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Abstract
In this paper, we investigate the existence and concentration of solutions for the fol-
lowing 1-biharmonic Choquard equation with steep potential well

AT = A+ A+ AV ) = (I x F) f(w) inRY,
u € BLRV),

where N > 3, A > 0 1is a positive parameter, V : RN - R, f: R — Rare continuous
functions verifying further conditions, Q2 = int(V='({0})) has nonempty interior and
1,: R — R is the Riesz potential of order u € (N — 1, N). For A > 0 large enough,
we prove the existence of a nontrivial solution u, of the problem above via variational
methods and the concentration behavior of u) which is explored on the set €2.
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1 Introduction

In this work, we consider the existence and concentration of solutions to the following
quasilinear elliptic problems with steep potential well

AT = A+ A+ AV ) g = (I * F@) f@) inRY,

1.1
u € BL(RM), 4.

where N > 3, L > 0 is a positive parameter, the 1-Laplacian operator is defined as

. Du
Aju = div ,
[Dul

and the 1-biharmonic operator is given by

U= .
|Aul

The nonlinearity f: R — R and the potential V: RY — R satisfy the following
assumptions:

(f1) f: R — R s continuous;
(f2) lim f(s) = 0;
|s|—0

(f3) There exist constants o > Oand 1 < ¢q; < ¢ < ﬁ such that
1F)] <o(s|?7 5|27 foralls € R;
(f4) There exists k € (1, 4+00) such that
0<kF(s) < f(s)s, fors #0,

where F(s) = [ f(1)dr;

(fs) f is increasing.

(Vi) V € C(RY) and V(x) > 0 for all x € RV;

(V2) There exists Mo > 0 such that the Lebesgue measure |[{x € RY : V(x) <
Mp}| < 4o0;

(V3) Q = int(V~1({0})) is nonempty with smooth boundary and @ = V! ({0}).

Moreover, I, : RM — R is the Riesz potential of order t € (N — 1, N) on the
Euclidean space RY of dimension N > 3, defined for each x € RY \ {0} by

(252)

I (&) 7720 xN-n

Ip.(x) =
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where I'(+) stands for a standard Gamma function. The Choquard equation was intro-
duced by Choquard in 1976 in the modeling of a one-component plasma, see Lieb—Loss
[25]. It seems to originate from Frohlich’s and Pekar’s model of the polaron, which is a
quasiparticle used in condensed matter physics to understand the interactions between
electrons and atoms in a solid material, see Frohlich [19] and Hajaiej [20]. For the
study of this equation, we refer, for example, to the papers of Alves—Ndbrega—Yang
[3], Alves—Yang [5], Lee—Kim—Bae—Park [23], Liang—Zhang [24], Yang—-Tang—-Gu
[32], and the references therein.

Quasilinear elliptic equations are nonlinear generalizations of linear elliptic partial
differential equations. It is well known that linear elliptic equations represent mod-
els of various physical problems, such as Laplace and Poisson equation. That is why
they have been studied for more than two hundred years and still attract researchers
even today. As a branch or evolution of variational calculus, variational methods are
almost entirely related to nonlinearity. The earliest origin of variational methods was
in the Euler era, and the great development in modern times originated from the pio-
neering work of Ambrosetti and Rabinowitz in the 1970s. The emergence of modern
variational tools such as the mountain path theorem and the symmetric mountain path
theorem injected new vitality into ancient variational methods. The variational method
has achieved rich results in the existence and multiplicity of solutions for nonlinear
elliptic equations or systems. We recommend readers to refer to the works of Anthal—
Giacomoni—Sreenadh [6], Bai-Papageorgiou—Zeng [8], Cen—-Khan—Motreanu—Zeng
[13], Papageorgiou—Radulescu—Repovs [26], Radulescu—Repovs [30], Radulescu—
Vetro [31], Zeng—Migorski—Khan [33], and the references therein.

The 1-biharmonic problem is studied in the space of functions BL(£2) with |Q2]| <
+00 or BL(RY). Unlike the usual Sobolev spaces, the space BL is neither reflexive
nor uniformly convex and the associated energy functional lacks smoothness. This is
the reason why it is so difficult to prove that functionals defined on this space satisfy
compactness properties like the Palais-Smale condition and we have to use the critical
point theory of nonsmooth functionals. Clearly, the 1-biharmonic problem can also
be seen as the limit of the p-biharmonic ones, as the parameter p — 17, It is worth

noting that the critical exponent for the 1-biharmonic operator is 1* = % instead
N
of N=2*

In [27], Parini—-Ruf-Tarsi first studied this kind of operator and dealt with the related
eigenvalue problem. The authors proved that

fQ |Au|
mn
ueBLo(\{0} [lull1

A11(2) =
is attained by a non-negative and superharmonic function v that belongs to the space
BLo(Q) = {u eW (@) : Aue M(Q)},

where M () is the space of the Radon measures defined on €2 and fQ | Au| is defined
in (2.1). In fact, their results are more general since they also provide information
about the shape of the domain €2 that maximizes A1 1(£2). In [29], the same authors
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considered the following minimization problem

o |Au]

Af (Q) = in
: ueC®@\0} lully

and studied the shape of the subset that maximizes the quantity Af (€2). Further-
more, in Parini—-Ruf-Tarsi [28], some optimal constants of Sobolev embeddings in
certain function spaces related to the 1-biharmonic operator are proved. In [9], Barile—
Pimenta obtained the existence results of bounded variation solutions to the following
quasilinear fourth-order problem

IA%u = f(x,u) inQ,

u=a =0 ondQ.

In particular, Hurtado—Pimenta—Miyagaki [21] proved some compactness results of
the BL(RY) of radially symmetric functions and the existence of the ground-state
solution for the quasilinear elliptic problem

AT — Aju+ g = f inRV,
u € BL(RM).

Moreover, Bartsch, Pankow, and Wang studied such a situation for the first time
and proved the existence of solutions of a nonlinear Schrédinger equation with steep
potential well for A large enough, see the papers in [10-12]. In recent years, elliptic
equations with steep potential well have attracted much attention. We also refer to
the works of Alves—Figueiredo—Pimenta [2], Alves—Nébrega—Yang [3], Ding-Tanaka
[16], Jia—Luo [22] for the subcritical case and Alves—de Morais Filho—Souto [1],
Alves—Souto [4], Costa [15], and Zhang—Lou [34] for the critical case, see also the
references therein.

Motivated by the aforementioned works, in this paper, we consider the 1-bihar-
monic Choquard problem with the steep potential well. The main results in our paper
are the following ones.

Theorem 1.1 Suppose that assumptions (f|)—(fs) and (V1 )—(V3) hold. Then there exists
A* > Osuch that for each .. > \*, problem (1.1) has a nontrivial ground-state solution
uj.

Theorem 1.2 Suppose that assumptions (f} )—(fs) and (V1)—(V3) hold. If u;_ is a non-
trivial solution obtained by Theorem 1.1, then there exists ug € BL(RY) such thar,

if A = 400, then, up to a subsequence not relabeled, u,, — uq in L?OC(]RN)for
1<qg<1*and

lunlls, — lualla — 0 asn — +o0,
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where || - ||y and || - ||q are defined in (2.4) and (4.2). Furthermore, ug = 0 a.e.in
RN\ Q and uq is a solution of

AT = A+ = (I x F@) f () in Q,
u=~0 on d€2.

This paper is organized as follows. In Sect. 2, we give a detailed description of the
variational framework and the properties of the related function space defined by the
energy functional. In Sect. 3, we give the proof of Theorem 1.1, studying separately
the arguments on the existence of solutions for A large enough. Finally, in Sect.4,
we prove Theorem 1.2, studying the arguments on the concentration of solutions for
A — +o0.

2 Preliminaries

In this section, we recall the basic notions and preliminaries to the underlying function
space of problem (1.1). This space is defined by

BLR") := {u e WHRY) : Au e M(RN)],

where M(RY) is the set of all Radon measures on R¥ . Parini-Ruf-Tarsi [27] proved
that u € WHI(RN) belongs to BL(RY) if and only if

/ [Au| < 400,
RN

where
/ |Aul| = sup{/ ulAgpdx : ¢GC8°(RN),||¢||OO§1}. 2.1
RV RY
The space BL(R") is a Banach space when endowed with the following norm
llull = / [Aul + IVullr + llull,
RN

which is continuously embedded into L™ (RY) for all » € [1, 1*], see Hurtado—
Pimenta—Miyagaki [21].

Moreover, the space of smooth functions is not dense in BL(R") with respect to
the topology of the norm. However, it is with respect to the topology induced by the
following notion of convergence. This has motivated people to define a weaker sense
of convergence in BL(RM). We say that a sequence (uy),eN C BL(RM) converges to
u € BL(RY) in the sense of the strict convergence if both of the following conditions
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are satisfied
U, — u in Wl’l(]RN),

and

/ |Aun|+/ | Aul,
RN RN

as n — —+oo. In fact, with respect to the strict convergence, C ©(RN) N BL(RN) is
dense in BL(R") and Cy° (RV) is dense in BL(RV).

For a vectorial Radon measure u € M(RY RY), we denote by i = u¢ + u*
the usual decomposition stated in the Radon—-Nikodym Theorem, where u® and u*
are, respectively, the absolute continuous and the singular parts with respect to the
N-dimensional Lebesgue measure £V. With || as the scalar Radon measure, the
usual Lebesgue—Radon—Nikodym derivative of u with respect to || is given by

2 o n(Br(x))
—((x) = lim ————.
[ r—0 |u|(By(x))

It is easy to see that 7 : BL(R") — R, given by

J(u):/ |Au|—|—/ |Vu|dx+/ |u| dx
RN RN RN

is a convex functional which is Lipschitz continuous in its domain and lower semi-
continuous with respect to the W (RV) topology, for r € [1, 1*]. Meanwhile,
J is lower semicontinuous with respect to the L”(RN)-topology for r € [1,1%),
see Hurtado—Pimenta—Miyagaki [21]. Although nonsmooth, the functional 7 admits
some directional derivatives. More precisely, as is shown by Anzellotti in [7], given
u € BL(RY), for all v € BL(R") such that (Av)* is absolutely continuous with
respect to (Au)®, (Av)® vanishes LV-a.e.in {x € RV : (Au)(x) = 0}, Vv vanishes
a.e.in the set where Vu vanishes and v = 0, a.e. in the set where u vanishes, it follows
that

A e Av S
‘7(”)”_/R~ Ay d”/RN ] Dy 0140

Vu - Vo
—i—/ dx—i—/ sgn(u)v dx,
Ry |[Vu| RN

where sgn(u(x)) = 0 if u(x) = 0 and sgn(u(x)) = u(x)/|u(x)| if u(x) # 0. In
particular, taking (2.2) into account, for all u € BL(RM), we have

(2.2)

T wyu =T (). (2.3)
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Now let X, be the subspace of BL(RY) given by
X, = {u e BLRY) : /RN(l + AV () |uldx < +oo}
endowed with the norm
Jull Z/RN'A””A%N'V”'d”fRN“ FAVE)uldy. 24

Note that the embedding X; <> BL(R") is continuous in such a way that X} is a
Banach space that is continuously embedded into L" (RY) for r € [1, 1*].

Let us present the energy functional associated with problem (1.1). Let &, : X
— R be given by

Q5 () = Jn.(u) — F(u), 2.5

where J, = |ju||, and F: X; — R is defined by

Fu) = / (I * F(u))F(u)dx.
RN

Concerned with the nonlocal type problems with Riesz potential, we need the
following well-known Hardy—Littlewood—Sobolev inequality, see Lieb—Loss [25].

Lemma 2.1 (Hardy-Littlewood—Sobolev inequality) Let s,7 > 1 and 0 < o < N
with 1/s + (N — u)/N +1/r = 2. Let g € L*(RY) and h € L"(RN). Then there
exists a sharp constant C(s, N, , r), independent of g and h, such that

(X)h(y) dx dy < C(S, N’ M’}")“g“Lx RN ”h“Lr RN)-
v Jpy x — y [N - . .

Remark 2.2 In particular, F'(v) = |v|?' for some ¢q; > 0. By the Hardy—Littlewood-
Sobolev inequality,
/ / Fu@)Fu®)) .
ydx
RV Jry = yNoe
is well defined if F(u) € L*(R") for s > 1 which satisfies

N-—p
N

=2

s=r and -+
S

Since u € BL(RN ), we require that sq| € [1, 1*]. For the subcritical case, we have

to assume that
1 N—pu 1* N —pu
2— — < —(2- .
2( N ><611_612<2< N )
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In our paper, we are assuming a stronger condition on q1, g2, and i, because we intend
to study the concentration of the solutions.

Then it is easy to check that 7; is a convex functional which is Lipschitz continuous
in its domain and F € C'(X;, R). Similar to (2.3), we have

L Awtawe e Av s
jl(“)”_/m By d”/RN a2 @ 1AV

(2.6)

Vu - Vo
+/ dx—i—/ (1 4+ AV (x))sgn(u)vdx.
RN |Vl/t| RN

In particular, note that, for all u € X;, j}{(u)u = J,.(u). Moreover, taking v = u in
(2.6), it follows that

@} (wyu = J; (u)u — /RN (I, * F(u)) f (u)u dx
= lullx — / (L F@) f (wyu dx.
RN

Let us give a precise definition of the solution we are considering. Since ®; can be
written as the difference between the Lipschitz functional 7, and a smooth functional
JF, we say that u; € X, is a solution of (1.1)if 0 € 9P, (u; ), where 9P, (u, ) denotes
the subdifferential of ®, in u;, as defined, for example, in Chang [14]. This in turn is
equivalent to F'(u;) € 8.7, (u;). However, since the convexity of 75, it implies that
F'(uy) € Ty (uy) if and only if

T(v) = Ta(up) = F'(up)(v —uy) forallv e X;,

or equivalently

ol = llualln = /R(lu * F(u)) f(up) (v —uy)dx forallv e X. 2.7

Hence, every u; € X, for which (2.7) holds is going to be called a solution of (1.1).

In fact, from Parini—-Ruf-Tarsi [27], we know that if u; € X, satisfies (2.7), there
exists a function y € LOO,N(RN) and a vector field z € WHTRY) N L®([RYN) such
that |z|oo < 1 and

divz € Lo n(RY), Az € Log y(RY),

fRN u Az — fRN u)divzdx = fRN [Auy | +fRN |Vu,| dx,
Yyl = (1 +AV(x)u; ae.inRY,

Az—divz+y = (I, * F(up)) f(uw;), ae. inRY,

(2.8)

where

Loo.n <RN) = {g: RY — R g is measurable and ||g[lco.n < oo}
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and

lgloon =  sup /gcpkdx.
]RN

[Pl Pl <1

Hence, (2.8) is the precise version of (1.1).

3 Proof of Theorem 1.1

Let us first recall the Mountain—Pass Theorem in its version from Figueiredo—Pimenta
[17].

Theorem 3.1 (Mountain—Pass Theorem) Let E be a Banach space, ¥ = Iy — I, where
I € CY(E,R) and Iy is a locally Lipschitz convex functional defined in E. Suppose
that the functional \V satisfies the following conditions:

(g1) There exist p > 0 and o > W (0) such that V[yp,0) > .
(82) W(e) < W(0), for some e € E\ B,(0).

Then for all T > 0, there exists x; € E such that
c—T<WVW(xy) <cHr,
and
Io(y) = Io (x2) = I (x0) (y = x¢) = T ly = x|l forally € E,
where ¢ > « is characterized by

¢ =inf sup W(y()),
Y€l 1101

whereI' ={y € C([0,1], E) : y(0) =0and y(1) = e}.

Motivated by the paper of Alves—Yang [5], we have the following uniform bound-
edness results.

Proposition 3.2 There exists IC > 0 such that
Iy F(u)| < K forall ue X;. 3.1
Proof Indeed, by assumptions (f2) and (f3), we have that
|F)| < o (Jul! 4 [u]?),

and it follows that

|1, * F(u)] = ‘/ e

N |x—y |N“
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F(u F(u
/TSN
—yl<l X — Y[V TH —yl=1 [x — y[V T

u q1 + u q2
so [ MR ayao [ (ui ) gy
le—yl<t X = [T l—yl=1
wldt + |yl
cof il o
[x—=y|<1 [x — y[V#
where we used the fact that 1 < ¢q; < g2 < 1*. Choosing f; € ( s IN= l)ql) and

e ( N=Das l)q ), it follows from Holder’s inequality that

Ny
lx—y|<1 |x — le ®

1
hqi m 1
< |u 19" dy g W
lx—y|=1 lx=yl=1 Ix — =

yloat

-1
N_]_aWN=-w Ol
s [ i
Iri=1

Similarly, we get

-1
u q2 N— 1_f2(N ) ty
/ | |N_‘dy§C2</ Ir| 2=t dr
—yl<t X = yINTH Iri<1

Since N — 1 — “(t/v%“) > —1 fori = 1, 2, there exists a constant C > 0 such that

q1 92
/ %dygc forall x € RV,
l—yl<t 0= YR

Hence the inequality implies the uniform boundedness given in (3.1). O

Now let us verify that the functional &, : X, — R defined in (2.5) satisfies the
geometrical conditions of the Mountain-Pass Theorem.

Lemma 3.3 The functional ®, verifies the following properties:

(g1) There exist p > 0 and o > ©,(0) such that ®,[3p,0) > .
(82) ®;.(e) < D,.(0) for some e € X;\B,(0).

Proof We start to verify the first condition. Note that, from (f;) and (f3), there exists

|F)| < o (Jul™ +[u]?), (3.2
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where g1, g2 are as in (f3). Then, by (3.2) and the Hardy-Littlewood—Sobolev inequal-
ity, we get that

’ /R Uy F@)F x| < CUF@ILIFWI,

2
<G ( / (0l + )’ dx)J ,
RN

N—u
N
that 1 < sq; < sq> < 1*. By using the continuous embeddings of X, we have that

L _ N g 1(r _ * (9 _ N-p
where; =1 N . Since 5 (2 ) <q1<q2 < (2 N ),wecan see

(/Nuurf' + lul)* dx) < Gyl + llull3™).
R
Therefore,
CD;\(u)zf |Au|+/ |Vu|dx+/ (1 4+ AV(x))|u|dx
RN RN RV
—/ (I * F(u)F(u) dx
RN
= llullx —/ (I * F(u)F(u) dx
RN
2 2
> Jlullx — CaCllull;™ + llull;7).

Since g2 > g1 > 1, the claim follows if we choose p small enough.
Now let us prove that &, satisfies (g,). For a fixed positive function ug €
C5° (RV) \{0} with ug > 0, we set

fug
lluoll

o) ::H( ) fort > 0,

where
Hu) := / (I,L * F(u)) F(u)dx.
RN

By using the Ambrosetti—-Rabinowitz condition (f4), we deduce that

¢/(l‘) —H < tug > uo

lluoll;. /' Nuolls,

tug tug uo
= I, xF f( > dx
/RN [ a <||M0||x)} luolly ) lluoll,
t t
ZE/ [IM*F(—MO >:|F< uo)dx
t Jen luoll;, lluoll>
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>K (t
_7¢ ).

1

Tt » We find

Integrating this on [1, 7 [|ug|l; | with t >

¢ (t lluoll;) = ¢ (¢ luoll;)*

MO K (K
H(tuo) = H (—) lluolly, ¢
lluoll

which implies

Thus,

uo
Dy (tug) < tluollp — H <” 0 ) luoll} £ — —oo0, (3.3)
Py

ast — +oo since k > 1. Then we can choose e = tug € X, such that ®, (e) < 0.
O
From Theorem 3.1, we get that, for all A > 0, given a sequence (7,),en With
1, — 0, there exists a sequence (i, ),eN € X, such that
lim &) (u,;) = c),
n— oo
and
vl = llualln > /N (Iy % F(up)) f ) — up) dx — tyllv —unlln,  (3.4)
R

for all v € X, where ¢, is given by

cn = inf sup P, (y(1))
velitelo,1]

and I'; = {y € C([0, 1], X)) : y(0) =0, D (y (1)) < O}.
In addition, let us define the Nehari manifold associated to problem (1.1) for A > 0
which is given by
Ny ={ue X3\ {0} : &) (wu=0}.

From Figueiredo—Pimenta [18], it follows that

c; = inf max &, (tu) = 1nf D, (u).
ueX; \{0} =0

In the following result, we give lower and upper bounds for c;.
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Lemma 3.4 For each ) > 0, there exist positive constants oo and Py independent of
A such that

ao < cx < fo.
Proof From the proof of the property (g;) in Lemma 3.3, it is obvious that we can take

0 < ap < o < c. On the other hand, by e € C(‘)’O(Q), forall t > 0, as in (3.3), we
have

D, (te) <t </ |Ae| +/ |Ve|dx +/ |e|dx> —H <L> llellf 1 — —oo0,
RN RN RN llell;

as t — oo. Thus, there exists a constant By > 0 such that

¢y < max @, (te) < fo.
t>0

Next we are going to prove that the sequence (u,,),cN is bounded in BL(@RM).
Lemma 3.5 The sequence (u,)nen is bounded in BL(RY).

Proof Taking the test function v = 2u,, in (3.4) yields

il > /R (e x F ) £ o dx = el
which implies that
(T + ) lluplln = /RN (I;L * F(un)) S (un)uy dx. (3.5)
Then, by (f4) and (3.5), we get
¢, + 0, (1) = @y (uy)
1
= |lunllx +/ (I;,L * F(”n)) (‘f(un)un - F(”n)) dx
RN K
! I, x F d
_/RN;(M* (un)) f up)uy dx

1 T,
> lunllx (1 -— = —")
K K

= Cllunlly,

for some C > 0 which does not depend on n € N and A > 0. Thus, we conclude that
(t4n)nen is bounded in BL(RN). o

From Lemmas 3.4 and 3.5, we obtain the following result.
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Corollary 3.6 There exists a positive constant C > 0 independent of \ such that
luplly < C foralln e N
and

liminf ||uy|[, > «o forall . > 0.
n——+00

Since the sequence (u,)nen is bounded in BL(RY) and the compactness of the
embedding BL(RY) < LI (RY)for 1 <r < 1*, there exists u € BLjoc(R") such
that

Uy — u; in LI (RY) for1 <r < 1%,
and
U, —> u; ae.in RV,
asn — +o0. Note that u; € BL(RY). Indeed, by Fatou’s Lemma, it follows thatu, €

L'(RM). For a given (R > 0), from the semicontinuity of the norm in (BL(Bg(0)))
with respect to the (L9 (Bg(0))) convergence, we have that

n——+00

/ |Auy| < liminf/ |Auy| < liminf [[u, [[gpgy) < C. (3.6)
Bg(0) Bg(0) n—>+00

where C does not depend on n and on R. Since the last inequality holds for every
(R > 0), then (Au; € M(RY)). Hence, by Hurtado-Pimenta-Miyagaki [21], it
follows that (; € BL(RM)).

The following result is crucial for obtaining the compactness properties in our work.

Lemma 3.7 For all fixed q € [1, 1*) and for a given ¢ > 0, there exist \*(q,¢) > 0
and R > 0 such that

/ lun|?dx <e,
B4(0)

forall A > 1*(q, €) and for all n € N, where Bx(0) = {x € RN : |x| > R).

Proof For a given R > 0, let us define the sets

AR)={x eR" : |x| > Rand V(x) > Mo},
B(R)={x eR" : |x| > Rand V(x) < My},

where M is given in (V>).
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Note that, by Corollary 3.6, (V3) and the definition of || - ||;, we have
/ (1 +AMo)lunldx < / (I + AV ) lupldx < [lunllz,
A(R) A(R)

which implies that

1 C €
/ lupldx < ————lunlln < /75— < 35 (3.7
A(R) 14+ AMy 1+AMy 2

for all n € N whenever A > A*(¢) and A*(¢g) > MO_I(% — 1.
On the other hand, by Corollary 3.6, (V»), Holder’s inequality and the embeddings
of X, we obtain

/ lun| dx < Clluy |1 B(R)V < C|B(R)|V < =, (3.8)
B(R)

| ™

where R > 0 is large enough and |B(R)| — 0 as R — +o0.

Then, if 4 > A*(¢) and R > 0 is large enough, from (3.7) and (3.8), it follows the
result for g = 1.

Forgq € (1, 1*), by Corollary 3.6 and interpolation in Lebesgue spaces, the estimate
follows for A greater than a certain A*(q, ¢), since (u,),eN is bounded in Ll*(RN ).
This completes the proof. O

Now we will prove that u,,_is nontrivial.
Lemma 3.8 There exists A* > 0 such that u; # 0 for all A > A*.

Proof Taking the test function v = u, + tu, in (3.4) and letting t — 0%, we get that
(D;(un)un =o0,(1),

which implies that
el = [ (B Fln) £ s -+ 0,(1)
RN
= / (Ip, * F(“n)) S (up)un dx 3.9
Bgr(0)
+ / (T * F(un)) f(un)un dx + 0, (1).
RN\Bg(0)

From (f3) and Proposition 3.2, we have
Lo (e Pn) S
RN\Bg(0)

(3.10)
= /CO/ luy |7 dx + ’CU/ || dx.
RN\Bg(0) RN\ Bg(0)
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Then, by Lemma 3.7, taking A* > max{k*(ﬁé’;, q1), k*(ﬁ‘é’g, q2)} where «q is as in
Corollary 3.6, it follows that (3.10) implies that

lim sup/ (IM * F(u,,)) f (up) uy, dx
n—-+00 JRN\BR(0)

. (3.11)
< IClimsup/ F () tp dx < =2
RN\Bg(0) 2

n—+400
From the compactness of the embedding BL(Bg(0)) < L9(Bg(0)) for ¢ € [1, 1%),
(f») and (f3), we have that

lim (IM * F(un)) fup)u, dx = / (IM * F(uk)) fu)uy dx. (3.12)
=100 JBR(0) Br(0)

Hence, from (3.12), (3.9), (3.11) and Corollary 3.6, we obtain

/ (Iu * F(uk)) f(uy)u) dx
Br(0)

= nETOO o) (I % F(up)) f(un)un dx

> lim inf (”un”A — / (L * F(up)) f(un)un dx)
n—=>+00 RN\ B (0)

.. @0
> liminf [|up |l — —-
n—+00 2

@0
— 2 9
where A > A*. Thus u; # 0. O
The following result is the pivotal point.

Lemma 3.1 &} (u;)uy < 0.

Proof Let ¢ € C§°(RY) be such that
0O<p<1, p=1 inBg(0), ¢=0 inB5L(0)

and let C > 0 be a constant such that |[Vg| < C and |Ag| < C, for pg := ¢(-/R).
Then, for all u € BL(RY), it follows that

(A(pgru))® is absolutely continuous w.r.t. (Au)®. (3.13)
Indeed, note that

A(pru) = Apru +2Vog - Vu + grAu
= A@QRru + 2V - Vu + pr(Au)®* + pr(Au)® in D'RN).
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Then it follows that

(A(pru))' = (pr(Au)")’ = pr(Au)’.
Taking (3.13) into account and the fact that pgu, is equal to O a.e.in the set where

u, vanishes, we see that pgu,, and u, fulfill two of the three requirements that would
allow us to calculate @;(u,,)(gmeun). However, we have to ensure that

(A(prun))® = Apru +2VorVu + gr(Au)”
vanishes a.e.in the set
{x eRY : (Aup)®(x) = o} .
Hence, it might not be possible to calculate the Gateaux derivative CD& (un) (pruy).

We have to work in a slightly different way. In fact, it will be enough to work with the
left Gateaux derivative

. D; (up + toruy) — Oy (uy)
lm t 9
t—0—

which, by (3.4), satisfies

CD n n) — (D n
fim 2200 FIORUD) = $iln) _ (3.14)

t—0~ t

In order to calculate the limit above, let us first calculate separately a part of it. Let us
define for all u € BL(RY),

o = [ [awco] ax.

Then, for all u, v € BL(R"), we have that

. Tau+tv) — Ja(u)
lim
t—0— t

1
= lim —/RN(|(AM)“+I(AU)”| — |(Aw)*|) dx (3.15)

t—0- 1
Au)?(Av)?
_/ |(Av)“| dx+/ de,
T, rRN\7,  |(Au)?|

where T, = {x e RV : (Au)?(x) = 0}.
Taking into account (3.14) and (3.15), it follows that

(Aup)*[Apruy +2VeR - Vuy + or(Auy)?]
on(1) > dx
RN\T,, [(Auy)?|
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—/ |(Aprun +2Veg - Vuy)| dx

T n

Au,  or(Auy)®
f - “—lpr(Auy)’|
RV |Aun| |pr(Aup)®|
+f Vuy, - (Voruy + @rVuy)
RN Vi |

dx

+ / (I + AV (x)) sgn(un)(priun) dx
RN

- /I‘RN (IM * F(uﬂ)) S un)pruy dx

/ Pr|(Auy)*|dx
RM\T,

TVl

+ f (Aup) (Apgity + 2V - Vi)
RN\T,, [(Aup)4|

dx

—/ [(Apruy +2Veg - Vu,)|dx

n

Auy  or(Auy)’
/ . “— |or(Aun)’|
RN [Auy| |pr(Auy)f|
+/ Vuy - (Voruy + @rVuy) dx
RN [Vuy,|

+/ (1 4+ AV (X)) luy| or dx
RN

- /RN (I/L * F(”n)) S un)pruy, dx.

Noting that fRN\Tu @R |(Aup)*| dx = [pn @r [(Auy)?| dx and calculating the
lim,,_, 4« in the inequality above, we have that

n——+o00

f (Aup)®  @r(Auy)®
RV [ (Aun)®| |or(Auy)?

0 > lim inf (f or |(Aup)?| dx
RN

| !w(Aun)S})

o (Aup)*(Apruy +2Vog - Vuy)
+ llminf D) dx
n—1+00
RM\T,, Un (3.16)
— lim sup/ |(Apru, +2Ver - Vu,)| dx
T,

n—-+o0o

Vu, - (V \%
+ lim inf/ up - (Voruy + orVuy,) dx
n—+00 JpN [Vuy,|

+ /RN(I + AV (X)) lupl g dx — /RN (I * F(u3)) fup)grus, dx.
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Now, by the lower semicontinuity of the norm in BL(Bg(0)) w.r.t.the LY (Bg(0))-

convergence and also by the fact that ﬁ;ﬁ—ﬁl = Iﬁ_l a.e.in Bg(0) with (3.16), we have
that

/ |Auy| dx
Bg(0)

/ (Aup)*(Apruy +2Veg - Vuy) dx
RN\T,

< — liminf

n—>+00 [(Aup)?|
+ lim sup/ [(Apgru, +2Veg - Vuy,)| dx (3.17)
n—+oo JT,,

.. Vu, - (Vorun + @rVuy)
— lim inf dx
RN [Vuy,|

n——+00

- [ aventulords + [ (10 F) fanpnn ds.

Furthermore, since (i) ex is a bounded sequence in L' (RY), it follows that

A a.A
lm inf / un(Aun)® - AgR 4
RN\Tun

lim
n—00 [(Auy)?|

R—+o00

R—+o00 n—oo

< lim (im inf / il | Agr| dx) (3.18)
RN\T,,

c
< lim —(lim inf / lun| dx) = 0.
RN\T,,,

~ R—>+oo R n—00

Similarly, we can also get that

. . . (Aup)*(2Veg - Vuy)
lim |lim inf dx| =0,
R—+oo|  n=>00 Jpm\1, [(Aun)“|
(3.19)
lim liminf/ |(unApr +2Veg - Vuy,)| dx| =0,
R—+o00 [n—>+400 Tup
and
Vu, -V
lim |lim inf / Un¥Un YOR x| =o0. (3.20)
R—>+00 |[n—>+00 JpN [Viuy,|

Letting R — +o0 in both sides of (3.17) and taking (3.18), (3.19) and (3.20) into
account, we get that

/ |Aul|+/ |Vux|dx+/ 14+ AV (x)) |u,| dx
RN RN RN

< / (I * Fu3)) £ (), dx.
RN
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This shows the assertion of the lemma. O

By the last result, there exists #;, € (0, 1] such that #,u; € N;. Note also that
cx +0n(1) = @y (up) + 0,(1) = Oy () — D (up)uy

= /RN (I % F(up)) (f (un)un — F(up)) dx, (3.21)

and under (f5), it is easy to see that  — f(¢)t — F(¢) is increasing for ¢t € (0, 4+-00)
and decreasing for ¢t € (—o0, 0), then by Fatou’s Lemma in the last inequality, we
derive that

e = /RN (T % Fup)) (f (up)u. — F(up)) dx

= /RN (I * F(up)) (f () tpuy, — F(tuy)) dx

= O, (thuy) — Q) (Huy)tu,
= @, (thuy)
> Cy-

Hence, 1, = 1, @, (u)) = ¢, and by (3.21),

(IM * F(un)) (f (un)uy — F(uy))

(3.22)
— (I, % F(up)) (f w)up — F(uy)) in L'RY).

Moreover, by (f4), we have
0< (1 - %) Jfunun < f(un)n — F(un),
and
0= —DF(@uu) < fup)un — F(up).
Then, by (3.22), we can apply Lebesgue’s Dominated Convergence Theorem to get
(L * Fun)) f@ntn = (L% Fu) fup)us in L'RY), (3.23)
and
(Lo % F(un)) F(up) = (Iy % F(u;)) F(up) in L'(RY).

Since

s lln = / (I * F(u) f s dx
]RN

@ Springer



1-Biharmonic Choquard Equation with Steep Potential Well in RN Page210f27 276

and
il = fRN (I F ) f ()it dx + 0 (1),

by the limit (3.23), we obtain

N lln = lulls, (3.24)
from which we conclude that

lunlly = Nusdly, (3.25)

asn — +o00.
Now we can prove Theorem 1.1.

Proof of Theorem 1.1 Based on the previous results, we can finish the proof of Theorem
1.1. Indeed, by (3.4), (3.24), (3.25), and the lower semicontinuity of the norm || - ||,
w.r.t. the L! (RN )-convergence, it follows that

lvllx = llualln = /IRN (IM % F(u)) f(up)(v—uy)dx forallv € X,.

Then, u; is a nontrivial solution of problem (1.1) and ®, (1) = c;.. Thus, u;, is also
a ground-state solution of problem (1.1). O

4 Proof of Theorem 1.2

In this section, we first consider the problem

{A%—Alquﬁ:(lu*F(u))f(“) in &, @1

u=0 on 0%2.

The corresponding energy functional ®g(u): BL(2) — R is given by

Po(u) = |lulle — /Q (1,0 % F(w)) F(w) dx,

where

||u||9=f |Au|+/ |Vu|dx+/ |u|dx+f luldHN =" 4.2)
Q Q Q 02

Also, we have that u € BL(f2) is a solution of (4.1) if

lolle - lullg > fQ (I % F) f@)(v—u) forall v € BL(),

@ Springer



276  Page 22 of 27 H.Tao etal.

Definition 4.1 A sequence (wy),eny C BL(RY) is called a (PS)..x0-sequence for the
family (®;);>1, if there is a sequence A, — oo such that u, € X;, forn e N,

CD)\,, (wy) — c,
as n — +o00, and

vllx, = llwally,

4.3
2‘/]RN (IM*F(wn))f(wn)(v_wn)_Tn ”U_wn”)\n @

forall v € X, where 7, — Oasn — +o00.
Similarly to the proof of Lemma 3.3, ®q, also satisfies the geometric conditions of

the Mountain-Pass Theorem. Then, the Nehari manifold associated to ®¢ is also well
defined by

Ng = {u € BL(Q) \ {0} : ®Guw)u =0},
and

co = inf &g = inf max & 1)),
o =igf ®g = inf max ey @)

where
I'g ={y € C([0, 1], BL(2)) : y(0) =0 and ®q(y(1)) < 0}.

Lemma 4.1 Let (wy)eny C BLRN) be a (PS)a.00-sequence for (®y)>1 withd € R.
Then either d = 0 or d > cq. Moreover, there exists wq € BL(RN) such that, up to
a subsequence not relabeled, w, — wq in quoc (RM), foralll < g < 1%, wg=0
a.e.in RN\ and wg is a solution of problem (4.1). Moreover, if d = cq, then

lwallx, — lwalle = 0 asn — +o0.
Proof Note that as in the proof of Lemma 3.5, we have that
d+on(1) = Cllwnll;,
which implies that d > 0. We also conclude that (||w, ||, )ren is a bounded sequence
and then we know that (w,,),en is bounded in BL(R™).

By the Sobolev embedding, there exists wg € BLjoc (RV) such that

w, — wg in LI RY)forl <gq < 1%,

loc
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and
w,(x) > wo(x) aex elR,

as n — +o00. Moreover, it is possible to show that in fact wg belongs to BL(@RM).
Next let us show that wo = 0 a.e.in RN\Q. In fact, for each m € N, let us define

1
sz{xeRN : V(x)z—},
m

and note that RN\Q = Ufzof C,, U0Q. Then, since (||wy ||, )nen is bounded, we have

m
/ wal dv < 25 [ 2,V ) Jwnl d
Cn )\’” Cn
< 2w,
< —|lw
A nlix,
= On(l)a

which implies by Fatou’s Lemma that

/ lwa|dx = 0.

Hence, since RN\Q = U;;Of Cp, U0 and |02 = 0, it follows that

/ lwe| dx =0,
RV\Q

and then that wg = 0 a.e.in RV \Q.
If d = 0, it implies that |wy|l,, — 0 asn — +oo and we are done.
Ifd > 0, since

d +op(1) = @y, (wp) < lwally,,

it is possible to argue as in Lemma 3.8 in order to show that in fact wq # 0.
Similar to the proof of Lemma 3.1, we also get that

Of, (wo) wg < 0.

From the last conclusion, there exists to € (0, 1] such that tqwg € Ngq. Note also
that

d+o,(1) = q))»n(wn) +o,(1) = (D)»,,(wn) - cbghn(wn)wn

= /RN (L % F (wn)) (f (wp)wn — F (wy)) dx. @4
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Then, by Fatou’s Lemma in the last inequality, we derive that

d> /R (e Fue) (fw)wg — Fwg)) dx

z /RN (I * F(we)) (f (tewe)iqwa — F(tqwg)) dx

= Do (towea) — Pglowe)iowe
= Pqtqwg)
= cQ,

which implies that d > cgq.

Finally, we consider the case d = cq. In this case, we have 1 = 1, Pq(wq) = cq
and wg € Ng. Then, by (4.4), we obtain

(Ip_ * F(wn) (f (wp)wy — F(wy))
— (I * F(we)) (f (we)wg — F(wg)) in L'(RY).

Moreover, by (f1), we also get

(Iy % F(wy)) f(wwy, — (I * F(wg)) f(we)we in L'(RY), (4.5)
(1, % F(wy)) F(wy) = (I, % F(wg)) F(wg) in L'(RY),
lwallz, = llwalle,
lwalli = llwell, (4.6)

asn — +o00. For each v € BL(f2), let us consider the extension of v of v(x) given by

. 0 ifx e RV\ Q,
v(x) = .
v(x) ifx € Q,

and note that

1511, =/ |A6|+/ |v5|dx+/ (14 2V (0) 5] dx
RN RN RN

:/ |Aﬁ|+/ |Vﬁ|dx+/ |f)|dHN_1+/ 5] dx
Q Q 0Q Q

= [vlla-

Then, using the lower limit in (4.3) and taking (4.5) and (4.6) into account, it follows
that

folla ~ lwalla = [ (1 + Fwe) £ (wa) G~ wa) dr.
Q
which shows that wg, is a solution of problem (4.1). The proof is complete. O
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Now we can give the proof of Theorem 1.2.

Proof of Theorem 1.2 Let {A,},en C [A*, +00) be any sequence with A, — 400
and let u, := u,, be critical points of ®;, obtained by Theorem 1.1, which implies
®;, (up) = ca,.

For a given u € BL(R), denoting by u its extension by zero on R¥\, it follows
from Green’s Formula for BL-functions that

f |Aﬁ|+/ |Vﬁ|dx+/ |i| dx
RN RN RN
=/ |Au|+/ |Vu|dx+/ |u|dx+/ luldHN L.
Q Q Q 0

Thenu € X, and P (u) = ¥, (u) foreach A > 0. Hence, for each y € I'g, it follows
that y € T'y. This fact shows that

= inf max ® ) < inf max 1) = cq. 47
T er elonn A(y())_yel“me[o,l] ely() = cq “.7

for every A > 0, which implies that, up to a subsequence, ®;,(u,) = d € [0, cq] as
n — 4o00. Since u, satisfies (4.3) with t, = 0, it follows that (u,),cn is indeed a
(PS)4,00-sequence.

Finally, by Lemma 3.4, we have d > 0, hence d > cq from Lemma4.1. Then, from
the last inequality and (4.7), we obtain d = cq and (u,)xen is a (PS)q.c0-s€quence.
Again by Lemma 4.1, there exists uq € BL(RY) such that, up to a subsequence,
U, — ugq in L?OC (RN) forl < g < 1*,ug =0ae.in RN\Q, uq is a solution of

problem (4.1), and
lunll, — lluelle — 0 asn — 4o0.

Hence, Theorem 1.2 is proved. O
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