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1. Introduction

Let 2 c RN be a bounded domain with a smooth boundary and let 1 < p < co. We consider the following elliptic
inclusion: Find u € W1-P(£2) and constants a, b € R such that

—Apu € dF(x, u) — |ulP2u in £2,
au — _
VulP? 2= ea(u)’ " b )P +0G(x u) ondg, (11)
where —Apu = —div(|Vu|P~2Vu) is the negative p-Laplacian, g—l‘j denotes the outer normal derivative and u™ = max(u, 0)

as well as u~ = max(—u, 0) are the positive and negative part of u, respectively. The multivalued functions s — dF(x, s)
and s+— 9G(x, s) stand for Clarke’s generalized gradient of the functions F: 22 x R — R and G: 92 x R — R, respectively,
which have the form

n
F(x, n)=/f(x, s)ds, VneR, G(x,‘g‘):/g(x, s)ds, V&eR, (1.2)
0 0
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where we suppose the following conditions on the nonlinearities f: 22 xR— R and g:92 x R— R.

(F1) (x,s)— f(x,s) is measurable in each variable separately.
(F2) There exist c1 > 0 and qg € [p, p*) such that

|F(x,9)| <cr(1+]s97T),

for a.a. x € £2 and for all s € R, where p* is given by
Np :
p* _ N——p lfp < N,
4+oo ifp>=N

(G1) (x,s) — g(x,s) is measurable in each variable separately.
(G2) There exist c; > 0 and q1 € [p, p«) such that

g 5)| <ca(1+1s1977),

for a.a. x € 952 and for all s € R, where p, is given by

(N-Dp
py=1 b ifp<N,
+00 ifp>N

Note that for u € W-P(£2) defined on the boundary, we make use of the trace operator y : WP(£2) — L9 (3£2) with p <
g1 < p+ which is known to be bounded, linear and compact, where W1-P(£2) and L91(9£2) indicate the usual Sobolev and
Lebesgue spaces, respectively. For the sake of simplicity we will drop the notation y (u) and write u for short. Concerning
the assumptions above the functions F(x,-) : R — R and G(x, -) : R — R given in (1.2) are well defined and locally Lipschitz.
This guarantees that their generalized gradients given in problem (1.1) exist. In order to characterize Clarke’s generalized
gradients dF (x, -) and dG(x, -), we set

f1(x,s) := 11m essmf fx, 1), fa(x,s) := llm esssup f(x, T),
—0t |T—s|< —0F |r—s|<s
g1(x,t) == 11m essmfg(x 7), g2(x,t) := 11m esssupg(x, 1), (1.3)
+ T —t] <8 0t |7—t|<s

for all (x,s) € 2 x R and all (x,t) € 382 x R, respectively. Using Proposition 1.7 in [21] yields the representation

IFx M =[fix.m. L. )], 0Gx.&) =[g1(x.§). £2(x.)]. (1.4)

Throughout the paper, we denote by q and g the Holder conjugates to qo and qi, respectively, meaning that 1/qo +
1/q5=1as well as 1/q1 +1/q; = 1.

Definition 1.1. A function u € WP (£2) is said to be a solution of problem (1.1) if there exist 5 € L% (£2) and € € L% (082)
such that

(i) n(x) € 9F (x,u(x)) for a.a. x € £2,
(ii) &(x) € 0G(x, u(x)) for a.a. x€ 952,
(iii) [ IVulP=2Vu - Vodx= [,[n — [ulP2ulpdx + [,ola@™)P~1 —b™)P~! +£lpdo, Vo € WP ().

If f and g are Carathéodory functions, problem (1.1) reduces to the single-valued elliptic Neumann boundary value
problem

—Apu= fx,u) — uPu in 2,
|Vu|p‘2§—5 :a(u*’)p_1 - b(u‘)p_] +g(x,u) onds. (1.5)
With a view to the relation
P =P (- ) = @) = @) (16)
we see that in case a =b = A problem (1.5) becomes
—Apu=fxu)—uP?u  ing,

au
|Vu|p_28—v =AulP2u+g(x,u) ondg. (1.7)
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Multiple solution results for problems of type (1.7) were obtained by a number of authors, such as e.g. [1,12-14,19,28,
31]. The main purpose of this paper is to provide a detailed multiplicity analysis of the nonsmooth elliptic problem (1.1) in
dependence of the two parameters a and b. A main tool in our considerations is the method of sub- and supersolution. The
idea is to construct two pairs of sub-supersolutions of problem (1.1), one with positive sign and one with negative sign, with
the aid of some auxiliary problems, for example the so-called Steklov eigenvalue problem of the p-Laplacian. The existence
of such pairs provides a positive and a negative solution, respectively, of the inclusion (1.1) within these pairs. Afterwards,
we show the existence of extremal solutions of (1.1), meaning a smallest positive solution uy as well as a greatest negative
solution u_, by using the qualities of the eigenfunctions of the Steklov eigenvalue problem and the (S, )-property of the
p-Laplacian on W1-P(£2) (see Theorem 3.1). More details about the Steklov problem will be explained also in this section. In
order to find a third nontrivial solution with changing sign, we use some important tools like the nonsmooth Mountain-Pass
Theorem or the Second Deformation Lemma for locally Lipschitz functionals.

The main tool is the comparison of local C!($2)-minimizers and local W!-P(§2)-minimizers of nonsmooth functionals.
Let J: WP (§2) — R be a nonsmooth functional given in the form

1 1
J(u)=E/IVuI”dXJrE/IUI"dXJrfh(x, u)dx+/jz<x,yu)da (18)
2 2 2 082

with nonsmooth potentials j;: 2 x R — R and j;: 3£ x R — R which are measurable in the first argument and locally
Lipschitz in the second one. Furthermore, growth conditions are also supposed on the elements of their Clarke’s gradients
similar to the assumptions (F2) and (G2). Then, every local C!($2)-minimizer of the functional J is also a local W1-P(£2)-
minimizer of J. This result was recently published by the author in [30] and is required to find a sign-changing solution
of (1.1). The proof of the comparison of local minimizers is mainly based on a boundedness-result for weak solutions of
nonlinear elliptic equations with nonhomogeneous Neumann boundary conditions obtained in [29] with the aid of the
Moser iteration along with continuous embeddings in Besov and Lizorkin-Triebel spaces, respectively. Summarizing, we find
a third nontrivial solution ug of our inclusion (1.1) which lies between the smallest positive solution uy and the greatest
negative solution u_. Hence, it must be a sign-changing solution if it is unequal to u, and u_. Indeed, we prove that
up # uy, u_ which is stated in Theorem 5.1.

Problems of the form (1.1) under homogeneous Dirichlet boundary conditions and homogeneous Neumann boundary con-
ditions, respectively, were studied in some recent papers. We refer, for example, to [2,4-6,15,24], respectively. A very related
reference that contains multivalued problems with a variational treatment is the monograph of Motreanu and Radulescu
in [22]. Therein, the authors study many different topics, for example critical point theory for nonsmooth functionals, mul-
tivalued elliptic problems in variational form as well as hemivariational and variational-hemivariational inequalities. Some
existence results of (variational-)hemivariational inequalities which are related to differential inclusions of the form (1.1) can
be found in [8,23,26] as well.

In order to show our results, we require some additional assumptions given below.

(F3) lims_o L% = 0, uniformly with respect to a.a. x € £2.

Is|P=2s
(F4) limys— 100 lfl(;(—,sz)s = —oo, uniformly with respect to a.a. x € £2.
(F5) There exists 87 > 0 such that ‘f‘(p";sz)s >0 for all 0 < [s| <87 and for a.a. x € £2.

(G lf‘g‘;sz)s =0, uniformly with respect to a.a. x € £2.
G 9

3)
(G4) limg— 100 él(p%
)

lims_,o

> = —o0, uniformly with respect to a.a. x € 352.
S

(G5) Let u € WI-P(£2). Then every & € 3G(x, u) satisfies the condition

|E(x1) — E(x2)| < Lixy — x2|%,
for all x1,xy in 0§2 with « € (0, 1).
Remark 1.2. Due to the conditions (F3) and (G3) along with the representations (1.4), we conclude that f;(x,0) <0 <

f2(x,0) as well as gq(x,0) <0< g2(x,0). This guarantees, in particular, that problem (1.1) possesses the trivial solution
u =0 (cf. Definition 1.1).

Remark 1.3. Note that condition (G5) is required to apply the C L.@_regularity results of Lieberman. This means that every
bounded weak solution u of problem (1.1) belongs to C1*®(£2) if the assumption (G5) is satisfied. We refer the reader to [17]
for more details.

Let us now introduce the definition of a sub- and supersolution of problem (1.1).

Definition 1.4. A function i € W1'P(£2) is called a supersolution of problem (1.1) if there exist 7j € Lqﬁ(Q) and £ € L% (082)
such that
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(i) n(x) € dF (x,u(x)) for a.a. x € £2,
(ii) E(x) € dG(x, u(x)) for a.a. x € 382,
(iii) [ IVUIP=2Vi - Vodx > [,[7 — [aP2uledx + [, la@")P~! —b@~ )P~ + Elpdo, Vo € WIP(2) N LP(2)4..

Definition 1.5. A function u € W1P(£2) is called a subsolution of problem (1.1) if there exist n € L%(Q) and & € L% (082)
such that - -

(i) n(x) € 9F (x,u(x)) for a.a. x € £2,
(i) £(x) € 9G(x, u(x)) for a.a. x € 942,
(iii) [ IVulP2Vu - Vodx < [oln — [ulP2ulpdx+ [,ola@hP~! —b™)P~! +£lpdo, Vo € WHP(2) NLP(2)4.

Next, we give a brief overview of the Futik spectrum ZJP for the p-Laplacian with a nonlinear boundary condition. The
set Z‘p is defined by all pairs (a,b) € R x R such that

—Apu=—|ulP%u in £2,
au — _
VupP? 2= = a(ut)” "—b )P onag, (19)
has a nontrivial solution. If a =b = A problem (1.9) reduces to the Steklov eigenvalue problem
—Apu=—ulP"?u ing,
—pdu -2
[VulP P =AulP“u  onag, (1.10)

because of relation (1.6). It is known that (1.10) has a first eigenvalue A1 > 0 which is isolated and simple. Moreover, its
corresponding first eigenfunction ¢ is strictly positive in £2 (see [18]) and belongs to L*°(£2) (cf. [16, Lemma 5.6 and
Theorem 4.3] or [29]). The regularity results of Lieberman in [17, Theorem 2] imply ¢; € Cch*(2), o € (0,1), and hence,
@1 € int(C1(£2),), where int(C'(£2),) denotes the interior of the positive cone C1(£2), = {u € C1(2): u(x) >0, Vx e 2}
in the Banach space C!(£2), given by

int(C'(22)4) = {u e C'(2): ux) > 0, Vx e 2}.

If A is an eigenvalue for (1.10), then the point (i,2) belongs to Ep Since the first_eigenfunction of (1.10) is positive,
Ep clearly contains the two lines R x {A1} and {11} x R. A first nontrivial curve C in Ep through (A3, 1) was constructed
and variationally characterized by a mountain-pass procedure by Martinez and Rossi [20] which implies the existence of a
continuous path in {u e WP (Q): 1@ @) <0, llullpa2) = 1} joining —¢q and ¢q provided (a, b) is above the curve C.
The functional 1@ on W!-P(£2) is given by

1<a-b>(u)=/(|w|p T lulP)dx— /(a(u+)" +b(u™)?)do.
Q 02
The existence of a sign-changing solution of problem (1.1) needs an additional assumption on the constants a and b in the
following way.

(H) The pair (a,b) € R x R lies above the first nontrivial curve C of the Fucik spectrum constructed in [20].
As demonstrated in [28], the elliptic equation

—Apu=—clulP2u+1 ing,
-2 ou

|Vu
av

=1 onas2, (1.11)
has a unique weak solution e € int(C'(£2),) where ¢ > 1 is a constant. We will use the function e to construct sub- and
supersolutions of problem (1.1).

Let us recall some basic facts from nonsmooth analysis. We denote by (X, | - ||) a real Banach space and by X* its dual
space. By (-,-) we mean the duality pairing between X and X*. Let J : X — R be a locally Lipschitz functional. Clarke’s
generalized directional derivative of J at u in the direction v € X is defined by

J°(u; v) =limsup w
x—u,t|0 t
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where v — J°(u; v) is finite, convex, positively homogeneous, subadditive on X and satisfies the estimate | J°(u; v)| < K|lu|,
where K > 0 is the Lipschitz constant of | near the point u € X (see [10, Chapter 2]). Then, Clarke’s generalized gradient
of J at u € X is defined by

dJw)={§e X" J°u;v) = (§,v), Vv e X}

By means of [10], it is known that 0 J(u) is a convex, weak*-compact subset of X* with ||&]x+ < K for all £ € 3 J(u).
Furthermore, it holds

Jow;v)=max{(§,v): E€dJw)}, veX.

From [10, Proposition 2.1.2] we also know that d J(u) is nonempty. Hence, it makes sense to set

my(u) :=min{[[§]x: § €] W)}

We say that u € X is a critical point of J if 0 € 3 J(u) which is equivalent to J°(u;v) >0 for all v € X. It is clear that each
local minimizer or maximizer of J is a critical point. Let us recall the nonsmooth version of the Palais—-Smale condition
(cf. [9]).

Definition 1.6 (Palais-Smale condition). Let X be real Banach space and let | : X — R be a locally Lipschitz functional. We
say that J fulfills the Palais-Smale condition if any sequence (u,) with (J(up)) is bounded and lim,_, oo mj(u;) =0 has a
convergent subsequence.

The nonsmooth Mountain-Pass Theorem due to Chang is stated as follows (see [9, Theorem 3.4]).

Theorem 1.7 (Mountain-Pass Theorem). Let X be a reflexive real Banach space and let | : X — R be a locally Lipschitz functional
satisfying the Palais-Smale condition. If there exist Xg, x; € X and a constant r > 0 such that ||x; — Xo|| > r and max{J(xo), J(x1)} <
infyesB, (xg) J(X), then | has a critical point ug € X such that

. _ _
xe{)lllﬁlrf(xo) J®) < J(uo) = inf [max J(m®)),

where IT = {r € C([0, 1], X): m(0) =xg, m (1) =x1} and 9B, (xp) = {u € X: ||u — xo|| =r1}.

Now, we want to recall some existence and comparison results involving the method of sub- and supersolutions apply
on problem (1.1). We have the following results.

Theorem 1.8. Let the hypotheses (F1)-(F2) and (G1)-(G2) be fulfilled and assume the existence of a subsolution u and a supersolu-
tion u of problem (1.1) satisfying u < u. Then there exists a solution u of (1.1) withu <u < U.

The proof of the theorem above was recently published in [7]. Let S denote the set of all solutions of (1.1) within the
ordered interval [u, u] which is nonempty due to Theorem 1.8. A solution u, € S is said to be the smallest solution of S if
for any element u € S the inequality u, < u holds. Likewise, u* € S is called the greatest solution of S if u < u* holds for
all u € S. We say S possesses extremal solutions if S has a smallest and greatest solution.

Theorem 1.9. Let hypotheses (F1)-(F2) and (G1)-(G2) be satisfied and assume the existence of a subsolution u and a supersolution u
of (1.1) such that u < u. Then there exist extremal solutions of (1.1) within [u, u].

The proof of Theorem 1.9 can be done as in [3]. Note that the one-sided growth condition on Clarke’s generalized
gradient, which is required in [3], is not needed in the proof of the existence of extremal solutions.

2. Existence of sub- and supersolutions

In this section we prove the existence of some sub- and supersolutions of problem (1.1) according to Definition 1.4
and 1.5. Let e € int(C1(2),4) be the unique solution of the auxiliary problem (1.11). Then we have the following.

Lemma 2.1. Let the conditions (F1)—(F5) and (G1)-(G5) be satisfied. If a > A1, then there exists a constant ¥ > 0 such that for any
b € R the function ¥4e is a positive supersolution of problem (1.1).

Proof. We put a > A1 and set u = ¥,e with a positive constant ¥, to be specified. The weak formulation of the Neumann
problem (1.11) reads as
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/ IV(928) [PV (0ae) - Vopdx = —¢ / (00?1 dx + / PP Npdx+ / (0P lgdo, YpeW'P(Q).
2 2 2 082

Combining the equation above with Definition 1.4 yields a sufficient condition for u = 9,e to be a supersolution of prob-
lem (1.1). We have to show that

/(195*1 + (1= )W)’ —7)pdx + /(05*1 —a(Wee)’ ! —E)pdo =0, YoeW'P(2)NLP(2)4, (21)
2 082

holds true, where 7 € LqB(Q) and 7(x) € 9F (x, 9qe(x)) for a.a. x € £2 as well as & € L% (382) and &(x) € 3G (x, ¥qe(x)) for a.a.
x € 352. Note that ¢ > 1. The hypothesis (F4) provides a constant s > 0 such that

M <1—-g, foraaxeandalls>sc,
sp-1

and by (F2) we get

|[=f, )+ 1= )P < |fx9)|+ (s +DsP ! <,
for a.a. x € £2 and all s € [0, s¢]. This leads to

fx,9) < - g)s"_l +c;, foraaxeandalls>0,
and due to the definition of f; we finally obtain

fix,s) <A - g)s”_1 +c;, foraa.xefandalls>0. (2.2)

1
p—1

Setting 7(x) = f1(x, ¥qe(x)) as well as ¥, > cc~ and applying (2.2) to the first integral in (2.1) yields

/ P27+ (1= ) Bae)P! = fi(x, Dae(®))pdx > / P27+ (1= ) Bae)P ™ + (5 — D(We)P ™! —cc)pdx
2 2
>0. (2.3)

Let us now study the second term in (2.1). Since a > A > 0 there exists a constant s; > 0 due to condition (G4) such that

g(x,s)
sp—1

< —a, foraa.xed$andalls > s,. (2.4)
The assumption (G2) ensures the existence of a constant cg > 0 such that

|-g(x.s) —asP~'| < |g(x,9)| +asP! <cq,

for a.a. x € 982 and all s € [0, s;] which results in

g(x,s) < —asP~ 1+ cq, foraa.xeodf2andalls>0, (2.5)
and hence,
g1(x,5) < —asP~1 + cq, foraa.xedf2andalls>0. (2.6)

1

We put £(x) = g1(x, 9ge(x)) and g > c‘f’l . One gets

/(195_1 —a(¥e)’ ! — g1(x, 9qe))pdo > /(05’_1 —a(Wee)’"! +a@ee)’! —cq)pdo > 0. (2.7)
92 082

1 1

If 9 > ma\x(cg’H , CF), then u = ¥4e is, in fact, a positive supersolution of problem (1.1). O
The next lemma can be proven very similarly.

Lemma 2.2. Let the assumptions (F1)-(F5) and (G1)-(G5) be satisfied. If b > A1, then there exists a constant ¥y, > 0 such that for any
a € R the function —9pe is a negative subsolution of problem (1.1).

Let 11 > 0 be the first eigenvalue of the Steklov eigenvalue problem and let ¢; € int(C'(£2),) be its corresponding first
eigenfunction. The next result shows that constant multipliers of ¢; may be sub- and supersolution of problem (1.1).
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Lemma 2.3. Assume (F1)-(F5) and (G1)-(G5). If a > A4, then for & > 0 sufficiently small and any b € R the function e¢; is a positive
subsolution of problem (1.1). If b > A1, then for ¢ > 0 sufficiently small and any a € R the function —e ¢ is a negative supersolution
of problem (1.1).

Proof. Let a > A; and let u = e¢;. From the Steklov eigenvalue problem (1.10) we conclude

/|V<s<o])| Viegr) - Vodx = /(8@1)" Yodct [ aaeplpdo, voew'r (@) (23)
982
Taking into account (2.8), a sufficient condition for u = e¢; to be a positive subsolution is

/—gw dx + f((M —a)(ep)? ! —£)pdo <0, (2.9)
Q 882
with 7 € L%(Q) and 7(x) € IF(x,e¢1(x)) for a.a. x € 2 as well as & € L% (0£2) and &(x) € IG(x, g1 (x)) for aa. x € 952.
Let us prove inequality (2.9). Concerning condition (F5) we see at once that the first integral in (2.9) is negative. Setting
Nx) = f2(x,e¢1(x)) and € € (0, 55/[l¢1ll] leads to

fa(x, e91) -1 f&x, ep1) 1
—nedx=— | ~=——"—"—"(gpq)P dx<— | =2 (e¢g1)P dx <0, (2.10)
([ 2% (egp1 VY (egp1 PV ¢
where || - || denotes the usual supremum norm. In order to estimate the second integral in (2.9) we may apply the
assumption (G3) which ensures the existence of a number §, > 0 such that
X, S
|‘|gs(|p7])| a—X, foraa.xedf2andallO < |s| <éq.
Let € € (O, Hw ” ] and let & (x) = ga(x, £¢1(x)) which implies that —& (x) < —g(x, £¢1). Then it holds
/((M —a)(ep)? ! —£)pdo < /((M —a) ()P +|g(x, £91)|)p do
02 92
1g(x, £9)| -1
= A —a+ 25 ) (egr)? d
/( PR A
2
< /(M —a+a-— M)(s<p1)p_1<pda
2
=0.

Finally, we select & > 0 such that 0 < & < min{8/[¢1llc0, 8a/l¢1ll00} Which yields that both integrals in (2.9) are nonpositive
and hence, u = ¢ is a positive subsolution of problem (1.1). The proof of the existence of a negative supersolution u =
—&@q acts in the same way and is dropped now. O

To sum up, we proved the existence of two sub- and two supersolutions of problem (1.1). If we choose & > 0 sufficiently
small, we get u; = e¢q < ¥qe = U7 and u; = —vpe < —e@1 = Uy which means that we have two ordered pairs of sub-
and supersolution namely [u1, ti1] and [uy, u;], respectively. The next result gives an answer about the regularity of weak
solutions of problem (1.1).

Lemma 2.4. Let the conditions (F1)-(F5) and (G1)~(G5) be satisfied and let a,b > 21. If u € [0, Jqe] (respectively, u € [—dpe, 0])is a
solution of problem (1.1) which is not identically zero in £2, then it holds u € int(C1(£2),.) (respectively, u € —int(C1(2),)).

Proof. Let u € [0, J4e] be a solution of problem (1.1) satisfying u % 0. Then we directly obtain the boundedness of u meaning
u € L°°(£2). Applying the results of Lieberman in [17, Theorem 2] guarantees that u € C1%(2) with « € (0,1). By the
assumptions (F2) and (F3) as well as (G2) and (G3), we find constants cf, cg > 0 such that

]f(x,s)|<cfsp 1 foraa.xe 2 andall0<s<9lellso,
|g(x,5)| <cgsP™!, foraa.xeds2andall0<s < dgllefloo. (211)

Applying (2.11) to (1.1) implies

u<(1+cpuP™! aein.
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Then, we set B(s) = (1 + cf)sl’*1 for all s > 0 and note that f0+ 1/(5/3(5))% ds = +o00. Hence, the assumptions of Vazquez's
strong maximum principle (cf. [25]) are satisfied and we obtain u > 0 in £2. In order to prove that u is strictly positive in the
closure of £2, we suppose there exists xg € 352 such that u(xp) = 0. Applying again the maximum principle yields g—“j(xo) <0.
However, we know that 0 € dG(xg, u(xg)) = dG(xp, 0) which leads to a contradiction in view of problem (1.1) because in

this case we have g—ﬁ(x()) = 0. Therefore, it holds u > 0 in £2 which implies u € int(C'(£2)4). The case u € [-9pe, 0] can be

shown by using similar arguments. O

3. Extremal constant-sign solutions

One of our main results about the existence of constant-sign solutions of (1.1) reads as follows.

Theorem 3.1. Let the conditions (F1)-(F5) and (G1)~(G5) be satisfied. For every a > A1 and b € R there exists a smallest positive
solution uy = u_ (a) € int(C'(§2)4) of (1.1) in the order interval [0, ¥qe] with the constant ¥q as in Lemma 2.1. For every b > A
and a € R there exists a greatest solution u_ = u_(b) € —int(C!(£2),) in the order interval [—9pe, 0] with the constant ¥, as in
Lemma 2.2.

Proof. Let a > A{. By means of Lemma 2.3 we know that u = e¢; € int(C'(£2),) is a positive subsolution of problem
(1.1) provided & > 0 is sufficiently small and Lemma 2.1 ensures that & = 9qe € int(C!(£2)) is a positive supersolution of
problem (1.1). Additionally, we can take ¢ > 0 such that g1 < ¥ge. Due to Theorem 1.9 there exists a smallest positive
solution u, = ug(a) of problem (1.1) satisfying €1 < us < 9¥ge. The regularity results in Lemma 2.4 can be applied because
ue = 0 which ensures that u, € int(C!(£2),). Consequently, we find for every positive integer n choosing sufficiently large
a smallest positive solution u, € int(C! (§)+) of problem (1.1) which lies in [%gz)], vqe]. This construction creates a sequence
(up) of smallest solutions which is monotone decreasing. One gets

up Juy foraa.xe £, (3.1)

with some function u, : £ — R satisfying 0 < uy < ¥qe. Note that u, € [%(ph vge] and y(up) € [y(%q)]), y (9qe)] imply,
in particular, that u, belongs to L>(£2) and L*°(3s2), respectively. As u, € int(C!(£2),) solves problem (1.1), we obtain by
taking the test function ¢ = u, in the weak formulation of problem (1.1) along with (F2) and (G2)

IVunlfr o) </|nn|undx+||un||fp(m+a||un||€p(m)+/ |Enlun do
2 082

<Cillunlir @) + c1llunlffy o) + nllp o) + altnllTp o) +C2ltnllTppa) +C3lunlfi g

<C, (32)

where 1, € L% (£2) with n,(x) € 9F (x, up(x)) for a.a. x € £2 as well as &, € L% (082) with &,(x) € 3G (x, uy(x)) for a.a. x € 952.
Relation (3.2) yields the boundedness of Vu, in LP(£2) and thus, lunllw.p(e) < C, for all n € N with some positive con-

stant C independent of n. The reflexivity of the Sobolev space W1:P(£2) in case 1 < p < oo yields the existence of a weakly
convergent subsequence of u,. The compact embedding W1-P(£2) — LP(£2), the monotony of the sequence u, and the
compactness of W1-P(£2) < LP(3£2) provide for the entire sequence u,

up—uy inWhP(R),

up — uy inLP(£2)andforaa.xe £,

up — uy inLP(0£2)andfora.a.xcds. (3.3)
The solution uy, of problem (1.1) fulfills

/qun|”_2Vun-Vgodx:/(nn—uﬁ_l)godx+/(aup_l +&)pdo, YpeW!P (), (3.4)
2 2 082

where 1, € Lqé(.Q) with 1, (x) € 9F (x, up(x)) for a.a. x € 2 as well as &, € L% (0£2) with &;(x) € 0G(x, uy(x)) for a.a. x € 952.
Setting ¢ = u, —uy € WP(£2) in (3.4) it results in

/ |Vup|P72Vuy, - V(u, —uy)dx = /(nn - u,ﬂ’_l)(un —uy)dx+ /(auﬁ_1 + &) (up —ug)do. (3.5)
2 2 FY)

The convergence properties of (u;) along with the assumptions (F2) and (G2) as well as the uniform boundedness of the
sequence (up) allow us to apply Lebesgue’s dominated convergence theorem. We obtain
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lim sup/ IV P2V, - V(up — uy)dx <0,

n—oo

which provides by the (S, )-property of —A, on W1.P(£2) along with (3.3) the strong convergence in W 1-P(£2), meaning

up — uy in WhHP(R). (3.6)

Due to (F2) and (G2) in conjunction with the uniform boundedness of (uy), there exist constants by, by > 0 such that

|mn(x)| < by foraa.xe 2, ¥neN,
|&a(x)| < by foraa.xedf2, vneN. (3.7)

Hence, we get

Mn— s inL%(£2),

fn— &y inLT(0R), (3.8)
for some subsequences, not relabeled. From calculus of Clarke’s generalized gradient one gets that 14 (x) € dF (x, u4(x))
for a.a. x € 2 and &, (x) € 9G(x, uy(x)) for a.a. x € 952, respectively. Passing to the limit in (3.4) for some subsequences if

necessary proves that u is a solution of problem (1.1).
Applying Lemma 2.4 yields u, € int(C'(£2),) provided uy 0 in £2. Assume u, =0 in £2. Then, by (3.1), we obtain

up 0 foraa.xe $2. (3.9)
We set
~ u
Up=—1" foralln.
lunllw e o)

The boundedness of the sequence (fi,) in W1-P(£2) can be proved similarly as for (u,). Hence, we find a subsequence, not
relabelled, such that

U, —~ U inWhP(2),
U, — U inLP(2)andforaa.xe 2,
U, — U inLP(32)andfora.a.xec s, (3.10)

with some function 7 : 2 — R belonging to W 1-?(£2). Furthermore, there exist functions z; € LP(£2), and zp € LP(8£2)
such that

U (x)| <z1(x) foraa.xe s,
[Un(x)| <z2(x) foraa.xedg. (3.11)

Due to the representation u, =1, - ||un||W1,p(9) and because u;, solves (1.1), we get the following variational equation

/ |Vl P2 Vi, - Vo dx

:/< =L ]_5571>‘de+/“557]¢‘10+/ W gdo, Ype W (@), (3.12)
a2 ¢

n

Selecting ¢ =1, — 1 € W1'P(£2) in (3.12) provides
/ |Vl |P~2 Vi, - V(U — ) dx

=/< I b~ 1—un )(un—u)dx—i—/auﬁ 1( —u)do—i—/ bn_g u,1 (n—ﬁ)do. (3.13)

p—1" p—
u u
n a0 ae

Applying (2.11) and (3.11), one obtains

(1 ()] ~p 1

W

[0 - TX| < crz1 0P (210 + [T W), (3.14)
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respectively,

|&n (0]

=p )’ﬁr’?*%x)\ﬁn(x) — U] < 2207 (220 + [AR)]). (3.15)
up (x

Obviously, the right-hand sides of (3.14) and (3.15) belong to L!(£2) and L'(3£2), respectively, which allows us to apply
Lebesgue’s dominated convergence theorem which in conjunction with (3.10) yields

Mn

lim p_la‘,’i”(ﬁ,, —T)dx=0,
n—-oo un
1. Sn ~p_] ~ ~.
im 5= Un (up —u)do =0. (3.16)
n—)OOaQ un

Taking into account (3.10) and (3.16) we get from (3.13)

limsup/ [V P2V, - V(p — up) dx = 0.
2

n—oo
As before, the (S )-property of —A, corresponding to W1LP(£2) implies

Uy —> U inWHP(). (317)

From the definition of &, we see at once that |[i||y1,(p) = 1, meaning i s 0. Passing to the limit in (3.12) in conjunction
with (3.9), (3.17) as well as the assumptions (F3) and (G3) it results in

/|Vﬁ|p_2VTI~Vgodx=—/Hp_l(pdx—i—/aﬂ"’_]wda, Vo e WHP ().
o o ore)

The equation above is nothing less than the weak formulation of the Steklov eigenvalue problem corresponding to the
eigenvalue a > A1 and the eigenfunction & > 0. However, this is a contradiction because 7 must change sign on 952 (see [18,
Lemma 2.4]). Hence, u, = 0 which guarantees that u € int(C!(£2)).

Finally, we have to prove that u_ is the smallest solution in [0, 94e]. Fix a positive solution u € W1P(£2) of (1.1) such that
0 < u < qe. Lemma 2.4 provides u € int(C!(£2),). Then, there exists an integer n sufficiently large such that u e [%<p1, AR
However, u, is the smallest solution in [%gol, 9qe] which yields u, < u if n is large enough. Due to the monotonicity of uy,
we obtain uy < u which proves that u, is, indeed, the smallest positive solution of (1.1) in [0, ¥4e]. The existence of a
greatest negative solution can be done similarly and is omitted. O

4. Variational characterization of extremal solutions
In this section we give a variational characterization of the extremal solutions of (1.1) which we obtained in the last

section. To this end, we introduce truncation operators T4, T_: 2 x R — R as well as T2, 7% : 32 x R — R in the
following way:

0 ifs <0, 0 ifs <0,
Ty(x,8)=1s if0<s <uy(x), T2 (x,s)=1s if0<s <uy(x),
up(x) ifs>uq(x), up(x) ifs>uq(x),
u_(x) ifs<u_(x), u_(x) ifs<u_(x),
T_(x,s)=13s ifu_(x) <s<o0, T x,s) =15 ifu_(x) <s<O0,
0 ifs >0, 0 ifs>0.

Note that the truncation operators on 92 apply to the corresponding traces y (u), where u € WP(£2). For the sake of
simplicity we just write T_?_Q (x,u) and T?%(x,u) without the notation y. It is clear that the truncation operators are
continuous, uniformly bounded, and Lipschitz continuous with respect to the second argument. Additionally, we introduce
truncations related to the nonlinearities f: 2 x R— R and g:9£2 x R — R as follows:
0 ifs <0, 0 ifs <0,
fr@x, ) =1 f(x,8) ifO<s<up(x), g+(x,8) =1 g(x,5) ifO<s<uy(x),
N+ ifs>uy ), Er()  ifs>uy),
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n-x) ifs<u_(x), E(x) ifs<u_(x),
f-(x,9)=1 fx,s) ifu_(x) <s<0, g-(x,5) =1 g(x,5) ifu_(x) <s<0,
0 ifs >0, 0 ifs>0,
n-(x) ifs<u_(x), E(x) ifs<u_(X),
fox, ) =1 f(x,8) ifu_(x) <s<us), go(x,8) =1 g(x,5) ifu_(x) <s<uy),
ne(x) ifs>ui(x), EL(x) ifs>ui(x).

Here, 1., &, and 1_,&_ correspond to the extremal solutions u, € int(C'(£2);) and u_ € —int(C'(£2),), respectively. By
means of these truncations, we define the following associated functionals given by

u(x) u(x)

Er) = (194l g, + lulfs o)) ffmx s)dsdx—f/ [aT72(x, 9P~ + g4 (x,9)] dsdo,

u(x) u(x)
E_ (u)——[IIVuIIme)JrIIuIILp(Q) f/f (x, S)dst+// [b]T?2x, )P — g_(x,9)]dsdo,
FYe,
u(x)
1
Eo(w) = [19uls g, + Il //fo(x $)dsdx
2
u(x)
—/ /[a]‘f’f(x,s)’"‘1 —b|T§9(x,s)|p7] + go(x,5)] dsdo .
a2 0

With a view to (F2) and (G2), we see that the functionals E,, E_, Eg: WP (§£2) — R are locally Lipschitz continuous. The
truncations involved guarantee that these functionals are bounded below, coercive and weakly sequentially lower semicon-
tinuous which implies that their global minimizers exist. A characterization of the critical points of these functionals is
stated in the next lemma.

Lemma 4.1. The extremal constant-sign solutions of (1.1) are denoted by u and u_. Then one has:

(i) A critical point v e WP (£2) of E.. is a nonnegative solution of (1.1) satisfying 0 < v < u
(ii) A critical point v e W1-P(£2) of E_ is a nonpositive solution of (1.1) satisfying u_ < v < 0.
(iii) A critical point v.e WP (£2) of Eg is a solution of (1.1) satisfying u_ < v < u.

Proof. Let us only prove the third assertion, because the other cases can be done likewise. Let v be a critical point of Eg
which means 0 € 9Eg(v). By the definition of Ey we obtain

/|Vv|p_2Vv : V(pd)(:/[n — [v[P~2v]pdx
2 2
+/[aTi‘?(x, WP [T (x, v) P! 4 £]pdo, Vo e WP (@), (41)
82

with some 7 € LqB(Q) and ¢ € L% (0£2) such that n(x) € dFg(x, v(x)) for a.a. x € 2 and &(x) € 3Go(x, v(x)) for a.a. x € 952,
where

n &
Fo(x, T})Z/.fo(X,S)dS, GO(X»S):/gO(X’S)dS-
0 0

The function u is the smallest positive solution of (1.1) meaning that it satisfies the weak formulation given in Definition 1.1
by

/|Vu+|p 2Vu, - V(pdx_/[n+—|u+|p 2y ](pdx+/[a(u+)p '+ e]epdo, YoeW'P(2), (4.2)
2 982

where n4 € qu(Q) with n4(x) € 9F(x, uy(x)) for a.a. x € 2 and &4 € L% (082) with &4 (x) € 0G(x, u4(x)) for a.a. x € 9£2.
Subtracting (4.2) from (4.1) and setting ¢ = (v — u;)* € WP(2) provides
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/[|VV|P*2W — |Vu P2Vuy ] V(v —uyp) tdx+ /[|v|l’*2v — u"*l](v —uy)Tdx
2 2

= /[n —nel(v —up)tdx+ /[aTiQ(x, V)P —b| T2, v)|p_] —au? v —uptdo
2 oY)

+ /[s (v —up) do.
082

Clearly, it holds n(x) = n4(x) for a.a. x € {x € 2: v(x) > uy(x)}. Furthermore, we get T (x,v) = uy, T??(x,v) =0 and
E(x) = &4 (x) for a.a. x € 082 satisfying v(x) > uy(x). Thus, the right-hand side of the equality above vanishes. However,
the left-hand side is strictly positive in case v > u; which is a contradiction and hence v < u,. The proof for v > u_
acts in the same way. Summarizing, v belongs to the ordered interval [u_,u] which provides that Tf‘;g (x,v) =vT and
T3 (x, v) = v—. Since dFg(x, v(x)) C dF(x, v(x)) as well as 9Go(x, v(x)) C G (x, v(x)), from (4.1) it follows that v solves our
original problem (1.1) satisfying u_ < v < u4. This completes the proof. O

Let us now consider some results about local and global minimizers with respect to the functionals E.,E_,
Eo:W'P(2) > R.

Lemma 4.2. Let a > A1 and b > A1. Then the extremal positive solution u of (1.1) is the unique global minimizer of the functional E
and the extremal negative solution u_ of (1.1) is the unique global minimizer of the functional E _. Both u and u_ are local minimizers
of the functional Eq. Moreover, the functional Eq : W1P(£2) — R has a global minimizer vo which is a nontrivial solution of (1.1)
satisfyingu_ < vo < uy.

Proof. The functional E, : W-P(£2) — R is bounded below, coercive and weakly sequentially lower semicontinuous. This
ensures that its global minimizer, namely v, € W1-P(£2), exists. Since v is a critical point of E,., Lemma 4.1 can be applied
which yields that v is a nonnegative solution of (1.1) fulfilling 0 < v4 < u,. Applying the condition (G3) guarantees the
existence of a number §; > 0 such that

lg(x,9)| <(@—r)sP7, Vs 0<s<d. (4.3)
We take € < min{“gflﬁ, W‘jﬁ}. Then, due to (F5) and (4.3) in combination with the Steklov eigenvalue problem in (1.10),
we obtain
£o1 ) N £01 (%)
1—a
Ei(epr) = —/ / f(x, s)dsdx + ePllgn Ipr(m) - / / g(x,s)dsdo
Q2 0 02 0
) £p1(%)
1—4a _
< ePllerllron) +f / (a—rp)sP ldsdo
32 0
=0.

We see that E, (v,) # 0 which means v # 0. Applying Lemma 2.4 yields v, € int(C'(£2),). As u, is the smallest positive
solution of (1.1) in the ordered interval [0, ¥4e] satisfying 0 < vy < u., it must hold v = uy. This proves that uy is the
unique global minimizer of the functional E, : W1-P(£2) — R. Likewise, u_ is the unique global minimizer of E_. In order to
show that u and u_ are local minimizers of Eq, we argue as follows. As u € int(C'(£2).) there exists a neighborhood Vu,
of u, in the space C'(£2) satisfying Vu, C C1($2),. Hence, E; = Eg on Vy, meaning that uy is a local minimizer of Eg
on C1(£2). Applying the recent results of the author in [30, Theorem 3.1] ensures that 1 is also a local minimizer of Eg on
the space W1-P(£2). The same arguments can be applied on u_ which point out that u_ is a local minimizer of Eq as well.

In the last step we have to show the existence of a global minimizer of Eg. As already mentioned the functional
Eo:WLP(£2) — R is coercive and weakly sequentially lower semicontinuous. Thus, a global minimizer vo of Eqg exists
which is, in particular, a critical point of Eg. Taking into account Lemma 4.1 proves that v is a solution of (1.1) satisfying
u_ < vo<ug. Since Eg(uy) = E4(u4) <0, it guarantees vo # 0 which completes the proof. O

5. Existence of sign-changing solutions

This section is devoted to the proof of the existence of a sign-changing solution of problem (1.1). The idea is to find
a nontrivial solution ug of problem (1.1) which belongs to [u_,u4]. If ugp # u_ and ug # u4, then it must be a sign-
changing solution of (1.1), because Theorem 3.1 ensures that u € int(C!($2),) is the smallest positive solution in [0, ¥se]
and u_ € —int(C1(2),) is the greatest negative solution in [—d,e, 0].
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Theorem_5.1. Let the assumptions (F1)-(F5), (G1)-(G5) and (H) be satisfied. Then problem (1.1) has a nontrivial sign-changing solution
up € C1(2).

Proof. As regards Lemma 4.2, the function vg € W1P(£2) \ {0} is a global minimizer of Eq lying in [u_, u]. Obviously, in
the cases vg # u_ and vg # u, the function ug := vp must be a sign-changing solutions of (1.1) because of the extremality
properties of u_ and u., respectively. Let us now consider the case vo = u, the other case vo = u_ can be done similarly.
With a view to Lemma 4.2, we know that u_ is a local minimizer of Eq which can be assumed to be a strict local minimizer.
Otherwise we would find infinitely many critical points v # 0 of Eg having changing sign due to u_ < v <uy and the
extremality of the solutions u_ and u., respectively. Clearly, in this case the proof of the theorem would be done. The
assumptions above ensure the existence of p € (0, luy —u—|ly1.p(p)) such that

Eo(uy) < Eo(u—) <inf{Eo(u): u € 9B, (u_)}, (5.1)

with 9B, (u-) ={u € WLP(2): |lu-— u_|lwrp(g) = p}. The functional Eq satisfies the Palais-Smale condition (see Defini-
tion 1.6) because it is bounded below, locally Lipschitz and coercive. Hence, we can apply the Mountain-Pass Theorem as
stated in Theorem 1.7 to Eq. This yields the existence of a critical point ug € W1-P(§2) satisfying 0 € 9Eq(ug) with

inf{Eq(u): u € 0B,(u-)} < Eo(up) = inlf_” r[ll.‘a]x” Eo(m (1)), (5.2)

where

O={reC(-1,1,W"(2): n (- =u_, 7(1) =us}.

Clearly, (5.1) and (5.2) ensure that up # u_ and ug # u4 which means that ug is a sign-changing solution provided ug # 0.
In order to prove that ug # 0, we must show that Eq(ug) # 0 which is satisfied if there exists a path 7 € IT such that

Eo(R(®) #0, Vte[-1,1].

Such a path can be constructed as it was done in [27] with slight modifications. Additionally, the use of the Second Defor-
mation Lemma in [27] has to be replaced by the Second Deformation Lemma for locally Lipschitz functionals as it can be
found in [11, Theorem 2.10]. This completes the proof. O
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