > 0 small enough

. J(u) 2
l < _Oq*
imsup =+ < %

ml s €. (22)
u—0 ( ) 25—q

Next, let us prove that

=
S

lim sup
[u]s—o0 (u)
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Indeed, using (18), there exists A > 0 such that
|F(z,u)| < Mp(x)u|” for all |u| > A,

where 7 < 2 and M > 0. Then, using Hoélder’s inequality and (2), we obtain for
each u € D* (RV) \{0}

J(u) 2 fRN(|u|>A) F(z,u)dx N 2 fRN(\uISA) F(z,u)dx

®(u) [u]2 ]2
< 2M fRN(|u\>A) p(@)|ul" dz N ZfRN(MSA) m(x)|u|ldx
a [u]? q [u]?
2MC3,

pHLQtQ%[U]s N 2Aq—1 fRN(\u|§A) m(x)|u’dgj

= 2 : ]2

23
Since m € L%E-1 (]RN) and by using (2), we have

2MC73. 2 |Uly _ 2r |Us
sy PRI s W o g, Il e o
o =T R TR T

Consequently, this yields

J(u) 2MC2§ HIOHLQ;?% QAqflcfQ* 23? .
< 5= + =
®(u) [u3" q [u]s
Therefore, since 7 < 2 we obtain
. J(u) ~1 pAT?
limsup —= < 205 | MC3. : + ml » |e. 23
i B() = (MCE ol g+ 2l )

Finally, in view of (22) and (23) and since € > 0 is arbitrary chosen, we have

max < lim sup J () , lim sup M <0
fusroo P(1) " w0 ()

Now the proof of Theorem 4.1 will be accomplished by applying Theorem 2.4.
Indeed all the assumptions of Theorem 2.4 are satisfied with o = 0 and g = %,
where 6 is as in (19) and choose [a, b] C]6, +00[. Moreover, the functional

(u) = 1/RN h()|ul” da

r

is well defined and continuously Gateaux differentiable in D* (RN ) and one has

U (u)p = /RN h(z)|u|"Pupdz for all u,p € D* (RY).
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As shown for J, we can prove in the same way that ¥’ is compact. Therefore,
there exists r > 0 such that for every A € [a,b] we can find o > 0 verifying the
following condition: for each p € [0, 0], the functional & — AJ — p¥ has at least
three critical points, which are precisely weak solutions of problem (16) whose
norms are less than 7.

This yields the assertion of the theorem. [

Proposition 4.2. Let the assumptions of Theorem 4.1 be satisfied. Then, for
any solution u of problem (16) there holds u € L° (RN) for all 2¥ <o < o0.

The proof follows by adapting the same iteration scheme as in the proof of The-
orem 3.3. Few details, due the condition assumed on h, may be given to bound
the maximal norm of solutions.

Remark 4.3. (i) Let us remark that in the proof of Theorem 4.1, the choice of
the values of the positive constant ¢ does not affect on the condition imposed
on the function f.

(ii) Problems like (16) can be generalized for a more general class of fractional
operators. Namely, by considering problems driven from the fractional p-
Laplacian defined in Remark 3.5, the assertion in Theorem 4.1 holds true
under some suitable conditions and variational setting.

Acknowledgements

The first author gratefully acknowledges the financial support of the German
Academic Exchange Service (DAAD).

References

[1]  G.Autuori, P. Pucci: Elliptic problems involving the fractional Laplacian in RN,
J. Differential Equations 255(8) (2013) 2340-2362.

[2]  J.Bourgain, H. Brezis, P. Mironescu: Limiting embedding theorems for WP when
s T 1 and applications, J. Anal. Math. 87 (2002) 77-101.

[3] L.Brasco, E.Parini: The second eigenvalue of the fractional p-Laplacian, Adv.
Calc. Var. 9(4) (2016) 323-355.

[4]  H.Brezis: Functional analysis, Sobolev spaces and partial differential equations,
Springer-Verlag, New York (2011).

[5] L. Caffarelli: Surfaces minimizing nonlocal energies, Atti Accad. Naz. Lincei CL
Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 20(3) (2009) 281-299.

[6] L. Caffarelli, J. L. Vazquez: Nonlinear porous medium flow with fractional potential
pressure, Arch. Ration. Mech. Anal. 202(2) (2011) 537-565.

[7]  X.Chang, Z.-Q. Wang: Ground state of scalar field equations involving a fractional
Laplacian with general nonlinearity, Nonlinearity 26(2) (2013) 479-494.

[8] M. Cheng: Bound state for the fractional Schrodinger equation with unbounded
potential, J. Math. Phys. 53 (2012), 7pp.



S. El Manouni, H. Hajaiej, P. Winkert / Bounded Solutions to Nonlinear Problems ... 283

[9] P.Drabek, A.Kufner, F.Nicolosi: Quasilinear elliptic equations with degenera-
tions and singularities, Walter de Gruyter, Berlin (1997).

[10] E.Di Nezza, G.Palatucci, E.Valdinoci: Hitchhiker’s guide to the fractional
Sobolev spaces, Bull. Sci. Math. 136(5) (2012) 521-573.

[11] P.Felmer, A. Quaas, J. Tan: Positive solutions of the nonlinear Schrodinger equa-
tion with the fractional Laplacian, Proc. Roy. Soc. Edinburgh Sect. A 142(6) (2012)
1237-1262.

[12] H.Hajaiej: Existence of minimizers of functionals involving the fractional gradient
in the absence of compactness, symmetry and monotonicity, J. Math. Anal. Appl.
399(1) (2013) 17-26.

[13] R.Lehrer, L.A.Maia, M. Squassina: On fractional p-Laplacian problems with
weight, Differential Integral Equations 28(1-2) (2015) 15-28.

[14] V.Maz’ya, T.Shaposhnikova: On the Bourgain, Brezis, and Mironescu theorem
concerning limiting embeddings of fractional Sobolev spaces, J. Funct. Anal. 195(2)
(2002) 230-238.

[15] G.Molica Bisci: Sequences of weak solutions for fractional equations, Math. Res.
Lett. 21(2) (2014) 241-253.

[16] G.Molica Bisci, V. Radulescu: Multiplicity results for elliptic fractional equations
with subcritical term, NoDEA Nonlinear Differential Equations Appl. 22(4) (2015)
721-739.

[17] B.Ricceri: A further three critical points theorem, Nonlinear Anal. 71(9) (2009)
4151-4157.

[18] B.Ricceri: A three critical points theorem revisited, Nonlinear Anal. 70(9) (2009)
3084-3089.

[19] B.Ricceri: On a three critical points theorem, Arch. Math. (Basel) 75(3) (2000)
220-226.

[20] S.Secchi, Ground state solutions for nonlinear fractional Schrédinger equations
in RN J. Math. Phys. 54(3) (2013) 17pp.

[21] R.Servadei, E. Valdinoci: Mountain pass solutions for non-local elliptic operators,
J. Math. Anal. Appl. 389(2) (2012) 887-898.

[22] J.Tan, Y.Wang, J.Yang: Nonlinear fractional field equations, Nonlinear Anal.
75(4) (2012) 2098-2110.

[23] E.Zeidler: Nonlinear Functional Analysis and Its Applications. I1/B, Springer-
Verlag, New York (1990).



