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1. Introduction

In this paper we consider quasilinear elliptic equations in RY driven by the double phase operator and
a right-hand side consisting of a singular and a parametric term. Recall that the double phase operator is
defined by

div(A(w)) := div (|Vu|p_2Vu + ,u(x)|Vu\q_2Vu) for u € WHHRN), (1.1)

where 1 < p < ¢ and with a nonnegative weight function p € L*(RY) while W1*(R¥) is the appropriate
Musielak-Orlicz Sobolev function space, see Section 2 for more details. Note that the operator in (1.1)
is closely related to the p-Laplacian (for ¢ = 0) and the (¢, p)-Laplacian (for infgu > 0). The physical
motivation of such operator goes back to Zhikov [44] who introduced the functional

J(u) = / (|Vu|p +u(az)|Vu|q) dz (1.2)
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in order to provide models for strongly anisotropic materials where €2 is a bounded domain. Other appli-
cations can be found in the works of Bahrouni-Riddulescu-Repovs [1] on transonic flows, Benci-D’Avenia-
Fortunato-Pisani [6] on quantum physics and Cherfils-Il'yasov [10] on reaction diffusion systems.

It is easy to see that J(-) defined in (1.2) has unbalanced growth and the ellipticity of J(-) changes on
the set where the weight function is zero. For further studies of functionals with (p, ¢)-growth we refer to
the works of Baroni-Colombo-Mingione [4,5], Byun-Oh [8], Colombo-Mingione [12,13], De Filippis-Palatucci
[15], Marcellini [28,29], Ok [34,35], Ragusa-Tachikawa [40] and the references therein.

In this paper we study the following singular problem

—div(A(u)) + uP~ + p(@)u? = E(2)u" + 2’ in RY, (1.3)
with A > 0 being the parameter to be specified where we assume the following assumptions on the data:

(H: () 1<p<g<N,q<p'=x% and 0 < pu() € L=RN);
(i) 0<a<land g <v<p*
(iii) &(x) > 0 for a.a. x € RN and &€ € L7 (RY) N L>®(RY), where o > 1 and there exists x > 1 such
that

1_
@ .

1
p<k<p" and —+
o K

We call a function u € WHH(RY) a weak solution of problem (1.3) if £(-)u=%v € LY(RY), u > 0 for a.a.
r € RY and if

/ <\Vu\p_2Vu + /L(:v)|Vu|q_2Vu) -Vodz + / (up_l + ﬂ(m)uq_l>vdx
RN RN

= /{(x)u*avdxwL)\/uV*lde

RN RN

(1.4)

is satisfied for all v € WHH(R™N). Tt is easy to see that the definition of a weak solution in (1.4) is well-defined.
The corresponding energy functional ¥y : WL#*(RY) — R for problem (1.3) is given by

1 1 1 . Ao
Vo) = 3l + 3 (19l o+ lolg,) - 1 [ €@lult=de = Sl
RN

Our main result reads as follows.

Theorem 1.1. Let hypotheses (H) be satisfied. Then there exists \* > 0 such that for all X € (0, \*] problem
(1.3) has at least two weak solutions u*,v* € WLH(RN) such that Wy (u*) < 0 < Wy (v*).

The idea in the proof of Theorem 1.1 is the usage of the so-called Nehari manifold which is defined by

Ny = ue WHHRY)\ {0} + [u|

1p T VUl

g T Il

10— [ €@l dz Nl
RN

We point out that A contains all nontrivial weak solutions of problem (1.3) but N, is smaller than the
whole space WEH(RN). We are going to split Ny into three disjoint parts and the minimizers of two of
them provide us the two different weak solutions. The third set turns out to be the empty set.
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This method was introduced by Nehari [32,33] and turned into a very powerful tool in order to find
solutions for differential equations, especially when no regularity theory exists as it is the case for our
problem. We refer to Szulkin-Weth [41] for a nice introduction to this technique.

To the best of our knowledge this is the first work dealing with a singular double phase problem on the
whole of R, The motivation of the paper comes from a recent work of Liu-Dai-Papageorgiou-Winkert [27]
who studied a similar problem but on bounded domains Q@ C R and solutions in the space VVO1 H(Q) In
our setting, the situation is different because we do not have simple embeddings of the form L**(RY) —»
L*2(R¥) for s < s1 due to the unboundedness of the domain. Instead we need to strengthen the hypotheses
on &(-), see (H)(iii). On the other hand, since we do not use an equivalent norm as it is the case in
[27], we were able to relax the assumptions on the weight function p(-) and also on the exponents p and
q. Indeed, in [27] it is supposed that u € C%'(Q) while we only need i to be bounded. Moreover, the
condition

1
14+ = 1.
< +N (1.5)

is required in [27] which was used for the first time by Baroni-Colombo-Mingione [4, see (1.8)] in order to
obtain regularity results of local minimizers for double phase integrals. The condition is needed, for instance,
for the density of smooth functions in suitable Musielak-Orlicz Sobolev spaces. In our paper it is enough to
suppose that ¢ < p* which is weaker than inequality (1.5).

Existence results for singular double phase problems on bounded domains have only been done in few
recent works. Chen-Ge-Wen-Cao [9] treated the problem

—div (|Vu|p_2Vu + ,u(:zc)|Vu\q_2Vu> = b(x)|u| 7"+ Nf(,u) in), u=0 ondQ,

where 0 < ¥ < 1 and f is a Carathéodory function. It is shown that the problem has at least one weak
solution with negative energy. Singular Finsler double phase problems have been recently studied by Farkas-
Winkert [17] where the existence of a weak solution to the problem

—div (F”fl(Vu)VF(Vu) + pu(z)FT 1 (Vu)VE(Vu)) = P T4 A (uafl +g(u)) in Q,

with v = 0 on dQ is shown by applying variational tools, while (RY F) stands for a Minkowski space.
This work was extended to singular Finsler problems with nonlinear boundary condition by Farkas-Fiscella-
Winkert [18]. In all these works, the domain is bounded, only the existence of one weak solution is shown
and the methods are different from ours.

Finally, we mention some papers dealing with existence results for a double phase setting (or non-
standard growth) on bounded domains without singular term by applying different tools like critical
point theory, Moses theory and variational tools as comparison and truncation techniques. We refer to
Bahrouni-Radulescu-Winkert [2], Barletta-Tornatore [3], Colasuonno-Squassina [11], El Manouni-Marino-
Winkert [16], Gasiniski-Papageorgiou [19], Gasifiski-Winkert [20-22], Liu-Dai [24,25], Marino-Winkert [30],
Papageorgiou-Ridulescu-Repovs [36], Papageorgiou-Vetro-Vetro [37], Perera-Squassina [38], Rddulescu [39],
Zeng-Bai-Gasinski-Winkert [42,43] and the references therein. Only the work of Liu-Dai [26] deals with a
double phase operator on the whole of RY but without a singular term.

The paper is organized as follows. In Section 2 we present the main properties of the Musielak-Orlicz
Sobolev spaces defined on RY including some embedding results. Section 3 is devoted to the proof of
Theorem 1.1 which is splited into several propositions.
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2. Preliminaries

This section is concerned to the main properties of Musielak-Orlicz Sobolev spaces defined on RY. The
results are mainly taken from Colasuonno-Squassina [11], Harjulehto-Héast6 [23], Musielak [31] and Liu-Dai
[26].

For 1 <7 < oo, L"(RY) and L"(R¥;R¥) stand for the usual Lebesgue spaces endowed with the norm
| - || Furthermore, we denote by W (RY) (1 < r < 0o) the usual Sobolev space equipped with the norm

1
lullr = (IVally + ully) "

Suppose condition (H)(i) and let M (R™) be the space of all measurable functions u: RY — R. Moreover,
let H: RY x [0,00) — [0,00) be the function defined by

H(x,t) =P + p(x)td.

Then, by L™(R") we denote the Musielak-Orlicz Lebesgue space given by

LHRY) = ueM(IRN):/H(x7|u|)dx<+oo ,
RN

which is endowed with the Luxemburg norm

|ull =inf{ 7 >0 : /H(x,m) de <1
T

RN

From Liu-Dai [26, Theorem 2.7 (i)] we know that the space L™ (R") is a reflexive Banach space.
Furthermore, we introduce the seminormed space

LZ(RN): ue MRY) : /,u(:r)|u|qu<+oo
RN

with the seminorm

Q=

[l

= | [ n@lulr s

N

Similarly, we define L, (RN RN).
The Musielak-Orlicz Sobolev space W17 (R¥) is defined by

WLHRN) = {u e L*RY) : |Vu| € LH(RN)}
equipped with the norm
[ull = IVullg + w2,

where ||Vully = || [Vul||3. As before, it is clear that W17 (RY) is a reflexive Banach space, see Liu-Dai
[26, Theorem 2.7 (ii)].
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Moreover, we have the continuous embedding
WHHRN) — L"(RY)  for all r € [p,p*], (2.1)

see Liu-Dai [26, Theorem 2.7(iii)].

Let
otw) = [ (I9uP + w(@) Tult + P + p(o)al?) de, (2.2)
RN
The norm || - || and the modular function ¢ are related as follows, see Liu-Dai [24, Proposition 2.1] or

Crespo-Blanco-Gasiniski-Harjulehto-Winkert [14, Proposition 2.15].

Proposition 2.1. Let (H)(i) be satisfied, let y € WHH(RYN) and let o be defined by (2.2). Then the following
hold:

(i) Ify #0, then |ly|| = A if and only if o(¥) = 1;
(ii) |lyll <1 (resp. > 1, =1) if and only if o(y) <1 (resp. > 1, =1);
(ili) If Iyl <1, then [ly]|? < o(y) < |lylI?;
(iv) If lyll > 1, then |ly||? < o(y) < |lyl|*;
() llyll = 0 if and only if o(y) — 0;
(vi) |ly|l| = +o0 if and only if o(y) — +oo.

3. Proof of Theorem 1.1

We recall that the corresponding energy functional ¥y : W1 (RY) — R of problem (1.3) is defined by

1 1 1 a Aoy
Ui (u) = };I\UII’f,p + 5(\\VUIIZ,# +llulgn) — T /E(w)IUI da — Zlully.
RN

We know that ¥, is not a C!-functional because of the singular term in problem (1.3). For u € WLH#(RN)\
{0}, we introduce the fibering function wy,: [0, +00) — R given by

wy(t) = Ux(tu) forall ¢t > 0.

Clearly, w, € C*((0,00)). The idea in the proof of Theorem 1.1 is to minimize the energy functional
Uy: WEHH(RY) — R on the so-called Nehari manifold Ny. This manifold is defined as

Na = {u € WHERMNAO} ¢ lullf, + IVullg . + lullg, = /S(I)IU\I’“ dz + AIIUIIZ}
RN

= {we WHHRN)\ {0} : w, (1) =0}

In order to find our two different weak solutions stated in Theorem 1.1 we have to decompose the set Ay
into three disjoint sets. To this end, let

NF = {u €Nyt (pta—Dlull?, + (g +a - 1)(|Vu

7+ uld,) > A+ o 1>||u||z},

={ueN, :wl(l) >0},
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N = {u eNy: (pta—Dlulf, +(a+a—=D)(IVull, +luli,) =Ar+a— 1)||UIIZ},
={u€eN, :w)(l)=0},
Ny = {u eM : (p+a=Dlully, + (g +a—=1)(IVullf, +llulli,) <A +a- 1)||U|IZ}
={ueN, :wl(l)<0}.
The next proposition will show that the functional ¥y restricted to Ay is coercive.

Proposition 3.1. Let hypotheses (H) be satisfied. Then \I/>\}/\,A is coercive.

Proof. Taking u € N with ||ul| > 1, we obtain from the definition of N that

A 1
=Zlully = == (Il

1
+- /f(m)\uﬂ*a dz. (3.1)
RN
Combining (3.1) with ¥y, using Proposition 2.1 (iv) along with Holder’s inequality, see hypothesis (H)(iii),

and applying the embedding (2.1) leads to
q 1 1 11—«
Uy (u) q,u) + o o {(@)|ul " da
RN

1 1 1 1
_ - = q
{p V} + [q V} (IVulld, + |

- 2ew [ - el

> erflull” = eaflull'=®

v

for some constants ¢y, c2 > 0 since p < ¢ < v by hypotheses (H)(i), (ii). Therefore, because of 1 —a < 1 < p,
the assertion is proved. O

We define m;\r = ianr Uy,
Proposition 3.2. Let hypotheses (H) be satisfied and suppose that J\/;\+ % (. Then m; < 0.

Proof. Choosing u € N, # () and noticing that N7 C N, gives

\u|1 Ydx = ——(

A
V. 3.2

1)+

Since u € N,', we have

v p+a g+«
Allully < H 175 7(|

Vullg .+ llullg ) (3-3)

Combining (3.2) and (3.3) with the definition of ¥ leads to

\I/)\(u) =

1 1 A
- q q - 11—« de = 2 v
o (IVallg +llulg,) = 7= /£(x>|u| i L
N

11 I LI T
_ {_ - j] lull?, + [5 - m] (IVullg , + llullg,) + X {m - ;] lull

p 1
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—(p+a-1) p+a—-1 v+a-1 »
< : [ull,
p(1 —«) v+a—-1 v(l-a)

—(g+a-1) qg+a-1 v+a-1
. Vulld q
+ [ q(1 —a) v+a-1 v(l-a) (” u”q’“ + Hu”q’“)

Cpta-1]1 1 b gta—1]1 1
ﬁ[;—}—j ||U||1,p+ﬁ v g (||VUHZ,,L+||UHZ,,L)

<0,

due to p < g < v. Therefore, \I')\’N+ < 0 which implies mj\' <0. O
A

Proposition 3.3. Let hypotheses (H) be satisfied. Then there exists X > 0 such that NY =) for all (0, \).
Proof. We are going to prove the assertion via contradiction. To this end, let us assume that for every A > 0

there exists A € (0, ) such that N'Y # ). Thus, for any given A > 0 there exists an element u € NY such
that

(0+a— Dlfull, + (g +a~ D(ITulld,, + [ul3,) = A0 +a— Dl (3.4)
Because of u € N, we have

(v +a—Dlullf, + v+ o= (IVulf . + [lullf )

—(w+a-1) [ g@ll*de+ A +a- D]l 39
RN
Subtracting (3.4) from (3.5) results in
O =Pl + (7= IVl + ully,) = @+ a = 1) [ gl da. 36)
RN
From (3.6) we obtain by using Proposition 2.1(iii), (iv), hypothesis H(iii) and (2.1) that
min {]|ull?, u]| 7} < eslful '~
for some c3 > 0 since 1 — a < 1 < p < g < v. Therefore,
ull < ca (3.7)

for some ¢4 > 0.
On the other hand, from (3.4), taking Proposition 2.1(iii), (iv) and (2.1) into account, we obtain

in {[Jul|”, [Juf|*} < Aes |jul”

for some c5 > 0. This leads to

1

s ()7 o iz ()
—_— O .
vl = ACs ' vl = ACs

Due to p < ¢ < v, we see that if A — 0T, then |lu|| — 400 contradicting (3.7). O
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Proposition 3.4. Let hypotheses (H) be satisfied. Then there exists A € (0, such that NF # 0 for all
A € (0,)). Purthermore, for any A\ € (0,)), there exists u* € Ny such that ¥y(u*) = m{ < 0 and
u*(x) >0 for a.a. x € RV.

Proof. Let u € WHH(RN)\ {0}. We introduce the function ¢, : (0, +00) — R given by

¢U@>::#F*nunipg—tf”*a+1j/s<x»uvfadx.
N

First note, since v — p < v + o — 1, there exists fo > 0 such that

’(/A} (to) = maxwu( ).

t>0

Thus, 1%(50) = 0, or equivalently

m%ﬂ*wmw+w+afng%a/ammwumzm

(p—
RN

which implies

>

(v+a—1) [gn &(@)|ul'~>dx Pt
(v = p)llulf, .

o
|

Furthermore, we obtain

. (G2
B (fo) = [l
[(u—i—a—l Jaw E@@)|ult= ocdx:| pFa—
v+a—1
pta—1
(v =p)lullt,] ~
§(@)uf' " dz
=
[( +a—1) [pn &(@)|ult~ O‘d:tc

vop vta
(v —p) 75 (Jull?,) 7o (3.8)

(@)l da] 7

(v+a— 1) [ fou €

+a—1
(v —p)rrat (Jfull},) 7+

)uf1=o dz

_ _

(v+a—1)aT [fRN &(x et
v+a—1

(|

_p—i—a—l{ v—op }PM 1

v+a—1
)p+a—1
P

v—p |v+a-—1 ]ﬁ

Jr~ &(@)|ult—> dz
Moreover, from hypothesis H(iii), Hélder’s inequality and the continuous embedding W1?(RY) — L*(RY)

we get
/ﬂ@M“WMS%MMf (3.9)
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for some ¢g > 0. Combining (3.8) and (3.9) along with the continuous embedding W?(RY) — L¥(RY)
leads to

Vu (fo) = Allully

vta—1 vira—1
_pta-—1 { v—p ] et (llullf ) "= Al
vV—0p vr+a-—1 s v
[IRN {(@)|ult dx} e
via—1 rto—1
> o] { - ]”“1 (ulff,) 7 = Aerl|ullf
- v— -1 —a\ T Lp
vop vte (esllulli ;") 7+
= [es = 2er]lult,,
for some ¢z, cg > 0. Hence, we can find \ € (0, A] independent of u such that
P (fo) — Mull, >0 for all X € (0, ). (3.10)

Let us now introduce the function 1, : (0,4+0c0) — R given by
wult) =l + ¢ (19l o+ lg,) = ¢ [ gl da.
RN

Duetov —g<v —p<v+a—1 there exists ty > 0 such that

Yu(to) = max 1y (f).
Since 1, > 1), and because of (3.10) we are able to find X € (0, X] independent of u such that

Yo (to) — Nully, >0 for all A € (0, ).
Hence, there exist unique t} < tq < t2 satisfying
Yu(ty) = Aully = vu(th) and 9 (£7) <0 < y(t,), (3.11)
where
VL) = (0 =) ullf, + (@ = )t T (IVald, + llld )

— (v —a+ 1)t [ E(@)ult da (3.12)
J

Recall that the fibering function wy,: [0, +00) — R is given by
wy(t) = Uy(tu) forall t > 0.
We have
W (1) = ()" ]+ (8) (19l + full,)

) / el dx — A (t1)" " Juf)”
RN



10 W. Liu, P. Winkert / J. Math. Anal. Appl. 507 (2022) 125762

and

w;'(t;)=<p—1> (ti)p*uuup +(g— 1) () (Vg + ull?,)

Fa ()™ 1/5 = do — A = 1) (£2)" ™ [ull. (313

Taking (3.11) into account we have

) all?, + () (Vg + a2 ,) — (¢h) ™ / £(@)ul' = da = Alfull%.

We multiply the equation above with a (t}i)yi2 and —(v —1) (ti)uﬂ, respectively. This gives

a (tzlz)pi2 l[ullf,, + o (fi)[ﬁ2 (IVullg , + llulld ) —aX (&)”’2 [l2
::a(ﬂﬂ_a_ljfé(xﬂuP*“dz (3.14)
N

and
(1) (tl)p‘Q lull?, — (v —1) ()7 (IValle, + [lu)d,)
+w-1)(t) " 1/5 )ul'~ da (3.15)

= A= 1) (8)" lull-
Now we combine (3.13) and (3.14) in order to obtain

W) =+ a—1) () all?, + (g +a—1) (£2) 72 (IVuld, + lu)2..)
AW+ a—1) (68)7 |l

~ (3.16)
= (1) [ o= 1) (1)l + (00— ) () (19l + g,
~ A+ a = 1) (t) lull]
Applying (3.12), (3.13) and (3.15) results in
wy (tu) = (p—v) (ti)p_2 lullf, + (g = v) (8)" (IVuld,, + lullg,.)
(l/—l-a—l - 1/5 |u|1 “dx (3.17)

— (¢)" yl (th) > .
Combining (3.16) and (3.17) we see that
(p+a—1) (t)" fullf , + (a+a=1) (6)" (IValld, + [luld,) = A +a—=1) ()" [l > 0.

Therefore,
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teu € NyF forall A € (0,5\}
and so, Ny # 0. A similar treatment can be used for the point ¢2 in order to show that N5 # 0.
We are now going to prove the second assertion of the proposition. For this purpose, let {uy }nen C N ;‘
be a minimizing sequence, that is,

Uy (uy) \ymi <0 asn— oo. (3.18)

Since N7 C N, we deduce from Proposition 3.1 that {u, }neny € WEH(RY) is bounded. So, we can assume
that

U, —u* in WEERY), w, —u* in LY (RY) and w, —u* a.ein RY. (3.19)
From (3.18), (3.19) and Proposition 3.2 along with the first part of the proof we see that

Uy (u") < lminf ¥y(u,) < 0= T,(0).

n—-+oo
Thus, u* # 0.
Let us now prove that
lim inf o(un) = o (u”). (3.20)

We argue by contradiction and suppose that

lim inf p(uy) > o(u™).

i
n—-+4oo
Applying the representation in (3.11), we deduce that
to.)

lim inf !, (¢,

n—-+oo "

n—-+00

—timinf | (t)" " ol + (th)" (IVanlgot lenl]) = (25)7 [ €Galunl~ do
RN

v—1 v
A (1) unllt]
—1 * -1 % * —a *11—
> ()" It I7, + (6a)™ IVl + Il ) — (t-) /E(x)\u ' da
]RN
v—1 * ||V
= A(tae)" ety
= whe (the) =071 [thus (th.) = MJu”||Y] = 0.
From this we conclude that there exists no € N such that w], (tL.) > 0 for all n > ng. Since u, € Ny C N
and w), (t) =t [Yu, (t) — M|un||})] we derive that w), (t) < 0 for all t € (0,1) and w], (1) = 0. Hence,
ty. > 1.
We know that w,« is decreasing on [0,t..]. Therefore,

Uy (thou*) <y (u') <mi.

Since tL.u* € Ny we then obtain
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m}f < W, (tiu*) < mi‘,

which is a contradiction. This shows (3.20).

From (3.20) we conclude that there exists a subsequence (still denoted by w,,) such that o(u,) — o(u*).
Using Proposition 2.1(v) we see that u,, — u in WH*(RY) and so Wy (u,,) — ¥y (u*). Therefore, ¥y (u*) =
my. As u, € N} for all n € N, we have

(p+a = Dlunllf, + (@ +a =) (IVuallg , + lunllf ) = A +a = 1ljunlly >0,
which by letting n — 400 results in
(o= 1) Ju I}, + (g +a = DIV L, + [w2,) = A +a-1) >0, (3:21)

Since A € (0, 5\) and A < X we are able to apply Proposition 3.3 in order to know that the left-hand side in
(3.21) is strictly positive. Consequently, we deduce that u* € Ny As we can always use |u*| instead of u*,
we may assume that u*(x) > 0 for a.a. € RY with u* # 0. This finishes the proof. O

Proposition 3.5. Let hypotheses (H) be satisfied, let v € WHH(RN) and let X € (0,\]. Then there exists
¢ > 0 such that Uy (u*) < Uy (u* +tv) for all t € [0,(].

Proof. Let u € Ny and let =: WLH(RY) x (0,00) — R be defined by

Z(y,t) :tp+“—1||u+y||§’,p+tq+“‘1(IIV(U+y)||3,#+ lu+y Z,H) - /f(w)lquy\l_“dm
RN

—atvFely 4 y|)Y for all y € WHH(RY),
First note that Z(0,1) = 0 because u € Ny C N,. Furthermore, due to u € Ny, we have
=0.1) = @+a - Dlulf, + (a+a =) (IVullg, + [ulL,) =A@ +a = Dlull > 0.

Thus, we may apply the implicit function theorem, see Berger [7, p. 115], in order to find € > 0 and a
continuous function ¢: B.(0) — (0, 00) such that

0(0)=1 and ¢(y)(u+y) e Ny forallye B.(0),
where
B.(0) = {u e WEHRYY : fJuf < 5}.
If we choose € > 0 sufficiently small, we can have that
0(0)=1 and ¢(y)(u+y) € Ny forallye B(0). (3.22)

Now we introduce the function 7,: [0,+00) — R given by

mo() = (= 1) lu* + t0llf, + (a = D(IVu* +90]2,, + lu* + o], )

* -« * v (323)
+a/§(m) |u* + tv| de — A —1) ||u* +to|];, .
RN
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Since u* belongs to both NV and N, we obtain

*)l—a * * * * ||V
o [ €@ 7 de=alwlf, + a( 19w, + g, ) - Aa el (3.24)
RN
and
(p+a—1)uf, +(g+a-D)(IVe g, + 1w s, ) - Aw+a-D I, >0. (325

From (3.23), (3.24) and (3.25) we conclude that 7,(0) > 0 and due to the continuity of #,: [0, +00) — R
there exists (p > 0 such that

ny(t) >0 for all t € [0, (ol
From the first part of the proof, see (3.22), we know that for every t € [0, {y] there exists ¢(t) > 0 such that
o(t) (u* +tv) e Ny and o(t) =1 ast— 07, (3.26)
Furthermore, Proposition 3.4 implies that
my =Wy (u*) < Wy (p(t) (u* +tv)) forall t € [0, (o).
Using this fact and (3.26) there exists ¢ € (0, (o] sufficiently small such that
my =W, (u*) < U, (u* +tv) forallte0,(].

This follows from the fact that wi/.(1) > 0 and its continuity in ¢ which gives w;,. (1) > 0 for t € [0,(]
with ¢ € (0, (p]. The proof is finished. O

Now we are in the position to show that u* is indeed a nontrivial weak solution of problem (1.3) with
negative energy.

Proposition 3.6. Let hypotheses (H) be satisfied and let A € (0,5\]. Then u* is a weak solution of problem
(1.3) such that Uy (u*) < 0.

Proof. From Proposition 3.4 we already know that u* > 0 for a.a. z € RY and Wy (u*) < 0. We claim that
u* > 0 for a.a. x € RY. Suppose this is not the case and assume that there exists a set C' of positive measure
such that u* = 0 in C. Let v € WHH(RYN), v > 0, and let t € (0,¢) (see Proposition 3.5) small enough such
that (u* + tv)1=® > (u*)1= a.e. in RY \ C. Therefore, from Proposition 3.5 we get

Uy (u* + tv) — Uy (u*)

0<

- t
_ e+ tolly, — [l L1 V(" + )7, — [IVurlZ L1 [[u” + tol|d = llu*]lZ .

P t q t q t

1 1 1 (u* + to)t= — (u*)l=
- “do — —— d
(1—a)te /f(x)v T A / £(=) t *
c RN\C

e 0 el [ [

v t
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1l +tlly, = llurl, 41 IV (u* +to)llg = IVerlg . L1 [ + tollg . — llw”]lg,,

D t q t q t
(1 —a)t v t '
Hence
Uy (u* +tv) — Wy (u*
0< )‘(U_‘_Ut) /\(u)—>—oo ast—)O"'7

which is a contradiction. Therefore, u* > 0 a.e. in R,
Next, we will show that

) ()% € LYRY)  for all v € WHH(RY) (3.27)

and

J (9w p 29w s p@ w2 ) - Vode s [ (074 ue) o

R’ R’ (3.28)

> /{(:L‘)(u*)fo‘vdx +A /(u*)"ilvdx for all v € WHH(RY) with v > 0.

RN RN

Let v € WHH(RY), v > 0 and choose a decreasing sequence {t, },eny C (0,1] such that lim ¢, = 0. For
n—oo
n € N, the functions

o W@ @) +tv(@) 7 —u(z) 7
ln

are measurable, nonnegative and it holds

lim f,(z) = (1 — a)é(z)u*(z) %v(x) fora.a.z € RY.

n—oo

Applying Fatou’s lemma yields

/§(m) (u*) " vdr < T hnrr_1>10r01f / fnda. (3.29)

Using again Proposition 3.5 one has for n € N large enough

Uy (u* 4+ tyv) — Uy (u*)

0<
< i
1w — [y, IV o)L, = IVar g, 1w+ taolld, — uld,
= — + = + =
f Allu + tavlly — llully
11— a " tn '

Passing to the limit as n — oo and applying (3.29) we obtain first (3.27) and it also follows (3.28). We point
out that it is sufficient to show (3.27) for nonnegative v € W1 (RY).

Now, we can conclude that u* is a weak solution of (1.3), see, for example, Farkas-Winkert [17, Proof of
Theorem 1.1] for the full calculation. We skip these long calculations as it is quite standard. O
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Now we are interested in a second nontrivial solution of (1.3) by applying the manifold N .

Proposition 3.7. Let hypotheses (H) be satisfied. Then there exists \* € (0,\] such that \IU‘}N* > 0 for all
A
A€ (0,X].

Proof. First note that N/, # () by Proposition 3.4 and so we can pick u € N, . Applying the continuous
embedding W1P(RY) — L”(R") and the definition of the manifold N it is easy to see that

A +a—1eglullf , = Ay +a—1)|ull;
>(p+a-— 1)”“”117,;; +(g+a— 1)(|\Vu||q’# + ”u”q,#)
> (p+a—-1ulf,

for some cg > 0 which gives

1
1 17
pt+a ] . (3.30)

>0
lellp = [)\c’g(l/—i—a— 1)

Let us now suppose that the assertion of the proposition is not true. Then there exists u € N such that
U, (u) < 0, which means,

1 1 1 A
e l q a ) _ = g0 — Zlull” < 0. 31
Tl 2 (19l o+ ) - [ @l de = Zullz <0 (331)

On the other hand, as N, C Ny, we obtain

1 1 A 1
= (IIVullg . =- / (@) |ul= dz + =lully = = [lullf ,- (3.32)
q aJ, q q

Now we can use (3.32) in (3.31) which results in

o1\ o 11 - 11

- _Z - « - — = v <.

G-o)mits+ (G- 125) [ c@hidesa (s - 7) <o
RN

Since p < ¢ < v and by applying hypothesis (H)(ii) we derive from the inequality above that

g+ o qg+a—
T2l s(/s D!~ de < Ll

for some c¢19 > 0. Hence,
lullip < enn (3.33)

for some c;; > 0. Using (3.33) in (3.30) then yields

C
0< 22 < \v%  with cu:{

15
pra ] > 0.
C11

cs(v+a—1)

Letting A — 0% gives a contradiction as 1 < p < v. Therefore, there exists A* € (0, A] such that ¥ Ap- >0
for all A € (0,\*]. O
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Now we minimize ¥y on the manifold N, . To this end, let m, = ian; U,.

Proposition 3.8. Let hypotheses (H) be satisfied and let A € (0, \*]. Then there exists v* € N with v* > 0
such that m, = ¥y (v*) > 0.

Proof. For v € Ny # 0, using the embedding W1 P(RY) — L*(RY), we obtain
Av+a=Dlpl} = @+a=Dlvllf, = @+a-1)FlWI}

for cg > 0, see the proof of Proposition 3.7. Therefore,

1
—1 v
pto } ’ (3.34)

||v||u > [m

Let {vn}nen C Ny C N, be a minimizing sequence. From Proposition 3.1 we know that {v,},en C
WLH(RY) is bounded. So, we may assume that

v, = v in WHERY) v, = 0* in LE (RY) and v, —v* a.e.in RY,
due to (2.1). Note that v* # 0 by (3.34). Now we can use the point 2. > 0 (see (3.11)) for which we have
Yo () = Mlv*[l; and 9. (t5.) < 0.

Note that in the proof of Proposition 3.4 we showed that t2.v* € Ny .
We are going to prove that lim,, o 0(v,) = o(v*) for a subsequence (still denoted by v,,). Suppose this
is not true, then we have for a subsequence if necessary that

2 * . 2
WUy (tv*v ) < nh—{%o WUy (tv*vn) .
Note that Wy (2.v,) < Wy (vy,) since it is the global maximum because of w]] (1) < 0. Using this along with
t2.v* € Ny it follows

my < Uy(t2.0%) < mjy,

a contradiction. Hence, for a subsequence, we have lim, ;o 0(v,) = o(v*) and since the integrand
corresponding to the modular function o(-) is uniformly convex, this implies g(%) — 0. Then Propo-
sition 2.1(v) implies that v, — v* in WH(RY) and the continuity of ¥y gives Wy (v,) — ¥, (v*) and so
\I/)\(’U*) = m;

Because of v, € N for all n € N, we have the inequality

0+ = Dlleall, + (a0~ D(IV0l5, + loall,) ~ A +a— Dl <0 (339)
Passing to the limit (3.35) as n — 400 we get
(pta=Dv 7, + g+ a—=D(IVorlg . + 0717 ,) — A +a = Do < 0.

Taking Proposition 3.3 into account, we conclude that v* € N, . Since the treatment also works for |v*|
instead of v*, we may assume that v*(z) > 0 for a.a. # € R such that v* # 0. Proposition 3.7 finally shows
that my, >0. O
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Now we obtain a second weak solution of problem (1.3).

Proposition 3.9. Let hypotheses (H) be satisfied and let A € (0, \*]. Then v* is a weak solution of problem
(1.3) such that ¥x(v*) > 0.

Proof. As in the proof of Proposition 3.5 replacing u* by v* in the definition of 7, we can prove that for
every t € [0, (o] there exists ¢(t) > 0 such that

o(t) (V" +tv) e Ny and ¢(t) —»1 ast—0T.
Applying Proposition 3.8 gives
my =Wy (v*) < Wy (¢(t) (v* +tv)) forall t € [0, (). (3.36)
Let us prove that v* > 0 for a.a. z € RY. Suppose there is a set C with positive measure such that
v* = 0 in C. Choosing v € WHH(RY) with v > 0 and let t € (0,(p), see (3.36), we have (p(t)(v* +
t))= > (p(t)v*)1= ae. in RY \ C. From (3.36) and since w,+ (1) is the global maximum which implies

Ua(v*) = wyx (1) = wys((t)) = Ta(p(t)v*), we then obtain

Ualp(@) (v +tv)) — Ua(v")

0< .
< Dp@)" + tv)) = Wa(p(t)o)
= ¢
_ Lle@®@* + )i, — le@olt, N 1[V(e@®) (" +t)ll7,. — Ve@v )7,
p t q t
1le@) (" +tv)lld = lle@vlld,, o)~ RO
+1 t (1_a>ta0/f< Jhi-ed
1 (p(t) (v* + tv))' = — (p(t)v*)' = Al@)(v* +to)lly = lle)v* |y
T1-a / £(@) ¢ dr = ¢
RN\C
_1 (@) (v* + ), — llp®)v*[7, N 1[V(e@) (" +tw)ll2 . — [V(e@)v)]
p t q t
L@@ +t)ld = lle@®v™llg, o) PR
+1 t <1a)taC/f( Jhi-ed
Al + )|l — ||80(t)v*\|5.
v t

From the considerations above we see that

Ualp(t) (v +tv)) — Ua(p(H)v")

. — —00 ast— 0T,

0<

which is a contradiction. This shows that v* > 0 a.e. in RY.

The rest of the proof is similar to the one of Proposition 3.6. Note that (3.27) and (3.28) can be proven
similarly using again (3.36) and the inequality wy=(1) > wy=(p(t)) along with v* > 0. From Proposition 3.8
we know that Uy (v*) > 0. O

Finally, the proof of Theorem 1.1 is now a direct consequence of Propositions 3.6 and 3.9.
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