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Abstract This work is concerned with the existence of solutions to parametric ellip-
tic equations driven by a nonhomogeneous differential operator with a nonhomoge-
neous Neumann boundary condition. The assumptions on the operator involve the
p-Laplacian, the (p, g)-Laplacian, and the generalized p-mean curvature differen-
tial operator. Based on variational tools combined with truncation and comparison
techniques we prove the existence of at least three nontrivial solutions provided the
parameter is sufficiently large whereby the first solution is positive, the second one is
negative and the third one has changing sign (nodal).
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1 Introduction

Let 2 € R" be a bounded domain with a C?-boundary 852 and let 1 < ¢ < p. We
study the following nonlinear nonhomogeneous Neumann problem

Communicated by A. Jiingel.

S. El Manouni - P. Winkert (<)
Institut fiir Mathematik, Technische Universitit Berlin, Strafie des 17. Juni 136, 10623 Berlin, Germany
e-mail: winkert@math.tu-berlin.de

S. El Manouni

e-mail: manouni @math.tu-berlin.de

N. S. Papageorgiou
Department of Mathematics, National Technical University, Zografou Campus, 15780 Athens, Greece
e-mail: npapg @math.ntua.gr

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00605-014-0649-8&domain=pdf

204 S. El Manouni et al.

—diva(Vu) = —x|ulP 2u — f(x,u) in $£2,
ou
ong,

(1.1

= AMul?%u — h(x,u) on 92,

where du /dn, denotes the conormal derivative with respect to the mapping a : RV —
R which is supposed to be continuous and strictly monotone with (p — 1)-growth.
The nonlinearities f : 2 x R — Rand & : 92 x R — R are assumed to be
Carathéodory functions being (p — 1)-superlinear near =00 and bounded on bounded
sets while y, A are real parameters to be specified. The aim of this paper is to establish
the existence of at least three nontrivial solutions provided A > 0 is sufficiently large
depending on the first two eigenvalues of the negative g-Laplacian — A, with Steklov
boundary condition. In addition we give complete sign information of the solutions
obtained, that is, the first solution is positive, the second one is negative and finally,
the third one has changing sign.

Such results are known for quasilinear elliptic equations involving the p-Laplacian
and were obtained by a number of authors in the last years with different meth-
ods. Without guarantee of completeness we refer to the papers of Abreu-Marcos do
O-Medeiros [1], Ferniandez Bonder-Rossi [6], Fernandez Bonder [7,8], Li-Li [14],
Liu-Zheng [16], Martinez-Rossi [18], Winkert [23,25], Zhao-Zhao [27], and the ref-
erences therein. To the best of our knowledge, the results presented here are the first
one concerning multiplicity of solutions for equations involving a nonhomogeneous
operator with nonhomogeneous Neumann boundary condition.

Our paper extends the results of Winkert [23] in different ways. On the one hand we
can replace the p-Laplacian used in [23] by a more general nonhomogeneous operator
and on the other hand we can drop a hypothesis on the function f : 2 x R — R
required in [23], namely:

J(x,s)

(H) There exists a number § y > 0 such that
|s|P—2s

> Oforall0 < |s] < &7 and for

aa. x € $2.

Assumption (H) implies that the function f must change sign near zero. Now, we
do not need this condition on f. It is also worth pointing out that we do not need
differentiability, polynomial growth or some integral conditions on the mappings f
and h. Our approach is based on variational methods coupled with truncation and
comparison techniques.

2 Preliminaries and hypotheses
In this section we recall some basic facts about critical point theory which will be

needed in Sect. 3. For this purpose, let X be a Banach space with norm || - ||x and
denote by X* its dual space equipped with the dual norm || - || x=, that is

I€11x+ = sup {(€, v)(x*x) : v € X, Ilvllx <1},

where (-, -)(x+,x) stands for the duality paring of (X*, X).
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Parametric nonlinear nonhomogeneous Neumann 205

Definition 2.1 The functional ¢ € C'(X) fulfills the Palais-Smale condition at the
level ¢ € R (the PS.-condition for short) if every sequence (u,),>1 € X satisfying
@(uy) — cand ¢’ (u,) — 0in X*, admits a strongly convergent subsequence. We say
that ¢ satisfies the Palais-Smale condition (the PS-condition for short) if it satisfies
the PS.-condition for every ¢ € R.

This compactness-type condition on ¢ leads to a deformation theorem which is the
main ingredient in the minimax theory of the critical values of ¢. A basic result in that
theory is the so-called mountain pass theorem.

Theorem 2.2 [fp € CY(X), u1,ur € X, |lus —uillx > p >0,

max{g(u1), pu2)} <inf{o@) : llu —uillx = p} =:m,

and ¢ satisfies the PS.-condition where
= inf t
¢ = inf max @y (1))

with I' = {y € C([0,1],X) : y(0) = uy,y(1) = up}, thenc > m, and c is a
critical value of ¢.

Given ¢ € C!(X) and ¢ € R, we introduce the following sets:

o ={ueX:pu)<c (the sublevel set of ¢ at ¢),
Ky={ueX: ¢ (u) =0} (the critical set of ¢),
K(Z ={u€cKy:pu)=c} (the critical set of ¢ at the level c).

The following result is the so-called second deformation theorem (see, for example,
Gasiniski and Papageorgiou [11, p. 628]).

Theorem 2.3 If ¢ € C'(X),a € R,a < b < 400, ¢ satisfies the PS.-condition for
every ¢ € [a, b), ¢ has no critical values in (a, b) and (p_l(a) contains at most a
finite number of critical points of ¢, then there exists a continuous map h:10,1] x
(gob\Kg) — ¢ such that

(a) h(0,u) = u forallu € p?\K?;

(b) h(1, 9"\Kb) < ¢

(¢) h(t,u) = u forall (t,u) € [0, 1] x ¢*;

(d) @(h(t,u)) < @(h(s, ) forallt,s € [0,1],s <1, and all u € p"\K}.

By L?(£2) (or L? (£2; RY)), LP(3£2),and WP (£2) we denote the usual Lebesgue
and Sobolev spaces with their norms || - ||, 2, || - | p,as2, respectively, || - [|1,,, which
is given by

1
iy = (196l o + lull? )" forall ue W"r(2).
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206 S. El Manouni et al.

The norm of RY is denoted by || - lg~ and (-, -)pn stands for the inner product in RN.
In addition to the Sobolev space WP (£2), we will also use the ordered Banach space
C'(£2) with norm || - ||C1(§) and its positive cone

cl@), = {u e C' (@) :ux) = Oforall x E} :
which has a nonempty interior given by
int (C1(§)+) - {u € C' (@4 :u(x) > Oforall x 5} .

Now let w € C!(0, +-00) be a function satisfying

to(t
0<co=< @ (@)

T w(t)

<cp and e’ ' <w@) <ce(14+1P7h

for all # > 0 and with some constants cg, c1, ¢z, c3 > 0. The hypotheses on a : RN —
RY read as follows.

H(a): a(¢) = ap (||$||RN) £ for all £ € RN with ag(t) > 0 forall > 0 and
(i) ap € CY0,00), 1 — tap(r) is strictly increasing, lim;_, g+ tap(t) = 0, and
ta)(t)

im > —1;
1—0t ap(t)
@) IVa@)|lgy < m%”]w]) for all £ € RN\{O} and some ¢4 > 0;
]RN
w (||$||RN) 2 N N
(i) (Va(&)y, y)py > W"y||RN for all £ € RV\{0} and all y € R"™.
R

Itis easy to see that condition H(a)(i) implies thata € C! (RM\{0}, RV)nC (R, RV)
and so, the assumptions in hypotheses H(a)(ii), (iii) are reasonable.
Let Go(t) = fot sao(s)ds and let G(§) = Gy (||E||RN) for all £ € RN. Then

VG ) = Gy (I§lIgn) ﬁ =ao (|€llgy) & = a(®) forall & e RN\{0},

which means that G(-) is the primitive of a(-). Obviously, G(-) is convex and since
G (0) = 0 we have the estimate

G(E) < (a),&)pn forall £ e RV, 2.1

The following lemma gives some basic properties of the mapping a : RN — RV,

Lemma 2.4 Under the hypotheses H(a) there holds

(1) & — a(&) is maximal monotone and strictly monotone;
@) [la@)llpy <cs (1 + IIEII]E;I)for all ¢ € RY and some ¢5 > 0;
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Parametric nonlinear nonhomogeneous Neumann 207

(iii) (@(©), H)py = ;27 151y forall € € RY.

Taking into account Lemma 2.4 combined with (2.1) we infer the following growth

estimates for the primitive G (-).

Corollary 2.5 If hypotheses H(a) hold, then

e
-1 ||€||fé1v =GE¢) =cs (1 + IISIIIEN) forall & e RN and some cg > 0.

It should be mentioned that the operator a : RN — R¥ defined through hypotheses
H(a) contains several interesting differential operators as special cases.

(1) Letl < p <ocoandleta(§) = ||§||f§;2§ with 1 < p < oo. Then a(-) represents
the well-known p-Laplace differential operator defined by

Apu = div (||W||§{;2w) forall u e WhP(Q).

The corresponding potential is given by G(§) = %Hé ||Hp§,v forall £ € RV.

(i) Let 1 < g < pandleta(§) = ||E||I’é;2§ + ”5”]@25' Then a(-) becomes the
(p, q)-differential operator defined by

Apu + Agu = div (||Vu||£;2Vu) + div (||Vu||?1R7v2Vu)
for all u € WHP(£2). The associated potential is G (§) = %II&II%N + élléllﬁq{,\,
forall € € RV.

p=2
(iii) Let 1 < p < 0o and let a(£) = (1 T ||g||]12w) 2" £. In this case a(-) represents
the generalized p-mean curvature differential operator which is defined by

p—2

2

div [(1+||W||B2§N) w} forall ue WP(0).

»
The potential is G(§) = % |:(1 + ||.§||]%N) - 1:| forall £ € RV,

Now, let fy : 2 xR — R, hp : 32 xR — R be Carathéodory functions satisfying
the subsequent growth conditions

[ fo(x, s)| < cp (1 + |s|"*]) fora.a.x € 2 andall s € R,

ho(x, $)| < chy (1 n |s|r2—1) fora.a. x € 92 and all s € R,
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208 S. El Manouni et al.

with ¢y, cpy > 0and 1 <1y < p*, 1 < ry < px, where p*, p, denote the critical
exponents of p given by

and

+oo  ifp>=N"

N .
o= N—_’; ifp<N
400 ifp>N

&2 it p < N
= p<
P« :[ N=p

Setting Fo(x,s) = [y folx,0)dt, Ho(x,s) = [; ho(x,t)dt we define the C'-
functional go : Wh?(2) - R through

wo(u) =/G(Vu)dx —/Fo(x,u)dx—/Ho(x,u)dcr.
Q Q 082

The following result concerning local minimizers is originally due to Brezis-Nirenberg
[2] and was extended by Garcia Azorero-Peral Alonso-Manfredi [9], Motreanu-
Papageorgiou [20], Winkert [24], and Khan-Motreanu [12].

ProE)sition 2.6 Let the assumptions in H(a) be satisfied. If ug € WbLP(2) is a local
C1(2)-minimizer of @y, i.e., there exists py > 0 such that

9o(uo) < go(uo +h) forall h e C'(2) with ||hllc1g) < po.
then uq is also a local WP (2)-minimizer of g, i.e., there exists p1 > 0 such that
@o(uo) < @o(uo + h) forall h € WHP(2) with |h||1., < p1.

Proof The theorem follows directly from the abstract result obtained by Khan-
Motreanu [12]. Indeed, let X = C1(2), Y = W!-P(£2), and let

J(u):/G(Vu)dx and E(u) =/F0(x,u)dx+/Ho(x,u)do.
2 2 082
Setting

. r max(ry,r2)
o) = (I} o + 1l 0)

’

it is straightforward to verify that the assumptions in [12, Theorem 2.1] are satisfied.
This completes the proof. O

Now, let A : WP (£2) — (Wl"’(.Q))* be the nonlinear map defined by

(Au), v) =/(a(w),vU)RN dx forallu,ve WhP(8). (2.2)
2

The next proposition gives the main properties of A (see, for example, Gasifiski-
Papageorgiou [10, p. 562]).
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Parametric nonlinear nonhomogeneous Neumann 209

Proposition 2.7 Let hypotheses H(a) be satisfied. Then A : WP (2) — (Wl'f’(.Q))*
defined by (2.2) is continuous, monotone (hence maximal monotone) and of type (S),
ie., ifu, — uin WP (£2) and lim SUP, o0 (A(Up), uy —u) <0, then u, — uin
whr ().

Given | < r < oo, we denote by A, : W"(2) — (W“(.Q))* the r-Laplacian
which is defined by

(Aru,v) = /||W|| (Vu, Vv)gy dx forall u,ve Wl ().

If r = 2, then A, = A becomes the well-known Laplace operator and we have
Ael (HO1 (£2), H_l(Q)), where £ (HO1 (£2), H™! (.Q)) denotes the vector space of
all bounded linear operators from HO1 (£2) into H~1(£2).

A main role in our treatment plays the spectrum of the r-Laplacian with a Steklov
boundary condition. To this end, we consider the following eigenvalue problem

—Au=—u"2u in £,

9 R 2.3)
||Vu||IrR_N2£=A|u|r_2u on 982,

where du/on is the outer normal derivative of u at 9§2. A number A € Risan
eigenvalue of (—Ar, W”(.Q)) if problem (2.3) admits a nontrivial weak solution
i € WIP(£2) which is called an eigenfunction corresponding to the eigenvalue A
The set of eigenvalues is denoted by & (r) which has a smallest element ;\1 (r). The
spectrum of (2.3) were intensively studied by L€ [13] and Martinez-Rossi [17] whereby
the main facts read as follows:

o ) 1(r) is positive, isolated, and simple;

[ )

)= it / IVl dx +/ ul"dx < ull) o = 14
2
e G (r) is closed.
We further point out that every eigenfunction corresponding to the first eigenvalue
A1(r) does not change signin £2.In fact it turns out that every eigenfunction associated
to an eigenvalue A #~ ) changes sign on 952.

In what follows we denote by i (r) the normalized (i.e., ||it1 ()|, a2 = 1) positive
eigenfunction corresponding to A 1(r). As shown in Lé [13], thanks to the nonlinear
regularity theory and the nonlinear maximum principle, we can suppose that i1 (r) €
int (C 1 (E)Jr) . Additionally, due to the fact that ):1 (r) isisolated, the second eigenvalue
A2(r) is well-defined by

55(r) = inf [i €é(r) i > il(r)] .
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210 S. El Manouni et al.

Now, let dB*? = {(u € L"(3R2) : ||ull,pe = 1} and S, = W' (2) N aB*<.
Then, due to Martinez-Rossi [19], we have the following variational characterization
of Ay (r).

Proposition 2.8 There holds

Jo(r) = inf  max /”VJ;(I)”FRNdx"F/l);(I)VdX ,
pel(r) —1=t=1 A

where I'(r) = {7 € C (=1, 11, S,) : p(=1) = =ity (r), p(1) = a1 (")}.

Recall that if a functional satisfies the PS-condition (or the C-condition) and it
is bounded below, then it is coercive (see Caklovi¢-Li-Willem [3] and Gasiriski-
Papageorgiou [11, p. 614]). The converse assertion is in general not true, but in our
setting we can give a positive answer.

Indeed, let f T 2xR—> R, h:32%xR— Rbe Carathéodory functions satisfying

fasl <e; (1 T |s|"*1) foraa x € 2 and all s € R,
lh(x,s)| < o (1 + |s|r2_1) fora.a. x € 92 and all s € R,

with cpicp > 0,1 <r < p*and1 < r, < py. We set F(x,s) = fo’ f(x,t)dt,

ﬁ(x, s) = fos fl(x, 1)dt and consider the C'-functional ¢ : W7 (£2) — R defined
by

P(u) =/G(W)dx—/ﬁ(x,u)dx —/ﬁ(x,u)do.
2 2 982

Proposition 2.9 If ¢ is coercive, then it satisfies the PS-condition.
Proof Let (up)p>1 < Whr(2)bea PS-sequence, that is

@ (uy)| < M forsome M > 0, foralln > 1, 2.4)

() () > 0 in (W]’P(.Q))

*

2.5)

Since ¢ is coercive and due to (2.4) we easily verify that (u,),>1 is bounded in
WP (£2). Because of that we may assume

Up —u in WHP(2) up — u in LP(2) and wu, — u in LP(382). (2.6)

The assertion in (2.5) implies that

/(a(Vu,,),Vv)RN dx—/f(x,un)vdx—/fz(x,u,,)vda < é&nllvli,p,
2 2

082
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Parametric nonlinear nonhomogeneous Neumann 211

forall v € WhP(£2) with &, — 0F. Now, choosing v = u, — u, passing to the limit
as n — oo, and using the convergence properties in (2.6), we have

lim (A(u,),u, —u) = lim /(a(Vun), V (up —u))gy dx =0,
n—o00 n—0o0

which by the (S)-property of A (see Proposition 2.7) gives u,, — u in WP (£2)
proving that ¢ satisfies the PS-condition. O

Finally, for s € R, we set st = max{=+s, 0} and for u € Wl”’(.Q) we define
ur () = u(-)*. Recall that

ut e whP(2), lul=ut4+u", u=ut—u".

The Lebesgue measure on RY is given by | - |y

3 Three solutions depending on Steklov eigenvalues

We are now interested in the existence of weak solutions to Eq. (1.1) depending on
Steklov eigenvalues of the g-Laplacian with 1 < ¢ < p < oo. In order to prove this
we need some additional assumptions on the map a : RN — R,

H(a)i: a(§) =ao (& llgn) & for all § € RN with ag(r) > 0 for all # > 0, hypotheses
H(a); (1)—(iii) are the same as the corresponding hypotheses H(a)(i)—(iii) and
@iv) ifGo(t) = fo sap(s)ds forallt > 0,thent — Gy (M) is convex in (0, +00)

and

Q)

lim sup
t—0t

< 400

Remark 3.1 The examples presented in Sect. 2 still satisfy hypotheses H(a);. Note
that by hypothesis H(a);(iv) we find ¢; > 0 such that

G©) = c7 (1614 + 1E15,) forall & e RY. 3.1)

The hypotheses on the Carathéodory functions f : 2 xR — R, 7 : 02 xR — R
and the number x read as follows.

(H1) f is bounded on bounded sets;

(H2) limg_s 400 |f|(;c ; ) = +oo uniformly for a.a. x € £2;
(H3) lims—o |f|(j_;) =0 uniformly for a.a. x € £2;
s s

(H4) h is bounded on bounded sets;

h
(HS) Tim, o 008

————— = 400 uniformly for a.a. x € 3£2;
|s|P=2s
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212 S. El Manouni et al.

. h(x,s)
(H6) lim,—¢ 151925

(H7) h satisfies the condition

=0 uniformly for a.a. x € 9£2;

e, s0) = h, sl < L v =2l + s = 521,

for all pairs (x1, 51), (x2, 52) in 382 x [—K, K], where K is a positive constant
and o € (0, 17;
(H8) yx is areal fixed number such that

0 <400 ifg<p
< bl
N<2per ifg=p

where c7 is the positive constant given in Remark 3.1.

Remark 3.2 Note that hypothesis (H7) is needed for the usage of the C'-regularity
results of Lieberman [15]. It is obvious that s — A|s|9~2s fulfills condition (H7) for
A >0and 1 < g < p. We also point out that no growth condition is imposed on f, 1
and thanks to (H3), (H6) we easily verify that f(x,0) = h(x,0) = 0fora.a. x € £2,
resp., x € 052. Hence, u = 0 is a solution of problem (1.1).

A function u € WP (£2) is said to be a (weak) solution of (1.1) if it satisfies the
equation

/ (a(Vu), Vo)pn dx
2

:/(—X|u|q_2u —f(x,u)) (pdx+/(k|u|q_2u —h(x,u)) pdo

2 a2

for all test functions ¢ € WP (§2) while do denotes the usual (N — 1)-surface
measure.

The conditions in (H2), (HS) imply the existence of constants M, M> = M>(A) > 1
such that

f(x,s)s > |s|? foraa.x € £2 andall |s| > M|,

(3.2)
h(x,s)s > Als|? fora.a. x € 2 and all |s| > M>.

Let M3 = max (M1, M»). Taking u = ¢ € [M3, +0o0) and applying (3.2),¢ < p, and
M3 > 1, we conclude

0>—f(x,u) ae.inf2 and 0> ! — h(x,u) ae.in 0S£2. 3.3)
In the same way, choosing v = —¢, we obtain

0<—f(x,v) ae.in$2 and O§A|g|q_2y—h(x,y) ae.in 052.
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Parametric nonlinear nonhomogeneous Neumann 213

Now, we introduce the truncation functions

[0 ifs <0

bt(x,s) =1—f(x,s) if0<s<u,
:—f(x,u) ifu <s 34
0 ifs <0

bl (x,s) = {as97 ! —h(x,s) if0<s<u,
At~ — h(x ) ifu <

and

—flx,v) ifs<v

b (x,s)=13—f(x,s) ifv<s=<0,
0 if0 < s
[Av]7720 — h(x,v) ifs <v

by (x,s) = Als|97%s — h(x,s) ifv<s<0,
0 if0<s

which are well-known to be Carathéodory functions. Setting BE(x,s)= fg bE(x, t)dt,
Bit(x,s) =y bit(x, 1)dt, we consider the C!'-functionals (pit wWhr(2) > R
defined by

9 (u) =/G(W)dx+%/w’dx—/Bi(x,u)dx—/Bjﬁ(x,u)da.
2

2 2 052

Furthermore, we write F(x,s) = [ f(x,)dt and H(x,s) = [ h(x,)dt. Recall
thatii; () € int (C'(£2)4) denotes the normalized eigenfunction (i.e. [|ii1(q) 4,02 =
1) corresponding to the first eigenvalue 5\1(61) of the Steklov eigenvalue problem of
the g-Laplacian given in (2.3).

We start with the existence of constant sign solutions to problem (1.1) provided
A > 0 is sufficiently large.

Proposition 3.3 Let the assumptions in H(a)| and (H1)—(H8) be satisfied and suppose
that

_ qC7)A»1A(q) z:fq <p (3.5)
2pcrri(p) ifg=1p

with the positive constant c7 given in Remark 3.1. Then problem (1.1) has at least two
nontrivial constant sign solutions

uo € [0, @] N int (cl(§)+) and vy € [v,0]N (— int (C1(§)+)) .
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214 S. El Manouni et al.

Proof Let us begin the proof with the existence of the positive solution. By means of
the truncation in (3.4) standard arguments ensure that (p;' is coercive and sequentially
weakly lower semicontinuous. Therefore, the Weierstrass theorem yields the existence
of ug € WhP(£2) such that

¢ (uo) = inf [wj(u) ‘ue W]’P(.Q)] = mj . (3.6)

Given €1, &, > 0, from Hypotheses (H3), (H6) we find §; = 81(g1), 62 = 82(e2) €
(0, &) such that

e
F(x,s) < —]|s|” for a.a. x € £2 and for all |s| < &1,
P

£ 3.7
H(x,s) < —|s|?7 fora.a. x € 32 and for all |s| < &5.
q

Let § := min(8;, &). Since i1(g) € int (C'(2)), we may choose ¢ € (0, 1) small
enough such that tii (¢) (x) € [0, §] forall x € 2. Because of (3.1), (3.4), (3.7) along
with [[it1(g) 4,02 = 1 and § < u it follows

¢ (ti1(q)) = / G<V<zﬁ1(q>>>dx+§ / Ity (q)|Pdx — / BT (x, 1id) (¢))dx
2 2 2

- / B (x,tii1(¢))do

082
o Py P ~
=/G(V(tu1(q)))dx+7|Iu1(q)llp,9 +/F(x,tu1(q))dx
2 2
A4 .
—7+/H(x,tu1(q))dcr

082

p
= o7 (IVG@ @I g +PIVG @I o) + %‘nﬁ](q)ngg (3.8)

e1tP . » a1 gyt
i@l g = =+ =~
Pe g g
= o7 (<N @I g+ T @+ IV @] ;)
Py P eit? . » ad eptd
+ @) o+ = —li@l) g = =+ ——
P P2 p reg g
—c79\ - qerhi(@) =k + e
=11 (—) lav @y o + 17| ——"—
q ’ q
. xXter .
+1P (cﬂW(m(q))HQQ + ||u1(q>||£,9).
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Parametric nonlinear nonhomogeneous Neumann 215

If ¢ < p we may choose €1, &7 such that
O<ep<oo and 0 < e < k—qC73»1(q)
(see (3.5)), then (3.8) becomes
¢ (ti1(q)) < 1My + 17 Ms 3.9)
with some My, M5 > 0. Since g < p, (3.9) implies
<p;’(tﬁ1(q)) < 0 for all sufficiently small 7 > 0. (3.10)

If ¢ = p, (3.8) reduces to

. —2pcr+x+ery, -
o, (i (p)) < 17 (f lar(p)Ih o

A 3.11
+tp(2PC7)~1(P)—)~+82) G0
p

If 2pc7 > x we may choose
O<ey <2pc7—x and O < e <A —2pC7):1(p)

(see (H8) and (3.5)) to obtain again (3.10). Finally, if 2pc7 = x, (3.11) becomes

2e7phi(p) — h A+ 82)

N €1 A
oy (ti(p)) < t”(;llul(p)lli,w »

Choosing 0 < &7 < A — ZpC7)A»1(p) we find a constant Mg = Mg(A) > 0 such that
~ E1 A
o, (i (p)) < 1P (;nu](p)n,’;g - Mé) :

Taking 0 < €1 < # provides inequality (3.10) again in this case. In summary
1 p.£2

the choices of 1, &7 above lead to (see also (3.6))
0, (o) < 0=, (0),
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implying uop # 0. Moreover, as uq is the global minimizer of ", there holds
(1) (10) = 0 meaning that

/(a(Vuo), Vo)ry dx + x / Iuolp_zu()(pdx
e @ (3.12)

:/b+(x,u0)(pdx—i—/bf(x,uo)(pda,
Q 992

forall g € W!7(2). We take ¢ = —u; € W!P() as test function in (3.12) and
by virtue of Lemma 2.4(iii) in combination with the definition of the truncations (see
(3.4)), we obtain

. ) o o
min (p — 1,X) (||Vu0 1.0 + lug ||p’9) <0,

which means that ug > 0. Choosing ¢ = (g —u)" € WP (£2)in (3.12) and making
use of (3.3) as well as (3.4), it follows

/ (a(Vuo), V(g — ) ") gy dx + x / ug‘l (o — )" dx

2 2

= /b*(x, uo) (uo — ) dx + / by (x, uo)(uo — ) tdo
2 952

= / (—f(x,m) (uo — ) Tdx + / (mq—l — h(x, ﬁ)) (uo — )T do
2 482

<0.

This gives, due to Lemma 2.4(iii),

0> / (a(Vug), Vug)pn dx + x / ugfl(uo—ﬁ)dx

{uo>u} {uo>u}
c

> 2 [ Wwlfdit [ - ds

p—1

{uo>u} {uo>u}

> / ((wo — ") dx

2
> 0.
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Hence |{ug > u}|y = 0, that is ug < u. We conclude that ug € [0, u] with ug = 0.
Then, by means of the truncations in (3.4), Eq. (3.12) becomes

/ug_]godx

/ (@a(Vup), Vo)pn dx + x
2 2

= / (— f(x, up)) pdx —l—/ (Aug_l — h(x, uo)) pdo
2 a0

which means that ug € W7 (£2) solves the problem

—diva(Vug) = —xul ™" — f(x,up)  in £,
ou
dang

(3.13)

=il = h(x, ug) on 9Q2.

Since ug € [0, u] we have ug € L% (£2) (see also Winkert-Zacher [26, Corollaiy 1.2])
and from the regularity results of Lieberman [15] it follows that ug € C 1 (£2)\{0}.
Taking into account (H1), (H3) we find a constant M7 > 0 such that

fx,s) < M7s"’_l fora.a. x € 2 andforall0 <s <u. (3.14)

Combining (3.13) and (3.14) yields
diva(Vug) < (x + M) ul™' aein Q.

Now, we may apply the strong maximum principle (see Pucci-Serrin [21, Theorem
2.5.1]) to obtain ug(x) > O for all x € £2.

Let xo € 952 be such that ug(xp) = 0. Applying the boundary point lemma (see
again Pucci-Serrin [21, Theorem 5.5.1]) gives

dug
ong

a
(x0) = ao (|| Vuollgw) %(XO) <0, (3.15)

where (dug/on)(xg) stands for the outer normal derivative of ug at xo € 9£2. Since
h(xo, up(xo)) = h(xg, 0) = 0 we get a contradiction from (3.13) and (3.15). Hence,
up(x) > 0 for all x € 2 and consequently ug € int (C'(£2) ). That finishes the first
part of the theorem.

The second assertion can be shown similarly using ¢, instead of <p;' to obtain the
existence of a nontrivial negative solution vy € [v, 0] N (— int (C ! (§)+)). O

Now we are going to prove the existence of extremal constant sign solutions of
(1.1) provided A > 0 is large enough as before.

To thisend, let S (1) (S— (1)) be the set of all nontrivial positive (negative) solutions
of problem (1.1). Thanks to the monotonicity of a (see Lemma 2.4(i)) one can show
that S; (A) (S—(A)) is downward (upward) directed, that means if uj, up € Sy (1)

@ Springer



218 S. El Manouni et al.

(S—(1)), then there is anelement 0 € S (A) (S—(A))suchthatd < (>)u;, 0 < (>)us.
Therefore, without loss of generality, we can focus on the sets

Scm=8,mNn0.a, S_)=58 (1) N[0l

_ As a consequence of Proposition 3.3 we know that both sets are nonempty, i.e.,
Sy (A) # ¥ and S_(1) # . We can further suppose, without loss of generality, that

|f(x,s)] < Mg fora.a. x € 2andalls € R, (3.16)
|h(x,s)] < Mg foraa.x € 92 andall s € R, '

with positive constants Mg, My which can be seen by truncation of f(x, -), h(x, -)
at v (from below) and u# (from above) combined with (H1), (H4). Then, taking into
account hypotheses (H3), (H6) along with (3.16) we find for given ¢1, &, > 0 and
r1 € (p, p*),r2 € (p, px) numbers Mg = Myo(eq, 1), M1y = Myi(e2,12) > 0
such that

f(x,s)s <eqls|? + Myp|s|" foraa. x € 2andalls € R, (3.17)
h(x,s)s < e|s|? + Myy|s|™? foraa.x € 2andalls € R. '

In order to prove the existence of a smallest positive and a greatest negative solution
to (1.1) we will consider an auxiliary problem. To this end, let A > 0,&; > 0, & €
(0, A) and consider the subsequent equation

—div(a(Vu)) = —(x +e)ul”*u — Myolu|"2u  in £,
u
ong

(3.18)

= —e)|ul?2u — My |ul?2u on 92

We are going to prove the uniqueness of constant sign solutions of problem (3.18).

Proposition 3.4 Let hypotheses H(a)| and (HS8) be satisfied and suppose

_Jaeh@  ifa <p.
2pcrr(p) ifq = p.

Then, problem (3.18) has a unique positive solution u, € int (C ! (5)4_) and a unique
negative solution v, € int (C 1(§)+).

Proof Due to the oddness of (3.18) it suffices to prove the existence of a unique
positive solution u, € int (C 1(9)+), the existence of a unique negative solution

follows directly by setting v, = —u, € —int (C ! (§)+).
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Let III;F : WhP(£22) — R be the C'-functional defined by

Mo
NOE / G(Vu)dx + —||u||” o+ ;uu*n + Tnu*u” @
2

A—
- T” +||q 2 + _” +||r2 982

Sinceq < p <r; < p*,q < p <ry < p, we note that lI/f is coercive and sequen-
tially weakly lower semicontinuous. Hence, its global minimizer u, € W17 (£2) exists
and as in Proposition 3.3, the choice of A > 0 yields

U (uy) < 0= ¥ (0)

guaranteeing u, # 0. Since u is a global minimizer of lI/)T we have (w;' )/ (uy) =0,
that is

/ (@(Vus), Vo)gn dx + X / )P 2 updx
2 2
—1 —1
= _gl/(u:)” pdx —MIO/ ()" pdx (3.19)
2 2
+ (A — 82)/ (u;f)qfl pdo — M1y / (ui‘)rr1 odo,

a2

forall p € WP (). Taking ¢ = —u; € WP (£2) and applying Lemma 2.4(iii), we
get u, > 0 (cf. the proof of Proposition 3.3). Then, (3.19) becomes

22

/(a(Vu*), Vo)py dx + X/ufflsodx
2

:—81/uf_lgodx—Mlo/u:j*lwdx—()\—ez) uz_lgoda—M“/uf*lgada,
Q2 2 El; El?;

meaning that u, is a nontrivial positive solution of (3.18). Moreover, the nonlinear
regularity theory (see Winkert-Zacher [26] and Lieberman [15]) combined with the
nonlinear maximum principle (see Pucci-Serrin [21]) yields u, € int (C ! (§)+) (sim-
ilar to the proof of Proposition 3.3).

We are done with the proof provided u, is shown to be the unique positive solution
of (3.18). Let Ty : L'(£2) - R U {o0} be the integral functional defined by

1
/G(vua)dx+—/|u|qda ifu>0,ur € WP (Q),
Ty(u) =

+00 otherwise.
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Letuy, us beinthe domainof Y4, i.e.uy, up €dom(Yy) ={u € L' (£2): Ty (1) < 400}

1
and let further u = (fu; + (1 —1t)up)4 with¢ € [0, 1]. Applying Lemma 1 in Diaz-Saa
[4] there holds

q 1
oy F =D HVuz(x)q

1
1 9 \a
1Vu) gy < (z vy RN) ac.in 2.

Since Gy is increasing and thanks to condition H(a)1 (iv) it follows
Go (IIVu(x)lIgw)

1 Y
500((; | Vi 7 RN) )

RN) +(1-0Gy (va(xﬁ

q 1
=D Hvuz(x)q

< 1Go (|| v )

RN) a.e. in 2.
By definition G(£) = Go(||€])) for all & € RV, hence
G(Vu(x)) < tG (w](x)%) +1-nG (wz(x)%) ae.in 2.

Therefore, 77y is convex and due to Fatou’s lemma it is also lower semicontinuous.

Now, taking two positive solutions u, v € WP (£2) of (3.18) and recalling that
u,v € int (C1 (§)+) (see the first part of the proof) we have u, v € dom(Y%4). Forh €
C'(£2) and ¢ € (0, 1) sufficiently small we see that u? +th, v4 +th € int (C'(2)4).
Thus, 7% is Gateaux differentiable at u? and v? in the direction h. Applying the
chain rule and the nonlinear Green’s identity (see, for example, Gasinski-Papageorgiou
[11, p. 210]) yields

1 [ —diva(V -
Tl () (h) = —/Llu)hdx—i— —82/th, (3.20)
q ui= q
2 982
1 [ —diva(v A—
7] () (h) = —/Mhdx—l——gz/hda. (3.21)
i v 1 982

Since T_L is monotone (follows from the convexity of 77y ) and thanks to (3.20) as well
as (3.21), we obtain

0 <(7f (u?) =7 (v7), u? - vq)Ll(.Q)
B l/ (—diva(Vu) B —diva(Vv)) (uq 3 vq) dx

q ud—1 vi—1
2
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1 —(x+eDuP 1 =Mygu" 7t —(x+eDvP = Mgt
L (Pt e
2
_ Mo / (01 —u"19) (49— ) dx - L1 / (074 —uP~4) (ud —v9) dix.
q q
2 2

Since s — s"179 and s > 5”71 are strictly increasing in (0, co0) we obtain that u = v
and therefore, u, € int (C1 (Q)+) is the unique positive solution of (3.18). O

With the aid of these solutions obtained in the last proposition we are now in the
position to prove the existence of extremal constant sign solutions of our original
problem (1.1) provided A > 0 is sufficiently large.

Proposition 3.5 Let the assumptions in H(a)| and (H1)—(HS8) be satisfied and assume

. qerri(q)  ifg < p,
2pciri(p) ifq = p.

Then problem (1.1) has a smallest positive solution uy € int (C 1 (§)+) and a greatest
negative solution v— € — int (C1 (§)+).

Proof As mentioned before it is enough to prove the existence of these extremal
solutions in the sets Sy (A) = S (A) N[0, %] € int (C'(2)4) and S_(A) = S_(A) N
[v,0] € —int (C'(£2)4).

First, we are going to prove that u,, < u forallu € §+(A). For this purpose, let 0 €
§+(A) and define the Carathéodory functions ¢+ : 2 x R — R, g“;r 02 xR—>R
through

0 ifs <0
ct(x,s) =y —e1sP~ 1 — Myps" ! if0<s <dx), (3.22)
—e1 0P = Mipd ()" ifo(x) < s

and

0 ifs <0
GhGe,s) = 1 (0 —e2)s97! — Myps! if0<s <) . (3.23)
r—e)d() = M) ifd(x) < s

Moreover, we define the C!-functional Ej\' : WhP(£2) — R given by

2 () =/G(Vu)dx+5/|u|f”dx—/Z*(x,u)dx —/zj(x,u)da
P
2

2 2 a2
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with Z¥(x, s) = [y ¢T(x, 1)dt and Z" (x, 5) = [ &, (x, t)dt. Thanks to the trunca-
tions we easily verify that E;f is coercive and sequentially weakly lower semicontin-
uous. Hence, there exists the global minimizer of Ej\' on WP (£2),1.e.

& (i) = inf [a*m) ue W”’(Q)] . (3.24)
As in the proof of Proposition 3.3 we can show that
g (4s) < 0= EJ(0),

meaning i, # 0. Moreover, due to (3.24), there holds

/ (a(V’/A‘*)a V‘p)RN dx + x / |ﬁ*|p_2ﬁ*¢)dx
2

« (3.25)

:/€-+ (x,ii*) <pdx+/§):" (x,ﬁ*) pdo,
2 982

forall p € W''P(£2). Taking ¢ = —ii; € WP () in (3.25) and applying Lemma
2.4(iii) we derive

. 2 A— 1P PN
min (m, X) (||Vu* I o + llug ||p,9) =<0,
which implies it, > 0. Since ¥ is a positive solution of (1.1) it satisfies

a (V0),V)uydx + x | 07 pdx
(a (VD). Vo)g

2 ko)

= [ o gds+ [ (7~ (x.5) gaor

82

(3.26)

for all ¢ € Wh?(£2). Choosing (i — 0)" € WHP(£2) in (3.25) and (3.26), sub-
tracting (3.26) from (3.25), and making use of (3.17), (3.22) as well as (3.23) we
derive

/ (a (Vi) —a (v9). 9 (@ —)"), dx+x / (7" =771 (. —9) dx

2 2
= [t s (x.8) @ - 9) ax
2
+ / (;;(x, i) — A0+ h (x, ﬁ)) (iix — )" do
082
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- / (—en07™" = Mo+ £ (x,9)) (s — 9) " dx
2
+ / (()» — &) pa— — M“f)rz—l — 97! +h (x, ﬁ)) (12* — IA))+dU
082

<0.

This implies for &z, > 0, due to Lemma 2.4(i),

02/(a (Vit,) —a (VD). V (@, ~ )", dx

+x/((ﬁ*)p_1 —ﬁ”“) (it — 0) " dx

2
> 0,

which is a contradiction. Therefore i1, < 0. To sum up, we have shown that i, € [O, ﬁ]
and i, # 0. Then, by definition of the truncations, we obtain that i, is a p(Eitive
solution of (3.18) which by Proposition 3.4 implies that &1, = u, € int (C l(.{2)+).
Hence

uy <u forall ueS,(). (3.27)

Now let C C S’+ (1) be a chain, thaE means, a totally ordered subset of S’Jr (A). Then
there exists a sequence (#,)n>1 S S+(A) (see Dunford-Schwartz [5, p. 336]) such
that inf C = inf,>1 u,. As u, is a positive solution of (1.1) we have

/ (@(Vuy,), Vo)pn dx

2

=/(—Xu,é’*‘ —f(x,u,,)) q)dx+/ (Auz” —h(x,u,,)) odo,

2 82

(3.28)

forall p € WhP(§2) with us, < u, < foralln > 1 (see (3.27)). Since f and h are
bounded on bounded sets we obtain the boundedness of u, in W17 (§2). Therefore,
we may assume that

Up — uin WhP(2),  u, — uin LP(2),  u, — uin LP(382).  (3.29)

Taking ¢ = u,, —u € WLP(£2) in (3.28) and passing to the limit as n — o0, one
gets, thanks to the convergence properties in (3.29),

n—o00

lim (A(u,), u, —u) = nll)rrgo/ (a(Vuy), V(u, —u))pn dx = 0. (3.30)
Q
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Since A satisfies the (S )-property (see Proposition 2.7), (3.29) and (3.30) imply
u, — uin WHP(£2). Using this fact we can pass again to the limit in (3.28) which
gives

/(a(Vu), Vo)py dx =/(—Xu1’—1 — fx, u)pdx + /(mﬂ—l — h(x, w)pdo
2

2 082

with #, < u < u. That means u € 3+ (1) and u = inf C. Then, the Kuratowski-Zorn
Lemma implies that 5‘+ (1) has a minimal element u, € 3+(A) and since 3’+ X is
downward directed, we infer that u is the smallest positive solution of (1.1).

The existence of a greatest negative solution v_ € —int (C ! (§)+) of (1.1) can be

shown in the same way, working with the set S (A) instead of g§+ (1). The proof is
complete. O

Now, we are going to prove the existence of a nontrivial solution yg of (1.1) which
turns out to be a sign changing solution.

Proposition 3.6 If hypotheses H(a); and (HI)—(HS8) hold and if

qceraa(q)  ifg < p
2pcida(p) ifg=p

is satisfied, then problem (1.1) has a nodal solution yo € C' @

Proof Recall thatu € int (C'(£2);) and v_ € —int (C'(£2).;) are the two extremal
constant sign solutions of (1.1) obtained by Proposition3.5. Let 9 : 2 xR — R, 9, :
082 x R — R, be truncation functions defined by

—f (x,v_(x)) ifs <v_(x)
P(x,5) =1—f (x,5) ifo_(x) <s <ui(x) (3.31)
—f(xup(x)) ifui(x) <s

and
MMo— ()42 v_(x) — h (x, v_(x)) ifs < v_(x)
Do (x,8) = A A s|97%s — h (x, 5) ifo_(x) <s<wui(x). (3.32)

Ay ()97 = b (x, ug (x)) ifu,(x) <s
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Furthermore, let 9*(x, s) = ¥ (x, £s%), z?it(x, s) = 9 (x, £s%) and define

s s
@(x,s):/z?(x,t)dt, O, (x,5) =/19A (x,1)dt,
0 0
s S
eT (x,s) =/19i (x,r)dt, OF (x,s)z/ﬁ;t (x,1)dt.
0 0

We consider the C!-functionals @;, dﬁf : WP (£2) — R defined by

@A(u):/G(Vu)dx—i—l/|u|pdx—/@(x,u)dx—/@;L(x,u)da,
p
Q Q

2 082

@;t(u):/G(Vu)dHﬁ/|u|de—/@i(x,u)dx—/@;t(x,u)do.
p
2 2

2 082

First, we will prove that
KCDA - [U—v M-I—]v de;r = {0’ M+} ’ Kd}; = {U—v O} . (333)

To this end, let u € K¢, , that is

/(a(Vu), Vo)ry dx + x / lul”updx
2 2

(3.34)
= / U (x, u)pdx + / h.(x, u)pdo forall ¢ € whr ().
2 Eles
Since u is a positive solution of (1.1), we have
/(a(Vu+), Vo)gy dx + X/ui‘l(pdx
@ “ (3.35)

= /(—f(x, uy))edx + / (Aui_l — h(x, u+)) pdo,
2

82
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for all p € WP (£2). Choosing ¢ = (u — u4)t € WP(£2) in (3.34) and (3.35) and
subtracting (3.35) from (3.34) results in

/ (@(Vi)—a(Vur), V (u — us) ) g dx+x / (117 2u=ul ") 0 =y * dx
2 2

= / @G w) + f (o)) (u —ug)t dx
2

+/ (ﬁk(x, u) — )Lui_l + h(x, u+)) (u—uy ) do
082
—0,

due to the definition of the truncations in (3.31) and (3.32). Since a : RN — R¥ is
strictly monotone (see Lemma 2.4(i)), we derive for u > u

0:/ (a(Vu)y—a(Vuy), V (u — u+)+)RN+X/ (|u|P*2u _ u_’;‘l)  — uy)*tdx
Q Q
> 0,
which is a contradiction. This gives u < u.
Acting on (3.34) and (3.35) withgp = (v_ —u)T € WP (£2) and subtracting again
we obtain v_ < u. Hence
K¢)L < ['U_, M+].
Following the same ideas we can prove that

Kd):*— g I:O7 I,t+] and K(I)-_ g [U,,O].

By Proposition 3.5 we have that #4 and v_ are the extremal constant sign solutions
of (1.1). Therefore

K@; = {O, Lt+} and Kd>; == {U_,O}~

This proves (3.33).
Next, we are going to show that

. ey —i e
ui € int (C (9)+) and v_ € —int (C ('Q)+) are local (3.36)

minimizers of @;.

We easily verify that the functional @ ;‘ is coercive and sequentially weakly lower
semicontinuous. Then, by the Weierstrass theorem, there exists # € W7 (£2) such

@ Springer



Parametric nonlinear nonhomogeneous Neumann 227

that
o (i) = inf {@j(u) ‘ue W”’(Q)} .

Applying the same arguments as in the proof of Proposition 3.3, we can show that
@ (4) < 0 = &;7(0) which implies @i # 0. Hence, because of (3.33), il = u4 €
int (C!(£2)4). Since ‘Dk|c1(§>+ = cpﬂcl@+ we know that u € int (C1(2)4) is
a local C!(£2)-minimizer of ®; and thanks to Proposition 2.6 it follows that u ; is a
local W7 (§2)-minimizer of ®;. The assertion for @, can be shown using similar
arguments. This proves (3.36).

Now, we may assume, without loss of generality, that @, (v_) < @, («4+) and that
u4 is an isolated element of K¢,, otherwise we would have a whole sequence of
distinct nontrivial solutions of (1.1). Then, we can find a number p € (0, 1) such that
lo- —uillrp > p and

Dy (v2) < @ (uy) < inf [D30) ¢ Ju—uylyp = p] = mb. (337)

From Proposition 2.9 we have that @, satisfies the PS-condition because it is coercive.
This fact along with (3.37) allow us the application of the mountain pass theorem stated
in Theorem 2.2 which guarantees the existence of yg € WP (£2) such that

Yo € Ko, and m) < @ (y0). (3.38)

Note that the first assertion in (3.38) combined with (3.33) and the definition of the
truncations in (3.31), (3.32) implies that yg is a solution of problem (1.1). The second
assertion in (3.38) along with (3.37) gives yo & {v—, u4} and the nonlinear regularity
theory yields that yo € C!(£2). Since v_ and u. are the extremal constant sign
solutions of (1.1) we know that yo € [v_, u4]\{v—, uy} has changing sign provided

yo # 0.
Moreover, since yg is of mountain pass type, we obtain, due to Theorem 2.2,

@;.(yo) = inf max @, (y (1)), (3.39)
yel 0<t<1

where I' = {y € C ([0, 11, W'7(2)) : y(0) = v—, (1) = u.}. In order to com-
plete the proof we have to show that yq is unequal zero which is satisfied if there exists
a path y, € I" such that (see (3.39))

D, (y«(t)) #0 forall t e [O0,1].

Taking hypotheses (H3), (H6) into account, for given g1, &2 > 0, there exist numbers
81 = 81(e1), 82 = 82(&2) > 0 such that

|f(x,5)] <els|P~! foraa. x e 2andall|s| <é,

|h(x,s)| < 82|S|q_1 fora.a. x € 962 and all |s| < &,
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which implies that

I
F(x,s) < —L|s|P foraa. x e £ andall |s| < &1,
52 (3.40)
H(x,s) < —|s|? fora.a.x € 382 and all |s| < 8.
q

Let S, = Wh4(2) N aB{"*? and S; = S, N C'(2) be equipped with the rel-
ative W17 (£2)-topology and the relative C!(£2)-topology, respectively. Recall that
BT = {u e L10R2) : ||ully 90 = 1} and

F(g)={p e C([=1.11.5) : P(=1) = =ity (q). P(1) = iy (@)} -
Moreover, we consider the set of continuous paths
f@) = {p e c(I-1.11,5) 1 7(=1) = i@, 7 () = in @)} .

Let 8 := min {51, §2}. From the variational characterization of the second eigen-
value A(q) (see Proposition 2.8), we find y € I'(g) such that

. . 5
max 7@, <@+ 3. (3.41)

—l=t=

It is well known that S; is dense in S,;. This implies the density of fc(q) in f(q) (see,
for example, Winkert [22, Proof of Theorem 3.1.16]). Therefore, for a given ¢ > 0,

there exists 7o € I v (g) such that

max [P0 =@, <e. (3.42)

1 1
Selecting ¢ € (0, ()A»z(q) + 8) - (Az(q) + %) q) we derive from (3.41) and (3.42)

o], < o =70, ,+[70],,

1

- S\
<e+ (kz(q) + 5)
~ 1
< (Xz(q) +3)q forall ¢e[—1,1],
which results in

max |70, <@ +3. (3.43)

—1<r<1
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Recall thatu4. € int (C!(£2)4) andv_ € —int (C!(£2); ). Then, since 7o ([—1, 1]) €
cl()is compact, there exists a number & € (0, 1) such that

|Eu(x)] <8 forall x € 2, forall u e 7 ([—1,1]), (3.44)
and
Eue€lv_,uq] forall uepy([—1,1]).

Due to (3.1) along with |ull4,92 = 1, (3.31), (3.32), (3.40), (3.43), (3.44), and
u € yo ([—1, 1]), it follows

@Méu):/G(V(Eu))dx—i— /|§u|pdx—/0(x Eu)dx—/O;L(x Eu)do
2 Q F;

XS
< o7 (871Ul o +E71Vul} o) + o ull?,

¥
+/F(x,§u)dx—7+/H(x,§u)dU
EY;

2
<¢7 (éqIIVMIIZ,Q +$q”u”Z,Q + ép”VMHZ’Q) - éqC7||M||Z,9 (3.45)
XE 15 AT g
[lu ||p IIMII g— — + =&
q q

ger (iz(q) +6) —hte
q

X+ €1
+ &P (C7||VM||§,_Q + » IIMIIZ,Q)

— £ ul o

Furthermore, since yy ([—1,1]) € C 1(2)is compact, we find a number £* > 0 such
that

lullf , <& forall ue (-1, 1)) (3.46)

First, suppose that g < p. We choose €1 € (0,00),e2 > 0and § € (0, &7) such that
qc76 + &3 < A — qcia(q). Taking (3.46) into account, (3.45) becomes

D) (Eu) < —E9My» + EPMy3 forsome Mio, Mi3 > 0.
Since g < p, by choosing & € (0, 1) small enough, we obtain

@, (u) <0 forall ue po([—1,1]). (3.47)
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If ¢ = p, by applying (3.46) and again (3.43), estimate (3.45) becomes

_pC7 ()A»z(p) + 5) —A+e
p

D) (Eu) < &P

P
—EPerllull? o

X+
+sPvavmﬁﬂ+wm&ﬂ)—mmeQ+

p

&1
nwﬁﬂ)GA&

[2pcs ()A»z(p) + 5) — A+
p

<gr p X +e1—2pcy

£".

+£

If 2pc7 > x, wechoose 0 < e1 < 2pc7 — x aswellas e; > 0 and § € (0, &3) such
that pc76 + &2 < A — pC73»2(p) which proves (3.47). If 2pc7 = x, then we select
again &, > O and é € (0, &7) such that pc786 + &2 < A — pcﬁ»z(p) for which (3.48)
results in

¢uaosspﬂwa4+%fﬂ (3.49)

with some M14 > 0. Choosing 0 < ¢; < ”g{““ proves (3.47) in this case, too.

Now, we set 9 = £7p which is a continuous path in W7 (£2) connecting —£1(g)
and &1 (q) and which fulfills

i, <0. (3.50)

Recall that, due to (3.33), ch; = {0, u4+}. Moreover, the proof of (3.36) shows
that

@ )= inf  &Fw) <0=d;(0). (3.51)
uewlr ()

Now we may apply the second deformation theorem stated in Theorem 2.3 with
¢ =, a= q§;f(u+) < 0= dizr(O) = b to find a continuous map 4 : [0, 1] x

((cb;)o \{0}) — (@;")" such that, because of (3.51) and (3.33),

h (1, ()" \{0}) = (uy) (3.52)
and

@ (h(t,u)) < & (u) forall te[0,1] andall ue(cpj)o\{O}. (3.53)
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N +
Defining y4 (f) := (h(t, &g (q))) forall¢ € [0, 1], itis clear that y4 is a continuous
path in WP (£2) satisfying

~ n + R
7+(0) = (0, 8in@)) " = £it1()

and, due to (3.52),

A . +
7 (D) = (1€ (@) = us.
In addition, thanks to (3.53) and (3.50), one gets
@, (y4(1) < @) (§it1(q)) <0 forall 7 €[0,1]
implying @;f |V+ < 0. Moreover, since
+ .
CDA|WJ,: = ¢ |W£ and imyy € WY,

with W! = {u € W'P(2) : u(x) > 0 a.e. in £2}, we have

@z, <O. (3.54)

Following the same ideas we can construct a continuous path y_ in W7 (£2) which
joins v_ and —£&1ii(g) satisfying

¢A|yf <0. (3.53)

The union of the curves y_, yp, and y4 forms a continuous path y, € I" such that,
because of (3.50), (3.54), and (3.55),

(DA < 0.

Ve

This implies that yp € C'(£2) N [v_, u, ] is a nodal solution of (1.1). o

Combining the results in Propositions 3.3, 3.5, and 3.6 we have the following
multiplicity result.

Theorem 3.7 Let hypotheses H(a); and (HI)—(HS) be satisfied and assume

_ qcrra(q)  ifq < p,
2pcira(p) ifqg = p.

Then problem (1.1) has at least three nontrivial solutions ugy € int (C1 (§)+) ,V0 €
—int (C1(22)+) and a nodal solution yy € [vo, uol N C1(2). Additionally, (1.1) has
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a smallest nontrivial positive solution uy € int (C ! (§)+) and a greatest nontrivial
negative solution v_ € — int (C1 (5)_,_).

Remark 3.8 As mentioned in the Introduction recall that the results in Theorem 3.7
recover those ones obtained in Winkert [23]. Indeed, if ¢ = p and a(§) = ||& ”]1%1_"25
for all £ € RY is the p-Laplacian, then ¢; = ﬁ and 2pC75»2(p) = iz(p) being the
second eigenvalue of the p-Laplacian with Steklov boundary condition. In this case
problem (1.1) becomes

—Apuz—x|u|p72u—f(x,u) in £,

0
||Vu||£,\,2£ — MulP~2u — hx, u) on 9.

with
0<yxy =<1

In contrast to [23] we have on the one hand a more general operator being possibly
nonhomogeneous and on the other hand we do not need a sign-changing condition on
f near the origin.
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