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First, under quite general assumptions, we give basic properties of the corresponding
function space and prove a compactness results. Then, we study the equation above
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(B < r=q < p*). Moreover, we deal with the radial situation in the two previous
cases.
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1. Introduction

In this paper, we study the existence and properties of solutions for a quasilinear equation, driven by an
operator of double phase type and involving a logarithmic nonlinearity as well as a critical Sobolev term.
Namely, we deal with the following equation

* Corresponding author.
E-mail addresses: bahrounianouar@yahoo.fr (A. Bahrouni), fiscella@unicamp.br (A. Fiscella), winkert@math.tu-berlin.de
(P. Winkert).

https://doi.org/10.1016/j.jmaa.2025.129311
0022-247X/© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.jmaa.2025.129311
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2025.129311&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:bahrounianouar@yahoo.fr
mailto:fiscella@unicamp.br
mailto:winkert@math.tu-berlin.de
https://doi.org/10.1016/j.jmaa.2025.129311
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

2 A. Bahrouni et al. / J. Math. Anal. Appl. 547 (2025) 129311

— div (|VulP2Vu + p(2)|Vu|!*Vu) + |ulP 2w+ p(z)|ul!

. (1.1)
— Ki(2)|ul?” 20+ AKa(2)[ul2ulog(ul) +vKs(@)|ul*2u, n RY,

where the main operator on the left-hand side is the so-called double phase operator satisfying the structural
assumption:

(H) 1 <p<qg< N, qg<p"= NN—f;] and p: RN — Ry = [0,00) is Lipschitz continuous such that
u() € L2(RY).

Here, we consider parameters A, v > 0 and exponents ¢ < r < p*, 1 < # < p*. Concerning the functions
K, Ko, K3: RV — R, along the paper, we assume the following conditions:

(Hy) Ky € C(RM)NL>®RY), Ki(x) > 0 for all x € RY and if {A,}nen CRY ids a sequence of Borel sets
such that the Lebesgue measure |A,| < R for alln € N and some R > 0, then

lim / Ki(z)dz =0,

n—oo
A,NBg(0)

for some p > 0.
(H3) Kz € L*(RY RY), 0 < K3 < K; on RY, Ky € LY(RY) N L®(RY), |Ks| < Ky on RY and there
exist xg € RN and p > 0 such that

Ky(z) >0 for z € B(xzg, p).

The novelty of our work is the fact that we combine several different and interesting phenomena in one
single equation. More precisely, problem (1.1) contains

(i) a double phase operator;
(ii) a double lack of compactness, due to the free action of translation group in RV and the critical Sobolev
nonlinearity;
(iii) a logarithmic nonlinearity.

To the best of our knowledge, this is the first paper proving the existence of solutions with the combined
effects generated by the above features.
The double phase operator is related to the energy functional

u / (IVulP + p(z)|Vul?) dz, (1.2)
Q

where Q is an arbitrary domain in R¥. Clearly, the integrand has unbalanced growth. The integral functional
(1.2) was first introduced by Zhikov [33-35] to provide models for strongly anisotropic materials in the
framework of homogenization. This functional belongs to a class of functionals with non-standard growth
conditions introduced by Marcellini in [25,26]. The main characteristic of the double phase functional (1.2)
is the change of ellipticity on the set {z € Q: u(z) = 0}. Indeed, its energy density exhibits ellipticity in
the gradient of order ¢ in the set {x € Q: u(z) > €} for any fixed € > 0 and of order p on the points x
where p(x) vanishes. Thus, the integrand in (1.2) switches between two different phases of elliptic behaviors.
The analysis of non-autonomous energy functionals with energy density changing its ellipticity and growth
properties according to a point has been developed in several remarkable papers, see for example, the works
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of Baroni-Colombo-Mingione [7], Baroni-Kuusi-Mingione [8] and Colombo-Mingione [11]. A regularity theory
for local minimizers of energy functionals such as (1.2) was recently developed in the papers of De Filippis
[14] and De Filippis-Mingione [15,16]. Recently, some contributions devoted to solve equations driven by
the double phase operator in RY have been published, we refer to Ambrosio-Essebei [2], Arora-Fiscella-
Mukherjee-Winkert [3], Bahrouni-Rédulescu [5], Bahrouni-Radulescu-Repovs [6], Ge-Pucci [17], Ge-Yuan
[18], Le [20], Liu-Dai [21], Li-Liu [22], Liu-Winkert [24] and Steglitiski [28]. However, all these works do not
allow a logarithmic term on the right-hand side of the problem.

Problems involving nonlinearities of logarithmic type have been widely studied in literature dealing
both with a local and a nonlocal structure and different types of operators. In this context we refer to
the contributions by Biswas-Bahrouni-Fiscella [9], d’Avenia-Squassina-Zenari [13], Liang-Pu-Rédulescu [23],
Tian [29] and Truong [30] and the references therein. In particular in [29], Tian proved that the following
problem

—Au = a(x)ulog(|ul) in Q,
u=20 on 0N

has at least two nontrivial solutions provided that a(-) changes sign on Q C R with Q being bounded. In
[13], d’Avenia-Squassina-Zenari considered the following fractional logarithmic Schrédinger equation

(=A)*u+ W (z)u=ulog (|u*), =zeR",

where W: RY — R is a continuous function. By employing the fractional logarithmic Sobolev inequality,
the authors of [13] showed the existence of infinitely many solutions. Moreover, Truong [30] studied the
following fractional p-Laplacian equations with logarithmic nonlinearity

(fA);u + V(33)|u|p*2 = )\l(x)|u\p*2u10g(|u|), zeRY,

where [: RY — R is a sign-changing weight function. Using the Nehari manifold approach, the author in
[30] proved the existence of at least two nontrivial solutions, see also Biswas-Bahrouni-Fiscella [9] for the
case of logarithmic fractional equations with variable exponent.

Concerning a double phase situation, we can just refer to Aberqi-Benslimane-Elmassoudi-Ragusa [1] who
studied the problem

—div (\Vu|p72Vu + u(2)|Vu|?2Vu) + V(z)|ufP2u (13)
=0, ’

= AK (2)|u|"?ulog(ju|) in D, u|aD

where D C M is an open bounded subset of a smooth complete compact Riemannian N-manifold. By a
variational technique on a suitable Nehari manifold, the existence of a nonnegative solution of (1.3) has
been proved whenever r € (1,p).

Motivated by the above papers, in this work we are interested in finding nontrivial solutions for equation
(1.1) in R¥. First, we are going to prove a compactness result for the double phase space W1 (R¥) into a
suitable weighted Lebesgue space, in order to deal with the critical term. Then, we establish a result which
provides an estimate for the logarithmic nonlinearity. As applications of these abstract tools, we distinguish
two main situations for (1.1) depending on the behavior of r: the superlinear case ¢ < 8 < r < p* and the
linear case § <r =q < p*.

As we will see, the effects of the logarithmic nonlinearity and of the double lack of compactness, due to
the unboundedness of the domain and the presence of criticality, prevent us from using variational methods
in a standard way. In particular, in order to deal with the superlinear logarithmic term, we strongly need
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the nonlinearity of 5 exponent in (1.1). Indeed, we want to get a mountain pass solution for (1.1) in this
case. For this, we need a delicate asymptotic property of the mountain pass level, as A goes to oco. The proof
of this asymptotic condition is obtained by a tricky combination of the superlinear logarithmic term and of
the B-nonlinearity. Concerning the linear logarithmic case, we can get a solution of (1.1) by minimization,
under more delicate assumptions on data, in particular considering K3 sufficiently small.

The outline of the paper is the following: in Section 2, we collect some preliminary results and we present
the variational setting in which equation (1.1) will be studied. In Section 3 we prove some abstract results
as explained above. In Section 4 we deal with the two situations, that is, the superlinear and linear cases.
Finally, in the last section we study the existence of radial solution for equation (1.1), see Section 5.

2. Variational setting

In this section, we first recall basic results about Musielak-Orlicz spaces in RY. As usual, we denote by
L™(RY) the classical Lebesgue space equipped with the norm || - [|,,, for 1 < m < co. Moreover, W1 m(RY)
stands for the Sobolev spaces endowed with the norm ||V - ||;n + || - ||, for any 1 < m < co.

Let us consider the nonlinear function H: RY x [0,00) — [0, 00) defined by

H(z,t) =t + p(x)td,

by assuming that (H;) holds true. Then, the Musielak-Orlicz Lebesgue space L™ (RY) is given by
LH(RY):= ¢ u | u: RY — R is measurable and oy (u) := / H(z,|u|) dx < oo
RN

endowed with the Luxemburg norm

ull7 == inf{T >0 on (“) < 1},

;
where the modular function is given by
on(w) = [ Heafu)de = [ e+ (o) "] d,
RN RN

In addition, we introduce the weighted space
LZ(RN) =<u ’ u: RY — R is measurable and / p(z)|ul?dz < oo
RN

with the seminorm

il g = / (@) lul? do

RN

While, the corresponding Musielak-Orlicz Sobolev space W (RY) is defined by

WEHRY) = {u € LYRY) | [Vul € L*®RY) |
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endowed with the norm

[l = [Vulla A+ llulla,

where ||Vull3 = || |[Vu| ||3. Note that the norm |lu||1 7 on WHH(RY) is equivalent to

u = inf T>o‘/{(|v;‘|>p+u(x) (VT“')Z‘;“”W(@’ZH dr <1V,
on

where

ow) = [ [IVul? + o) [Vul" + ul? + ) ul"] o
RN

is the associated modular. We know that L™ (R%) and W1 (R¥) are separable reflexive Banach spaces, see
Liu-Dai [21, Theorem 2.7]. Moreover, C>°(RY) is dense in W7 (RY), see Harjulehto-Histo [19, Proposition
6.4.4] and Crespo-Blanco-Gasiiiski-Harjulehto-Winkert [12, Theorems 2.24 and 2.28].

The following relations between the norm || - || and the corresponding modular function o(-) can be found
in Liu-Dai [21, Proposition 2.6].

Lemma 2.1. Let (Hy) be satisfied, u € W (RYN) and ¢ > 0. Then the following hold:

(i) for u # 0 we have |lu| = c if and only if o(%) = 1;
(i) flull <1 implies [Ju]|* < o(u) < [lull?;
(ii) [Jull > 1 implies |[ul|? < o(u) < [ul|?.

The following embedding result can be found in Liu-Dai [21, Theorem 2.7].

Lemma 2.2. Let (Hy) be satisfied. Then, the embedding WHH(RYN) — L™(RYN) is continuous for any m €
[p,p*]. Also, WHH(RN) — L™

loc

(RN) is compact for any m € [1,p*).
Let us denote
Wr{a’;{ (RY) :={u e WHH(RY): u is radially symmetric} .

By u being radially symmetric, we mean a function u: RY — R satisfying u(x) = u(y) for any z,y € RV

with |z| = |y|. In the last section, we look for solutions of (1.1) in era’ff (RY). For this, we need the following

compact result given in Liu-Dai [21, Theorem 2.8].

Lemma 2.3. Let (Hi) be satisfied. Then, the embedding WFZS{(RN) < L™(RYN) is compact for any m €
(p,p")-

Now, let us recall the definition of a weak solution of equation (1.1).

Definition 2.4. We say that u € W1 (RY) is a weak solution of (1.1) if

/ [\Vu|p72 Vu- Vo + p(z) [V Vu - Vv] dz
RN



6 A. Bahrouni et al. / J. Math. Anal. Appl. 547 (2025) 129311

+ / {|u\p_2 wo + p(z) [u]?? uv] dx
RN

= /Kl(x)|u|p*72uvd3:—|—/\/Kg(x)\u|’“72ulog(|u|)vdx

for any v € WHH(RN)\ {0}.
The energy functional Iy : W17 (RY) — R associated to equation (1.1) is defined by

.
”
p

1 1
i) = (19l + ) + 2 (19l + lely,) - [ Kato)
RN

B Ko (@), Ko(x), o K3(x), 5
)\/—\u| log(|u|)dm+)\R[ )\l de WR[ =l da.

T T
RN

Of course, weak solution of (1.1) are critical points of Ix. By Lemma 3.3, we will see that I is well defined
and of class CH(WHH(RN), R). Also, for I we do not specify dependence on parameter v since in Sections 4
and 5 we will consider either v = X or v = 1.

A delicate property for I, concerns the study of compactness in W1*(R™). For this, we say that
{tn}nen € WEH(RY) is a Palais-Smale sequence for I at level ¢ € R if

In(un) = ¢ and Ti(u,) =0 in (WEHRN)) asn — oo (2.1)

We say that I satisfies the Palais-Smale condition at level ¢ ((P.S). condition for short) if any Palais-Smale
sequence {u, }nen at level ¢ admits a convergent subsequence in W1 (RY).

3. The weighted Lebesgue space and the logarithmic term

In this section, we examine the continuous and the compact embedding of W1 (R¥) in a suitable
weighted Lebesgue spaces. Moreover, we give some new logarithmic estimations that will be useful in the
sequel. For this purpose we define, for any 1 < s < oo, the following Lebesgue space

Lic, (RY) := { u: RN — R | u is measurable and / Ky (z)|ul*de < o0 p,
RN

where K satisfying (H3) multiplies the critical Sobolev term in (1.1).
We can prove the following compactness result.

Proposition 3.1. Let (Hy) be satisfied. Then, WHH(RN) — Li. (RN) is compact for any s € (p,p*).
Proof. Let us fix s € (p,p*) and let £ > 0. Tt is easy to see that

L S

t—0 ‘t|1” T 5% |t|1’*

Thus, there exist numbers 0 < ty < t; and a positive constant C' > 0 such that
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Ky (@)[t)* < eC(HP + [#77) + Xito,] (@) K () [£]7,
for any ¢t € R and any € RY. We set

F(u) = (lullp + ullp--

Let {uy}nen € WHH(RY) be a sequence such that u, — u in WHH(RY). By Lemma 2.2 we have that
{F(un)}nen is bounded in R. Denoting

Ap ={r e RY : 1y < |u,(2)] < 11},
it holds sup,,cy |An| < co. Hence, from (Hs), there exists a positive radius p > 0 such that
/ Ky (2)un|* dz < eCF (un) + / Xito.t2] ([tn (2) ) K1 (2) [un [ de
Bg(0) Bg(0)

< CF(up) + 4] / Ky (x) da (3.1)

Bg(0)NA,

< (C"+t))e,

for any n € N sufficiently large. On the other hand, since u € L, (RY), we know that

lim Ki(z)|u)® dx = 0.

r—00
B;(0)

From this, there exists r. > p > 0 such that

Ki(z)lu®dx <e (3.2)
Br.o
and by applying (3.1) we get
/ Ki(2)|up|® do < / Ki(x)|uy|®dz < (C" + t9)e. (3.3)
Bg_(0) B5(0)

Therefore, by combining (3.2) and (3.3), we deduce that

/ Ki(2)|u, —ul’de < 251 / Ki(z)(|un|® + |u|®) dz
Bg_(0) Bg_(0) (3.4)

<21+ O+ t])e

Now, since s € (p,p*) and K; € L>=(R¥Y), by Lemma 2.2 we get that

Combining (3.4) and (3.5), we conclude for € > 0 small enough, that
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Consequently, we infer that
u, —u in L (RY) for any s € (p,p*).
This finishes the proof. O

We conclude the section proving results which allow us to handle the logarithmic nonlinearity in (1.1).
First, we recall the following technical tool, whose proof can be found in Xiang-Hu-Yang [32].

Lemma 3.2.

(i) For any o > 0, we have
1
log(t) < e—t" for any t € [1,00).
o
(ii) For any o > 0, we have
1
t7|log(t)| < — foranyt € (0,1).
eo
Lemma 3.3. Let (Hy) — (H3) be satisfied, u € WHH(RN)\ {0} and r € (p, p*). Moreover, we assume that

lul| =1 or / Ky(x)|u|"dz = 0. (3.6)
RN

Then, there is a constant C(p,q,r, K1, K3) > 0 such that

/ Ka()[u|" log(|ul) dz < C(p, g, 7, K1, Ka)[[u|".
RN

Proof. Tt is easy to see that, due to assumption (3.6), we have

/ Ko@) |u|" Tog(|ul) dz = / Ko(@)|ul" log <%> dz = Jy + Jo,

[l
RN RN
where

Jy = / Ko(z)[u|" log (M> da,

|
{zeRN: Ky(2)>0}

Jo = / Ko(2)]ul" log (%) dz.

{zeRN: Ky (z)<0}

Let o1 > 0 be such that r + o1 € (p,p*). Therefore, by Proposition 3.1, Lemma 3.2(ii) and condition
(H3), we obtain
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ne [ s () o

{zeRN: K5 (z)>0}

1
< L / Ko (a)|ul 7 dx
€01
{z€RN : Ky(z)>0}
1 —0 TrT0 s
<L Ky (@)ul ™+ dz < Clla,
€01

for some constant C' > 0. We set

Q" = {z e RY: Ky(z) < 0 and |u(z)| < ||ul}.

= / satofo o ) as
(1)

Let 02 > 0 such that r — o2 € (p,p*). Then, from Proposition 3.1, Lemma 3.2(ii) and condition (Hs) it
follows that

Then we get

1
o < L Jlufe / K@)l da
€02

1
< —Jjul” | K r=ozq
<l [ K@) do

< Cllul",
for suitable constant C' > 0. This concludes the proof. O

Lemma 3.4. Let (Hy) — (H3) be satisfied, u € WHH(RN)\ {0} and r € (p,p*). Then it holds

[ Ka@lul tos((ul) do < Clull” + 10glul) [ Ka(lal dz,
RN RN

where C = C(Ka,p,r,p*) is a positive constant.

Proof. We set
1i={z e RY: |u(@)| < |lull} and Q:={zeRY: |u(z)| > |lul}.

Then, we have

R[ Ko(2)|ul" log (%) dx—/Kg Yol log<|| ”) dz
/ st o i ) e
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Let us check the first integration. Taking into account Lemma 3.2(ii) with o = ¢, for a suitable € > 0, joint

/Kz(x)\umog (%) dz

Qq

<l Q/ el <I|le)

with Lemma 2.2, we get

Jul
I d
o8 (nun g

S”Kz”“’”“”r/ () () e i) o= &0
< Kol clful / (H“'I)
< Cllulf,

for a suitable constant C' > 0.

*

Next, we calculate the second integral. For that, using Lemma 3.2(i) with 0 = p* — r, along with

Lemma 2.2 again, we obtain

- U - U
/Kg(x)|u| log (:T|||> dz < \|K2|\oo/|u| log(” |||>
Qo

G
522

[ e—

- IIUIIP*T

= Clull",

for a suitable C' = C(Ks,p,r,p*) > 0. Combining (3.7) and (3.8), we get the desired assertion of the
lemma. O

4. The existence results
In this section, we distinguish two situations depending on the behavior of 7.
4.1. The superlinear case
In this part, we discuss the existence of solutions for (1.1) when the logarithmic term is superlinear,

namely r > ¢. In order to handle this sign-changing nonlinearity, we need that v = A. Hence, we consider
the following equation

—div (|[VulP2Vu + p(2)|Vu|! > Vau) + |ulP?u + p(z)|ul!u

* (11)
= Ky (2)|ulP” ~%u + AKs(x)|u|"2ulog(|u]) + AK3(x)[u/’?u in RY,

where 1 < p < g < 8 <r < p*. Moreover, we assume a further assumption for weight functions, such that
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(Hy) Ko, K3 € LYRN,R™) and there exists ¢ < o < 3 such that

(r=pB)r(B—o)
B(r — o)

Ky(x) < ¢ Ks(x), for any z € RV,

Our main result is the existence of a mountain pass solution for (4.1).

Theorem 4.1. Let (Hy) — (Hy) be satisfied and let 1 < p < q < 8 <r < p*. Then, there exists \* > 0 such
that, if A > X*, equation (4.1) admits at least one nontrivial weak solution.

Hence, we first study the mountain pass geometry of the functional I}.

Lemma 4.2. Let (Hy) — (H3) be satisfied and let A > 0. Then we have the following statements:

(i) there exist 6 = 6(\) > 0 and o = a(\) > 0 such that I\(u) > o for any u € WHH(RYN) with ||Ju|| = §;
(ii) there exist v € WHH(RY) and T = T(\,¢) > 0 such that | T%| > & and I(T) < 0.

Proof. (i) Let u € WEM(RY) with |lul| < 1 and let s > 0 such that r + s € (g,p*). By Proposition 3.1,
Lemmas 2.1, 3.2, Holder’s and Young’s inequalities, we get

ofu) - 2 / Ko ()]l log(Ju]) da

{zeRN: |u(z)|>1}

1 * A
——/Kl(x)\u|p dﬂ,’——/Kg(JL‘)|’LL|Bd.T
p* B
RN RN
Ca
r

1 Gy Ca) )\C3> 5
—ul|! = —+—+— ) llu|l”,
sl = (54 S22 2

v

1 C * )\C
Gl = el = == ™ = ==l

v

where C7, Cy, C3 are positive constants. Now, we take § > 0 such that

_1
B—aq

Then, by (4.2), we infer that I(u) > % =: a for any u € WHH(RY) with [jul| = 6.

(i) Let v € WLH(RYN) with 1) > 0 such that
/ Ko () 6] log([4]) da > 0. (4.3)
RN

For t > 1, we have
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1 1
L) = - (V5 + 115) + o (IVERIG, + 18015,)
— [ B - x [ g o 0
RN RN
K. . K.
+A / #uw dz — A / %Wpﬁdx (4.4)
RN RN

P t
<5 (Ivelly + llwlp) + 7 (IVelg .+ 1115 ,0)

+AtT/KQg$)I¢IT—tT’* / Klix)lwlp* da.
RN RN

r p

Since p < ¢ < r < p*, we can take vg = Tt with T = T(\) > 1 large enough, concluding the proof. O

Thanks to Lemma 4.2, by Willem [31] we can set the positive critical mountain pass value by

cx = inf sup I)(y(t))
7€l telo0,1]

with
= {y€C (0,1, W RY)) : 7(0) =0, Ix (1)) < 0}.
We first prove that c) can be controlled by the threshold ¢ set as

1 1 p*
c:= (— — —*) S#=r >0, (4.5)

g p

where o is given in (Hy), while S > 0 is the best constant of the Sobolev embedding W1P(RY) — L’I’; (RM),
considering K; € L>®(RY), set here as

[Vullp + [lullp
p

S = (4.6)

uEWL? (RN) H[Kl]%*u

o
Lemma 4.3. Let (Hy) — (Hy4) be satisfied. Then there exists A\* > 0 such that cx < T for any A > \*.

Proof. Fix A > 0 and let ¢y € WLH(R¥Y) as constructed in Lemma 4.2. That is, ¢ > 0 and (4.3) holds
true. By (4.4) we have lim; o I\ (1)) = —oc. Then, there exists ¢\ > 0 satisfying I (tx1)) = sup;>q Iz (1)
Hence, (I} (tA%), %) = 0 so that

5 (VIR + ll) + 5 (IV9lE, + 1112 )

— & [ K@ o€ [ Kol ol tog(ea]) da
RN RN

+At§*1/K3(x)|¢|ﬂ dz.
]RN

We claim that {¢x}r>0 is bounded. Indeed, denoting by A = {\ > 0: ¢, > 1}, we see that
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17 () > 2 / Ki(z)|¢|P" dz for any A € A
]RN

as A > 0, ¢ > 0 and by (4.3). Hence, we get the boundedness of {t)}xea. Clearly by the construction of A
also {tx}ae\a) is bounded. This proofs the claim.

We fix now a sequence {\,}nen € RT such that A\, — oo as n — oo. Clearly {¢, }nen is bounded.
Hence, there exist a number to > 0 and a subsequence of {\, },cn, that we still denote by {A, },en, such
that ¢y, — to as n — oo.

We claim that ¢ty = 0. Indeed, if ¢ty > 0 then by the dominated convergence theorem we have

/ Ko (@) 9" log((tx, o) dz — / Ko(@)[6]" log(tow]) dz as n — . (48)
RN

RN

Also, by Lemma 3.2 with 0 = r — 3, we get

/ Ka(@)ltou|? do + / K (2) |t | log([tot]) da
RN RN

~ [ K@l ao s [ Ka@)lteul og(ltov]) do
RN {zeRN: |toyp(x)|<1}
[ K@il loglltou) do 49)
{z€RN: [toy(2)[>1}
> [ Ka@ilPac- [ Ka@loul” log(lav])] do
RN {zeRN: |toyp(x)|<1}

> [ i) - s Ka(o)] vl s > 0

RN

where the last inequality follows from (Hy), since ;3(5 :Z; < 1 being r > f. Thus, recalling that A\, — oo,
from (4.7) with A = \,,, we get

t5 (Vs + 15) + 57" (IVel , + 1112 )

= lim t’irl/Kl(ff)W”* dz + Ay tgzl/K2(9«“)|¢|T10g(|txn¢l)dx
RN RN

w7 [ E@lar | | = o,
RN

that is the desired contradiction. Hence, tg = 0 and ty — 0 as A — oo, since the sequence {\,},en iS
arbitrary.

Consider now the path o(t) = tT¢ for ¢t € [0,1], with T" given in Lemma 4.2. Clearly, vy € T'. Then,
Lemma 4.2 gives
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0 < ex < max Ix(70(t)) < sup In(ty) = In(tr¢)
t€[0,1] t>0

K,
,

< o(tav) + A
R{ (4.10)

Dierorrar— [ L2y ioglor oz
RN

We claim that {)\tf})\m is bounded. Suppose not, then there exists a sequence {)\ntfn}nzl such that
)\nti — o0 as n — oo. Thus, by (4.10) along with the fact that ¢y, — 0 as n — oo, we get

t _ K
0< CA% < ol )\7};/]) + ) A / —2233) || dx
At? T At] " r
n n RN

K K
w57 [ Dyt 1o [ Ky
RN RN

from which we conclude that, by sending n — oo and since 8 < r,

0§—/Kg($)|w|f@dx<0.
RN

This is a contradiction.
Thus, being {)\tf}x>o bounded and considering r > 8, by (4.10) again we get limy_ o ¢y = 0. Then, we
can conclude the proof of the lemma. O

Now, we discuss the compactness property for the functional Iy given by the Palais-Smale condition.

Lemma 4.4. Let (Hy) — (H3) be satisfied and let X > 0. Let {u,}nen C WHH(RY) be a bounded (PS).
sequence with ¢ € R. Then, up to a subsequence, Vuy(x) — Vu(z) a.e. in RN asn — oo.

Proof. Since {u,}n,en € WHH(RYN) is bounded, using the reflexivity of W1M(RY), there exists u €
WLH(RY) such that u,, — u in WHH(RN).
For any k € N, let T).: R — R be the truncation function defined by

tif [t <k,
Tk(t){ =

k\% if [t| > k.

Let € > 0 be a constant such that » +¢ — 1 € (p, p*). By Proposition 3.1 and Lemma 3.2 we have
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| / Ko@) |un|" 2t log(Jun ) Ti (1 — u) da

RN
< / | Ko(@)] [un|" ™" [og(Jun|)] | Tk (un — u)| da
]RN
< / | Ko ()] [un|" " [og(|un])] [Tk (un — u)| da
{zeRN: |u, (z)|<1}
+ / | Ko ()] [un|" " [og(|un])] [Tk (un — u)| da
{2€RN : |u, (z)[>1} (4.11)

1
< WR/ |2 ()| [Ti(tn — )] o

1
o [ 1Rala) " B~ )] do

k Ck
LA / Ko ()] da + 2
ee

< C'k,

where C, C' are two positive constants. Using (4.11) and considering a cut-off function pr € C°(RY,[0,1])
with ¢ g = 1 on a ball B with generic radius R > 0, the rest of the proof is similar to that of Autuori-Pucci
[4, Theorem 4.4]. O

Lemma 4.5. Let (Hy) — (Hy4) be satisfied and let X > 0. Let {uy}tneny C WEHH(RY) be a bounded (PS).
sequence with ¢ < ¢ as given in (4.5). Then there exists u € WY (RN) such that, up to a subsequence,
Up — u in WEH(RYN) as n — oc.

Proof. Fix ¢ < ¢ and let {u,},en be a bounded (PS). sequence in WhH(R¥), satisfying (2.1). By Propo-
sition 3.1 and Lemma 4.4, there exists a subsequence, still denoted by {u, }nen, and v € WH(RYN) such
that

Uy = u  in WEERN),  u, = uin L2 (RY),

— 1, u, —win Ly, (RY) for any s € (p,p*), (4.12)
o

Un(2) = u(z) a.e.in RN, Vu,(z) = Vu(z) a.e.in RY.

Since the sequences {|Vaun[P~2Vauy bnen and {1(z)7 |[Viun |92V, bnen are bounded in LP' (RY) and
LY (RN), respectively, we deduce that

1i_>m / [Vun[P*Vu, - Vudz = || Vul?, (4.13)
RN
. -2
nh—>I2<> ()| Vun T *Vuy, - Vudz = [|[Vull? ,. (4.14)
RN

Furthermore, using Lemma 4.4 and the Lemma of Brézis-Lieb [10], we obtain
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V|l = [Vun = Vul§ = [[Vull 4 o(1),

[unlly = llun —ully = llullf + o(1),

IVunllg . = IVun = Vullg , = [[Vullg, +o(1),

lunllg . = llun = ullg . = l[ullg,, +o(1),
1 l B 1 B

A R
1 A 1

. = s o = = i+
p*
as n — oQ.

(4.15)

Now, let s € (p,r) and let € > 0 be such that r + & € (p,p*). In light of Proposition 3.1 and Lemma 3.2,

condition (Hs3) and Holder’s inequality, we infer that

] /KQ(x)mnV*?un 10g(|ttn]) (un — 1) da

RN

< / 1Ko ()] [l | 108 ft )] [t — o] d
RN

| K2 (@) [un|"™" [log(|un)| |un — ul da

{zeRN: |Ju, (z)|<1}
+ / 1Ko ()] [unl" " |10 ftn )] [t — u] de

{z€RN: |uy, (z)|>1}

1
< - K. n871 n—
< ey [ Vel e = o

1
sy | @ =l da

e | e s — |
s s, —u
- e(r—s) [ ! " s
r+e—1 1 r+e
S N
7"—|-€ r+e r+e

— 0 as n — oo,

for a suitable C' > 0. Thus, by (2.1) and (4.12) — (4.16), we get

o(1) = (I\(un), tn — u)

= /(|Vun|p_2Vun + ()| Vun T2 Vuy,) - (Vu, — Vu) dz

RN

+ /(|un|p72un + () [ |7 2up ) (uy — ) do

- /Kl(x)|un\p*_2un(un —u)dx
N

(4.16)
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,)\/KQ Vg "~ 2unlog(|un|)( —u)dx

—/\/Ks Yitn|? 2t (10, — ) da

= IVunlly = IVullf + llunllf = ully + [Vunllg . = IVullg,,

p*
+o(1),

i
o Nunl =l = || K1 N

p* 1
i

P

as n — co. Hence by (4.12) and (4.15), we conclude that

[Vun = Vullp + llup = ull] + [Vun = Vullg , + llun —ullf
. (4.17)

- H[Kﬂ%mn —w)|[ +o(1) =1 +o(1).

p*

We claim that ! = 0. Assume instead [ > 0. Then, by (4.6) and (4.17), we can see that
1> Svs. (4.18)

On the other hand, by Lemma 3.2 and condition (Hy), we have

I () = (T3 (00), )

> (2D otw+ (3-2) [ i@t ao
RN
(- %)R/ Ka(o)lunl? o3 (5 - 1)R/ Ka(@)lual log(un]) dz
> G _ pi> / Ky (@)unl?” de + A (% - %) / Ky () |un|” da
RN

{zeRN: |u, (z)|<1}

1 1
A (5 . [ Ka@lul s dz
{zeRN : |u, (z)|<1}

> (i_ - pl> /Kl(x)mn\?* dz + A G — ;) / Ks(@)|un |’ dz
RN

{zeRN: |un (x)|<1}

_ (ﬁ) (% _ %) / Ko (@) un|? d

(c€RN : [u, (2)|<1})

> (% - pi> /Kl(x)mn\ﬁ* dz
En
o[ G ) () () )] s

{zeRN: |u, (z)|<1}

1 1 *
> (2-2) [ m@ht an
g p
RN
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which implies, by using (2.1), (4.12) and (4.15), that

o= (5 ) (el

Therefore, from (4.5) and (4.18) we conclude that

1 1 p*
c>c> (—) Sv —p,
o p*

»*
p*) .

Thus, we get a contradiction which yields that { = 0. Hence, by (4.17), we prove our desired result. O

Proof of Theorem 4.1 completed. We show the statement via the mountain pass theorem. Indeed, by
Lemma 4.2 together with the mountain pass theorem without (PS) condition, see Willem [31, Theorems
1.15 and 2.8], there exists a (PS)., sequence {u,}nen C WHH(RY) of I,.

Now, we show that {u, },en is bounded in W (RY) arguing by contradiction. Then, going to a sub-
sequence, still denoted by {uy, }nen, we have nh_}n;o |lun|| = oo and ||uy|| > 1 for any n € N. Let o > 0 be
such that 1 < p < ¢ < 0 < 8 < r < p*. Thus, invoking Lemmas 2.1 and 3.2 along with Young’s inequality,
we get

o(1) + ¢+ C|luy||

= I(un) — %(I’(un)auﬁ

1 1 1 1
> (55 ) (7wl 4 1) + (5 = 5 ) (90l + Dl

p O o

11 . 11
—(==2) | Ki@)|unP dz =X (== =) [ Ka(@)lun|" log(jun|)d
<p* 0)/ (@) |un? da <r U)/ 2(2)|un|" log(|uy|) dz
RN RN

> (1 - i) l[wn P — X (i — 01_> / Ks(@)un|" log(Jun|) dz

q
{zeRN: Jun (2)[>1]}

—A(___) / Ks(@)[un|" 1og(|un ) da
{zeRN: |u,|<1|}

1 1 1 1
> (— _ —> unll? + C, (- _ —) /Kg(x) dz,
q o r o A

where C is a positive constant. This leads to a contradiction. Hence {uy, },en is bounded in WM (RY). By
Lemma 4.3 we can apply Lemma 4.5 to {u, }n,eN, so that there exists a weak solution u € WHH(RY) of
(4.1) such that Iy(u) = ¢y > 0.

4.2. The linear case

In this subsection, we study equation (1.1) when the logarithmic term is linear, namely r = g. Here, we
assume that v = 1. More precisely, we consider the equation

— div (|VulP 72 Vu + p(2)|Vul|*>Va) + [ulP2u+ p(z)|u]|? %y

. (4.19)
= Ky (2)|ulP” ~2u + AKo(x)|u|? 2ulog(|u]) + Ks(z)u/’2u in RY,
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where 1 < 8 < p < ¢ < p*. For this, we assume a new structural assumption

(f{vg) Ky € LYRN RT)NL® (RN RY) with 0 < Ky < Ky in RN, while K3 € LI(RN,RﬂﬂL#(RN,R*)
with 0 < K3 < Ky on RV,

The main result of this part is the following theorem.

Theorem 4.6. Let (Hy) - (H3) and (f{\;,) be satisfied and let 1 < p < 8 < q < p*. Then, for any X\ > 0,
there exists ky > 0 such that if

max { | Kolly, [ Ksl_o_ } < k.
equation (4.19) admits at least one nontrivial weak solution.

Lemma 4.7. Let (Hy) — (Hs) and (E;,) be satisfied and let A > 0. Then, there exist dx, ax, my > 0 such
that Iy(u) > ay > 0 for any u € WHH(RYN) with ||u|| = 65, whenever

| K5l < my.

.
q—p

Proof. Let u € WLH(RY) with |lul| < 1 and let A > 0. Let us choose s > 0 such that ¢ + s € (g,p*). By
Lemmas 2.1 and 3.2, Hoélder and Young inequalities, we get

o) -5 [ Ka@)lulog(lul) do
{zeRN: |u(z)|>1}
fi*/Kl(z)|u|p* dz — /Kg(x)|u|ﬁ dz
p
RN RN (4.20)

1
~[Jull* -
q

v

C CQ s
(8422 e - ol ol

*

v

B
! G \C s (a-B)(28Cs)T7 iy
sl - (pj +A 2)||u||‘1+ DRI ey

where Cj3 is a positive constant. Set ) > 0 such that

1
u(z %)

p*

0y < min | 1,

Then, by (4.20), we infer that

_ 0 (g B)(26Cy) T
T 4q q

.
[EK]1%a”, for [lufl = dx.
q—B

1(u)

Let

my = - (4.21)
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Then, if || K;3]| < my, we obtain

q
qa—pB

for any u € WLH(RY) with ||u|| = dx. The proof is completed. O
Consider the minimizer

M)\ = inf I)\('U,),
u€B(0,0)

where 0y is defined in Lemma 4.7. For this, we have the following control.
Lemma 4.8. Let (Hy) — (H2) and (IEI\;) be satisfied and let A > 0. Then —oo < My < 0.

Proof. Exploiting the proof of Lemma 4.7, we prove that M), > —oo. Using (ﬁ;), there is a function
Y € WHH(RY) such that

tp—B ta—8
Dew) = ¢ | (190l + 101R) + == (19613, + 191,

A [ Ka@luirioglee)do + 5 [ Kafa)lu dz)
RN RN

-
tpp* /Kl<x>|w|p* dx—/%(m)W)de <0,
RN RN

for ¢ > 0 small enough. In the previous inequality we used the fact that 8 < p. Thus we conclude the
proof. O

Now, we get the compactness property for Iy, under the threshold cx given by

p* 8
* _ p* * — p*—B 2 p*—B
e <p2p*qq) 575 =8 B : <%> < = ) sl (422

P —q
with S set as in (4.6).

Lemma 4.9. Let (Hy) — (H2) and (va,) be satisfied and let X > 0. Let {uy}neny € WHH(RY) be a bounded
(PS). sequence with ¢ < cx. Then there exists u € WHH(RN) such that, up to a subsequence, u, — u in
WEH(RN) as n — oo.

Proof. Fix ¢ < cx and let {u,},en be a bounded (PS). sequence in WhH(RYN) satisfying (2.1). Arguing
as in the proof of Lemma 4.5, we can find that

1> 877, (4.23)

with [ given in (4.12).
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Next, by Lemma 3.2 and Young’s inequality, considering also assumption (f{vg), we have

T (ttn) — (4 (1), 1)

> G——) /K1 )t |P da:—i—( )/Kg ) un|? da
- (5) [ o |

(=}

p /‘3
pr=B(a=B\"""( 248
(207 (22) 7 Il
B qap P —q
which implies, by using (2.1), (4.12) and (4.15), that
c><g;_>QP+HKi;‘p>
2p*q p*
p* ﬁ
PP (q=B\""" ([ 248
B ( 98 ) (p*—q Wl
Therefore, from (4.23) and again (H;), we conclude that
c> (p :q) Spfip
2p*q

p* B
P =B (a—B\"P ([ 240
B ( qB ) (p*q) 11l

Thus, we get a contradiction from (4.22) and we know that [ = 0. Hence, by (4.17), our desired result

follows. 0O

Proof of Theorem 4.6 completed. Let A > 0 and let us set

* —1
(P =T it [P =B (=BT (28 \T
m'_(2p*7“)s B (rﬁ) pr—r

Then, we define k) := min {my, m}, with m) given in (4.21).

Now, let us assume that

max { |||, 1K | 2, } < ix
By Lemmas 4.7, 4.8 and applying the Ekeland’s variational principle for the complete metric space B(0, 6y),
then there exists a (PS)as, sequence {v,}, C B(0,6y). Again, from Lemma 4.8 we have My < 0. Thus,
since when ||K3|l; < m we have that cx > 0, with cx given in (4.22), we can apply Lemma 4.9 to {vy, }n,
and this time we get v € WL#(RY) a weak solution of (4.19) such that I, (v) = My < 0.

5. Radial solution for the double phase equation

In this section, we study the existence of radial solution for equation (1.1) when K; = 1. In addition, we
need the following structural assumption
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(Hs) p, Ko and K3 are three radial functions.

The main result of this section reads as follows.

Theorem 5.1. Let (Hy) — (H3) and (Hs) be satisfied.

(i) Suppose that (Hs) — (Hy) hold true. If 1 < p < ¢ < B < r < p* and v = A, then for any X > \*, with
A* as given in Lemma 4.3, equation (1.1) admits at least one nontrivial radial weak solution.

(ii) Suppose that (1?[;,) holds true. If 1 < S <p < q=1r < p* and v =1, then for any A > 0 equation (1.1)
admits at least one nontrivial radial weak solution.

Proof. (i) Using Theorem 2.3 and replacing W'H(RN) by WL (RN) in combination with the argument
employed in the proof of Theorem 4.1, I, admits a nontrivial critical point uy € er H(RN ). Next, we will
show that u is a critical point of I in the space W1*(R™). To this end, we will apply the Principle of
Symmetric Criticality, see Palais [27]. Thus, let O(NN) denotes the group of rotations in R" and the action
O(N) x WHH(RN) — WEH(RYN) is given by

(gu)(z) = u(g(z)) for any x € RV,

which is isometric. Furthermore, since p is a radial function, the functional I is invariant under the action
of g, since for any g € O(N) and any u € WHH(RY), we have

gu Kso(z -
I (gu) = o(gu) / lgul?” g, / B o toglgul)
+)\/K2 |"d /K3 ‘de
p K
[ [ g
p T
RN RN
K K-
+)\/ 2ggc)|urdx—)\/—‘S(x)uwdx.
T B
RN RN

From the above information, it is easy to check that

Fix(O(N)) = {u e WHH(RY): gu = u for any g € O(N)} = WhHERN),

rad

Hence by the Principe of Symmetric Criticality of Palais, ug is a nontrivial critical point of Iy in WM (RY).

(if) The second assertion follows by combining the above argument with the existence result of Theo-
rem 4.6. O
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