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1 | INTRODUCTION

Given a bounded domain Q c RN, N > 2, with Lipschitz boundary dQ, we study the following singular double phase
problem with critical growth on the boundary

—div (|VulP>Vu + p0)|VulT?Vu) + auP™ = {ou™ + aud™  in Q,

(1.1)
(IVUulPVu + p(x)|Vul??Vu) - v = —peuP~"  on 0Q,
where 4> 0 and v(x) is the outer unit normal of Q at the point x € 9Q. The operator involved is the so-called double phase
operator given by

div (|VulP=2Vu + p()|Vu|97*Vu) for u e wH(Q),

which is related to the energy functional
® / (IVolP + ux)|Vol) dx. (1.2)
Q

Functionals of type (1.2) have first been studied by Zhikov! in order to provide models for strongly anisotropic materials.
The main characteristic of the functional defined in (1.2) is the change of ellipticity on the set where the weight function
is zero, that is, on the set {x € Q : u(x) = 0}. To be more precise, the energy density of (1.2) exhibits ellipticity in the
gradient of order g on the points x where p(x) is positive and of order p on the points x where u(x) vanishes. Further results
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on regularity of minimizers of (1.2) can be found in the papers of Baroni-Colombo-Mingione,** Colombo-Mingione,*>
De Filippis-Mingione,® Marcellini,”® and Ragusa-Tachikawa.’
We suppose the following assumptions:

(H):

(i) 1<p<N, p<g<p*and 0 < u(-) €L®(Q);
(ii) 0<kx<1andq; € (max{q,p.},p*), where

N-1
are the critical exponents to p;
(iii) @€ L*(Q)with a(x) > 0fora.a.xeQ and a #0;
(iv) peL*(0Q)with f(x) > 0 for a.a.x€0Q;
(v) ¢eLl®(Q)and {(x)>0fora.a.xeQ.
We call a function u € WH(Q) a weak solution of problem (1.1) if {(-)u=*h € L1(Q), u(x) > 0 for a.a.x€ Q and
/ (IVulPVu + pu(x)|Vu|?>Vu) - Vhdx
Q
+ / a()uP~thdx + / peoyuP-"thdo 1.4)
Q oQ

= / U hdx + A / u®=thdx
Q Q

is satisfied for all test functions h € W' (Q). Based on (H), it is easy to see that the definition of a weak solution in (1.4)
is well defined. Denoting by ®, : W'(Q) — R, the energy functional corresponding to problem (1.1), the main result
in this paper is the following theorem.

Theorem 1.1. If hypotheses (H) hold, then there exists A* > 0 such that for all A € (0, A*] problem (1.1) has at least two
weak solutions u,,v; € WHH(Q) such that ©,(u,) <0< 0;(v,).

The proof of Theorem 1.1 relies on the properties of the Nehari manifold along with a new equivalent norm in the
corresponding Musielak-Orlicz Sobolev space W (Q). In contrast to other works dealing with double phase problems,

we were able to weaken the usual condition
q 1
=<1+ —=. 1.5
S<lty (L5)
Such assumption is standard for Dirichlet double phase problems in order to have the equivalent norm ||V - || in

WS’H(Q). It also guarantees the density of smooth functions in W'(Q). Condition (1.5) can be replaced in our paper
Ng_
N+q
relax the assumptions on the weight function u(-). Instead of a Lipschitz condition, we only need u(-) to be bounded, not

necessarily continuous.

Based on the new equivalent norm in W' (Q), we were able to suppose critical growth on the boundary of Q. To the
best of our knowledge, there is only one paper concerning singular double phase problems with nonlinear boundary
condition, namely, the paper of Farkas-Fiscella-Winkert!® who studied the problem

by g < p* which is equivalent to < p. Note that such condition is indeed weaker than (1.5). Furthermore, we can

—divAW)) + uP + peoutt = wP T+ A (W + g w)  in Q,

(1.6)
Aw)-v=ul"1 4+ g (x,u) on 0Q,

where
div(A(w)) := div (FP~ (Vu)VF(Vu) + u(x)F (Vu)VF(Vu))

is the Finsler double phase operator with a Minkowski space (RN, F). They obtain the existence of one weak solution
of (1.6) by applying variational tools and truncation techniques. The treatment is completely different from ours and only
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one solution is obtained. Also in the case of nonsingular Neumann double phase problems, there are only few works.
We refer to El Manouni et al.,!! Gasinski and Winkert,'? Papageorgiou et al,'* and Papageorgiou et al.'* Gasinski and
Winkert!? study the problem

=div (|VulP~>Vu + p(0)|Vu|7?Vu) = f(x,u) — [ulPu — p(0)|u|*u  in Q,

(IVulP=>Vu + pu(x)|Vul97Vu) - v = g(x, u) on Q. (1.7)

Based on the Nehari manifold method, it is shown that problem (1.7) has at least three nontrivial solutions. We point
out that the use of the Nehari manifold in Gasinski and Winkert!? is different from ours. Indeed the idea in the current
paper is the splitting of the Nehari manifold into three disjoint parts, and the two solutions in Theorem 1.1 turn out to be
the global minimizers of ®, restricted to two of them, provided the parameter is sufficiently small. The third one is the
empty set.

In general, the use of the fibering method along with the Nehari manifold is a very powerful tool and was initiated by the
works of Drabek and Pohozaev'® and Sun et al.'® Afterwards several authors applied this method to different problems of
singular type and nonsingular type. We refer to the works of Alves et al.,'” Lei,!® Liu et al.,’® Liu and Winkert,? Mukherjee
and Sreenadh,?' Papageorgiou et al.,?? Papageorgiou and Winkert,?*> Wang et al,?* and Yang and Bai.?

For existence results for double phase problems with homogeneous Dirichlet boundary condition, we refer to the papers
of Colasuonno and Squassina?® (eigenvalue problem for the double phase operator), Farkas and Winkert?’ (Finsler double
phase problems), Gasinski and Papageorgiou?® (locally Lipschitz right-hand side), Gasinski and Winkert?>* (convec-
tion and superlinear problems), Liu and Dai3! (Nehari manifold approach), Perera and Squassina3? (Morse theoretical
approach), Zeng et al.333* (multivalued obstacle problems), and the references therein. Finally, we mention the nice
overview article of Mingione and Ridulescu®® about recent developments for problems with nonstandard growth and
nonuniform ellipticity.

2 | PRELIMINARIES

In this section, we will present the main properties of Musielak-Orlicz spaces L’ (Q) and W' (Q), respectively, and equip
the space W' (Q) with a new equivalent norm.

The usual Lebesgue spaces L'(€2) and L'(€2; RY) will be endowed with the norm || - ||, and the boundary Lebesgue spaces
are denoted by L"(0Q) with norm || - ||, 9o Whenever 1 < r < oo. The corresponding Sobolev spaces are denoted by W"(Q)
for 1 < r < oo with the equivalent norm

llullr.r = <I|VMII§+/a(x)Iu|rdX> ,
Q

where « fulfills hypothesis (H)(iii). The proof for such result is similar to those proofs as in Papageorgiou and Winkert.3
Proposition 2.8,37 Proposition 4.5.34
Let hypothesis (H)(i) be satisfied and let H : Q X [0, c0) — [0, o) be defined by
Hx,t) = 2 + u(x)td.

Let M(Q) be the space of all measurable functions u : Q — R. As usual, we identify two such functions which differ
on a Lebesgue-null set. Then, the Musielak-Orlicz Lebesgue space L' (Q) is given by

L"Q) = {ue MQ) : on(u) < +oo}

equipped with the Luxemburg norm
lulle = inf { >0 : on (%) <1},
T

where the modular function is given by

on(u) :=/H(x,|u|)dx=/(Iulp+/4(X)|uI‘1)dx.
Q Q
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In addition, we define the seminormed space

LI©Q) = {u eMQ) : /y(x)lulqu < +oo}
Q

endowed with the seminorm

ullgu = (/u(xnqux)q.
Q

The Musielak-Orlicz Sobolev space W (Q) is defined by
WH(Q) = {ue L’(Q) : |Vul € L’(Q)}

equipped with the norm

Nullize = 1Vullz + llullz

where ||Vul|z = |||Vul||. We know that L{(Q) and W' (Q) are uniformly convex and so reflexive Banach spaces; see
Colasuonno and Squassina®®, Proposition 2.14 or Harjulehto and H#st.38, Theorem 6.1.4

The following proposition states the main embeddings for the spaces L’{(Q) and W (Q); see Gasinski and Winkert'?,
Proposition 2.2 or Crespo et al.>, Propositions 2.17 and 2.19

Proposition 2.1. Let (H)(i) be satisfied and let p* as well as p. be the critical exponents to p as given in (1.3). Then the
following embeddings hold:

(i) L’(Q) = L"(Q) and W' (Q) — WL (Q) are continuous for all r € [1, p];

(i) WH(Q) < L'(Q) is continuous for all r € [1, p*] and compact for all r € [1, p*);
(iii) WY(Q) < L7(0Q) is continuous for all r € [1, p..] and compact for all r € [1, p,.);
(iv) L'(Q) = LI(Q) is continuous;

(v) LY(Q) < L'(Q) is continuous.

Furthermore, we introduce the seminormed space

WHQRY) = {u eLiQ) : /y(x)|Vu|qu < +oo}
Q

endowed with the seminorm

1
q
1Vl = ( / u(x)IVqudX> .
Q
See Proposition 2.1(iv).

Next, we prove the existence of two equivalent norms in W (Q) which will be useful in our treatment. In the following,

we use the seminorms
1 1
I'l rz
lullr .0, = </01(x)|ul’1dx> and ||ullr, 6,00 = (/ Gz(x)lul’zdo> ,
Q 20

where we suppose
(H):

(i) 1<p<N, p<g<p*and 0 < u(-) e L*(Q);
(i) 1<r <p*and1<r, <p
(iii) 6, € L*(Q),01(x)>0fora.a.xeQ;
(iv) 0, € L>(0Q), 0,(x) > 0 for a.a.x € 0Q;
(V) 6:£00r0,£0.
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Proposition 2.2. If hypotheses (H') hold, then

Nully 5, =NVullz + llullro, + ullr,o,00

p q n r
||u||1‘H=inf{r>0 : /<<M> +M(x)<@> >dx+/01(x)<m> dx+/ Gz(x)<m> do-gl}
’ Q T T Q T 0Q T

are both equivalent norms on W (Q).

Proof. We prove the result in the critical case, that is, r; =p™ and r, = p., the other cases work similarly. First, it is
straightforward to show that || - ||7,, and || - ||7 ;, are norms on WLH(Q).
Applying Proposition 2.1(ii), (iii) gives for u € W"(Q)

1 1
lullS 5, < IVull + 16:01E Nullp + 162115 Nullp, 00

1 1
< IVullz + Call6r 1% llullize + Coall211% Nl z

< Cillully s

where Cgq, Cyq > 0 are the embedding constants and C; > 0.
Let us now show that

llellze < cllully,, 2.1

for some ¢ > 0. Arguing indirectly, we suppose that (2.1) is not true. Then there exists a sequence {u, },eny € W (Q)
such that

lunllze > nllugll7,, forall neN. (2.2)

We set y, = qun

[l

which gives ||y, ||z = 1. From (2.2), we then obtain

1 0
E > ”ynlll,H' (23)

Since ||V - ||7 + || - |l is the norm of W1 (Q), we see that {y, },eny € WHT(Q) is bounded. Hence, we may assume
that

yp — yin WH{(Q) and y, — y in [P (Q) and LP*(9Q). (2.4)
See Proposition 2.1(ii), (iii). Moreover, from (H')(i) we know that g < p*. So from Proposition 2.1(ii), (v), we have
WLH(Q) — LI(Q) compactly and LI(Q) < L*(Q) continuously. Therefore, y,, —y in L*(Q) and since ||y,|lx = 1, it

is clear that y # 0. Passing to the limit in (2.3) as n — o0 and using (2.4) along with the weak lower semicontinuity of
the norm ||V - ||3; and of the seminorms || - [|p-,. Il - llp, 6,00 lead to

02 [IVyllze + I¥llpo, + 1¥llp, 0,.00- (2:5)

From (2.5), we conclude that y =7 # 0 is a constant and so we have

0> |r|pi*</el(x)dx>p' + |T|i</ ez(x)dc:)“ >0,
Q 0Q

since 61 # 0 or #, Z 0 by hypothesis (H')(v). This is a contradiction, and so (2.1) is true. From this, we directly have that

el < Collull?,

for some C, > 0.
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Let us now prove that || - [|7,, and || - ||],, are equivalent. For u € WLH(Q), we have

p q p*
/ IVl ) o U dx+/01(x) LI
o \ \ T, TR o O\ i,
| | D
+/ 0,0 —a— ) do
oQ llull$ ,,
p* D
< oxn <l>+/91(x)< lul ) dx+/ %(x)(L) do
IVl Q [zl p-. 0, 00 lllp, 0,00

=3.

Therefore, llully 5, < 3||u||‘1”H. Similarly, we obtain

P q p*
/ Vil ) o M dx+/01(x) LI
o \\Tlul, lull;, o O\ i,
D
+ / | i ) (2.6)
s\l
SO L
=P (nun;)

where p7,, is the corresponding modular to || - [|7,, given by

Py (W) = / (IVulP + u(o)| Vul9) dx + / 0100 ul? dx + / 0,(0|ulPdo.
Q Q Q

Note that, for u € WhH(Q), the function 7 p;‘ H(”‘) is continuous, convex, and even, and it is strictly increasing
when 7 € [0, + o). So, by definition, we directly obtain

llull; ,, = = if and only if p} ,, (E> =1.
’ T\ T

From this and (2.6), we conclude that [[Vull; < lull},,. lullpe, < llull},, and [lull,, 0,00 < llull],, Therefore,

1
Ulullg,, < ully,- 0

Assuming hypotheses (H), we know from Proposition 2.2 that

p q p .
[|ul| :inf{r>0 : /<<M> +y(x)<M> )dx+/a(x)<M> dx +/ ﬂ(x)<M> dasl}
Q T T Q T 0Q T

is a norm on W1 (Q) which is equivalent to || - ||;.; and || - I3 ;- The corresponding modular p to || - || is given by

p(u)=/(IVqu+/4(x)IVqu)dX+/a(X)Iqudx+/ Beo)|ulP-do (2.7)
Q Q 0Q

for u e WHH(Q).
The norm || - || and the modular function p are related as follows.



2282 CRESPO-BLANCO ET AL.
WILEY

Proposition 2.3. Let (H)(i), (H)(iii), and (H)(iv) be satisfied, let y € WM (Q), and let p be defined by (2.7). Then
the following hold:
(i) Ify#0, then ||y|| = Aifand only if p (f) =1,
(i) |lyll < 1 (resp.> 1,=1)ifand only if p(y) <1 (vesp.> 1,=1);
(i) Ifllyll < 1, then |lyl|? < p(») < lIyIIP;
() Iflyll > L, then |IylIP < p(») < lIyll%;

() llyll=0if and only if p(y) — 0;
i) |Iyll— + oo if and only if p(y) — +co.

The proof of Proposition 2.3 can be done as in Liu and Dai,?! Proposition 2.1 or Crespo et al.,> Proposition 2.16
Let A : W (Q) - WIH(Q)* be the nonlinear mapping defined by

A, o = [ (IVuP2Vi 4 oIVl Va) - Vs
Q
(2.8)
+/a(x)|ulp‘2u(pdx+/ OO |ulPupdo
Q 90

forall u, p € WLH(Q) with (-, - )3, being the duality pairing between W7 (Q) and its dual space W' (Q)*. The properties
of the operator A : W (Q) — WH(Q)* are summarized in the next proposition.

Proposition 2.4. Let hypotheses (H)(i), (H)(iii), and (H)(iv) be satisfied. Then, the operator A defined by (2.8) is
bounded (i.e., it maps bounded sets into bounded sets), continuous, strictly monotone (hence maximal monotone), and it

is of type (S+.).

The proof of Proposition 2.4 is similar to those in Liu and Dai3!, Proposition 3.1 or Crespo et al.,*° Proposition 3.5

3 | PROOF OF THE MAIN RESULT

This section is concerned with the proof of Theorem 1.1. For this purpose, we introduce the energy functional ®, :
WH(Q) — R of problem (1.1) given by

1w 1 g , 1, »p 1 Ik qv _ A G
0,(u) = pIIulle+ qIIVuIIq,,,+p*llullp*,ﬂ,aQ T~ QC(X)Iul dx o llullg:-
It is clear that ©, is not a C'-functional because of the singular term. Next, for u € W (Q), we introduce the fibering

function y, : [0,+00) — R given by

wu(t) = ©,(tu) forall t > 0.

It is easy to see that y, € C*((0, 00)). Based on this, we can introduce the so-called Nehari manifold related to
problem (1.1) which is defined by

N = {u & WY@V} : [l + IVulld, + lull , . = /Q £Oolul'*dx + Anunzi}
= {ue W"(Q\{0} : yu(1)=0}.
We know that N, contains all weak solutions of problem (1.1), but it is smaller than the whole space W (Q). The

advantage of W is the fact that our energy functional ®, has nice properties restricted to N; which fail globally. Next,
we split the manifold W} into three disjoint parts in the following way:
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N = {u € Ni @ +& =Dl +(q+& = DIVullg, + @« +x =Dl ;o
—A(qy +x — Dljul|y >0}
={ueN; 1 y/@ >0},
N = {u € Nyt (p+x = DI}, +(q+x = DIVullg, + s + & = Dllull}” ;0
= Mg+« = Dllullg}
={ue N, : ) =0},
N; = {Ll € Nl : (P +K - l)llu”ip + (q +K— 1)||Vu||g,,4 + (px + K — l)llul ii’ﬂ,ag
— Mg +x = Dlulld <0}
={ueN; 1 y/@<0}.
In general, the energy functional ©; is not coercive on W' (Q), but it is on the manifold N as stated in the next
proposition.

Proposition 3.1. If hypotheses (H) hold, then ©,| y, is coercive.
Proof. Letu € N be such that ||u|| > 1. By the definition of N; we have
A 1 1 1 1
—=lullg = ——lullf, — =IVulll, - —Iul’ +—/§(x)|u|1‘”dx. (3.1)
g e o e T g an " g "Mppoe ™ o [
Applying (3.1), Proposition 2.3(iv), and Theorem 13.17 of Hewitt and Stromberg,*® p. 196 we obtain

_{i_1 p 1 1 q 11 D
®,w) = [p ql] [T [q ql] IVulld, + [p* ql] o0

1 1 1-x
r__r dx
* [ql 1- K] /QC(X)M (3.2)
> cup(u) + [i - L] / £eolul*dx
a1 1—-x] /g

> crl|ull? = callull'™,

since p < g < q; and p. < q; by hypothesis (H)(ii) and for some positive constants c;, ¢c,. Thus, the coercivity of ®; on
N, follows from (3.2) as 1 —x <1<p. O

Now we are going to prove that the global minimum of ®,; on N 7 is negative provided N  # @. The nonemptiness of
N will be proved later in Proposition 3.4. To this end, let m} = inf N+ O

Proposition 3.2. If hypotheses (H) hold and if N} # @, then 0, ~+ <0.In particular, m} < 0.

Proof. Letu € N # @. By the definition of N}/, we get

p+k-—1 g+xk-—1 p:+x—1 ‘
Mullt < ——ull? + Z—||VullL, + =——|ull> . 3.3
llullg, q1+1c—1” Il q1+K_1|| llg.s q1+/<—1” I, 500 (3.3)
Since N/ C W}, we have by the definition of N}
S CEolul' ™ dx = - Nullf ) + IVullg,, + llull?” + Lllullq1 (3.4)
1-—x o - 1-—x 1p q.u D.f,0Q 1-x q;° :
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Applying (3.4) and (3.3) leads to

_ 1w 1 g Ly p 1 1k qe _ A 1@
0,u) = > llully, + p IVullg, + o ull,; .00 -~ K/QC(X)lul dx o llullg!

I N N T E | ¢ (1 _ 1
=15 I_K]nuul,ﬁ[q 1_K] ||Vu||q,ﬂ+[p* I_K]nunp*m
1 1 g
)’ - 1
+ [l—x ql]”ul‘h
<_—(p+K—1) p+x—-1 qg+xk-1 lull?
- p(1l —«x) g+x—-1 q(d-x) Lp

-gq+x-1) qgq+x-1 q+x-1 q
: IVull,
q1 —«) g+x—-1 qd-«
—-(p+x-1) Kk —1 +xk—-1

p:(1—x) G+x—-1 qd-« Pof.o

p+x—-11]1 1 g+x—-11]1 1
= [— - —] lullf, + S | == = = | IVullg,

I-x |qn p 1- @ q
p«t+x—-1][1 1 b,
el s [
<0,
since p < g < q; and p. < q1; see hypotheses (H)(i) and (H)(ii). This shows that ®,| »~+ < 0 and so m;r <0. O

The next proposition shows that N + is empty provided the parameter 4> 0 is sufficiently small.

Proposition 3.3. If hypotheses (H) hold, then there exists A > 0 such that N' L =@ forall 1 € (0, ).

Proof. We argue indirectly and assume that for every 4 > 0 we can find 4 € (0, 1) such that N’ 1 # @. This means that
for such A > 0 there existsu € N 7 such that

@+ K= DU, +(@+x = DIVullL, + Qo+ = DI, 0 = Mgy +x = Dijull?. (3.5)

We know that N7 C N, and so u € N}, that is,

b

(@ + k= Dl + (@1 + 5 = DIVUIL, + (@ +x = Dlull?

1-x q (36)
= @t = 1) [ Coolul e+ A+ x = Dl
Q
Subtracting (3.5) from (3.6), we obtain
(@ =pllull}, + (@ = DUIVullg, + (1 =PIl 50 = (@1 +x = 1)/QC(x)|u|1‘”dx. 3.7)

Since 0<1—-k<1<p<qg<gq; and p, <q;, we can use Proposition 2.3(iii), (iv) to the left-hand side of (3.7) and
Theorem 13.17 of Hewitt and Stromberg*’, p.196 along with Proposition 2.1(ii) to the right-hand side of (3.7) in
order to get

. 1—
min {[[ull?, llull?} < eslull'~*

for some constant c; > 0. As0<1—x <1< p<g, this implies

lull < cs (3.8)
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for some ¢4 > 0. However, from Equation (3.5), we deduce
min { [|u|l?, Jul|?} < Acs|jul|® (3.9)

for some cs > 0 where we have used Propositions 2.3(iii), (iv) and 2.1(ii). From (3.9), we then conclude that

1 1
> ()" or g > (2= )"
iCs ACS

Letting 1 — 0%, it follows ||u||— + oo since p < g < g; contradicting (3.8). This proves the emptiness of N ; for all
A€ (0,4). O

Next, we are going to prove the nonemptiness of the sets N /;—F for small values of the parameter 4 > 0, and we will show
that the functional ®, achieves its global minimum restricted to the set N}

Proposition 3.4. If hypotheses (H) hold, then there exists 1 € (0, A] such that N f # @ forall A € (0, 1) and for any
A€ (0, 1), there exists u, € N such that ©;(u,) = m} < 0and u;(x)>0fora.a.xeQ.

Proof. Letu € WH(Q) be such that u % 0. We consider the function 7, : (0, +00) — R defined by
() = = full} , — e /Q SO ul' " dx. (3.10)

Recall that g; — p <q; + x — 1. Hence, there exists a unique 73 > 0 such that

fiu () = max i (2).

This means
@ —ag(E) Tl + (@ +x = D(E) /Q ol " dx =0
and so
- +x-1 x)|u|t*dx e
o l(ql ) fal )I! | ] | 1)
(1 - pllulf,
Using (3.11) into the definition of #, in (3.10) gives
v
] |@ - piul?, |
i (8) = —llull?,
[(q1 + x = 1) [, 0o u| -+ dx] 7=
qq+k-1
@ -l |~
1—-«x
= [ e
[(@1 + & = 1) [l @Olul'=rdx] »oT 7€
qa-p p(qy+x-1)
_ (g1 —p)re flull, (3.12)

(@ + K = VP [ [l olult-=dx] 71

q1+x—1 plg1+k-1)
ptr-1

(@ =p) = lully

a+e-l il
(qu + Kk = 1) p [ [oEolult = dx] Pt

. pg1+x-1)

qrtk— x—1

_p+K—1[ qi—p :|p+_1 luell,

B - +x—1 e
qi—pP |1 tK [fgg’(x)lull—de] pirol
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Applying Theorem 13.17 of Hewitt and Stromberg,*’, p. 196 we have
/C(x)lull"‘dx < collull,* (3.13)
Q

for some ¢ > 0. Furthermore, we denote by S the best constant of the continuous embedding W'P(Q) < LP'(Q),
that is,

Sllullﬁ* < IIMII‘f,p~ (3.14)
From (3.12), (3.13), and (3.14), it follows that
i (12) = Allull?
L P +x-1)
a1 t+K— +x—1
— p+K—1 ql —p ] px—1 ”u“l; _ﬂ”u”ql
Ga1—-p [g1+x-—1 [fQC(x)lull‘de] ﬁ o
qq+x-1 S‘?:K’:l <”u”p )q;:::ll (3.15)
>P+K—1 qi—p |t P 1 T
> — — o — Aerlludly
G1—p [q1tx

_ x—1
(colluti= )™

= [cg — Acs] ||ull
for some constants ¢y, cg > 0. From (3.15), we conclude that there exists 4 € (0, /T] independent of u such that
fiu (7) — Allullg >0 forall A€ (0,2). (3.16)
Now we introduce the function 7, : (0,+c0) — R defined by
M) = O ull], + Vg, + POl o = /Q C00lul'~*dx.
Note that the equation

0=nu(®) = (p— g™ H[ull] , + (g — gt | Vullg,,

g1y 1P g Lk (3.17)
+ (p#< - (h)tp* @ ”u”p* £,0Q - (—‘h —K+ 1)t h C(x)lul dx
*” Q
is equivalent to
(@ =Pl + (qu = eIV, + (@ = pIP Tl g
(3.18)

. 1>/¢<x>|u|1-de.
Q

Since 0<q1 —qg<q1—p<q1+x—-1, 0<q;—ps«, 0<p+x—-1<qg+k—-1, and 0<p, +« —1, we can observe that
the left-hand side of (3.18), which we shall denote as &,(t), fulfills

lli%l (D=0, [liin E,(t) = 400 and &/(t) > 0 forall ¢ > 0.

From the two limits and via the intermediate value theorem, one can derive that there exists ¢, > 0 such that (3.18)
holds, and from the remaining claim that this value is unique due to the injectivity of &,(f). Furthermore, if we consider
m,(®) > 0 (n,(¢) < 0), then (3.18) holds with a sign < (>), and as &,(¢) is strictly increasing, this holds for ¢ < ¢}, (¢t > 7).
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Hence, #,,(f) is strictly increasing in (0, t;,), strictly decreasing in (¢}, o), and

1y (£) = max m, ().
t>0

It is easy to see that #, > #,. Thus, from (3.16), there exists 1 € (0, Al independent of u such that

n (t5) — Allullg: >0 forall A€ (0,1).
On the other hand,as0<q; —g<q1 —p<q1 +k —1, 0<q; — p., there holds

lim #,(t) = —co and lim #,(t) = 0.
t—0* t—>+o0

WILEY—2

By the intermediate value theorem and the injectivity of #,(t) in (0, ;) and (;, o), there exist unique numbers

tl <t < t2 such that
M (t) = Alullgh = n (62) and nf, (67) <0 <y (8) -

Recall that the fibering function y, : [0, +o0) — R is given by
wu(t) = O,(tu) forall t > 0.
We have

v (t) = ()7 ull?, + () Ivald, + ()7 Il
— ()™ /g celul**dx — A(6) " ) ®
and
v () = @ = D(e)" Nl + @ - D) Ivull,
# 0= D)+ () [ ccolul
; Q

1_2 1
= Mgu = D(6) "l
The first relation in (3.19) gives

(8)" ™ uell?, + (6) T NVallg, + ()™

D.P,0Q
—q,—k+1 —
() /c<x>|u|1 de = Allul2.
Q

Now we multiply (3.21) with K(t}l)ql_2 and —(q; — 1)(%)(11—2’ respectively. It follows

O 1 S Oy R T R (5 L T e T ) R P

D80

=x(t)™ /Q £eolul' ™~ dx

and
= (@ = V(&) Ml = (@1 = D) UValid, = (g = D(e)" " ull?

+(q1 — 1)(t},)"“‘1/¢(x)|u|l—'<dx = —A(q1 — 1>(t;)q1‘2||uug;.
Q

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Now we use (3.22) in (3.20) which leads to

v (6) = @ +x =D () Nl + (@ +x = D(eh) T Ivull,

*_2 F -2
+ (s 4 k= D(0)" Tl o = A+ k= D(6) " lullg:

B (3.24)
= (62) 7 [0+ & = D) Il + @+ x = D(E) NVulf,

o+ &= D) Ml o = A +x = D(6)" ||u||2;] :
On the other hand, applying (3.23) in (3.20) along with the representation in (3.17) yields

-2 -2
wil (6) = (= q(6)” llullf, + (@ = g0 (6) " Ivullg,
+ (P — q(88)" 7 lul Y poa T (@ K= 1)(ti)'K'1/C(x)|u|1"‘dx (3.25)
o Q

-1
= ()" i (6) > 0;
see (3.17). From (3.24) and (3.25), we conclude that

@+ x = D(8) Il , + g+« = D (6) IVulld,

+ P+ k= D) Nl 0 = A+ x = D(5) " lullg! > o,

since } > 0. This shows that

tu € N} forall A€ (0,7].

Hence, N '+ # @. The same treatment can be done for the point t2 in order to prove that ' ;F D
Now, we are going to show the second assertion of the proposition. To this end, let {u,},ey C N be a minimizing
sequence, that is,

©,(u,) \ym; <0asn— . (3.26)

First, we know that {u,},eny € WH(Q) is bounded since N Tc N, and by applying Proposition 3.1. Hence, we
may assume that

U, = u,; in WH(Q) u, - u; in L9(Q) and u, — u, in LP+(0Q); (3.27)

see Proposition 2.1(ii), (iii). From (3.26) and (3.27), it follows that
0,(u,) < liminf 0,(u,) <0 = 0,(0).
n—+oo

Therefore, u; #0.
Next, we want to prove that

lim p(u,) = p(us) (3.28)
n—+oo
for a subsequence (still denoted by u,,).

Claim 1: lim info-sesllal1?, = 1412,
Let us suppose Claim 1 is not true. Then we have

. . p p
llgigf Nunlly, > Nually -
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Using this and (3.19) along with the weak lower semicontinuity of the corresponding norms and seminorms results in

lim inf yy, (t;,)

n—+o

. . p-1 q-1 p.—1 &
= tim inf | (¢, )7 lualf, + (6,) " Il + ()7 Il

()™ / £00 e — A(£], )" uagll®
Q
> (6,7 Ml + () IVl + (8,) T i o,
—(d)” / CO0lus 1= dx — A ) g 12

=i, (th) = ()" [, (6,) - 2luall] = 0.

Hence, there exists a number ny € N such that y, (t; ) > 0 for all n>ny. We know that u, € N} C N} and
wy, () = 1971 [, () — Allug|Ij!]. Therefore, we conclude that yy, (¢) < 0 for all t€(0,1) and y;, (1) = 0 which implies
t, > 1

Recall that y,, is decreasing on (0, t}u]. This implies

0, (th,u;) <O, (uy) < m?.
Since t}hu 5 € N'F, we have

m! <0, (t,u;) <m?,

a contradiction. So Claim 1 is proved.
From Claim 1, we find a subsequence (still denoted by u,) such that

lunlly, = luall,- (3.29)

Claim 2: lim inf, || Vutallg , = [IVu, |2, for the subsequence in (3.29).
As before, let us suppose Claim 2 is not true. So we have

. . q q
Hm inf [[Vuullg, > 1Vitillg,-

Then we can argue exactly as in the proof of Claim 1. This shows Claim 2.
From Claim 2, we find a subsequence (still denoted by u,,) such that

IVunlld, = IVualld . (3.30)
Claim 3: lim infn_,+m||un||§* soa = llwl i* 500 for the subsequence in (3.30).
The proof is the same as in Claims 1 and 2. So we find again a subsequence (still denoted by u,,) such that

”ul’lnii’ﬂ,ag - ||u}”||§i,ﬂ,l)9' (331)
For the sequence in (3.31), we know that the convergences in (3.29) and (3.30) hold true. So combining (3.29)—(3.31)
for this sequence, we see that (3.28) is satisfied. Since the integrand corresponding to the modular function p(-) is uni-
formly convex, this implies that u, — u,; in W (Q); see also Fan and Guan*! Theorems 3.2 and 3.5. By the continuity
of ®;, we have ©,(u,) — 0,(u,), and thus, ©,(u;) = m;. We know that u,, € ./\/;r for all n € N, that is,

P

-+ K = Dllull?, + (@ + k= DIVU L, + Qo+ x = Dilall”, 65

— Aq1 + & = Dljunllg > 0.
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Passing to the limit in (3.32) as n — +o00, we obtain
(@ +x = Dllwslly , +(q + & = DIVuallg, + s + k= Dllwall}” ;0 = Aqr + & = Dllusllg: > 0. (3.33)

Since A € (0,1) and 1 < 4, we conclude from Proposition 3.3 that we have a strict inequality in (3.33). Hence,
u, e N /1+ Note that we can always use |u,;| instead of u,, so we may assume that u;(x) > 0 for a. a. x € Q such that
u, ?é 0. O

The next proposition plays a key role in order to prove that u, is a weak solution of problem (1.1).

Proposition 3.5. If hypotheses (H) hold, h € WM (Q) and A € (0, 1], then we can find 5> 0 such that ©;(u;) <
O,(u,+th)forallte [0, 5]

Proof. Takingu € N}, we introduce the function ¢ : WH(Q) x (0, c0) — R defined by

D

@(y.0) = PP u A yIf, + TV @ g, + E T e VI 0

- /C(x)|u +y["Fdx — A u+ ylg! forall y € WHHQ).
Q

Duetou e N e N, we easily see that ¢(0, 1) = 0. Moreover, since u € N ¥, we obtain

@0.1) = (p +x = Dlull} , + @+ & = DIVUIIG, + @+ 5 = DIUI’ ;50
— M1+ x = Dljull? > 0.

Now we can apply the implicit function theorem; see, for example, Berger,*?, p. 115 which ensures the existence of
e >0 and a continuous function y : B.(0) — (0, co) such that

70 =1and y(y)u+y) € N, forall y € B.(0),
where B,(0) = {u € W(Q) : |lu|| < £}. Choosing & > 0 small enough, we have
2(0)=1and y(»)(u+y) € N; forall ye B(0). (3.34)
We define now the function &, : [0, +00) — R given by

En(®) = (p = D) lluz + thil} , + (g = DIIVus + tVAIIG, + (s = Dllwg + thll o0

. . (3.35)
+ K [ COOluy +th] ™ dx — A(q1 — 1) llus + thilg, -
Q
We know that u; € N, and u; € N This gives
K/QC(X)Iulll_de =K ||Mallip + i [IVugllg, +x ||MA||§:!/;‘09 — Ak ||W||31 (3.36)
and
p q p.
@ +x =Dl , +(@+x =D lIVuallg, + @« +x =D llusll; ;50 (3.37)

— M1+ =D luglI > 0.

Using (3.36) and (3.37) in (3.35), we infer that E,(0) > 0, and since Ej, : [0,+o0) — R is continuous, there exists a
number &y > 0 such that

Ep(t) > 0 forall t € [0, 5].
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From the first part of the proof (see 3.34), we know that for every ¢ € [0, §o], there exists y(t) > 0 such that
2t (uy+thye N and y(t) > 1ast — 0.
From Proposition 3.4, it follows that
mi =0;u;) <0, (yt)(u; +th)) forall t € [0,5]. (3.38)

Let u € WHH(Q) be arbitrary and recall that y,(t) = ©,(tu) for all ¢ > 0. Note that for ¢ > 0, we have ty/(t) = 0 if
and only if tu € N}, thatis, t = t} or t = 2 by (3.19). From (3.25), we also know that y/(t}) > 0 > y//(t2). On the
other hand, there exists a unique ¢ > 0 such that y/(t;) = 0. Hence, t} < ti < t2. Altogether, if y/(t) > 0, then
t € (0,8 C(0,t2) and yy (1) > wy(t)), see Figure 1.

Now, from /(1) > 0 and the continuity in ¢, we have u/l;’_m(l) > 0 for t€[0, 5] with 6 €(0, 5¢]. Therefore,
using (3.38), '

m; =0, u) < 0; (x(O) Wi+ th) = w4 (X (1) < Yu,+m(1) = O, (u; + th)

forall t€[0, 5]. O

Now we are ready to show that u, is indeed a weak solution for problem (1.1).

Proposition 3.6. If hypotheses (H) hold and 4 € (0, 1), then u,, is a weak solution of problem (1.1) such that ®,(u;) < 0.

Proof. First, we mention that u; > 0 for a.a.x€ Q and 0,(u;) < 0; see Proposition 3.4.

Claim:u; >0fora.a.xeQ

Arguing indirectly and suppose there exists a set B with positive measure such that u; = 0in B. Let h € W' (Q)
with h >0 and let t € (0, §) (see Proposition 3.5); then (u; + th)!=* > ui"‘ a.e.in Q\ B. Applying Proposition 3.5 yields

< 0O,(u; + th) — 0,(u;)

0
t
Cp A thllf, = llullf, L1 IV, + thll2, — IVualld,
P t q t
s+ thll: oo =l o
+ L ., P.ofOQ 1 /g(x)hl—,(dx
l)>k t (1 - K)tK B
1 (U + th)' = — (u)'* A Nl + thllg = [luallg!
- ¢(x) dx - —
1-x/o\s t Q1 t
.1 llua + thllf , = lluallf, L1 IV, + N2, = IVulll,
p t q t
s + P o = Ml oo
+ 1 p..p. poBoQ 1 £OOR "~ dx
D+ t (1 - K)tK B
o+ Rl = Nusllg,
Q1 t

From this, we conclude by hypothesis (H)(v) that

< 0,y + th) — 0,(u;)

; — —coast— 07,

0

which is a contradiction. This shows the claim and sou; >0 a.e.in Q.
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Let us now show that
() ()™ h € LYQ) forall h € WH(Q) (3.39)
and
/Q (IVus P2V, + p(x)| Vuy [97Vuy,) - Vhdx

+/a(x)(u,1)p‘1hdx+ ) (uy)P<thdo (3.40)
Q 00

> /C(x)(u/l)_Khdx+ /l/(u/l)‘h—lhdx
Q Q

for all h € WH(Q) with h > 0.
Taking h € WH(Q) with h > 0 and choosing a decreasing sequence {t,},en C (0,1] such that lim,_.t, = 0, we
see that for n € N, the functions

(@A(X) + 1RO — u (01 F

®n(X) = {(X) .

are measurable and nonnegative, and we have
lim w,(x) = (1 — k) )u,(x) " h(x) for a.a. x € Q.
n—oo

From Fatou's lemma, we obtain

/C(x)(u,l)_”hdx < liminf/a)ndx. (3.41)
Q Q

1—k now

Applying again Proposition 3.5, we get for n € N sufficiently large that

< 0,; + t:h) — 0,(u,)

0
tl’l
bl =l IV GG, — IVl
Tp by T4 by
+illumtnhllﬁj,m—IIuAIIf,;m B /w N+ bl —||u,1||gi.
D- tn 1-xJo 0 In

Passing to the limit as n — oo and applying (3.41), we obtain (3.39) and

/ ¢()(uz) ™ hdx

Q

< / (IVus P2V, + p(x)| Vuy |97Vuy,) - Vhdx
Q

+ /a(X)(Lu)p_lhdx+ B ()P hdo + )’/(u/l)ql_lhdx‘
“ Q

0Q
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This shows (3.40). Note that it is sufficient to prove the integrability in (3.39) for nonnegative test functions h €
WLH(Q).

Now, we can prove that u; is a weak solution of (1.1). For this purpose, let v € W(Q) and & > 0. Taking h =
(u; + €v), as test function in (3.40) and using the fact that u; € N ¢ N, such that u;>0, we obtain

0< /Q (IVuAlP 2V, + p0)|Vuy 972 Vu,) - V(u, + ev),dx
+ /g a() (P (uy + v)pdx + /o Qﬁ(x)(u,op*_l(u,l + ev),do
- /g (S ™ + Au)™) (uy + ev),dx
= /Q (IVua P> Vg + po)|Vuy |72 Vu,) - V (uy + ev) dx
- /{ . (IVualP2Vuy + p0)|Vuy |97 Vu,) - V (u, + ev) dx
ev<

+ /oc(x)(w)p_1 (u, + ev)dx — a() )P (uy + ev)dx
Q

{u;+ev<0}

+ / PO (uy + ev)do — / PP (u; + ev) do
oQ {u,+ev<0}
- / (CEIWD)™ + Au)®™) (u; + ev) dx
Q
+ / (S ™ + Au)™) (uy + ev) dx
{u,+ev<0}
= llwllf, + IVuallg,, + Iluzllp .00 /QC(x)Iuall‘”dx— Mgl
+ 5/ (IVua P> Vuy + p(x)|Vu, |77*Vuy) - Vdx
Q
+¢ / a(d)(u)Pvdx + € / B0 (u,)Pvde
Q 0Q
/ (CO@)™ + Auy)m ™) vdx
/ (IVualP2Vuy 4 p0)|Vuy |972Vu,) - V (1, + ev) dx
{u,+ev<0}
/ a ()P~ (u; + ev) dx — PP (uy + ev) do
{u,+ev<0} {u;+ev<0}
+ / (S ™ + Au)™) (uy + ev) dx
,+ev<0}
< 5/ (IVus P2 Vg + p(0)|Vuy |7 Vuy,) - Vdx
Q
+e / a()(u,)P vdx + e / L)) vde

—e [ (CO@)™ + Ay ") vdx

p\,

L)

/ (IVuz P> Vuy + p(0)|Vuy |2 Vuy,) - Vodx
{u;+ev<o0}

—¢ / a()(u,)Plvdx — € OO vde
{u,+ev<0} {u,+ev<0}
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Note that the measure of the domain {u; + €h < 0} tends to zero as € — 0. Hence,
/ (IVulP2Vuy + p(x)| Vuz|972Vuy,) - Vdx — 0 as € — 0,
{u;+ev<0}
/ a(x)uy)Plvdx — 0 as € - 0,
{u;+ev<0}

/ Be)(u)P-'vde - 0 as € > 0.
{u;+ev<0}
So, we can divide the inequality above with & > 0 and let ¢ — 0. We obtain

/ (IVus P2V, + ()| Vuy |972Vuy,) - Vodx
o
/a(x)(u,l)p‘lvdx+ AP vde

/C(X)(ua) vdX+/1/(u )y

Since v € W (Q) is arbitrary, equality must hold. It follows that u, is a weak solution of problem (1.1) such that
©,(u;) <0; see Propositions 3.2 and 3.4. O

Now we are interested in a second weak solution which turns out to be the global minimizer of ®; restricted to N .
First, we show that this minimum is nonnegative.

Proposition 3.7. If hypotheses (H) hold, then there exists A* € (0, 1] such that ©,| N >0 forall A€ (0, A*].

Proof. First we take u € N' ; Which is possible by Proposition 3.4. Applying the definition of N ; and the embedding
WlP(Q) & L1 (Q), we have

Agu +x = Deg lullf, = g1 + & = Dllullg:
> @+x=Dlully, +(q+x = DIVullg, + @ +x = Dlul ;0
> (p+x = Dlully,

for some constant ¢y > 0. This implies

+k-1 |7
> | —2——| . (3.42)
Acg'(qr +xk —1)

We argue by contradiction and suppose that the statement of the proposition is not true. Then there exists u € N° N
such that ®,(u) <0, that is,

100 1 q 1 1« @
p”u”LP + p IVullg, + ||M||p g T K/QC(X)lul dx — ||u|| <0 (3.43)
As N7 C N;, we obtain from the definition of NV

1 1 . A
EIIVMIIZ,,, = E/QC(X)IMP dx + EIIMII - —II II |IuIIp oo (3.44)
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Combining (3.44) and (3.43), one has

1 1 p 1 1 q 1_1 P
<p q1> Il * <q q1> Vil + <p* q1> 0.0

+<l— ! )/c(x>|u|1‘des0-
@i l1-x/Ja

Since p.. < q; and q < q1, this implies

q1—Dp p g1 +x—1 1 g1 +x—1 ek
lullP < Zo—— [ ¢@lul"*dx < Z————cyollull
pq T g (1-x) Jgo Q1 —x) O

for some constant ¢;o > 0. Therefore,

lullip < cn (3.45)
for some c;; > 0. Now we use (3.45) in (3.42) and get
1
0< 2 < /1‘U+P with Cip = lm] " > 0.
‘n Cgl(fh +x—-1)

Letting A — 0 yields a contradiction since 1 < p < q;. Hence, we find A* € (0, 1] such that ®, | > 0forall A € (0, A*].
O

Next, we will show that the functional ®; achieves its global minimum restricted to the set N i

Proposition 3.8. If hypotheses (H) hold and A € (0, A*], then there existsv; € N 1 Withv,;>0 such that
m; =inf @, = @, (vy) > 0.
i =i A 2 (V)

Proof. First note that forv e N , by using the embedding WP(Q) — L1 (Q), we obtain

1
Mg+ x =DIplig > @+x=DIVIE, > @+« - 1)c—pllvllfl’1
9

for c¢g > 0; see the proof of Proposition 3.7. Therefore,

1
p+rk—1 n-r
We > | —— | . 3.46)
Ivll, licg(%""f—l)] (

Let {V}en C N, C N be a minimizing sequence. Then, since N, C N;, we know from Proposition 3.1 that
{Vn}neny € WHH(Q) is bounded. We may assume that

v, = v, in WH4Q), v, - v, in L9(Q) and v, — v, in LP+(0Q).
From (3.46), we see that v, # 0. Now we will use the point t‘i > 0 (see 3.19) for which we have
m, (&) = Alvallg and #y (£5) <O0.

In the proof of Proposition 3.4, we derived that tﬁlv,l eN 1
Let us now show that lim,,_, ., p(v,) = p(v;) for a subsequence (still denoted by v,). As in the proof of Proposition

3.4, we can prove Claims 1-3 via contradiction. Indeed, then we have in each case for a subsequence

@A(I‘%,V/l) < lim @A(tﬁlvn).
4 n— oo
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FIGURE 1 The graph of w,(t)
Since @A(tﬁlvn) < 0,(vy,) (note that it is the global maximum since u/;:l (1) < 0; see Figure 1) and tﬁAvA EN 1> We obtain
m; < O,(t; v) < mj,

a contradiction. Therefore, for a subsequence, we have lim,,_, . p(V,) = p(v,) and since the integrand corresponding
to the modular function p(-) is uniformly convex, this implies that v, — v, in W (Q) and the continuity of ®, gives
0,v,)—>0,W;)and so O,(v,;) = m;

Sincev, € N —foralln € N, we have

(0 +x = Dlvalll, + @+ x = DIVl + - + 5 = Dllvall>, 6
— Aq1 +x = D]l <O.

Now we pass to the limit in (3.47) as n —» +oo in order to get

0+ & = Dlvally, + (@ + 5 = DIVVallg, + (s + & = DIVally: ;oo = A1 +x = Difvallg <0. (3.48)

From Proposition 3.3, we know that equality in (3.48) cannot happen, so we have a strict inequality. Therefore,
v, EN ;- Since the treatment also works for |v,| instead of v;, we may assume that v,(x) > 0 for a. a. x € Q such that
v; # 0. Proposition 3.7 finally shows that m’ > 0. U

Finally, we reach a second weak solution of problem (1.1).

Proposition 3.9. If hypotheses (H) hold and A € (0, A*), then v, is a weak solution of problem (1.1) such that ©,(v;) > 0.

Proof. Following the proof of Proposition 3.5 replacing u; by v, in the definition of =, we can show for every t € [0, 5¢]
there exists y(t) > 0 such that

O, +thye N7 and y(t) - 1as t — 0.

From Proposition 3.8, we derive that
m; =0, v,) <0, (x({) (v, +th)) forall t e [0,d]. (3.49)

Claim:v, >0fora.a.xeQ

Let us suppose there is a set B with positive measure such that v; = 0in B. Let h € W'(Q) with h>0 and
let t€ (0, 8o) (see 3.49); then (y()(v, +th))' = > (x(Hv)' ~* a.e.in Q\ B. From (3.49) and since y, (1) is the global
maximum (see Figure 1) which implies y;,, (1) > s, (1()), we then obtain
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< 0,(x(OW; + th)) — 0,(v;)

0
t
< QO + th)) — 0, (x(H,)
- t
1 @@+l = Lz @vally, 1 IV + g, = IVG@vll,
P t "4 t
L1 Lr@Os+ Dl o0 = 12OVl 00y /g(x)hl_de
D+ t A=)~ Jpg
! / ( )()((t)(v,1+th))1"(—()((t)vi)l‘” G A 2O+ I = |2 @vall!
1-« Q\BC X t q1 t
1 e @O, + M, = Lx@vall}, L 1IVG o, + t)lIE, = IV wllg,
p t q t
L1 L L T s /cj(x)hl"‘dx
ps t 1 -x)t< Jp
A lr@ws + g = lxOEpllg,
T t .

From the considerations above, we see that

< O,(x(OW; + th)) — 0,(y(t)v,) .
- t

0 —oast— 0",

which is a contradiction. This shows the claim and sov; >0 a.e.in Q.

The rest of the proof works in the same way as the proof of Proposition 3.6. Indeed, (3.39) and (3.40) can be shown
similarly using again (3.49) and the inequality y, (1) > y;, (y(£)) along with v; > 0. The last part of Proposition 3.6 is
the same replacing u,; by v, and finally we know from Proposition 3.8 that ®,(v;) > 0. O

The proof of Theorem 1.1 follows now from Propositions 3.6 and 3.9.
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