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where i: Q — [0, 00) is Lipschitz continuous, f: Q x R x RN — 2R is a multivalued function depending on
the gradient of the solution and ®: {2 — R is a given function. The precise conditions on the data will be
presented in Section 3.

The novelty of our work is the fact that we combine several different phenomena in one problem. To be
more precise problem (1.1) contains

(1) a double phase operator;
(2) a multivalued convection term;
(3) an obstacle restriction.

To the best of our knowledge, this is the first work which combines all these phenomena in one problem.
We are going to prove that problem (1.1) has at least one solution. The proof is based on a surjectivity result
of Le [19] for multivalued mappings generated by the sum of a maximal monotone multivalued operator
and a bounded multivalued pseudomonotone mapping.

Since (1.1) is an obstacle problem, the solutions of (1.1) are supposed to be in the set

{u e Wy Q) | u(z) < ®(z) for aa. x € Q}

with a given obstacle ®: Q — R, = [0, c0] where W17 (Q) denotes the Sobolev-Musielak-Orlicz space, see
Section 2 for its definition. When ® = +o0, problem (1.1) becomes the following double phase problem with
multivalued convection term

—div (|[VuP*Vu + p(z)|[Vul"*Vu) € f(z,u, Vu) inQ,
u=0 on 0f.

In addition, when f is a single-valued function, the above problem reduces to

—div (|VuP*Vu + p(z)|Vu|?*Vu) = f(z,u, Vu) inQ,

1.2
u=20 on 012, (12)

which was recently studied by Gasinski-Winkert in [17].

Problems of type (1.2) are driven by the so-called double phase operator whose name comes from the
fact that its behavior depends on the points where p vanishes or not. Such problems go back to Zhikov who
introduced such classes of operators to describe models of strongly anisotropic materials by treating the
functional

W /(|Vw|p + p(x)|Vw|?) dx, (1.3)

see [30], [31], [32] and the monograph of Zhikov-Kozlov-Oleinik [33]. Integral functionals of the form (1.3)
have been studied by several authors concerning regularity results and non-standard growth. We refer
to Baroni-Colombo-Mingione [3], [4], [5], Baroni-Kussi-Mingione [6], Colombo-Mingione [10], [11], Cupini-
Marcellini-Mascolo [12] and Marcellini [21], [22] and the references therein.

Existence results for problems like (1.1) in the case of single-valued equations without convection term
have been obtained by several authors, see, for example, Colasuonno-Squassina [9], Gasiniski-Papageorgiou
[15, Proposition 3.4], Gasiiski-Winkert [16], Liu-Dai [20], Perera-Squassina [27] and problems with other
general differential operator and a convection term by Gasinski-Papageorgiou [14].

Works which are closely related to ours dealing with certain types of double phase problems can be found
in Bahrouni-Radulescu-Repovs [1], [2], Cencelj-Radulescu-Repovs [8], Papageorgiou-Réadulescu-Repovs [25],
[24], Rédulescu [28] Zhang-Radulescu [29] and the references therein.
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2. Preliminaries

Let Q be a bounded domain in RY and let 1 < r < co. We denote by L"(Q) := L"(Q;R) and L"(;RY)
the usual Lebesgue spaces endowed with the norms

3=

|l == /|u(x)\de for all u € L"(Q),
Q

and

3=

wllyn = /||w(x)||ﬁw do|  forall w e L7(QRY),
Q

respectively. In what follows, for simplicity, the norms of L"(Q;R) and L"(Q;RY) are both denoted || - |,.,
even if we do not mention it explicitly. Moreover, W17 () and W,"(2) stand for the Sobolev spaces
endowed with the norms || -|
of r, that is, %—i— L=1.

r T

1,r and || - ||1,r0, respectively. For any 1 < r < co we denote by ' the conjugate
In the entire paper we suppose the following condition:
H(p): p: Q — Ry = [0, 00) is Lipschitz continuous and 1 < p < ¢ < N are chosen such that

41,1
P N’

We consider the function H: Q x Ry — R defined by
H(z,t) =" + p(x)t? for all (z,t) € Q x Ry.

Based on the definition of H we are able to introduce the Musielak-Orlicz space L7 (2) given by
L*(Q) = u | u:Q— R is measurable and py(u) := /H(x, lul) dx < 400
Q

endowed with the Luxemburg norm

[|ul[ = inf {’7’ >0 | P (u) < 1}.

p
We know that L™ () turns out to be uniformly convex and so it is a reflexive Banach space. In addition,
we introduce the seminormed function space

LI(Q) = u | u:Q— R is measurable and /u(x)|u|q dr < +o0
Q

which is equipped with the seminorm || - ||, given by
1
q

el = / () u]? de

Q
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It is known that the embeddings
LY(Q) < L*(Q) < LP(Q) N LL(Q)

are continuous, see Colasuonno-Squassina [9, Proposition 2.15 (i), (iv) and (v)]. Taking into account these
embeddings we have the inequalities

min {|ulf3,, [[ull7} < [lullf + [lu

o < max {{Jullf, lull3} (2.1)

for all u € L ().
By W1*(Q) we denote the corresponding Sobolev space which is defined by

WhH(Q) = {ue L*(Q) : [Vu| € L*(Q)}
equipped with the norm
lulli e = [[Vulla + llulla,

where [[Vull3 = [[[Vul[[3-
By Wy () we denote the completion of C5°(Q) in W (), that is,

1 (@)

WaH (@) = CE@
Besides, from condition H(u) and Colasuonno-Squassina [9, Proposition 2.18] we can see that
Julli30 = [Vullz for all u € Wy ™(Q),

is an equivalent norm on W, 7*(€2). Now we are able to rewrite (2.1) for the space W, () in the form

o b < IVl + IVallt,, < max {Jullf 5,0, 1l

min { ull? 5,0, 1 {10} (2.2)

for all u € WOI’H (€2). Since both spaces W1#(Q) and W&’H(Q) are uniformly convex, we know that they
are reflexive Banach spaces.
Furthermore, we have the following compact embedding

Wy () — L7(Q) (2.3)
for each 1 < r < p*, where p* is the critical exponent to p given by

Np
= 24
p N_p (2.4)
see Colasuonno-Squassina [9, Proposition 2.15].
Let us now consider the eigenvalue problem for the r-Laplacian with homogeneous Dirichlet boundary
condition and 1 < r < oo which is defined by

—Ayu = Au""?u in Q,

2.5
u=20 on 0f2. (2:5)
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A number A € R is an eigenvalue of (—AT, WOM(Q)) if problem (2.5) has a nontrivial solution u €
WO1 ""(£2) which is called an eigenfunction corresponding to the eigenvalue \. We denote by o, the set of

eigenvalues of (—Am Wol’r (Q)) From Lé [18] we know that the set o, has a smallest element A; , which is
positive, isolated, simple and it can be variationally characterized through

pY— inf{ [Vul: tu € W()I’T(Q),u # 0} .

’ T
[l

Let A: Wy (Q) — W (Q)* be the operator defined by

(A(u),v)py = / (IVulP~>Vu + p(z)|Vul|**Vu) - Vo da, (2.6)
Q

for u,v € W&’H(Q), where (-,-)3 is the duality pairing between WOIH(Q) and its dual space W(}H(Q)*
The properties of the operator A: WOIH Q) — W&’H(Q)* are summarized in the following proposition, see
Liu-Dai [20].

Proposition 2.1. The operator A defined by (2.6) is bounded, continuous, monotone (hence maximal mono-
tone) and of type (Sy).

Next, we recall the notions of pseudomonotonicity and generalized pseudomonotonicity for multivalued
operators (see Gasiriski-Papageorgiou [13, Definition 1.4.8]).

Definition 2.2. Let X be a real reflexive Banach space. The operator A: X — 2% is called

(a) pseudomonotone if the following conditions hold:
(i) the set A(u) is nonempty, bounded, closed and convex for all u € X.
(ii) A is upper semicontinuous from each finite-dimensional subspace of X to the weak topology on
X*.
(iii) if {un} € X with u, — v in X and if u} € A(uy) is such that

hmsup<u:uun - u’>X*><X < 07
n—00

then to each element v € X, exists u*(v) € A(u) with

(u*(v),u = V) xox < Hminf(u,up — v)xexx-
n—oo

(b) generalized pseudomonotone if the following holds: Let {u,} C X and {u}} C X* with «} € A(u,) be
such that u, — » in X and u;, — v* in X*. If

lim sup(uy,, t, — u)x+xx <0,
n—oo

then the element u* lies in A(u) and
<u:zvun>X*xX - <U*7U>X*><X .

It is not difficult to see that every pseudomonotone operator is generalized pseudomonotone, see, for
example, Carl-Le-Motreanu [7, Proposition 2.122] or Gasinski-Papageorgiou [13, Proposition 1.4.11]. How-
ever, under the additional assumption of boundedness, we obtain the converse statement, see, for example,
Carl-Le-Motreanu [7, Proposition 2.123] or Gasinski-Papageorgiou [13, Proposition 1.4.12].
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Proposition 2.3. Let X be a real reflexive Banach space and assume that A: X — 2% satisfies the following
conditions:

(i) For each u € X we have that A(u) is a nonempty, closed and convex subset of X*.
(i) A: X — 2% is bounded.
(iii) If up = w in X and u}, — u* in X* with u}, € A(u,) and if

hmsup(u;,un - U>X*><X < Oa
n—00

then u* € A(u) and
<u:,7un>X*><X - <U*’U>X*><X .
Then the operator A: X — 2X" is pseudomonotone.

Furthermore, we will state the following surjectivity theorem for multivalued mappings which is for-
mulated by the sum of a maximal monotone multivalued operator and a bounded multivalued pseu-
domonotone mapping. The following theorem was proved in Le [19, Theorem 2.2]. We use the notation
Bgr(0) :={ue X : |u]|x < R}

Theorem 2.4. Let X be a real reflexive Banach space, let F: D(F) ¢ X — 2% be a mazimal monotone
operator, let G: D(G) = X — 2X" be a bounded multivalued pseudomonotone operator and let L € X*.
Assume that there exist ug € X and R > |lug||x such that D(F) N Bg(0) # 0 and

(€+mn—L,u—up)x-xx >0
for all w € D(F) with ||ul|x = R, for all £ € F(u) and for all n € G(u). Then the inclusion
F(u)+G(u) > L
has a solution in D(F).
3. Main results

We assume the following hypotheses on the multivalued nonlinearity f: Q x R x RNV — 2R,

H(f): The multivalued convection mapping f: Q x R x RN — 2R has nonempty, compact and convex values
such that
(i) the multivalued mapping z +— f(z, s,£) has a measurable selection for all (s,£) € R x RY;
(ii) the multivalued mapping (s,&) — f(z,s,&) is upper semicontinuous;
(iii) there exists o € LatT (Q) and a1, az > 0 such that

q1—1
0l < arl€l”" 0 + als|" 7 + afa)
for all n € f(x,s,£), for a.a. z € Q, for all s € R and for all £ € RV, where 1 < q; < p* with the
critical exponent p* given in (2.4);

(iv) there exist w € L} (Q) and by, by > 0 such that

b+ b, < 1,
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and
ns < bil§[P + bals|” + w(x)

for all n € f(z,s,&), for a.a. x € Q, for all s € R and for all £ € RY, where \;, is the first
eigenvalue of the Dirichlet eigenvalue problem for the p-Laplacian, see (2.5).

Let K be a subset of Wo " (Q) defined by
K = {u € WOIH(Q) | u(z) < ®(z) for a.a. x € Q} , (3.1)
where @ is a function such that
®: Q— [0, +0]. (3.2)
It is obvious that the set K is a nonempty, closed and convex subset of Wy 7 ().
Remark 3.1. From assumption (3.2) we see that 0 € K.
The weak solutions for problem (1.1) are understood in the following sense.

Definition 3.2. We say that u € K is a weak solution of problem (1.1) if there exists n € Lt (€2) such that
n(z) € f(x,u(z), Vu(z)) for a.a. z € Q and

/ (IVu[P2Vu - V(v —u) + p(z)|Vu|!>Vu - V(v — u)) dz = /n(x)(v —u)dx
Q Q

for all v € K, where K is given by (3.1).
The main result of this paper is stated as the next theorem.

Theorem 3.3. Assume that H(u) and H(f) hold. Then the set of solutions of problem (1.1), denoted by S,
is nonempty, bounded and closed.

Proof. We first prove that problem (1.1) has at least one solution.

Let i: Wy " (Q) — L% () be the embedding operator from W, () to L% () with its adjoint operator
i*: L0 Q) — Wol’H(Q)*. Since 1 < ¢; < p* the embedding operator i is compact and so ¢* as well. However,
from hypotheses H(f)(i) and (iii), we can use the same process as the proof of Papageorgiou-Vetro-Vetro
[26, Proposition 3] to see that the Nemytskij operator Nf: Wyt Q) c Lo (Q) — 2L (9) associated to the
multivalued mapping f given by

]Vf(u) = {17 € L%(Q) | n(x) € fz,u(x), Vu(z)) for a.a. z € Q}

for all u € Wy (Q) is well-defined.
Set Ny :=i* o Ny: Wy (Q) — 2Wo (D" Also, let us consider the indicator function I : Wi (Q) —
R :=R U {400} of K defined by

Lie () 0 ifueK,
u) =
K +o00  otherwise.
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Under the definitions above, it is not difficult to see that u € K is a weak solution of problem (1.1), see
Definition 3.2, if and only if u solves the following inequality:
Find v € K and n € Ny(u) such that

(A(w) = v —u)y + Ik (v) = I (u) >0 (3.3)

for all v € WOIH(Q) where A: W(}H(Q) — WOIH(Q)* is given in (2.6).
Consider the multivalued operator A: Wy " (Q) — 2Wo (V" defined by

A(u) = A(u) — Ny(u)  for all u e Wy ().

Then, using a standard procedure, we can reformulate problem (3.3) to the following inclusion problem:
Find u € K such that

Alu) + Ik (u) 3 0, (3.4)

where the notation 0l stands for the subdifferential of Ik in the sense of convex analysis.
We are going to apply the surjectivity result for multivalued pseudomonotone operators, see Theorem 2.4.
To this end, for any u € WOI’H(Q) and n € N¢(u), by condition H(f)(iii), we obtain

Ik g < NI g = 1671 [ el do
Q
pu 1 a1 (35)
< Gy (a1|Vu(x)| 4 aglu(z)|® +a(w)) dz :
Q

< Cy (Il + ullgs + llall? )

for some Cy,Cy > 0, where & € ]Vf(u) is such that 5 = i*¢£. This combined with W) () ¢ Wy?(Q),
Wol’H(Q) C L1 (Q), 1 < ¢1 < p* and Proposition 2.1 implies that A: Wol’H(Q) oW ()" is a bounded
mapping.

We claim that A is pseudomonotone. In order to prove this, we are going to apply Proposition 2.3. Indeed,
by hypotheses H(f) we know that .4 has nonempty, closed and convex values. Moreover, as we just showed,

A is a bounded mapping. So, it is enough to verify that A is a generalized pseudomonotone operator.
Let {u,} € W3 (Q), {ur} ¢ Wy (Q)* and u € Wy " (Q) be such that

w, — uwin Wy H(Q),  wf —u* in Wy Q)% (3.6)
uy € A(up,) forallm e N,

lim sup(uy,, un — u)3 < 0. (3.7)

n—oo

So, for each n € N, we are able to find an element &,, € Nf(un) such that u} = A(uy,) —i*,. From the fact
that the embedding from Wy " (Q) to L% (Q) is compact, see (2.3), we have u,, — u in L% (). Moreover,
from (3.5), we see that the sequence {&,} is bounded in L% (£2). So, (3.7) leads to
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lim sup(A(un ), wn — u)3 < limsup(A(un), up — u)y — limsup(&,, un — u) Lo (@)

n—o0 n—oo n—oo

< limsup(A(u,) — i"&n,y Uup — )y

n—oo

= lim sup(u}, u, — u)gy < 0.
n—oo

This fact along with (3.6) and the (S, )-property of A, see Proposition 2.1, implies that u,, — w in WOH'[(Q)
This yields

(W )y — (u u)y and  A(un) = A(u)  in W TH(Q)",
due to the continuity of A, see Proposition 2.1.
Since &, € Ny(uy,) we have &,(z) € f(z,un(z), Vup(x)) for a.a. x € Q. However, (3.5) and (3.6) imply
that the sequence {&,} is bounded in L% (). Passing to a subsequence if necessary, we may suppose that

&n — € in L9(Q) for some £ € L9 (Q). Employing Mazur’s theorem, we are able to find a sequence {1, } of
convex combinations of {&,} such that

Ne — & in L9 (9).
Therefore, we can say that
nn(z) = () for a.a. x € Q, (3.8)
see Migérski-Ochal-Sofonea [23, Theorem 2.39].

From (3.6) and condition H(f)(iii) we see that the sequence {£,(z)} is bounded for a.a. z € Q. So, by
(3.8), we find a subsequence {&,(z)} for a.a. x € Q, still denoted by {&,(x)}, such that

En(r) = &(x) asn — oo.
Keeping in mind that u, — u in Wy '*(Q) and W, *(Q) € W, *(Q) leads to
Up(z) = u(z) and Vu,(r) » Vu(z) asn— oco.

Combining the convergence properties above along with the upper semicontinuity of (s, () — f(z,s,¢) and
Proposition 3.12 in Migérski-Ochal-Sofonea [23] we obtain

&(x) € f(z,u(z), Vu(z)) for a.a. x € .
This means that & € Ny (u), namely, i*¢ € Ny (u). Therefore, we have u* = A(u)+i*¢ € A(u) which implies
that A is generalized pseudomonotone.
Because A is a bounded operator with nonempty, closed and convex values, we are now in the position

to apply Proposition 2.3 in order to conclude that A is a pseudomonotone operator.
Furthermore, we are going to prove that there exists a constant R > 0 such that

(u™ +n,u)3 >0 (3.9)

for all u* € A(u), for all n € dlk (u) and for all u € Wy (Q) with |Jull1.2.0 = R.
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For any u* € A(u), we can find € € Ny(u) such that u* = A(u) — i*¢. Recall that 0 € K, one has

W +nu)y > / |VulP~2Vu - Vudz + /,u(:z:)|Vu\q_2Vu -Vudx
Q

/5 z)dr + I (u) — Ik (0)

>/|vu|p72vu'Vudx+/u(m)|Vu\q72Vu~Vudx (3.10)
Q
/ £(@)u(e) do + Tre(w)
> [[Vullz + [ Vul2, / E(@)ule) do + I ().

Note that Ik : WO1 M L Risa proper, convex and lower semicontinuous function. Hence, we can apply
Proposition 1.3.1 in Gasiniski-Papageorgiou [13] to find ax, bk > 0 such that

Ik (v) > —ax|vll13.0 — b for all v € Wy H(Q). (3.11)

Additionally, hypothesis H(f)(iv) implies

/ £(@)u(z) dz < by||Vul]? + balul2 + . (3.12)

Applying (3.11) and (3.12) in (3.10) and taking Wy " (Q) € Wy*(Q) as well as
ullp < ATLIVullf for all u € Wy (),
into account, we get

<u* + 1, u>'H

= b1 || Vullf = b2llully — llwlly — axllull 3.0 — bk
> (1- b1 ) IVullp + 1IVullg,, = llwll — axllull12.0 — bx
(17b1 7b2 ) (HVqu

> (1—b1 — bz)\iP) min {”“”117,7-1,0’

aw) = llwlh = axllull 20 — b

e } — w1 — axllull1,2,0 — bx,

where the last inequality is obtained by using inequality (2.2). Since 1 < p < ¢ < N and b; + bg)\i; <1, we
can take Ry > 0 large enough such that for all R > Ry it holds

(1= b1 — by ,) min {R?, R} — ||w|y — ag R — bx > 0.

Therefore, inequality (3.9) is valid.

Note that Ol : WO1 Q) — 2Wo (2" ig a maximal monotone operator. Therefore, we can apply Theo-
rem 2.4 for F = 0lg, G = A and L = 0. This shows that inclusion (3.4) has at least one solution u € K
which is a solution of (3.3) and so, a solution from (1.1) in the sense of Definition 3.2. Thus, S # 0.
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Next, we are going to show that the set of solutions of problem (1.1) is closed in W™ (2). Let {u,} c S
be a sequence such that

u, —u  in Wyt(Q) (3.13)
for some u € Wy (). So, for each n € N, there exists &, € ]\~ff (up) such that
(A(un), v — un)y + (§ns U — Un) Lar () + Tx (V) = Ik (un) >0 (3.14)

for all v € Wy (Q). Hypothesis H(f)(iii) and the convergence in (3.13) ensure that {£,} is bounded in
L9(Q). So, we may assume that

£ — ¢ in L9(Q).
As before, from Mazur’s theorem and the upper semicontinuity of (s,n) — f(z,s,n), we can show that
&(x) € f(z,u(z), Vu(z)) for a.a. x € Q,

that is, £ € N #(u). Passing to the upper limit in (3.14) as n — oo and taking the lower semicontinuity of
I into account it follows that u € K is a solution of problem (1.1). Hence, S is closed.

In the last part of the proof we need to show that S is bounded. If K is bounded, the desired conclusion
holds automatically. Let us suppose that K is unbounded and in addition, let us assume that S is unbounded.
Then, there exists a sequence {u,} C S such that

lunll1,2,0 = +oo. (3.15)

As before, see (3.10), we can show via a simple calculation that

0> <A(un) - i*fn,un>’H

> (1—b1 — bg)\i;) min{||un||’f7%0, [|lwn]

(11,7{,0} —|wlli = ax||unll1,7,0 — br

for some &, € N t(uy) where we have used the fact that 0 € K. Combining the inequality above and (3.15)
yields a contradiction. Therefore, S is bounded. O
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