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1. Introduction

In this paper, given a bounded domain Q C RY, N > 2, with a Lipschitz boundary 952, we are concerned
with the existence and uniqueness of solutions to the following elliptic system
—div (|VuP* 7 2Vu + pi (2)|Vu| " *Vu) = fi(z,u,v, Vu, Vo) in Q,
—div (|Vo|P? 2V + po(2)|Vo|®22Vo) = fo(z,u,v, Vu, Vo) in €, (1.1)
u=v=0 on 012,
where 1 < p; < ¢; < N, pi: Q — [0,00) are Lipschitz continuous and f;: @ x R x R x RY x RN — R are

Carathéodory functions, i = 1,2, that satisfy suitable structure conditions, see hypotheses (H) in Section 3.
Here, the operator is the so-called double-phase operator, that is

—div (|VulP"2Vu + p(2)|Vu|T2Vu)  for u e WH(Q),
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where 1 < p < ¢ < N and with a suitable Sobolev Musielak-Orlicz space W1 *(Q), see its definition in
Section 2. Such an operator is the extension of the so-called weighted (g, p)-Laplacian when infg @ > 0 and
of the p-Laplace differential operator when pu = 0.

The novelty of this work is an existence and uniqueness result for problems of the form (1.1) by using
the surjectivity result for pseudomonotone operators, see Definition 2.2 and Theorem 2.3. To the best of
our knowledge, this is the first work dealing with a double phase operator and a convection term (that is,
the right-hand side depends on the gradient of the solution) in the context of elliptic systems.

Zhikov [39] was the first who studied so-called double phase operators in order to describe models of
strongly anisotropic materials by studying the functional

U /(|Vu|p + w(x)|Vul|?) dx, (1.2)

where 1 < p < ¢ < N, see also Zhikov [40], [41] and the monograph of Zhikov-Kozlov-Oleinik [42]. Func-
tionals of the expression (1.2) have been studied by several authors with respect to regularity results and
nonstandard growth, see for example, Baroni-Colombo-Mingione [4], [5], [6], Baroni-Kuusi-Mingione [7],
Cupini-Marcellini-Mascolo [16], Colombo-Mingione [14], [15], Marcellini [25], [26] and the references therein.

The motivation of this work was on the one hand the work of Gasiniski-Winkert [20] who proved existence
and uniqueness for the problem

—div (|VuP*Vu + p(z)|Vu|?*Vu) = f(z,u, Vu) inQ,

1.3
u=20 on 02, (13)

following the paper of Averna-Motreanu-Tornatore [1]. On the other side, we were also motivated by the
paper of Motreanu-Vetro-Vetro [28] who treated elliptic systems for (p;, g;)-Laplace operators of the form

—Apur — p1Agur = fi(w, ur, uz, Vur, Vug)  in €,
_APZUQ _MQAQQUQ = f2($7u17u27vu17vu2) in Q? (14)

u1:u2:0 on 0N.

The idea in the current paper is to combine both problems (1.3) and (1.4) which gives our model problem
(1.1). Such new class of problems brings lots of difficulties to be overcome like the Orlicz space in order to
deal with the double phase operator, the gradient dependence of the right-hand side which implies that we
cannot use variational tools and the fact that we treat this for elliptic systems. Our results extend those in
Gasinski-Winkert [20] and Motreanu-Vetro-Vetro [28].

In the case of single-valued equations like (1.3) without convection we refer to the works of Colasuonno-
Squassina [13], Gasiniski-Papageorgiou [18], Gasinski-Winkert [19], Liu-Dai [22], Perera-Squassina [35] con-
cerning existence and multiplicity results.

Elliptic systems with the shape as in (1.4) have been considered by a number of authors. Existence results
can be found, for examples, in Boccardo-de Figueiredo [8], Carl-Motreanu [10], [11], Drédbek-Stavrakakis-
Zographopoulos [17], Motreanu-Vetro-Vetro [29] and the references therein.

Works which are closely related to our paper dealing with certain types of double phase problems,
convection terms or elliptic systems can be found in Bahrouni-R&dulescu-Repovs [2], Bahrouni-Radulescu-
Winkert [3], Cencelj-Radulescu-Repovs [12], Marano-Marino-Moussaoui [23], Marano-Winkert [24], Marino-
Winkert [27], Motreanu-Winkert [30], Papageorgiou-Radulescu-Repovs [31], [32], [33], Radulescu [36],
Zhang-Radulescu [38], Zheng-Gasifiski-Winkert-Bai [37] and the references therein.

The paper is organized as follows. In Section 2 we recall the definition of the Musielak-Orlicz spaces L ((2)
and its corresponding Sobolev spaces W17 (Q2) and we recall the surjectivity result for pseudomonotone
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operators. In Section 3 we present the full assumptions on the data of problem (1.1), give the definition of
the weak solution and state and prove our main existence result, see Theorem 3.1. In the last part, namely
Section 4, we state some conditions on f;, ¢ = 1,2, in order to prove the uniqueness of weak solutions of
(1.1), see Theorem 4.1.

2. Preliminaries

For every 1 < r < oo we consider the usual Lebesgue spaces L"(Q2) and L"(€;RY) equipped with the
norm | - |l,. When 1 < r < oo we denote by W1 () and W, (Q) the corresponding Sobolev spaces

equipped with the norms || - |
that is, %—i— L =1

r’

For i = 1,2 we define functions H;: © x [0, 00) — [0, 00) by

1, and || - ||1,r0, respectively. By ’, we denote the conjugate of r € (1, 00),

Hi(z,t) =tP 4 p,(x)t?,

where 1 < p; < ¢; < N and

qi 1
= <14+ —=,

pi: © — [0, 00) is Lipschitz continuous. (2.1)
Remark 2.1. From the condition above we easily see that

qz<p:7 i:1727

where p; is the critical Sobolev exponent of p; given by

L Npi
bi N — i
Nop;
Indeed, for fixed i € {1,2}, we have to show that ¢; < N bi , that is Ng; — p;q; < Np;. From condition
—Di

(2.1) we have Ng; — p; < Np,;. Moreover, since ¢; > 1, we have
Nqi —pigi < Nqi —pi < Nps,
which shows the assertion.

Let py,(u) == /’Hi(x, |u|)dz. Then the Musielak-Orlicz space L*:(Q) is given by
Q

L*(Q) = {u ‘ u: © — R is measurable and py, (u) < +oo}
equipped with the Luxemburg norm
. u
lullpe, == inf {r>0: oy, (£) <1}

Then L*i(Q) becomes uniformly convex, and so a reflexive Banach space. Moreover we define the space

9 dr < 400

LE(Q) = qu|u:Q— R is measurable and /,uz(x)|u
Q
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endowed with the seminorm

qi dx

e = | [ il

Q

From Colasuonno-Squassina [13, Proposition 2.15] we have the following continuous embeddings

L% (Q) < L™(Q) — LP () N L% ().

For u # 0 we have py, (ﬁ) =1, so it is easy to see that
U||\H;
min { [y, lullf, } < llullp + [lullg: ., < max {{lullf,, lul3, } (2.2)

for every u € L™ (). Then we can introduce the corresponding Sobolev space W% (Q) defined by
WhHi(Q) = {ue L*(Q): |Vu| € L*(Q)}

with the norm

[l = I1Vullag + [l

where [[Vull3, = || [Vul [|5;,-

Moreover, we write WOIH(Q) =C§° (Q)”'”l’ﬂi being the completion of C§°(£2) in W7 (Q). Taking (2.1)
into account we can refer to Colasuonno-Squassina [13, Proposition 2.18] in order to consider an equivalent
norm on WOIH(Q) given by

el a0 = VUl

Note that W1 () as well as W' " (Q) are uniformly convex, and so reflexive Banach spaces.
Since 1 < p; < N, we know that the embedding

WM (Q) < L™ (Q) (2.3)

is compact whenever r; < pf, see Colasuonno-Squassina [13, Proposition 2.15].
From equation (2.2) we directly obtain

b+ IVu

min { ullf, o [l o } < IVu & e < max el o0 lullfey, o ) (2.4)

for every u € W (Q).
For 1 < r < oo we consider now the eigenvalue problem for the r-Laplacian with homogeneous Dirichlet
boundary condition given by

—Ayu = Nu[""?u in Q,

2.5
u=20 on 0N. (2:3)

Let us denote by Aq . the first eigenvalue of (2.5). It is well known that A; , is positive, simple, and isolated,
see Lé [21]. Moreover, we have the following variational characterization
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A= inf /|Vu|de: /|u\rdx:1 . (2.6)
" Q

wEWy " (2
We now recall some definitions that we will use in the sequel.

Definition 2.2. Let X be a reflexive Banach space, X* its dual space and denote by (-, -) its duality pairing.
Let A: X — X™*, then A is called

(a) to satisfy the (S;)-property if u, — v in X and limsup,, , .o (Atn, un —u) < 0 imply u, — w in X;

(b) pseudomonotone if u, — v in X and lim sup,,_, o (Atp, u, —u) < 0 imply Au, — v and (Auy, u,) —
(Au,u);

(c) coercive if

(Au, u)

lim
llullx oo |2 x

= 0. (2.7)

Our existence result is based on the following surjectivity result for pseudomonotone operators, see, e.g.,
Carl-Le-Motreanu [9, Theorem 2.99] or Papageorgiou-Winkert [34, Theorem 6.1.57].

Theorem 2.3. Let X be a real, reflexive Banach space, let A: X — X* be a pseudomonotone, bounded, and
coercive operator, and b € X*. Then, a solution of the equation Au =b exists.

We consider the space W := W' (Q) x Wy"*(Q) endowed with the norm

[[(w, )[lw = llullr 3.0 + 10112250,
for every (u,v) € Wy (Q) x W3 72(0).
Then we consider the operator A: Wy "' (Q) x Wy 2(Q) — (W ™ (Q))* x (Wy™2(€))* defined by

(A(u,v), (@aqb»?‘h XHg = / (‘VU)|P1*QVU + Ml(‘r)|vu|q172vu) ’ V@dl‘
Q

N / (V072 2V + pia(2) Vo] 2 ~2V0) - Vipdr,
Q

where (-, )2, x#, is the duality pairing between Wy " () x W, 72(Q) and its dual space (W, **(Q))* x
(WO1 Ha (€2))*. The next result summarizes the properties of the operator A.

Lemma 2.4. Let A: W, (Q) x Wy 2(Q) — (W ™ (Q)* x (W™ (Q))* be the operator defined by (2.8).
Then, A is bounded, continuous, monotone (hence mazimal monotone), and of type (S4).

Proof. The proof is similar to the one in Liu-Dai [22, Proposition 3.1]. O
3. Main result

We assume the following hypotheses on the nonlinearities f1, fo.

(H) f1,f2: QxR x R x RY x R¥ — R are Carathéodory functions such that
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(i) There exist a; € Lﬁ(Q) (¢ =1,2) such that

[f1(@, 5,1, Q) < Axfs|™ + Ao|t|*? + As[s|®[t|** + A4lg|*
+ As[¢]* + Ag|¢]*7IC* + |on ()],
| fo(x,5,1,6, Q) < Buls|” + Baft|™ + Bsls|" |t|"* + Bal[™
+ Bs|¢[* + Bg|¢[*7[¢|** + |az ()],
for a.a. x € , for all s,t € R and for all £, € RY, where A;, Bj, j = 1,...6, are nonnegative

constants and with 1 < r; < p}, i = 1,2. Moreover, the exponents ag, by, £ = 1,...,8, are
nonnegative and satisfy the following conditions

-1
(El) a1 <r -1, (E2) az< ——ry,
1
a3  ag 11 —1 r—1
E3) —+—< , (B4) a5 < p1,
1 D) 1 T1
-1 -1
(B5) ag< —pp,  (B6) T4
1 p1 D2 ™
-1
(E7) bi<Z—r, (E8) by <rp—1,
2
by b 1 ~1
EB9) 242 <D0 (B10) b< 2 —p,
71 9 9 T2
-1 -1
E1) <2ty @z Zikonol
T2 b1 b2 T2

(ii) There exist w € L'(Q) and A, T > 0 such that
fi(@,5,1,6,Q)s + falw, 5,1, 6, Ot < A (S + [C172) + T (Is”* + [t]72) + w(@), (3.1)
for a.a. z € Q, for all s, € R and for all £,¢ € R and with

A+Tmax {A} AL} <1, (3.2)

1,p2

where A1 p, is the first eigenvalue of the p;-Laplacian, see (2.5).

We say that (u,v) € Wy (Q) x Wy*?(Q) is a weak solution of problem (1.1) if

/ (IVulP=2Vu + p (2)[Vu| " > Vu) - Vo do = / filz,u, 0, Vu, Vo)p da,
Q Q

/ (IVo[P2 72V + pip(2)| V|2 72V0) - Vi do = /fg(l‘,U;, v, Vu, Vo) dz,
Q Q

is satisfied for all test functions (¢, ) € WOI’Hl(Q) X WOI’HQ(Q). Taking the embedding (2.3) into account,
along with the growth conditions in (H)(i), we see that the definition of a weak solution is well-defined.
Indeed, if we estimate the integral concerning the function fi: @ x R x R x RY x RY — R by using condition
(H)(i) we obtain several mixed terms. Let us consider, for example, the third term on the right-hand side
of the growth of f;. Applying Holder’s inequality we get
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1
s2 s3

ﬁ
A3/|u|a3|v\a4god:£ < A /|u|“331 dx /\v|“452 dx /|gp\83 dx )
Q Q Q Q

where (u,v) € W3 (Q) x Wy (Q), o € Wp*(Q) and
1 1 1

+—+
S1 S9 S3

Taking s3 = r1 with 1 < r; < p] and using s; < Z—i as well as so < Z—i leads to

as a4 rT — 1
—4+=<
1 2 ™

)

which is exactly condition (E3). Note that the conditions in (H)(i) are chosen in order to prove our main
results by applying the compact embedding (2.3). Of course, for the finiteness of the integrals in the weak
formulation (3.3), we can also allow critical growth to have a well-defined weak formulation.

Now we are ready to formulate and prove our main result in this section.

Theorem 3.1. Let 1 < p; < ¢; < N, i = 1,2, and let hypotheses (2.1) and (H) be satisfied. Then, there exists
a weak solution (u,v) € W3 ™ (Q) x Wy 2 (Q) of problem (1.1).

Proof. Let
Ny Wo (@) x W2 (Q) € L™ (Q) x L™(Q) — L' () x L™ ()
be the Nemytskij operator associated to f;. Moreover, let
3 Q) X DES) = (W7 (@) % (Wo ™ (@)

be the adjoint operator for the embedding

o W™ (@) x Wi a(9) = L7 (@) x [(9).
We then define

Ny, = ji o Ny Wy ™ (Q) x Wy ™ () = (Wo ™ ()" x (W ()7,

which is well-defined by hypotheses (H)(i). We set

A(u,v) := A(u,v) — Ny, (u,v) — Ny, (u,v). (3.4)

Our aim is to apply Theorem 2.3. So, we need to show that .4 is bounded, pseudomonotone and coer-
cive.

Claim 1: A is bounded.

The boundedness of A follows directly from the boundedness of A and the growth conditions on f; and
f2 stated in (H)(i).

Claim 2: A is pseudomonotone.

To this end, let {(un,vn)}nen C Wol’Hl(Q) X Wol’HQ(Q) be a sequence such that

(tn, ) = (u,v)  in W3 (Q) x W2 () (3.5)
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and

lim sup{A(tn, vn ), (Un — U, Up — V)3, x4, < 0.

n—oo

Taking the compact embedding (2.3) into account yields
Up, = u in L™(Q) and v, = v in L™(Q),

since r1 < p and ro < p3, respectively. We want to show that

lim [ fi(x,un, U, Vg, Vo) (u, —u)dx =0,

n—00
Q

lim [ fo(x,upn, vn, Vg, Vo) (v, —v)dx = 0.

n—roo

Q

Let us consider the first expression in (3.8). By the growth condition (H)(i) it follows

/fl(x7un7vn7 vunz an)(un — U) dx
Q

< / (A1|un|a1 T Asfonl® + Aslun]® ]
Q

+ A4|Vu,|*® + A5 |V, |*® + Ag|Vu,|*7 [V, |*® + |a1(m)|> |y, — ul|d.

Applying Holder’s inequality, (3.7) and conditions (E1) and (E2), respectively, we obtain
1
i

4 / [tn | Jun — uldz < Ay /|un|a”/1 de | flup = ullr,
) !

< Cr (T4 Junllit ™) [lun —ullyy, =0

T1

and

([

r

Ay / [vn]*? [ty — uldz < Ag /vf{ﬂi dz lten, — wl/r
Q Q

SN

r
<, (1 + ||vn|;;) et — s =0

for some C1, Cy > 0. Moreover, Holder’s inequality with exponents 1,1, 21 > 1 such that

1 1 1
ria3 <11, Yiaa<ry, z=711, —+—+—=1
1 U 21

gives, by hypothesis (E3),

Ay / ot [0 et — ] i < Ag 22, [0nl|% ot — ]y — 0.
Q

(3.6)

(3.9)
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Next we apply Holder’s inequality with exponents r1, 7] and use (E4) and (E5) to get

q
Ay / [V, |*® u, — ul de < Ay /|Vun|a”/1 dx lltr, — wllry
Q Q

p1
< (1 T ||Vun||;;> et — ullyy — 0

and

1

7
1

A5/|an|“6|un—u|da: < A, /|vun\a6*i e | lun — ull,
Q Q

P2
<G (14 19015 ) e =l =0
for some C3,Cy > 0. Furthermore, condition (E6) allows us to apply Holder’s inequality with exponents
Za,Y2, 22 > 1 such that

1 1 1
Toay < p1, Y2a8 <p2, 22=7T1, —+—+—=1
€2 Y2 Z2

in order to have

As / [Vun|*7 [V |** (un — u) dz < Ag || Vunlal, (Vo | ZiyzHun —ully, =0,
Q

since both ||Vuy,|la,z, and |[Vo,|legy, are bounded. Finally, for the last term in (3.9) we have
/lal(x)\(un —u)de <laxlp lun = ullr, = 0.
Q

Combining all the calculations above give

lim [ f1(z,un,vn, Vg, Vo) (4, —u) dz = 0.
n—oo

Q

Applying similar arguments proves that

lim [ f2(z,un,vn, Vg, Vo) (v, —v)dz = 0.

n—00
Q

Hence, (3.8) is fulfilled. We now take the weak formulation (3.3), replace u by ., v by v,, ¢ by u, —u and
¥ by v, — v and use (3.6) as well as (3.8) in order to have

lim sup(A(tn, vpn), (Un — Uy Uy, — V))3, x 1, = UM SUP(A (U, V), (Un — Uy Uy, — U))3y x 1, < 0. (3.10)

n—oo n—o0

Since A satisfies the (S, )-property, see Lemma 2.4, we derive from (3.5) and (3.10) that

(Un,vn) = (u,v) in Wol’Hl(Q) X Wol’H2 Q).
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Since A is continuous we have A(un,v,) — A(u,v) in (Wy " (Q))* x (Wy2(€))*, which proves that A is
pseudomonotone.

Claim 3: A is coercive.

First of all, taking into account the representation (2.6) and replacing r by p; and ps, respectively, we
have

lullpy < ATp IVullp: and [ullf2 < A7, [IVoll2, (3.11)

for all (u,v) € Wot (Q) x Wy ™2(Q). Note that W (Q) € WP (Q) and Wy 72(Q) € WP (Q).
Applying these facts along with (3.11), (3.1), and (2.4) leads to

(A ), (1, 0) )1, = / (IVal?* =2V + oy (2)| Vul" V) - Vude
Q

+/(\Vv|p2_2Vv+ﬂg(x)\Vv\quVv) -Vodz
Q

—/fl(x,u,v,Vu,Vv)udx—/fg(x,u,v,Vu,Vv)vdac

2 [IVallgt + IVullg u, + IVl + 1IVollE .,
= A(IVulgs + IVol52) = T (lulg; + llolps) = el

>(1-A- FAl_pl)Hvu| IVl
+ (L= A=TALL) Vol + [Vl 2, — lwli

<1A T'max {7}, ATL >(mm{|u||wlo,| ullf,0 )

o}) - ||W||L1(Q)

Since 1 < p; < ¢; and condition (3.2) holds, it follows that (2.7) is satisfied, and hence A is coer-

+ min {||v||117:"H2)0, vl

cive.

From the Claims 1-3 we see that A is bounded, pseudomonotone and coercive. Therefore, by The-
orem 2.3, there exists (u,v) € W' (Q) x Wo*?(Q) such that A(u,v) = 0. Taking into account the
definition of A, see equation (3.4), it follows that (u,v) is a weak solution of problem (1.1). That finishes
the proof. O

4. A uniqueness result

Now we consider the uniqueness of solutions of (1.1). To this end, let f: Q x R? x (RY)2 — R? be the
vector field defined by

f(il], S, 5) = (f1<x7 S, 5)7 f2(377 S, g))
for a.a. x € Q, for all s € R? and for all £ € (RV)2. We suppose the following conditions on f:
(U1) There exists ¢; > 0 such that

(£(z,5,6) = £(x,1,€)) - (s — 1) < eas — ¢

for a.a. z € Q, for all s, € R? and for all £ € (RY)2.
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(U2) There exist p = (p1, p2) with p; € L*(Q), 1 < s; < pf and ¢ > 0 such that f(x,s, ) — p(z) is linear
on (RM)? for a.a. z € Q and for all s € R? and

|f(.73,8,£) - p(l‘)‘ < 02|§|
for a.a. z € Q, for all s € R? and for all £ € (RV)2.

Our main result in this section reads as follows.

Theorem 4.1. Let (2.1), (H), (U1), and (U2) be satisfied. If 2 =p; < g; < N fori=1,2 and

N[

A+ e (2073)7 <1, (4.1)

then there exists a unique weak solution of problem (1.1).

Proof. Let u = (uy,uz),v = (v1,v2) € Wy (Q) x Wy 2(Q) be two weak solutions of (1.1). Considering
the weak formulation for v and v, choosing ¢ = u; — v1 as well as ¢ = uy — vo and subtracting the related
equations gives

/|V(u1—v1)|2dx—|—/|V(u2—1)2)|2 dx
Q Q

+ /,ul(x) (|Vu1|q1_2Vu1 — |Vv1|‘“_2Vv1) -V(ug —vp)dx
Q

+ //12(33) (|VU2|q272VUQ — |V’l}2|q272V’02) . V(UQ — 1}2) dx (42)
Q

= /(f(a:,u,Vu) —f(x,v,Vu)) - (u —v)dz
Q
+ / (f(z,v,Vu) — p(x) — f(z,v, Vv) + p(z)) - (v — v) dz.
Q

By the monotonicity of £ +— |£]%~2¢ we see that the third and the fourth integral on the left-hand side of

(4.2) are nonnegative, that is,

/|V(u1—v1)|2dm+/|V(uz—vg)|2 dx
Q Q

+ /,ul(x) (|Vui |22V — [Vor |7 72Voy) - V(ug — vp) da
Q

+ /,ug(x) (|Vua| 27 2Vuy — [Va |72V - V(ug — v2) da (4.3)
Q

2/|V(u1—vl)|2dx+/|V(uz—v2)|2daj
Q Q

= [V (u1 = )3 + [V (u2 — v2) 13-
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On the other side, by applying (U1) to the first integral on the right-hand side of (4.2) and (U2) to the
second we obtain along with Hoélder’s inequality

/(f(:ﬂ,u,V’u) —f(z,v,Vu)) - (u —v)dx
Q

+ / (B, v, Vu) — pla) — £z, 0,V0) + p(a)) - (u— v) do
Q

< e (Jlur = o1l + fluz — v23)

+ /(f1(x,v1, v2, (u1 — v1)V(ur —v1), (U1 —v1)V(ug — v2)) — p1(x)) d
a (4.4)

+ /(fz(l‘,’vl,vg, (UQ — vg)V(ul — 1)1), (Ug — 'UQ)V(UQ — UQ)) — pg(x)) dzr
Q

<A (1V(ur = v1)[3 + IV (uz — v2)13)

o / (s — w1 + s — val) (19 (g — v2)|? + [V (2 — v)[?) ¥ da
Q

< (eAid+ e (2A75)7) (IV(un = v) I3+ 9z = v2)I13) -
Combining (4.2), (4.3) and (4.4) gives

19 (1 = o)l + 1V (w2 = v2) 3
-1 —1\3 2 2 (4.5)
< (eAzh +e2 (2AT3)7) (IV (= )3 + 1V (w2 = w2) 3) -

Taking (4.1) into account, we see from (4.5) that u; = v; and us = v2 and so the solution of (1.1) is
unique. 0O
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