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1. Introduction

The aim of this paper is to investigate variational-hemivariational inequalities with a nonhomogeneous Neumann bound-
ary condition. Precisely, let £2 be a non-empty, bounded, open subset of the Euclidean space RN, N > 1, with C!-boundary
052, let p € IN, +o0[, and let q € L*°(£2) satisfy g > 0,q % 0. Our purpose is to study the following problem: Find u € K
such that, for all v € K,

/ ]Vu(x)]p_ZVu(x) V(v(x) —ux))dx +/q(x)]u(x)]p_2u(x)(v(x) —u(x))dx
2 2

+/m(X)F°(u(X);V(X)—u(x))dx+/Mﬂ(X)G"(J/u(X);VV(X)—Vu(X))da >0, (P)
2 82

where K is a closed convex subset of W1-P(£2) containing the constant functions, and o € L'(£2), 8 € L1(3£2), with a(x) >0
for a.a. x€ 2, a #0, B(x) >0 for aa. x € 02, and A, ; are real parameters, with A > 0 and u > 0. Here, F° and G°
stand for Clarke’s generalized directional derivatives of locally Lipschitz functions F, G : R — R given by F(§) = foé f@®dt,
GE¢) = [05 g(tydt, £ eR, with f,g:R — R locally essentially bounded functions, and y : WP (£2) — LP(3£2) denotes the

trace operator. If 2 =Ja,b[ CR and h: {a, b} — R, then fa(z h(x)do reads h(b) + h(a), so problem (P) makes sense even for
N=1.
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A prototype of (P) for K = W1-P(£2) is the following boundary value problem with non-smooth potential and nonhomo-
geneous, non-smooth Neumann boundary condition

Apt —qX)|ulP2u € A (x)dF (u) in £2,
20U (N)
[VulP~ a < — B )G (yu) on 9.

The main result of this paper is Theorem 3.1, which establishes, under an appropriate oscillating behavior of F and a suitable
growth of G at infinity, the existence of a precise interval for the real parameter A such that, provided u is small enough,
problem (P) admits infinitely many solutions. Some consequences and applications are also pointed out (see Theorems 3.6,
3.8 and Section 4). Just as an example, we illustrate the applicability of our approach by stating the following consequence
of our results in the special case of ordinary differential equations.

Theorem 1.1. Let f : R — R be a non-negative, locally essentially bounded function and set F(§) = f(f f@®)dt for all &£ € R. Assume

that
11m1nf@ =0 and limsup (f) 400
E>+o0 & Estoo &
Then, for each non-negative, continuous function g : R — R such that
4 ()
Boo = tilToo t <+
and for every 1 €10, 8g [, there is a sequence of pairwise distinct functions {u,} C W22(]0, 1[) such that for all n € N one has
—up (%) 4+ upn(®) € [f~ (ua®), fT(un(x))] fora.a xe]o,1[,
up(0) = 118 (un(0)), (ON)

up (1) = —pg(un(1)),

where f~(t) = limg_, o+ essinfje_z <5 f(2) and fT(t) =limg_, g+ ess SUP|r_z<s f(2) forallt e R.

Clearly, if f is a continuous function, then Theorem 1.1 ensures the existence of infinitely many classical solutions to
the Neumann boundary value problem (ON). It is worth noticing that our results are completely novel, even for continuous
nonlinearities f and g, because of the presence of nonhomogeneous Neumann boundary condition (see (N)). We refer
to [2] and [3], and the references therein, for smooth Neumann problems in the homogeneous case. Moreover, we also
observe that our results and those of [11] are different since in [11] the Neumann boundary condition is homogeneous
and the type of oscillating behavior at infinity required for f implies that f cannot be of constant sign, which is not
necessary the case here. Regarding the existence of infinitely many solutions for non-smooth Neumann-type problems we
also mention the paper of Candito [5] and the work of Kristily and Motreanu (see [9]) where in the second paper the
authors don’t require that WP (£2) is continuously embedded into C°(£2). Recently, Kristaly and Morosanu have described
a new competition phenomena between oscillatory and pure power terms (cf. [8]) while existence results for variational-
hemivariational inequalities of type (P) were established in [15] applying an abstract non-smooth critical point result given
in [11].

2. Preliminaries

In this section we give a brief overview on some prerequisites on non-smooth analysis which are needed in the sequel.
Let (X, || - ||) be a real Banach space. We denote by X* the dual space of X, while {-,-) stands for the duality pairing between
X* and X. A function h : X — R is called locally Lipschitz continuous when to every x € X there correspond a neighborhood
Vx of x and a constant Ly > 0 such that

|h(@) —h(w)| < Lillz— wl, Vz,w e Vy.
If x,z € X, we write h°(x; z) for the generalized directional derivative of h at the point x along the direction z, i.e.,
. h(w +tz) — h(w
h°(x; z) := limsup #
w—x,t—07t t

(see [7, Chapter 2]). If hq, hy : X — R are locally Lipschitz functions, we have

(h1 +h)°(x,2) <h{(x,2) + h5(x,2), Vx,zeX. (2.1)

The generalized gradient of the function h at x, denoted by dh(x), is the set
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dh(x) := {x* € X*: (x*,z) <h°(x; 2), Vz € X}.
We say that x € X is a (generalized) critical point of h when
h°(x;z) >0, VzelX,

that clearly means 0 € dh(x) (see [6]).

When a non-smooth function [ : X — ]—o00, +0o¢] is expressed as a sum of a locally Lipschitz function, h: X — R, and a
convex, proper and lower semicontinuous function, j : X — ]—o0, +o0], that is [ :=h + j, a (generalized) critical point of I
is every u € X such that

h®(us v —u) + j(v) — j(u) =0,

for all v € X (see [13, Chapter 3] and [14]).

From now on, assume that X is a reflexive real Banach space, @ : X — R is a sequentially weakly lower semicontinuous
functional, 7 : X — R is a sequentially weakly upper semicontinuous functional, A is a positive real parameter, j: X —
]1—00, +00] is a convex, proper and lower semicontinuous functional and D(j) is the effective domain of j. Write

U:="—j and [, =@ -2 =(P — A7)+ Aj.
We also assume that @ is coercive and

D(HNn® 1 (]—oo,r[) #¥ (2.2)
for all r > infy @. Moreover, by (2.2) and provided r > infy @, we can define

(SUPyed—1(—oo,rp ¥ (V) — ¥ (1)

r) = inf )
) ued=1(—o00,r) r—o(u)
and
T .= liminf , T := liminf .
g7 i=lminfe(), ¢ = lmint @)

Assuming also that @ and T are locally Lipschitz continuous functionals, in [4] it is proved the following result, which is a
version of [11, Theorem 1.1].

Theorem 2.1. Under the above assumptions on X, @ and ¥, one gets:

(a) If ™ < +oo then, for each ) €10, (p]—+[, the following alternative holds:

either

(a1) Jx possesses a global minimum,

or

(ap) there is a sequence {uy} of critical points (local minima) of J, such that limy_, o0 @ (Uuy) = +00.
(b) If o~ < o0 then, for each A € ]0, (p%[, the following alternative holds:

either

(by) there is a global minimum of & which is also a local minimum of J;,

or

(by) there is a sequence {uy} of critical points (local minima) of J;, with limy_, « @ (up) = infx @, which weakly converges to

a global minimum of &.

We recall that the previous theorem is a non-smooth version of Ricceri’s variational principle (see [16]).
On the space W1-P(£2) we consider the norm

)l == (/(|Vu<x>|" +q(x>|u(x>|")dx) ",
2

which is equivalent to the usual one (see for instance [12, Section 1.1.15]). Set

llulloo

, (2.3)
uewtp(2)n(0) U

C:=

where |||l := max, g [u(x)|. From (2.3) we infer that c?||q|l; > 1. If £2 is convex, an explicit upper bound for the constant
cin (2.3)is
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p—1
p—1 1 d -1 o
c<2'7 max , P=1gp) " 1l | (2.4)
lgnl/?” NVP\p—N gl
qily
where |£2| denotes the Lebesgue measure of the set £2 and d := diam(£2) (see, e.g., [1, Remark 1]). Finally, we set
max —F(t —F
A= liminfM, B =limsup ) s
§—+o0 &p £—>+o0
and
llgll: 1
| = L= (2.5)
lleellipB llellipcP A

3. Main results

Our main result is the following.

Theorem 3.1. Let o € L' (§2) and B € L1(952) be non-negative and non-zero functions. Let f : R — R be a locally essentially bounded
function and set F(¢) = f(f f@®)dt forall &€ € R. Assume that
1
<
cPliqlly

Then, for each A € 111, A2[, where A1, A, are given by (2.5), for each locally essentially bounded function g : R — R, whose potential
GE)= fos g(t) dt, & € R satisfies

(3.1)

max| e (—G(1))

Goo i=limsup ——2——~ < o0, (3.2)
&E—+o00 Ep

liminf(—G(§)) > —oo, (3.3)

&—+o00

and for every u € [0, 8[, where

1 A
§=8gri=—-—7F7|1—— 6= if Goo =0
2.1 ,B*pcpcoo( kz) (6 =400ifGoo =0),

with g* = fm B(x)do, problem (P) admits a sequence of weak solutions that is unbounded in W1-P (£2).
Proof. Our aim is to apply Theorem 2.1. To this end, fix X €121, A2[ and let g be a locally essentially bounded function

satisfying our assumptions. Since A < 2, one has § := 3§, ;5 > 0, so we can consider 0 < [t <. It follows that MallipcPA +
AB*pcP G < 1, which implies

*< ! _ . (3.4)
lleell1pcP A + %ﬂ*pcPGoo
Let X be the Sobolev space W1-P(£2) endowed with the norm ||-|. For any u € X, set
; _
du) = E||u||P’ T (u) ::/a(x)[—F(u(x))]dx+ % / Bx)[—G(yux)]do,
2 082
) 0, ifuek, )
jw = { nuet W) =T W) — W), ) =B W) — AP W),
+o00, otherwise,
Therefore,
1 - -
i) = E||u||p + X/oz(x)F(u(x)) dx+ / B(X)G(yux))do +1ju) forallue X. (3.5)
982

Now, we claim that ¢+ < +oo. Let {p,} be a real sequence such that lim,_, 4o on = +00 and

lim X< pn F©) _

A.
n—+00 ;05
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Denote 1, = %(‘2—”)1’ and let v € @~ 1(]—o0, rz[). Then, taking into account that ||v||P < prp and ||v]s < c||v]|, one has
[v(x)| < pn for every x € §2. Therefore, it follows

SUP i <pry (o @ (O [—F (W(x))] dx + % 22 BOI=G(ywx)]do — j(w))

<
(P(rn) X n
- lleellr maxiej< p, (—F () + & B* maxje < p, (~G (©))
~ rn
maxj¢|< p, (—F(t)) max . (—G (1))
= pe? oy D= CFO) o 2 g M1 (OO
Pn A oF

Hence, ¢ < limsup,_, ;o @ () < pcPllee]1 A+ pcp%ﬂ*coo. From (3.1) and (3.2) we obtain

ot <400,
and our claim is proved. Moreover, taking into account (3.4), we get
)\ < (/)—+
Next, we show that the function J; in (3.5) is unbounded from below. Let {d;} be a real sequence such that
limy, o0 dy = +00 and

(=F(dn)

Nim —B. (3.6)

Set wy(x) =dp for all x € £2 and n € N. Clearly, w,, € K ¢ W1-P(£2) for each n € N. We see that

p
lwnllP = dp llgll:

and
D (Wp) — AW (wy) = ”W"” </a(><) F(wn(x)) dX+f/ﬁ(X) G(ywn(x)]d >+ij(wn)
2
= dg”—q'“ - i(nan] (~F(dn) + %ﬂ*(—G(dn))),
thus
Ji(wn) = dillall X(Ilotlh(—F(dn)) + %ﬂ*(—G(dn))) (3.7)
If B < +o0, by (2.5) and since A > A, we can take € € 10, B — —14l'_[. From (3.6) there exists v, such that

pllarllix
—F(dp) > (B—e€)d?, Vn> ve.

Combining with (3.7), one has

J(wn) < (”1”1 Ml (3—6)>—/15*(—G(dn))-

Since '% — Alalli(B — €) < 0 and, as known from (3.3), {(—G(d,))} is bounded from below, it follows that

limy— 400 J5(Wp) = —00. If B=400, fix M > %. Then from (3.6) there exists vy such that

(=F(dn)) > Md}, Vn>vy.
Arguing as before, one obtains
) llglh .
Ji(wp) < ) — AlaliM ) = @p*(—G(dn)).
By the choice of M, we have lim,_, 4~ J;(Wn) = —o0o, which completes the proof that J; is unbounded from below. Then,

from part (a) of Theorem 2.1, we know that the function J; admits a sequence of critical points {u,} C X such that ||u,|| —
oo as n — oo. The fact that i1, € X is a critical point of J; reads as
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(® —AY)°(iln; v — Uiy) + Aj(V) —Aj(lly) =0 forallve X. (3.8)
It remains to prove that u, solves problem (P). From (3.8) it follows that u,; € K and

(® —AT)°(ln; v —iip) >0 forallvek. (3.9)
By (3.9) and (2.1) we infer that

@' (lip; v —Up) + A(=T)°(ln; v —1y) >0 forallvek

or, equivalently,

f |Vitn (0P 2 Vil (%) - V(v () — i (x)) dx
2

- / 400 |0 (0P 2T () (V(X) — B0 (0)) dX + (=T (fg, v — g) >0, Vv €K. (3.10)
Q
By using (2.1) and formula (2) on p. 77 in [7], we have

AM=T)°(lp; v — i) < X/a(X)F"(ﬂn(X); V(x) — Up(x)) dx + L [ BX)G(yin(x); yv(x) — yiln(x)) do.
2 2
Inserting this into (3.10) leads to

/ Vit ()| Vita(x) - V(v(x) — iin (0)) dx + f 40 |0 0P 2T () (v(X) — (%)) dx
2

2

+X[foc<x>F°(an(x>; V(X) — U (%)) dx + % / BROG (yin(X); Y v(X) — Yiln(x)) da} >0
2 982

for every v € K, which completes the proof. O

The solutions obtained in Theorem 3.1 for problem (P) corresponding to the parameters A and j are local minima of the
functional J; in (3.5) which is associated to (P). The following corollary demonstrates that, if the functional J; satisfies the
Palais-Smale condition, there are solutions to (P) which are not local minima of Jj.

Corollary 3.2. Under the hypotheses of Theorem 3.1, assume in addition that
1 1
min{F(t) - ;(—F)C’(t; t), G(t) — ;(—G)O(t; t)} >—qq|tl’ —d; forallt eR, (3.11)

with constants 1 <6 <p <sand cy,d; > 0. Let u € WLP(£2) be a solution provided by Theorem 3.1 for (P) corresponding to
A €]ry, A2l and 0 < L < &, so u is a local minimum of the functional J5 in (3.5). If u is isolated, there exists another solution
w € WP(2) for (P) corresponding to X and ji which is not a local minimum of J5.

Proof. Let us check that the functional J; : WLP(£2) — ]—o00, +00] given in (3.5) satisfies the Palais-Smale condition in the
sense of [13, p. 64]. This amounts to saying that whenever a sequence {u,} C K is such that J(u,) is bounded and

];(un;v—un)>—8n||v—un|| forallv e K, (3.12)

with &, — 0T, contains a convergent subsequence. Setting v =0 in (3.12) and combining with the inequality J;(u,) <M,
for a constant M > 0, yield

1

(_ _ l)”un”l’ +i/a(x)[F(un(x)) - 1(—F)°(un; un)] dx
p s s
2

1 n
+ i / BXx) [G(yun(X)) - ;(—G)O(Vun; )/Un):| do <M+ %Ilun (B
982

Using hypothesis (3.11), it is straightforward to prove that the sequence {u,} is bounded in WP (£2). Furthermore, since
—Ap on W1P(0) fulfills the (S;) property, by handling (3.12) we find that {u,} contains a convergent subsequence, so
the Palais-Smale condition for the functional J; is satisfied. We are thus in a position to apply [10, Theorem 4.2] to the
functional J; from which we achieve the desired conclusion. O
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Remark 3.3. Relation (2.4) is useful to verify inequality (3.1) and to estimate the numbers A, and § in Theorem 3.1 provided
the bounded domain §2 is convex.

Remark 3.4. Actually, Theorem 3.1 ensures that the sequence {ii;} of solutions of problem (P) satisfies the following sharper
inequality:

_ -2 - - _ —2_ _
/ |Vitg%)|P " Vita () - V(v(x) — il (x)) dx + / a0 | ()" ia () (v(X) — i (x)) dx
Q Q
+AU°(ily; v — i) + VO (s v — 1Iy) 20, VYvek,
where U(u) = [, a(x)F(u(x))dx and V(u) = [,, BX)G(yu(x))do for all ue WP ().
Remark 3.5. In Theorem 3.1 the function g may not have an oscillating behavior at infinity (see, for instance, Example 4.3

where g(u) = +/|u]). On the other hand, g must satisfy (3.2), namely it must have a suitable growth at infinity. It is worth
noticing that when (3.2) fails, that is,

maxj; e (—=G(1)) — 4o

limsu , (3.13)
£—+00 &p
the existence of infinitely many solutions to (P) can be again guaranteed, provided that
max —G(t
GL = lim inf MAX0<E(CCO) (314)

E—>+o00 Ep

(for which g is then oscillating at infinity) and assuming that f, possibly even not oscillating at infinity, satisfies the
following conditions:

_F(t
B, = limsup 2XU<ECFO) o iminf(—F(©) > —oo. (315)
£E—>+00 &p §—+00

To be precise, the following result holds: Let «, 8, f be as in the statement of Theorem 3.1 and assume that f satisfies
(3.15). Then, for each A €]0, m[. for each locally essentially bounded function g : R — R satisfying (3.13) and (3.14),
and for each u €10, §[, where

1 R
§:=0g = m(l — MleellipcPBy) (8 =+o0if G, =0),

the problem (P) admits a sequence of weak solutions which is unbounded in W1-?(£2).
Now we point out two significant special cases of Theorem 3.1.

Theorem 3.6. Let o € L' (£2) and 8 € L1(382) be non-negative and non-zero. Let f : R — R be a non-positive, locally essentially
bounded function, and set F (§) = fOE f(t)dt for every & € R. Assume that

liminf_F(S) < ! lim sup _F(S). (3.16)

§>+oo  EP cPllalh 400 &P

Then, for each A € ]A1, A2[, where A1, A, are given by (2.5), for each non-positive, locally essentially bounded function g : R — R,
whose potential G(§) = f(f g(t)dt, & € R, satisfies

—G(@©)

Goo :=limsup
§—+o00

< _{-()O7 (3.17)

and for every 1 € [0, 8[, where

1 . . (_ (S))
_ p FED
(fa 0 do)pcP (1 Ale]lipe lglmmf & >,

8 = (Sg’)L =

problem (P) admits a sequence of weak solutions that is unbounded in W 1P (£2).
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Remark 3.7. In Theorem 3.6 the assumption (3.16) can be written

o F® o F@)
liminf ——= < cP||q||1 limsup ——,
E—>+o00 f;p £—>+00 p
as well as
llgll: 1
])»1,)»2[2]— _ FE) ' 3T F(§)|:
leellipliminfy 100 5= llllipcP limsupe_, , o %5
and
1 . F
§=— — 75 <1+A||a||1pcpllmsup$>.
(fy BX)do)peP (iminfe 400 55 t>too &

Theorem 3.8. Let o € L' (£2) and 8 € L' (8£2) be non-negative and non-zero. Let f : R — R be a non-positive, locally essentially
bounded function and set F(§) = f(f f (@) dt for every & € R. Assume that

_F —F
liminf (&) =0 and limsup ©) =
fotoo &P gotoo P

+00

Then, for each non-positive, locally essentially bounded function g : R — R such that

00 - £ 400 Spfl

< 400,

and for every u € [0, 8[, where
. 1
£ ([0 B dO)CP g

there is an unbounded sequence {u,} C W1P(£2) such that

§=34§

/|Vun(x)\"‘2wn(x)-v(v(x)—un(x))dx+/q(x)yun(x)y"‘zun(x)(v(x)—un(x))dx

2 2

+/a(X)F°(un(x); (v — un(x)))dx+u/ﬁ(X)G°(Vun(X); (yv® —yun(x)))do >0
2 082
forallv e K.

Remark 3.9. We explicitly observe that in Theorem 3.1 no symmetry assumption on the nonlinear term is done. On the
other hand, the case N < p cannot be studied by this method since the embedding of W1-P(£2) in C%(£2) fails and ¢+
cannot be upper estimated, without further assumptions on the nonlinear term.

Remark 3.10. An example of application of previous results is given in the next section (see Example 4.3).

If F oscillates at zero, we can give an analogous result as in Theorem 3.1. To this end, let

—F(t _F
A:11[1‘“1]["rnaXLp(())7 B = limsup ISS)’
§—>07 H PN T
and
1
e | s
lll1pB lle]l1pcP A

Then, our result reads as follows.
Theorem 3.11. Let o € L1(£2) and B € L1(9£2) be non-negative and non-zero functions. Let f : R — R be a locally essentially
bounded function and set F(§) = fos f @) dt for all & € R. Assume that

1
-
cPligll
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Then, for each A € 111, A2[, where A1, A, are given by (3.18), for each locally essentially bounded function g : R — R, whose potential
GE) = f(f g(t)dt, & e R satisfies

—G(t
Go :=limsup —m3X|t|gg( ©) < +00,
£—>0+ &P
liminf(—G >0,
iminf(~G(£))

and for every p € [0, 8[, where

§=24 _ 1 (o) =+ if Go =0)
= = —_—— = X0 = ,
&5 BrperGo A2 °

with g* = [, 90 B(x) do, problem (P) admits a sequence of distinct weak solutions converging uniformly to zero.

Proof. The proof can be done similarly as the proof of Theorem 3.1 by applying part (b) of Theorem 2.1 instead of part (a),
thus obtaining the assertion. O

4. Applications and examples

Here we present an application of Theorem 3.1 to an ordinary differential problem with discontinuous nonlinearities.

Theorem 4.1. Let o € L1(]0, 1[) be a non-negative and non-zero function and let 81, fo be non-negative constants such that at least

one of them is positive. Let f : R — R be a non-positive, locally essentially bounded function and set F (§) = [(f f(t)dt forevery & e R.
Assume that

—F@©) —F@©)

1.
< = limsup

liminf . (4.1)
gotoo E2 2 pniec 2
Then, for each A €] — @ — —rey | for each non-positive, continuous function g : R — R, whose po-
lleell12limsupg _, 4 oo 2 lleefl14liminfg— oo —5>
tential G(£) = f(f g(t)dt, & e R, satisfies
. -G
G :=limsup 2@) < 400,
£—+o0 g

and for every u € [0, 8[, where
TR (Br+ )G
there is a sequence of pairwise distinct functions {u,} C W22(]0, 1[) such that for all n € N one has

Uy (x) — un(®) € [Aa ) f~ (un(®)), ) f T (un(x))] fora.a. x €10, 1,

Uy (0) = 11Bog (un(0)), (N1)

up (1) = —pprg(un(1)).

—F©)

Ep

(1—k||a||14liminf ) (6 =+00if Goo =0),
E—>+o00

Proof. The result is a consequence of Theorem 3.6. For the sake of clarity, we first point out three facts specific for the
ordinary differential case that enable us to adapt the proof of Theorem 3.1 to this situation. The first one is the inequality

/ BX)[-G(yu))]do = BM)[-G(u)]+ BO)[-G(u(0))]

< B(1) max [-G(E)]+ B(0) max [-G(&)] = (B(1) + B(0)) max [-G(&)]

&1<pon €1 on §1<on

for all ||u||? < pry, from which we derive

@ <limsupp(n) < pePllal A + pcp%(ﬁa) +B(0))Goo-
n——+oo

The second one is the estimate
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/ BX)[—G(ywn(x)]do = (B(1) + B0))[-G(dn)] = (B(1) + B(0)) éiinig(—G(E)) >0,
a2

from which we deduce lim,_, 4~ J;(Wpn) = —oo. The last one is

[/ﬂ(X)G(Vﬂn(X); (Yvx) — Vﬂn(X)))dG] =[BMDG(Un(D); v(1) — dn(1)) + B0)G(i1n(0); v(0) — U (0)) ]
22
< BMG(n(1); v(1) — i1a(1)) + B(0)G° (i1 (0); v(0) — i1z (0)),
from which it turns out
1
W) |P 200 (x) - (V%) — L7n(><))d><+/q(x)lﬁn(x)lpfzﬂn(X)(V(X) — () dx
0

o _

1

+4 / a(X)F° (iin (0); v(X) — U (0) dx+ 2[B1)GC (n (1); v(1) — n(1)) + BO)G° (i1 (0); v(0) — iin(0))] >0,
0
Vv eK.

The proof of Theorem 4.1 is carried out as follows. Fix A and i as in the conclusion of Theorem 4.1. We may apply
Theorem 3.6 (see also Remark 3.4) by choosing £2 =10,1[, p=2, g=1, K = W!-2(]0, 1[), and noticing that hypothesis (4.1)
in conjunction with (2.4) implies that (3.16) holds true. Then there exists an unbounded sequence {ii,} € W12(]0, 1[) such
that

1 1
f Wn(0)V' (x) dx + / iIn () V(X) dX + AU° (iln; v) + [ A1G° (iln(1); v(1)) + BoG° (il (0); v(0))] = 0,
0 0
vv e w'2(10,1[),
where By = B(0) and 81 = B(1), while the function U was introduced in Remark 3.4. Setting
1 1
Tn(v) = —[ f Wn(X)V' (x) dx + / T (X)V(X) dx} — [B1g(iin(1))v(1) + Bog (iin(0)) v(0)]
0 0

for all v.e W12(]0, 1[), we see that T, is linear and continuous on W12(]0, 1), and T, € 23U (iI,). Taking into account that
W12(J0, 1]) is continuously and densely embedded in L%(]0, 1[), from [6, Theorem 2.2] we know that there is h, € L%(]0, 1[)
such that

1 1 1

—{ / Wa()V' (x) dx + / fa(X)V (%) dx] — A[Brg(@n(M)v(D) + fog (itn () v(0)] = / R (v (x) dx

0 0 0
for all v.e W1-2(]0, 1[). This ensures that ii, is the unique solution of the problem
u” —u=hy(x) in]O,1[,
u'(0) = —1fog(u(0)),
u'(1) = aprg(u(1))
and, in addition, i, € W22(]0, 1[). Moreover, since T, € 29U (ii,), we deduce through [6, Corollary, p. 111] that
ha(x) € [Aa () f~(In (), Ao (x) f* (Ua(x))] fora.a.x€]0,1[.

Hence the conclusion regarding problem (N1) is obtained with u, =u,. O
Remark 4.2. Theorem 1.1 in the Introduction is a direct consequence of Theorem 4.1.

Example 4.3. Set

L i1 2 +2)!+1
T Am+ ! T A+ )
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for every n € N and define the non-negative (discontinuous) function f, : R — R by

fp(t) = { 2+ DI+ DP—@n — )PP ift € U, enlan, bal,
0 otherwise.

Denoting Fy(§) = f(f fp®dt for every & € R, a simple computation shows that liminfgﬁﬁo% = 0 and

lim supg_, 4o F‘éf) = +o00. Owing to Theorem 3.8, there is a sequence of pairwise distinct functions {u,} ¢ W1?(£2) such

that

/}Vun(x)}p_ZVun(x)-V(v(x)—un(x))dx—i—/|un(x)|p_2u,,(x)(v(x)—un(x))dx

2 2
-1
+/(—F)°(un(x);v(x)—u,,(x))dx+/[—|yun(x)|p7](yv(x)—yun(x))do >0, Vvek.
2 FYe)

In particular, Theorem 4.1 ensures that there is a sequence of pairwise distinct functions {u,} ¢ W22(]0, 1[) such that for
all n € N there holds

—u(x) + un(x) € [f5 (u®), f5 (ux)] foraa.xe]o,1[,

up (0) = —/|un(0)],
up (1) = /|un(D)].
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