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ABsTRACT. — In this paper, we consider an anisotropic Robin problem driven by the p(x)-
Laplacian and a superlinear reaction. Applying variational tools along with truncation and
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and the fifth nodal.
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1. INTRODUCTION

Let @ € RY be a bounded domain with a C2-boundary 9<2. In this paper, we study
the anisotropic Robin problem

—Apoyut + EC) PP ?u = f(x,u) inQ,

(1.1
IVu|?2Vy v+ B(x)[u|?P2u =0 on 9€2,

where v(x) denotes the outer unit normal at x € 92, B € C%*(9Q) with a € (0, 1),
B >0, and for p € C®1(Q) with 1 < min, g p(x) we denote by A, the p(x)-
Laplacian which is given by

Apyu = div (|Vu|p(x)_2Vu) forallu € WhPO(Q).

In the left-hand side of (1.1) there is also a potential term & (x)|u|?®) =2y with £ €
L°°(2) and £ > 0. In the right-hand side of (1.1) there is a Carathéodory function
f:Q xR — R, thatis, x — f(x,s) is measurable for all s € R and s — f(x,s)
is continuous for a.a. x € 2. We suppose that f(x,-) is (p4+ — 1)-superlinear as
s — Zo00 but without assuming the usual Ambrosetti-Rabinowitz condition, where
P+ = max, g p(x). Near zero f(x,-) exhibits an oscillatory behavior.
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Using variational tools from the critical point theory along with appropriate trun-
cation and comparison techniques, we prove the existence of at least five nontrivial
smooth solutions, all with sign information and ordered.

Elliptic equations driven by the anisotropic Dirichlet p-Laplacian have been studied
extensively in the last decade. The books of Diening—Harjulehto—Histo—Ruzicka [6]
and Rédulescu—Repovs [19] contain a rich bibliography on the subject. In contrast, the
study of anisotropic Robin problems is lagging behind. Deng [2] studied the Robin
problem

—Apou = Af(x,u) inQ,

(1.2)
|Vu|17(x)_zvu v 4 ﬁ(x)lulp(x)_zu =0 on 89,

and proved the existence of two positive solutions of problem (1.2) when p € C1(Q)
and under the Ambrosetti-Rabinowitz condition. A similar problem under the same
assumptions as in [2] was treated by Fan—Deng [10], namely

—Apou + AMulP®72y = f(x,u) inQ,

(1.3)
|Vu[PO2vy v = ¢ on 092.

Only positive solutions for (1.3) is shown but no sign-changing solution is obtained. In
2010, Deng—Wang [3] considered existence and nonexistence of a nonhomogeneous
Neumann problem given by

—Apyu + AMulP® 2y = f(x,u) ing,

(1.4)
|Vu|P®=2vy . v = g(x,u) ond<Q.

It is proved that there exists a parameter A* > 0 such that problem (1.4) has at least two
positive solutions for all A > A*. We also mention the works of Gasifiski—Papageorgiou
[11], Papageorgiou—Réddulescu—Tang [18], and Wang—Fan—Ge [21]. Except for [11],
the above-mentioned works consider parametric equations and focus on the existence
and multiplicity of positive solutions. Gasifiski—-Papageorgiou [11] considered the
Neumann problem

—Apou = f(x,u) ing,
|Vu[PO2vy . p =0 on 092.
and proved the existence of three nontrivial smooth solutions but they did not produce

nodal solutions. The novelties in our work in contrast to the above-mentioned papers
can be summarized in the following.

We only need p to be Lipschitz continuous.
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» We do not need to assume the Ambrosetti-Rabinowitz condition. We can weaken
the assumptions; see hypotheses (Hj)(ii), (iii) in Section 2 and Remark 2.4.

+ We obtain not only constant sign solutions, but also a sign-changing solution.
+ All the solutions we obtain are ordered with concrete sign information.

Finally, we mention the works of Deng [1] and Deng—Wang—Cheng [4] concerning
the Steklov and Robin eigenvalue problems of the anisotropic p-Laplacian, respec-
tively.

The paper is organized as follows. In Section 2, we recall the basic properties
of the variable exponent Sobolev spaces and the anisotropic p-Laplacian, mention
some tools/definitions we need later (Cerami-condition, critical groups), and state the
main hypotheses on the data of our problem. Section 3 deals with the existence of
constant sign solutions. The first pair of positive and negative solutions is obtained in
Proposition 3.1 by using the direct method of calculus of variations and the existence of
the second pair of positive and negative solutions, stated in Proposition 3.2, is proved
via the mountain pass theorem. The rest of the section is devoted to the existence of
extremal constant sign solutions, see Proposition 3.5, which are needed later in order
to find a sign-changing solution. Finally, Section 4 is concerned with the existence of a
nodal solution to problem (1.1) which lies between the extremal constant sign solutions.
This result is stated in Proposition 4.1 and the proof relies on the combination of the
mountain pass theorem and critical groups. The full multiplicity result is given at the
end in Theorem 4.2.

2. PRELIMINARIES AND HYPOTHESES

The study of problem (1.1) uses function spaces with variable exponents. A compre-
hensive introduction on the subject can be found in the book of Diening—Harjulehto—
Hasto—Riazicka [6].

In what follows we denote by M (£2) the vector space of functions u: 2 — R which
are measurable. As usual, we identify two such functions when they differ only on a
Lebesgue-null set. Given r € C(2) we define

r— =minr(x) and r4 = maxr(x)
x€Q xX€EQ

and introduce the set
Ei={reC(@:1<r}.
Then, for r € E1, we introduce the variable exponent Lebesgue space L™ (Q) defined
by
L'O@Q) = {u e M(Q): / "™ dx < oo}.
Q
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We equip this space with the Luxemburg norm defined by

r(x)
||u||,(.) = inf {/\ >0: / (li/{—l) dx < 1}-
Q

Then L") () is a separable, reflexive Banach space.
Moreover, we denote by r’(x) = % the conjugate variable exponentto r € Ej,

that is,
1 1

o @

Itis clear that 7’ € E;. We know that L™ (Q)* = L0 (£2) and the version of Holder’s
inequality

1 forall x € Q.

1 1
[ vt < [+ 2 Jiudio ol

holds for all u € L™ () and for all v € L O(Q).

On the boundary 02 we consider the (N — 1)-dimensional Hausdorff (surface)
measure 0. Using this measure we can define the boundary variable exponent Lebesgue
spaces L™ (0Q) for r € E;.

The corresponding variable exponent Sobolev spaces can be defined in a natural
way using the variable exponent Lebesgue spaces. So, given r € E1, we define

WhrO@Q) = {u e L"O(Q) : [Vu| € L™O()}
with Vu being the gradient of u: 2 — R. This space is equipped with the norm
lulire = lullr) + IVl forallu e WHO(Q)

with || Vul|,¢) = || [Vul || ). The space Wm0 (Q) is a separable and reflexive Banach
space.

For r € E, we introduce the critical Sobolev variable exponents r* and r, defined
by

D@ ifr(x) < N _
r*(x) = { N=r A7) ’ for all x € 2,

£1(x) if N <r(x),

WMD) i r(x) < N
re(x) = { N=r(x) (x) " forall x € 09,

£ (x) if N <r(x),

where £; € C(Q) and ¢, € C(d) are arbitrarily chosen such that r(x) < £;(x) for
all x € Q and r(x) < £»(x) for all x € 9Q.
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Suppose that r € C%1(Q) N E; and g € C(Q) with 1 < g_. Then we have the
anisotropic Sobolev embeddings

whrO(Q) < L19(Q)  continuously if ¢(x) < r*(x) forall x € Q,
whrO(Q) < L10(Q) compactly if g(x) < r*(x) forall x € Q.
Similarly, if r € C%(Q) N E; and ¢ € C(d) with 1 < ¢_, then we have the
anisotropic trace embeddings
wHrO(Q) < LI9(H)  continuously if ¢(x) < ry(x) forall x € Q,
whrO(Q) < LI9(HQ)  compactly if g(x) < ry(x) forall x € Q.
We refer to Diening—Harjulehto—Hést6—Rutzicka [6] and Fan [9].

In the study of these variable exponent spaces, the following modular function is
useful:

or()(u) :/ |M|r(x) dx forallu e L’(')(Q).
Q

Foru € WHO(Q) we write 0,¢)(Vu) = 0,¢)(|Vul).
The following proposition illustrates the relation between this modular and the
Luxemburg norm.

PropPOSITION 2.1. Let r € Ey, let u € L™(Q), and let {up}nen € L™O(RQ). The
following assertions hold:

@ ulyo=n1 <= o) =1
1) ullro <1(resp. =1, >1) <= o0,(u) <1 (resp. =1, >1);
(i) |ulro) <1 = lulr < erp@) < ullg,
lullrey = 1 = lulllgy < ery ) < llullyg)
iv)  |unlrey > 0 <= 0r¢)(un) = 0;
V) Munllre) = 00 <= 0r¢)(Un) > 0.

Let Ay¢y: WH" O(Q) — WL O(Q)* be the nonlinear operator defined by
(A,(.)(u),h) = / |Vu|"®~2Vy . Vhdx forallu,h € W O(Q).
Q

This operator has the following properties; see, for example Gasifiski—-Papageorgiou
[11] and Radulescu—Repovs [19, p. 40].
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ProposiTION 2.2. The operator Ay (.: WLrO(Q) — WIrO(Q)* is bounded (so it
maps bounded sets to bounded sets), continuous, strictly monotone (which implies that
it is also maximal monotone) and of type (S+); that is,

Up —>uinWH(Q) and lim sup (Ar(.)(u,,),un — u) <0
n—>o0

imply that u, — u in W O(Q).

In the anisotropic regularity theory we need the Banach space C ' (€2). This is an
ordered Banach space with positive order cone

ClQ)y = {u e CYQ):u(x)=0forall x e Q}
This cone has a nonempty interior given by
int (CI(S_2)+) = {u e CHQ)y :u(x)>0forall x € S_Z}

We will also use another open cone in C'(Q) defined by

_ ad
D, = {u e CHQ) :u(x) > 0forall x € Q and % P21 (0) < O},

where g—f}‘ =Vu-v.

Givenu € W1 0O(Q), we set u™ = max{=u, 0} to be the positive and negative part
of u, respectively. We know that u = ut —u~, ju| = ut +u~, andu®™ € WO (Q).
If u, v: 2 — R are measurable functions and u(x) < v(x) for a.a. x € Q, then we
introduce the following order interval in W10 (Q):

[u,v] = {h e WO(Q) :u(x) < h(x) < v(x) fora.a. x € Q}

Moreover, we denote by intcig)[u, v] the interior of [u, v] N C 1(Q) in CY(Q).
Furthermore, we define

[u) = {h € WO(Q) : u(x) < h(x) foraa. x € Q}.
Suppose that X is a Banach space and ¢ € C!(X). We introduce the sets
Ko ={ueX:¢u) =0}
¢ ={ueX:pu)<c} withceR.

We say that ¢ satisfies the “Cerami condition,” C-condition for short, if every
sequence {U, }neN € X such that {¢(un)}nen € R is bounded and

(L + lunllx)¢' (un) > 0in X* asn — oo,

admits a strongly convergent subsequence.
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If Y, C Y7 C X, then we denote by Hy (Y1, Y2), with k € Ny, the k-th relative
singular homology group with integer coeflicients. If u € K, is isolated, then the
k-th critical group of ¢ at u is defined by

Cr(p,u) = Hi(¢° N U, (p° NU) \ {u}) forallk € Ny

with ¢ = ¢(u) and a neighborhood U of u such that ¢ N K, N U = {u}. The
excision property of singular homology implies that this definition of critical groups is
independent of the isolating neighborhood U .
Now we introduce our hypotheses on the exponent p(-), the potential £(-), and the
boundary coefficient 8(-).
(Hp) p € COY(Q), 1 < p_(x) = min_ g p(x) < N, & € L®(Q), B € C**(0RQ)
witha € (0,1),&(x) > 0fora.a. x € Q, B(x) > 0forall x € 92 and £ #£ 0 or
B #£0.
Note that the case 8 = 0 is also included and corresponds to the Neumann problem.
We introduce the C!-functional y,y: W20 (Q) — R defined by

_ [ g, §) b BX) b
70 () /gp(x)'v”' d“/gpoc)'”' R e

for all u € W20 (Q). We have
(Vo @) 1) = (Ap() (). ) + /Q §(O)u|? ™ uh dx + /a  BOIP O do

for all u, h € WHPO(Q). Moreover, let po: W20 (€2) — R be the modular function
defined by

0o(u) = 0p(y(Vu) +/Qé(x)|u|l’(x) dx + /m B(x)|u|?® do

for all u € WhPO(Q).
In the sequel, we denote by || - || the norm of the Sobolev space W17 (Q) defined
by
lull = lullpey + IVullpey foru e WHPO(Q).

The following estimates for y,((-) will be useful in what follows. The result can
be found in the recent work of Papageorgiou—Rédulescu—Tang [18].

ProrosriTiON 2.3. If hypothesis (Hop) holds, then there exist ¢y, ¢ > 0 such that

A 1 1 . .
Ellull < p—+Qo(u) < o) = —0o() < éollull”~ ifflul =1,

. 1 1 . .
CllullP~ =< p—+QO(M) = Vpo() = p—Qo(u) < Colull”* if flull = 1.
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Now we are ready to state our hypotheses on the nonlinearity f: Q2 x R — R.

(Hy) f:Q xR — R is a Carathéodory function such that f(x,0) =0 fora.a. x € Q

and

(@)

(i)

(iii)

@iv)

)

there exists a € L°°(2) such that
|f(X,S)| = a(x)[l + |s|r(x)—1]

fora.a. x € Q, forall s € R with r € L*°(2) such that p4+ < r(x) < p*(x)
fora.a. x € Q;

if F(x,s)= [y f(x.,1)dz, then

F(x,s)
im
s—+oo |S|p+

= 400 uniformly for a.a. x € Q;

there exists a function ¢ € C() such that

q(x) € ((ry — p_)pﬁ, p*(x)) forallx € Q,

) - F )
0 < 1 < liminf L& 95 = P F(x.5)
s—>+00 |s|q(x)

uniformly for a.a. x € ;

there exist 7— < 0 < 74, 7 € C(R), and § > 0 such that
fx.np) < —co<0<cy < flx,n-)
for a.a. x € €2, for some positive constants cg, c1, T+ < p— and
f(x.9)s = cs|"™

fora.a. x € Q, for all s € R, and for some ¢, > 0;

there exists § > () such that
s— f(x,5)+ §|s|p(x)_2s

is nondecreasing on [—, n4] for a.a. x € Q.

Remark 2.4. Hypotheses (Hy)(ii), (iii) imply that f(x,-) is (p+ — 1)-superlinear for
a.a. x € Q. However, we do not use the Ambrosetti-Rabinowitz condition as it was

done in most previous works on the subject; see Deng [2], Deng—Wang [3], and Fan—

Deng [10], for example. Hypothesis (H;)(iv) dictates an oscillatory behavior near zero.

In contrast, in [2,3, 10] the reaction f(x,-) is required to be positive. Moreover, in [10],
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f(x,-) is nondecreasing. So we see that our hypotheses provide a broader framework
for the analysis of problem (1.1). The following function satisfies hypothesis (H;), but
fails to fulfill the Ambrosetti—-Rabinowitz condition:

|s|F®) =25 — 2|5 |2 if [s| <1,

5|2+ 2s In(|s|) — |s|9®) 25 if 1 < |s|,

Sflx.s) =

witht € Ey, u,q € L*®(R) and g(x) < p4+ fora.a. x € Q. Note that f fails to satisfy
the requirements in [2, 3, 10].

3. CONSTANT SIGN SOLUTIONS

We start by producing two localized constant sign solutions. To do this, we do not need
the complete set of hypothesis (H;). More precisely, we do not need the asymptotic
conditions (Hy)(ii), (iii) as s — Fo0.

ProrositioN 3.1. If hypotheses (Hy), (H1)(@), (iv), (v) hold, then problem (1.1) has
two constant sign solutions

up € int (C'(Q)4) and v € —int (C'(Q)4)

such that
N— < vo(x) <0 <ug(x) <ny forallx e Q.

Proor. First we show the existence of the positive solution. To this end, we introduce
the Carathéodory function f4:Q x R — R defined by

flx,st) ifs <y,
Sxony) ifng <.

3.1) fr(xos) =

We set ﬁ+ (x,5) = f(f f+ (x, 1) dt and consider the C !-functional $+: wirO(Q) —
R defined by

Uy () = Yoy (u) — / Fi(x,u)dx forallu e wHrO(Q).
Q
From the truncation in (3.1) and Proposition 2.3 it is clear that 1}+: whro(Q) —-R

is coercive. Moreover, the anisotropic Sobolev embedding theorem and the compact-
ness of the anisotropic trace map imply that ¥, : W10 (Q) — R is also sequentially
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weakly lower semicontinuous. So, by the Weierstral—Tonelli theorem we can find
ug € WHPO(Q) such that

(3.2) Vi (o) = min [y (u) 1 u € WHPO(Q)].
Let u € int(C'(Q), ) and choose ¢ € (0, 1) small enough such that
0 < tu(x) < min{n,,8} forallx € Q,

see hypothesis (Hj)(iv). Applying hypothesis (H;)(iv) and recalling that ¢ € (0, 1), we

have
p— T+

Ui tu) < ’p—_go(u) - ’T—+cogr<.> ().

Since 74 < p_, we can choose ¢t € (0, 1) sufficiently small such that 1’/}+ (tu) < 0.
Hence, since u is the global minimizer of ¥, see (3.2), we know that

Uy (ug) < 0 = 94 (0).

Thus, ugy # 0.
From (3.2) we have (¥4) (o) = 0 which is equivalent to

(3.3) (V5 (o). B) = / fr(x,ug)hdx forall h € WhHrO(Q).
Q

Choosing h = —uy € WPO(Q) in (3.3) and using (3.1) gives
Qo(ugy) = 0.

Hence, from Proposition 2.3, we get vy > 0 with ug # 0.
Next, we choose i = (g — n4)T € WO (Q) in (3.3). Applying the definition
of the truncation in (3.1) and hypothesis (H;)(iv), we obtain

(Vpoy o). (wo —n)") = | f(x.n4) (o —n4)™ dx
Q
< 0= (yp(14), (wo — n) ™).

So, ug < n4; see hypothesis (Hyp).
We have proved that

(3.4) uo € [0, 4], uo #0.

Then (3.4), (3.1), and (3.3) imply that ug is a positive solution of problem (1.1).
From the anisotropic regularity theory, see Fan [7, Theorem 1.3], we have ug €
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C'(€)4+ \ {0}. Finally, the anisotropic maximum principle of Zhang [23, Theorem 1.2]
implies that ug € int(C'(Q) ).

Let § > 0 be as given in hypothesis (H;)(v). Then by using (3.4) and hypothesis
(Hjp)(v) one gets

—Apyuo + (E(x) + g)ug(x)—l — fleouo) + guop(x)—l
< flx.ng) + EnfO!
< —co + gni(x)‘l
< —Dpons + (EG) + £ Q.

From Proposition 2.5 of Papageorgiou—Raddulescu—Repovs [17] we then conclude that
N+ —uo € Dy. .
Similarly, using the Carathéodory function f_: Q2 x R — R defined by

Frs) = Sfx.n-) %fs <n-,
flx,s) ifn-<s
and reasoning as above, we produce a negative solution
Vo € —int (CI(S_2)+) and vo—1n- € D4. ]
From Proposition 3.1 it follows that
(3.5) Uug € intc1 [0, 74+] and v € intei(g,[n-, 0]

Now, using these localized constant sign solutions, we are going to show the
existence of two more such solutions, one is larger than 1y and the other one is smaller
than vg. So, we will have four smooth constant sign solutions which are ordered. For
this we will use the asymptotic conditions (Hy)(ii), (iii) as s — Fo0.

ProrosritioN 3.2. If hypotheses (Hy), (Hy) hold, then problem (1.1) has two more
constant sign solutions

4 e€int(C'(Q)4) and 0 € —int(C'(Q)4)

such that
ﬁ#uo, uofﬁ and ﬁ;‘évo, ﬁfvo.

Proor. We start with the existence of a second positive solution. To this end, we
introduce the Carathéodory function g+: Q2 x R — R defined by

f(xoup(x)) ifs < up(x),
f(x,s) ifug(x) <s.

(3.6) g+(x.5) =
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Moreover, we will use the truncation of g4 (x, -) at n4 and recall that uo(x) < n4 for
all x € Q. So we introduce the Carathéodory function g1: Q2 x R — R defined by

glx,s) ifs <n4,
gx,ny) ifny <.

(3.7) g+(x.s) =

We set G4(x,5) = [, g+(x,7)dt, Gi(x,s) = Jo &+(x,1)dt and consider the C-
functionals o4, G4: W20 (Q) — R defined by

o1 () = Ypy (1) —/ Gi(x,u)dx forallu e WHrO(Q),
Q

o+ (1) = yp)(u) —/ G4(x,u)dx forallu e WHPO(Q).
Q

Using (3.6), (3.7) and the anisotropic regularity theory, see Winkert—Zacher [22]
(see also Ho—Kim—Winkert—Zhang [12]) and Fan [7], we have

(3.8) Ko, Clug)Nint(C'(Q)4) and Kg, < [ug.n4]Nint(C'(Q)4).
Moreover, it is clear that from (3.6) and (3.7) we know that

(3.9) 0+l0.n11 = O+l[0.n11-

From (3.8) we see that we can always assume that

(3.10) K5, = {uo}.

Otherwise, we would infer from (3.8) and (3.7) that we already have a second positive
smooth solution of (1.1) larger than uy and so we are done.

From (3.7) and Proposition 2.3 it is clear that 5, : W20 (Q) — R is coercive.
Also it is sequentially weakly lower semicontinuous. Hence, its global minimizer
exists; that is, we find 7ig € W20 () such that

6. (fio) = min [64 (u) : u € WHPO(Q)].

Because of (3.10) we conclude that %y = uyg.
From (3.9) and (3.5) it follows that u¢ is a local C! (S_Z)—minimizer of o4. Then we
know that

(3.11) ug is a local W20 (Q)-minimizer of oy ;

see Fan [8] and Gasiniski—Papageorgiou [11].
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Note that from (3.8) and (3.6) we see that we may assume that
(3.12) Ko, is finite.

Otherwise we already have an infinity of positive smooth solutions of (1.1) all larger
than ug and so we are done.

From (3.11), (3.12), and Theorem 5.7.6 of Papageorgiou—Radulescu—Repovs [ 16,
p- 449] we can find p € (0, 1) small enough such that

(3.13) 0+(up) < inf [0+(u) Clu —uel| = p] =my.
On account of hypothesis (Hy)(ii), if u € int(C'()), we have
(3.14) o4(tu) > —oco ast — +oo.

Moreover, hypotheses (Hj)(ii), (iii) and Proposition 4.1 of Gasirniski—Papageorgiou
[11] imply that

(3.15) o+ satisfies the C-condition.

From (3.13), (3.14), and (3.15) we see that we can use the mountain pass theorem
and find 7 € W20 (Q) such that

(3.16) i€ Ky, C[up)Nint (CI(S_2)+) and 04+ (ug) < m4 < o4+(1),

see (3.8) and (3.13). From (3.16) and (3.6) it follows that u € int(Cl(S_2)+) is the
second positive smooth solution of problem (1.1) with ug < # and @ # uy.
In a similar way, starting with the Carathéodory function

S(x.s) if s < wo(x),
g (rs) = |
f(x,vo(x)) ifvo(x) <s

and continuing as above, we can produce a second negative smooth solution 0 €
—int(C1(R)4) with § < vg and § # vo. n

In fact, we will show that problem (1.1) admits extremal constant sign solutions;
that is, there is a smallest positive solution u4 € int(C' (), ) and a greatest negative
solution v, € —int(C ()4 ). In Section 4, we will use these extremal constant sign
solutions in order to prove the existence of a sign-changing solution, also called nodal
solution.

Hypotheses (H1)(i), (iv) imply that

(3.17) f(X,S)S > c2|s|f(x)—1 _ c3|s|r(x)—1
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for a.a. x € 2, for all s € R, and for some c3 > 0. This unilateral growth condition on
f(x,-) leads to the auxiliary Robin problem
(3.18)

At + EQ) PP 2y = 3 [ul* ™2y — e3ul"™@ 2y in Q,

|VulPO=2Vy v + B(xX)|u|PP2u =0 on 092.
For this problem we have the following existence and uniqueness result.

Prorosition 3.3. If hypothesis (Ho) holds, then problem (3.18) admits a unique
positive solution i € int(C'(Q)4) and since problem (3.18) is odd, ¥ = —iui €
—int(C1(Q) ) is the unique negative solution of (3.18).

Prookr. First we show the existence of a positive smooth solution for problem (3.18).
To this end, we introduce the C-functional ¥4: W70 (Q) — R defined by

C3 ()
04 (u) = Yp( (u) + _(u-i-)r(x) dx _/ _(u-i-)r(x) dx
" 70 Q r(x) Q 7(x)

for all u € WHPO(Q).
Using Proposition 2.3 we have for all ||u| > 1

~ C2 ~
D) = CllullP~ — — o) = CllullP~ — callul™

for some c4 > 0; see also Proposition 2.1 and recall that WI’P(')(Q) — LTO(Q).

Since 74 < p_, see hypothesis (H;)(iv), we infer that 9 : WH?O(Q) — R is
coercive. Since it is also sequentially weakly lover semicontinuous, we can find & €
w10 (Q) such that

(3.19) 94 () = min [94 () 1 u € WHPO(Q)].

Since 74 < p_ < p(x) <r(x)forallx € Q,ifu € int(C'(Q)4) and ¢ € (0, 1)
is sufficiently small, we have 9 (fu) < 0. Then, due to (3.19), it holds that ¥ (1) <
0 = 94(0) and so, u # 0.

From (3.19) we know that %/, (1) = 0 and so

(320) (y;)()(ﬂ),h) :/ Cz(ﬁ-l-)t(X)—lh dx _/ C3(ﬁ+)r(x)_1h dx
Q Q

forall h € W1-PO(Q). Choosing h = —ii~ € WHPO(Q) in (3.20), we get 0o(ii7) =0
and so, ©# > 0 with & # 0; see Proposition 2.3.

Therefore, i is a positive solution of (3.18) and as before, using the anisotropic
regularity theory, see Winkert—Zacher [22] and Fan [7], and the anisotropic maximum
principle, see Zhang [23], we infer that i € int(C ()4 ).
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Next we show that this positive solution of (3.18) is unique. For this purpose, we
introduce the integral functional j,: L'(2) — R = R U {400} defined by

| Yooy (Vu7) ifu = 0,u7- € WhPO(Q),
J+) = ,
+00 otherwise.

From Theorem 2.2 of Taka¢—Giacomoni [20], see also Diaz—Sad [5] for the isotropic
case, we have that j,: L1(Q) — R U {400} is convex.

Suppose that j € W12 (Q) is another positive solution of problem (3.18). As be-
fore, we have 7 €int(C () ). Using Proposition 4.1.22 of Papageorgiou-Ridulescu—
Repovs [16, p. 274], we see that

u

(3.21) € L®(Q) and = € L®(Q).

=

Leth = iiP— — 7 € WHPO(Q). Then, from (3.21) and if |¢| < 1 is small enough,
we conclude that

P~ +thedomj; and JP~ +th €dom j;.

Hence, on account of the convexity of j;, we infer that j is Gateaux differentiable
at P~ and at y7— in the direction /. Using Green’s identity, see Taka¢—Giacomoni
[20, Remark 2.6], and the chain rule, we obtain

i 1 —Ayyi + ~p(x)—1
JL@P)(h) = _/ PO E():)u e
pP-JQ upbP——

1
= — ~C—2 _ C311r(x)_p*]h dx,
p-Ja ap——t(x)
i (y ! —ApyF + E(x) P
JLGPY(h) = _/ () s .
p— Q y
1 s

= | s ey

The convexity of j implies the monotonicity of j/ . Therefore, we have

05/902[ ! Lo -

ap——t(x) jr——t(x)

+ / C3b7r(x)—p— _ ﬁr(X)—p—](ﬁp— — 7P-)dx.
Q

Recall that 7. < p_ < t(x) for all x € Q, we conclude that 7i = 7. This proves the
uniqueness of the positive solution i € int(C ' () ) for problem (3.18).
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Since the problem is odd, § = —ii € —int(C ' () ) is the unique negative solution
of (3.18). [ ]

We introduce the following two sets:

S+ = {u : u is a positive solution of problem (1.1 )},

S_ = {u : u is a negative solution of problem (1.1)}.

We have already seen in Proposition 3.1 that
0#S8y Cint(C'(Q)4+) and @ #S_ C —int(C1(Q)4).

The solutions i, v of (3.18) provide bounds for the sets S+ and S_, where u €
int(C'(Q)4) is a lower bound for S4 and ¥ € —int(C'(Q)) is an upper bound
for S_.

ProrosiTioN 3.4. If hypotheses (Ho), (Hy) hold, then ti < u forallu € §4 andv < v
forallv e §_.

Proor. Let u € §; and consider the Carathéodory function k4: 2 x R — R defined
by
Ca(sT)TOT1 e (sT)r )1 if s < u(x),

3.22 ky(x,s) =
O YT ) ) itue <

We set K4 (x,s) = [y k4 (x, ) df and consider the C!-functional S WhPO(Q) —
R defined by

z§+(u) = Yp(y (1) —/ Ki(x,u)dx forallu e wWhHPO(Q).
Q

Evidently, 5+: wi.p0) (2) = Ris coercive, see (3.22) and Proposition 2.3, and sequen-
tially weakly lower semicontinuous. Hence, we find i, € W17 (Q) such that

(3.23) Oy (i) = min [4 (u) : u € WHPO(Q)].

As before, see the proof of Proposition 3.3, if w € int(C'()4) and ¢ € (0, 1) suffi-
ciently small, at least so that #w <u, we have 5+ (fw) <0, recall that u € int(C1(Q)4),
and use Proposition 4.1.22 of Papageorgiou—Radulescu—Repovs [16, p. 274]. Then,
due to (3.23), it follows that 94 (iix) < 0 = 9, (0). Hence, iix # O.

From (3.23) we have (5_,_)’(12*) = 0; that is,

(3.24) (yl’,(,)(a*),h)=/ ky(x,iix)hdx forallh € WPO(Q).
Q
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First we choose h = —1i~ € WI’P(')(Q) and obtain 7, > 0 with i1, # 0; see (3.22).
Next, we take & = (iix —u)*t € WPO(Q). Then, from (3.22), (3.17), and the fact
that u € S, we obtain

(v @), Gix —u)*) = / (equ™ 1 — a1, — )t da
Q

< /Q FOo,u)(ts — u)+ dx
= (v} ). (s —u)™).
Hence, i« < u. So, we have proved
(3.25) Uy €[0,u], . #O0.

From (3.25), (3.22), (3.24), and Proposition 3.3, it follows that #, = #. Thus, see
(3.25),u <uforallu € §4.
Similarly, we show that v < v forall v € S_. [ ]

Now we are ready to produce extremal constant sign solutions for problem (1.1).

Prorposition 3.5. If hypotheses (Hg), (H1) hold, then problem (1.1) has a smallest pos-
itive solution u, € int(C'(Q) ) and a greatest negative solution v« € —int(C () ).

Proor. From the proof of Proposition 7 of Papageorgiou—Radulescu—Repovs [15], we
know that § is downward directed, that is, if u1,u, € S, then we can find u € S
such that ¥ < u; and u < u,. Then Lemma 3.10 of Hu-Papageorgiou [13, p. 178]
implies that there exists a decreasing sequence {u, }nen C S4 such that

inf Sy = in1£I Up.
ne

On account of Proposition 3.1 we have that {u,},en € w1rO(Q) is bounded.
Hence, we may assume that

(326) Uy —> uyin WHPO(Q)  and  up — uy in LPO(Q) and in L2 (0Q).

Since u, € S, we have
(3.27) (yl’)(_)(un),h)=/Qf(x,u,,)hdx

for all h € W1PO(Q) and for all n € N. Choosing & = u, — ux € WHPO(Q) in
(3.27), passing to the limit as n — oo and using (3.26), we obtain

m (Al,(.)(u,,),un — u*) = 0.

li
n—>oo
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Then, from Proposition 2.2, we infer that
(3.28) Up = Uy in WHPO(Q).

So, passing to the limit as n — oo in (3.27) and using (3.28), one gets
(V;(.)(u*)sh) = / f(x,us)hdx forallh € WhPO(Q).
Q

Furthermore, by Proposition 3.4, we conclude that /. < u. It follows that u, € S
and u, = inf §4.

Similarly, we show that there exists v« € S— such that v < v, forall v € §_. We
mention that S_ is upward directed, that is, if vy, v, € S_, we can find v € S_ such
that v; < vand vy, < v. [

4. NODAL SOLUTION

In this section, using the extremal constant sign solutions of problem (1.1) obtained in
Proposition 3.5, we show the existence of a nodal solution located between them.

ProrosiTioN 4.1. If hypotheses (Hy), (Hy) hold, then problem (1.1) admits a nodal
solution

Yo € [vs, ux] N CHRQ).

PrOOE. Letu, € int(C'(Q),) and vy € —int(C () ) be the two extremal constant
sign solutions produced in Proposition 3.5. We introduce the Carathéodory function
[: Q2 xR — R defined by

f(x, v*(x)) if s < vi(x),
4.1 I(x,8) =1 f(x,s) if ve(x) <5 < ux(x),
Fxue(x))  ifus(x) <s.

We also consider the positive and negative truncations of /(x, -), namely the Cara-
théodory functions /1: 2 x R — R defined by

4.2) le(x,s) = (x, £s%).

We set L(x,s) = fos I(x,t)dt and Li(x,s) = f(f I+ (x,t)dt and consider the C!-
functional , u+: WH?O(Q) — R defined by

) = yp)(u) —/ L(x,u)dx forallu e WHPO(Q),
Q

() = ypey(u) —/ Li(x,u)dx forallu e WHPO(Q).
Q



A MULTIPLICITY THEOREM FOR ANISOTROPIC ROBIN EQUATIONS 19

Using (4.1) and (4.2) we easily show that

K, C [vs, ux] NCHQ),
Ky, C0.us] NCHQ)4,
Ky € [vs. 01N (= C(Q)4).

The extremality of the solutions u4 and v, implies that
(4.3) Ky C s ul] NCYRQ), Kpuy ={0,us}, Ko = {vs,0}.

Due to (4.1) and (4.2) it is clear that 1 : WP (Q) — R is coercive and it is also
sequentially weakly lower semicontinuous. Hence, i1, € W20 (Q) exists such that

o (@) = min [y () 1 u € WHPOQ)] <0 = 4 (0);
see the proof of Proposition 3.3. Hence, 11, 7 0 and so, 11, = u; see (4.3).
It is clear that
,U~|c1(g_z)Jr = ﬂ+|c1(§z)+-

Since ux € int(C'()4), it follows that 1, is a local C ! (Q)-minimizer of . There-
fore,

4.4 Uy is a local W PO (Q)-minimizer of u;

see Fan [8] and Gasiniski—Papageorgiou [11].
Similarly, working this time with the functional ©_, we show that

4.5 vy is a local W20 (Q)-minimizer of y.

We may assume that p(vs«) < u(ux). The reasoning is similar if the opposite
inequality holds using (4.5) instead of (4.4). From (4.3) it is clear that we may assume
that K, is finite. Otherwise, taking (4.1) and the extremality of the solutions u 4 and v
into account, we already have an infinity of smooth nodal solutions and so we are done.
Then, from (4.4) and Theorem 5.7.6 of Papageorgiou—Raddulescu—Repovs [16, p. 449],
we know that we can find p € (0, 1) small enough such that

(46)  (ve) < pu) < inf [p@) : u—uall = p] = me. s = vall > p.

The coercivity of u implies that p satisfies the C-condition; see Papageorgiou—
Réadulescu—Repovs [16, Proposition 5.1.15 on p. 369]. This fact along with (4.6)
permit the use of the mountain pass theorem. So, there exists yo € W20 (Q) such
that

4.7 Yo € Kiy € s, u] N CHQ).  mau < plyo)
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From (4.6) and (4.7) it follows that y¢ & {v«, u«}. Moreover, from Corollary 6.6.9 of
Papageorgiou—Radulescu—Repovs [16, p. 533] we have

(4.8) Ci(i, yo) # 0.

On the other hand, from hypothesis (H;)(iv) and Proposition 3.7 of Papageorgiou—
Réidulescu [14], we obtain

“4.9) Cr(,0) =0 forall k € Np.

Comparing (4.8) and (4.9), we conclude that yo # 0. Since yg € [vx, ux] N C1(Q)
with yo & {0, u«, v«}, the extremality of u, and v, implies that yq is a smooth nodal
solution of (1.1). [ ]

Finally, we can state the following multiplicity theorem for problem (1.1); see
Propositions 3.1, 3.2, and 4.1.

Tuaeorem 4.2. If hypotheses (Hy), (Hy) hold, then problem (1.1) has at least five
nontrivial smooth solutions

uo. 1 €int (C'(Q)4) and vo, 0 € —int(C'Y(Q)+) and yo € C(Q) nodal
with ug # U, vg 7% U and
D(x) < vo(x) < yo(x) < uo(x) <i(x) forallx € Q

as well as
n— <vo(x) <0 <ug(x) <ny foralxeQ.
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