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Abstract

We consider a nonlinear Lienard-type system driven by a nonlinear, nonhomogeneous
differential operator and a maximal monotone map. On the Carathéodory perturbation
we do not impose any global growth condition. Instead we employ a Hartman-type
hypotheses. Using tools from fixed point theory and the theory of operators of mono-
tone type, we prove two existence theorems.
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1 Introduction
In 1960, Hartman [4], see also Hartman [5], proved that the semilinear Dirichlet system
u’(t) = f(t,u()) onT =[0,b], u(0) =u®)=0

with f : T x RY — RN being continuous, admits a solution provided that there
exists M > 0 such that

(f(t,x),x)gy >0 forall r € T and for all x € RV with |x| = M.
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Later, Knobloch [6] extended the result to semilinear periodic systems under the
assumption that the vector field f : T x RY — R¥ islocally Lipschitz. More recently,
Mawhin [8] extended the results of Hartman and Knobloch to nonlinear systems driven
by the vector p-Laplacian and having a continuous vector field f : 7 x RY — RV,

In this paper we go well beyond the aforementioned works and deal with the fol-
lowing nonlinear system:

a (u’(t))/ + %VG(M([)) € Alu(t)) + f(t,u(t)) foraa.t e T =[0,b],
u € BC,

(1.1)

where we mean by u € BC that u satisfies one of the following boundary conditions

e Dirichlet condition: u(0) = u(b) = 0;
e Neumann condition: u’(0) = u'(b) = 0;
e Periodic condition: u(0) = u(b), u’(0) = u’(b).

We will do the proof for the periodic problem and the same reasoning, in fact in a
simpler form, applies also to the other two boundary conditions.

In problem (1.1), the mapping @ : RN — R is a suitable homeomorphism, in
general nonhomogeneous, which includes many differential operators of interest as
special cases such as the vector p-Laplacian. For G we suppose G € C>(RV, R) and
on the right-hand side of (1.1), A : RNV — 2R" is a maximal monotone map and
f : T xRN — RV is a Carathéodory perturbation, that is,  — f (¢, x) is measurable
forallx € RN andx — f(t, x) is continuous for a.a.t € T. We do not assume that the
domain of A is all of R and this incorporates in our framework systems with unilateral
constraints, namely differential variational inequalities. Moreover, we do not impose
any global growth condition on the perturbation term f (¢, -). Instead we employ the
Hartman-type condition mentioned in the beginning of the paper. The particular form
of (1.1) classifies the problem as a nonlinear Lienard system, see Hartman [5, p. 179].

Our approach uses tools from fixed point theory and from the theory of nonlinear
operators of monotone type.

2 Preliminaries and hypotheses

Let X be a reflexive Banach space, let X* be its topological dual and denote by (-, -)
the duality brackets for the pair (X*, X). We say thatamap A : X — 2%" is monotone
if

(W —x*,u—x)=0 forall (u,u*), (x,x*) € Gr A,
where

GrA={@v")eXxX":v"eAW)]}
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Nonlinear systems with Hartman-type perturbations 391

denotes the graph of A. If A satisfies

(* —x*,u—x)>0 forall (u,u®), (x,x*) € Gr A withu # x,

then we say that A is strictly monotone. Finally we say that A : X — 2% * is maximal
monotone if

(u* —x*,u—x)>0 forall (u,u*) € GrA implies (x,x*) € GrA.

This means that Gr A is maximal with respect to inclusion among the graphs of all
monotone maps. By D(A) we denote the domain of A, that is,

D(A)={ueX:Au) #0}.

For a maximal monotone map A we have that Gr A is sequentially closed in Xy, x X*
and in X x X3

Now, let H be a Hilbert space. We identify H with its dual by the Fréchet—Riesz
theorem, thatis, H = H*. Let A : H — 2H be a maximal monotone map. For A > 0
we define the following single-valued maps

Resolventof A: J, = (I +24)7 ",

1
Yosida approximationof A : A, = XU — Ll

The next proposition summarizes the main properties of these two operators.

Proposition 2.1 If A : H — 2/ is a maximal monotone map and ) > 0, then the
following hold:

(a) J, : H — H isnonexpansive, thatis || J, (u) — J,(x)|| < llu—x| forallu,x € H;

d) A)(u) € A(Jy(w)) forallu € H;

(c) Ay is monotone and | Ay (u) — A(x)|| < %Hu — x| forallu,x € H;

(@) AL < |A°@)|| = min {[lu*] : u* € A(u)} and A;(u) — A®(u) as k. — 0F
forallu € D(A);

(e) D(A) is convex and J, (u) — proj (u; m) forallu € H.

Remark 2.2 The maximal monotonicity of A implies that A(u) € H is nonempty,
closed and convex for all u € D(A). Therefore, the minimal norm element A°(x)
exists. Moreover, D(A) is convex and so the metric projection proj(-, m) is well-
defined. For more about maps of monotone type we refer to Papageorgiou—Winkert

[9].

Suppose that V, Z are Banach spaces and let K : V — Z. We introduce the
following two notions:

e We say that K is completely continuous if

Up —> v inV implies K(v,) — K(v) in Z.
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392 N.S. Papageorgiou, P. Winkert

e We say that K is compact if it is continuous and maps bounded sets in V to
relatively compact sets in Z.

From the fixed point theory, we will use the Leray—Schauder Alternative Principle
which says the following.

Theorem 2.3 If V is a Banach space, K : V — V is a compact map and
S={veV:v=uKW) forsomeO < u < 1},

then one of the following two statements is true:

(a) S is unbounded;
(b) K has a fixed point.

By pu : RN — RN with M > 0 with denote the map

u if lul <M,

PMUD =Y M i g

Jue]
for all u € RY, where we denote by |u| the Euclidean norm of u for every u € RV . It
is easy to see that the map p,, is nonexpansive.

For notational simplicity, we will write W17 with 1 < p < oo for the space
WP (0, b), RN) and by | - || we will denote the norm of W7 defined by

1
lull = (lullh + ' I15)?  forall ue WP,

Given a function f : T x RN — R" we denote by N r the Nemytskij operator
corresponding to f defined by

Nyu)() = fC,u(-) forall ue Whr.

Now we introduce the hypotheses on the data of (1.1).

H(a): a : RY — R¥ is a strictly monotone, continuous map such that a(0) = 0,
a(y) = c(lyhy forall y e R¥\{0}

with a continuous function ¢ : (0, +00) — (0, 4+00) and there exist ¢cg > 0
and 1 < p < oo such that

colyl” < (a(y), y)gv forall y e RV,
Remark 2.4 Evidently, a is maximal monotone. Furthermore, a is a homeomorphism

onto RN and |a~!(y)| — 400 as |y| = +o0. We stress that no growth condition is
imposed on a.
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Nonlinear systems with Hartman-type perturbations 393

Example 2.5 The following maps satisfy hypotheses H(a):

a(y) = |y|P~%y with 1 < p < o0,
a(y) = [y[P2y +|y|? 2y with | < ¢ < p < oo,
-2

r

a(y) =[1+1yl*] * y with 1 < p < oo,
a(y) = [ceb"p — 1] ly|P~2y with 1 < p < oo and ¢ > 1,

for all y € RV, The first map corresponds to the vector p-Laplacian and the second
one to the vector (p, g)-Laplacian.

The assumptions on G read as follows:

H(G): G € CERY,R) and VG (x) = go(|xDx forall x € RN with go(r) > 0 for all
r > 0.

Remark 2.6 As mentioned before, we do not assume any global growth condition on
the function G.

Example 2.7 The following maps fulfill H(G):

o G(x) = Lx|" with 2 <r < o0,
o G(x) = %lxl’ + $|x|q with 2 < g <r < o0,

¢ Gx)=1 [elﬂz - 1] ,
forall x € RV,
Finally, we can state our assumptions on A : RV — 28" and £ : T x RN — RV,

H(A): A:RY — 2B is a maximal monotone map with 0 € A(0);
H(f): f:T x RY — RY is a Carathéodory function such that

(1) for every n > 0 there exists a; € L?(T) such that
|f(t,x)| <ay(t) foraa.t e T andforall x| < n;
(i1) there exists M > 0 such that
(f @, x), x)gy =0

fora.a.r € T and for all x € RY with |x| = M.

3 Existence of solutions
For h € L' (T, RY) we consider the following system

—a (W' ®) + u@®P2u' (1) = h(r)  foraa. reT,

, , (3.1)
w(0) = u(b), u'(0) = u'(b).
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394 N.S. Papageorgiou, P. Winkert

Proposition 3.1 If hypotheses H(a) hold, then problem (3.1) has a unique solution
K (h) € CY(T,RN) for every h € L' (T, RVM).

Proof Note that
b
/ [h(t) _ |u(r)|!’—2u(t)] di = 0.
0

The existence of a solution K (k) € C'(T,RVM) follows from Theorem 5.3 of
Manasevich—-Mawhin [7]. The uniqueness of this solution is a consequence of the
strict monotonicity of the maps

RY 5y > a(y) and RN 5x — |x|"%x.

O

Remark 3.2 The above proposition is stated in a little more general form than we will
need it here. Indeed, it is enough to consider / € LZ(T, RM), see hypothesis H(f)(i).
However, when D(A) = RY then we can have ay € L'(T), in hypothesis H(f)(i)
and so we use Proposition 3.1. For the Dirichlet problem, on account of the Poincaré
inequality, we consider instead of (3.1) the following problem

—a (') = h() foraa reT,
u(0) = u(b) = 0.

Then, the existence and uniqueness of a solution K (h) € C (T, RN) follows from
Theorem 5.1 of Manasevich—Mawhin [7].

Now we can define the solution map K : LY(T,RY) - c'(T,R") and obtain
the following property of this map.

Proposition 3.3 If hypotheses H(a) hold, then K is completely continuous.

Proof Let h, % hin LY(T,RV) and set u, = K (h,) for all n € N. We have for
neN

—a (u,()) + lun ()P "2up(t) = hy(r) foraa. teT,

; ! 3.2)
1, (0) = u,(b), u,(0) = u, ().

We take the inner product with u,, (¢), integrate over T = [0, b] and perform integration
by parts. This leads to

b
/ (a(uy), u))gndt + llully < cilluy| for some ¢; > 0 and forall n € N.
0

Taking hypotheses H(a) into account gives

collupllp + llunlly < ctllun|l forall n e N.
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Nonlinear systems with Hartman-type perturbations 395

Therefore, the sequence {u,},~1 € W7 is bounded and since W!'-? < C(T,R")
is compactly embedded, we conclude that

{un}n>1 € C(T, RN) is relatively compact. (3.3)

From (3.2) we have

t
@) = ati,0) + [ [0 =P 2ue]as G

forall t € T and for all n € N. This gives

t

w0 =a! [a(u;<0))+ [ [ = a1 2000 ds}
0

forallt € T and for all n € N. If
t
k) = fo [110(5) = 1uta (5)17 2 () | ds

forn € N, then {k,,}peny € C(T, RV) is bounded. Moreover, note that fot u, (t)dt =0
for n € N. Therefore, Lemma 3.1 of Mandsevich-Mawhin [7] implies that

{a(un(0)}nen € RY is bounded.
Then, from (3.4) and the Arzela—Ascoli theorem, we infer that
{a(u;l(~))},1€N C C(T, RN) is relatively compact. (3.5
Leta~!:C(T,RY) - C(T,R") be defined by
a ') =a Yu()) forall u e C(T,RY).

Evidently, a~! is continuous and bounded, that is, it maps bounded sets to bounded

sets. Hence, from (3.5) we have
(Ul }nen C C(T,RY) is relatively compact. (3.6)
From (3.3) and (3.6) it follows that
{uptnen C CI(T, RN) is relatively compact.
We may assume, at least for a subsequence, that

u, — u in CY(T,RY). 3.7)

@ Springer



396 N.S. Papageorgiou, P. Winkert

We have
b b b
/ (a(u;,), v )pndt +/ |un|”_2(un, V)pndt :/ (hy, vV)prdt (3.8)
0 0 0

forall v € WI-? and for all n € N. From (3.7) and the continuity of a, we obtain
la(u, ()] < c2

for some ¢; > 0, for all € T and for all n € N. So, if we pass to the limit in (3.8) as
n — 00, then one has

b b b
/ (a(u'), v)pndt + / P2 (u, v)grdt = / (h, v)pndt
0 0 0

forall v e WP, Hence, u = K (h).
Therefore, we obtain for the original sequence that

up = K(hy) > K(h)=u inCY(T,RY),

which shows that K : LY(T,RY) - (T, RV) is completely continuous. O
Remark 3.4 In particular, we obtain that K : L>(T,RY) — C (T, R") is completely
continuous and then, due to the reflexivity of L2(T, RN ), we have that K is compact,

see Papageorgiou—Winkert [9, Proposition 3.7.7].

Forevery A > 0, let Ay Whe - L*(T,RY) be defined by A;L(u)(-) = A, (u(")).
In fact, A is L°°(T, RN)-valued. Then, let Ny : WP — L2(T, RN) be defined by

Ni() = — Ay () = Ny (par () + [op )17 ppr (u) + VG (py (w)).

The following proposition is an immediate consequence of the properties of A;, see
Proposition 2.1, and of the hypotheses H(G) and H(f).

Proposition 3.5 If hypotheses H(A), H(G) and H(f) hold, then N, : W'’ —
L2(T, RN is continuous.

From Propositions 3.3 and 3.5 we easily conclude that the map K o N : WP —
WP is compact. We define

sz{uer’P: = (K o Ny)w), 0<u<1}.

Proposition 3.6 Ifhypotheses H(a), H(A), H(G), H(f) hold and A > O, then S, € W'-?
is bounded.
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Nonlinear systems with Hartman-type perturbations 397

Proof Letu € S;. Then %u = K (Ny.(u)) and so

1 ! 1
—a (—u’) + : lu|P~u
® 2

A d
= — Ay () = Ny (o)) + 1oy @) [P~ par () + EVG(,OM(U)) (3.9

with #(0) = u(b) and v’ (0) = u'(b).

Claim: |u(f)| < M forallt € T
Letr(t) = %lu(t)|2f0rallt € T.Thenwecanfind#y € T suchthatr(fy) = maxr r.
Arguing by contradiction, suppose that

(t0) L
r > — .
=5

First we assume that ¢ty € (0, b). Then

r'(to) = (u'(10), u(to))gn = 0. (3.10)

Let t; € [0, t9) be such that |u(#;)| = M and |u(t)| > M for all (¢, t9]. Then

—a<lu’(t)> + l_llu(t)l”’zu(t)
2 up

o d
= —A; () — £, puu(®)) + |op @) P2 ppr (u(r)) + ZVG(PM(U(I)))
for a.a.r € T. This implies

4 (a (lu/(t)> u(t)) + (a <lu’(t)> b/(t)) + ! lu(t)|P
dt m ’ RN w ’ gy P!

= — (A (), u(t))pn — %(f(t, om (1)), py (u(t))) gy

+ Ju)| M+ (diVG(,OM(M(f))), u(t)) (3.11)
t RN

fora.a.r € [t1, tp]. Since A, is maximal monotone, see Proposition2.1,and A, (0) = 0,
see hypotheses H(a), we have

— (Ax(u@)), u(t))gy <0 forallt eT. (3.12)

Furthermore, taking hypothesis H(f)(ii) into account, we obtain

Ju(@)]
M

(f @, pmu@)), pm(u))py =0 forallz € [11, 10]. (3.13)
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398 N.S. Papageorgiou, P. Winkert

Finally, applying hypotheses H(G), we have

d
(d—VG(pM (u(1))), u(t)>
RN

'”(’)'( VG oy (1)), (u(t)))
7\ 77 VG o om "
'”](V;)' [— (VG (ot (u(®))), pag () (3.14)

d
(VG(pM(u(t))) pM(u(t))) ]
RN

_ lu@
dt

d
[ = (g0 m?) - go(M)ElpM(M(I))Iz] =0

for all t € [t1, tp]. We return to (3.11) and apply (3.12), (3.13), (3.14) and hypotheses
H(a). This gives

|u<r)|[ ()P MP‘] <2 (a (lu/m),u(r))
dt M RN

fora.a.t € (t1, tp] and so, since 0 < u < 1,

0< 4 (a <lu/(t)) , u(t)) fora.a. t € (11, ty).
dt y2 RN

Therefore, the function
1 /
t—>lal|l—u(@)]),u)
W RV

is strictly increasing on (1, fo]. Hence, we have

<a (lu'(t)) ,u(t)) < (a <lu’(to)> , u(to)> for all ¢ € (11, to).
w RN 128 RN

Based on hypotheses H(a) and (3.10) we obtain

1 /! / l / /
c (;Iu (f)l) (' (@), u(®))gn <c (;Iu (to)l) (' (10), u(10)) v = 0.

Thus, r'(t) < O forall t € (11, tp).
Finally we have

M? < r(ty) < r(n) = M2,
a contradiction.
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If to = 0 or tg = b, then r(0) = r(b) and r'(0) < 0 < r/(b). But
r'@) = (' @), u®))py forallzeT,

which implies '(0) = r’(b) = 0 and so the previous argument applies. This proves
the Claim.

Next we act on (3.9) with u, perform integration by parts and use hypotheses H(a),
H(G), H(f)(i) and the Claim. This gives

P [co H,/Hﬁ + ||u||§] < c¢3 forsomec; > 0andforall u € S.
m

Recall that 0 < i < 1, we see that § C W17 is bounded. |

For A > 0 we consider the following approximation to problem (1.1)

(u (t)) + d VG(u(t)) =A,(u()) + f(t,u(t)) foraa. teT =][0,b],
u(0) = u(b), u'(0) = u'(b). (3.15)

Proposition 3.7 Ifhypotheses H(a), H(G), H(A), H(f) hold and let A > 0, then problem
(3.15) has a unique solution i) € cl(T,RN).

Proof The compactness of K o Nj : W-? — WP and Proposition 3.6 permit the use

of the Leray—Schauder Alternative Principle stated as Theorem 2.3. So, there exists
i € WP such that

i = (K o Nj) (LAt)L) .
This gives
i, e C/(T,RY) and |0;(1)| <M forallt €T,

see the proof of Proposition 3.6. Then pjps (i, (¢)) = u,(¢) and so we conclude that
i, € CH(T,RN) is a solution of (3.15), see (3.9) with . = 1. o

Leta: L2(T,RY) — 2L (TRY) pe defined by
a(u) = {19 e LA(T,RY): 9(1) € A(u(r)) foraa. 1 e T} .

Since 0 € A(0) we see that D(a) # ). From Brézis [2, p.21] we have the following
result.

Proposition 3.8 If hypotheses H(A) hold, then a is maximal monotone.

Now we are ready to produce a solution for problem (1.1).
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400 N.S. Papageorgiou, P. Winkert

Theorem 3.9 If hypotheses H(a), H(G), H(A), H(f) hold, then problem (1.1) has a
solution i € CY(T,RM).

Proof Let A, — 0" andleti, = i, € CH(T,RN) for n € N be a solution of (3.15)
based on Proposition 3.7. From the proof of Proposition 3.6, see the Claim in that
proof, we have

|ﬁ,,(t)| <M forallt € T and forall n € N. (3.16)

From (3.15) it follows that

196 (i)

Mdt,
dt

b b b
/ (a (a,;),ﬁ;,)Rthgf |f(t,ﬁn)|Mdt+/
0 0 0

where werecall that A, ismonotone, A, (0) = 0and see (3.16). Applying hypotheses
H(a), H(G) and H(f)(i) leads to

co Hﬁfl H§ < c¢3 for some ¢z > 0 and forall n € N.

Therefore, the sequence {ii,},ey € LP(T,RY) is bounded and so it is {fin}nen C
WP, see (3.16). So, by passing to a subsequence if necessary, we can say that

A WA . A A .
ip >4 inWYP and 4, - 4 in C(T,RY).

Now we take the inner product with Ay, (i1, (7)) in (3.15) and integrate over T = [0, b].
After integration by parts and by applying hypotheses H(G), H(f)(i) and (3.16), we
obtain

b

/ (a @). La,, (un)) di + [ Ay, )5 < e [Ar, )], B17)
0 dt RN

for some ¢4 > 0 and for all » € N.

The map x — A;,(x) for n € N is Lipschitz continuous from R into R".
So, by the Rademacher theorem, see Evans—Gariepy [3, p.81], we know that A;, is
differentiable at all x € RV\D,, with | D, |y = 0, where | - |y denotes the Lebesgue
measure on RY . Then, since A;, is monotone, we have for all x € RV\D, and for
every h € RV,

(A;Ln(x—i—rh)—A;\n(x)’h) > 0.
T RN

This implies

(A}, Oh, 1)y > 0. (3.18)
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Nonlinear systems with Hartman-type perturbations 401

Then, from the chain rule for Sobolev functions, see Papageorgiou—Winkert [9, The-
orem 4.5.18], we have

%AM (1)) = A}, (1 (2)) i, (t) foraa.reT. (3.19)

Applying (3.19), hypotheses H(a) and (3.18) gives

b N d )
fo (a (i) La,, (un))RN dr
b
_ /O (a (@,0)) AL, (dn) ),y dr
b
:/0 c(|un|) (”n’Akn(”n)”n>RN dr > 0.

Returning to (3.17) and using (3.19) we obtain
2
| As, ) |5 < ea | As, )|, foralln €N,
which shows that

{Akn(un)} = {40, ()}, 0y € L2 RY) s bounded.

ne neN —

So, we may assume that
Ay, (@n) >y in LA(T,RY), (3.20)
From (3.15) we have
1 ! d
u,(t) =a” <a(u;(0)) +/0 |:A,\n (@2()) + f (s, l1n(s)) — EVG (ﬁn(s))i| ds)
(3.21)

for all n € N. We set
! d
00 = [0, @09 + 7 (511006) = V6 (0,6)) | s

forallt € T and for all n € N. The Arzela—Ascoli theorem implies that
{gn}en € C(T, ]RN) is relatively compact.
Therefore, invoking Lemma 3.1 of Manasevich—-Mawhin [7], we infer that

{a(u; ON}a=1 S RY is relatively compact.
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402 N.S. Papageorgiou, P. Winkert

Recall that the map a~—! : C(T,RY) — C(T,RV) defined by a~'(u)(-) = a~ ' (u(-))
is continuous. Thus, from (3.21) it follows that

{12;1 }neN C C(T, RN) is relatively compact
and because of the compact embedding wlpr s C(T,RM),
{in }HGN c (1, RY) is relatively compact.
So, we have

i, — i in CH(T,RY). (3.22)

In the limit as n — 00, we obtain

b b d
— i) d;/—VGA, dt
[ @@ ewars [ (Gv6 @) .0)
b b
= / (v, v)gndt —i—/ (f(t.a), U)RN dt forallve WhP,
0 0
see (3.20) and (3.22). Therefore,
a o d N N
a(a'@) + EVG(M(I)) =vy(@)+ f(t,4(t)) foraateT,
1(0) = a(b), i'(0) =a'(b).
We will be done if we can show that y(z) € A(u(z)) fora.a.t € T.

Let f;w (i) () = Iy, (i, () for all n € N. From Proposition 2.1 and the chain rule
for Sobolev functions we have that JAA" (i) € W2 forall n € N and

{JA)W (ﬁn)} N - W12 is bounded.
ne

So, we may assume that J; , (tn) = win W2 and because of the compact embedding
wl2 — C(T,RV),

S, (fin) = w in C(T,RY), (3.23)
We know that
oy (lin) + dnAs, (f1y) = iy forall n €N,
which implies w = #, see (3.23) and (3.22). Also, from (3.23) we see that

Sy (@tn) — @ in C(T,RY). (3.24)
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Moreover, we have
A () € a (J}n (u,,)) forall n € N, (3.25)

see Proposition 2.1. From Proposition 3.7 we know that a is maximal monotone. So,
the graph of a is sequentially closed in L>(T, RV) x L>(T, RY),,. From (3.20), (3.24)
and (3.25) we have y € a(u). This means that

y(t) € A(a(t)) foraa reT.

Therefore, i € C1(T, RY) is a solution of problem (1.1). m]

When D(A) = RY we can avoid the approximation by problem (3.15) and can
also relax a little hypothesis H(f)(i).
Now, the hypotheses on the map A are the following.

H(A): A : RN — 2RY is a maximal monotone map such that D(A) = R and
0 € A(0).

Remark 3.10 In this case we know that A has nonempty, compact and convex values
and as a multifunction it is upper semicontinuous from R” into R¥, see Papageorgiou—
Winkert [9, Proposition 6.1.13].

The more general conditions on the perturbation f : T x RV — RY read as
follows.

H(): f:T x RN — RY is a Carathéodory function such that

(1) for every n > 0 there exists a;, € L'(T) such that
|f(t,x)| <ay(t) foraa.t e T and forall |x| <n;

(i1) same as hypothesis H(f)(ii).

The method of the proof remains the same. Only since we work directly on the
inclusion problem (1.1) and do not pass first from its single-valued approximation
(3.15), we do not use Theorem 2.3, but its multivalued counterpart due to Bader [1].
Then we can have the following existence theorem.

Theorem 3.11 If hypotheses H(a), H(G), H(A) and H(f) hold, then problem (1.1)
admits a solution it € C1(T, RM).
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