The Journal of Geometric Analysis (2021) 31:11849-11877
https://doi.org/10.1007/s12220-021-00703-3

®

Check for
updates

Positive Solutions for Singular Anisotropic (p, q)-Equations

Nikolaos S. Papageorgiou’ - Patrick Winkert?

Received: 14 January 2021 / Accepted: 17 May 2021/ Published online: 2 June 2021
© The Author(s) 2021

Abstract

In this paper, we consider a Dirichlet problem driven by an anisotropic (p, q)-
differential operator and a parametric reaction having the competing effects of a
singular term and of a superlinear perturbation. We prove a bifurcation-type theo-
rem describing the changes in the set of positive solutions as the parameter moves.
Moreover, we prove the existence of a minimal positive solution and determine the
monotonicity and continuity properties of the minimal solution map.
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1 Introduction

Let @ € RY be a bounded domain with a C2-boundary 9<2. In this paper, we deal
with the following parametric anisotropic singular (p, g)-equation

—Apeyu = Agyu =4 [u_”(” + f(x, u)] in Q,
(P)
u39=0, u>0, A>0.
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Given r € C(Q2) we define

r— =minr(x) and ry = maxr(x)
xe xe

and introduce the set
Ey={reCc® :1<r_}.
For r € E the anisotropic r-Laplace differential operator is defined by
Ao = div (IVul @ 2Vu) forallu e Wy ().

This operator is nonhomogeneous on account of the variable exponent 7 (-). If (-) is
a constant function, then we have the usual r-Laplace differential operator. In problem
(P,) we have the sum of two such anisotropic differential operators with distinct expo-
nents. So, even in the case of constant exponents, the differential operator in (P;,) is not
homogeneous. This makes the study of problem (P;) more difficult. Boundary value
problems driven by a combination of differential operators of different nature, such
as (p, g)-equations, arise in many mathematical models of physical processes. We
mention the works of Benci—D’ Avenia—Fortunato—Pisani [3], where (p, 2)-equations
were used as a model for elementary particles in order to produce soliton-type solu-
tions. We also mention the works of Cherfils-Il" yasov [5], where the authors studied
the steady state solutions of reaction—diffusion systems and of Zhikov [31,32] who
studied the problems related to nonlinear elasticity theory.

In the reaction of (P ) we have the competing effects of a singular term s — s~
and of a Carathéodory function f: Q@ x R — R, thatis, x — f(x, s) is measurable
foralls € Rand s — f(x,s) is continuous for a.a.x € 2. We assume that f(x, -)
exhibits (p4 — 1)-superlinear growth uniformly for a.a.x € € as s — 400 but need
not satisfy the Ambrosetti-Rabinowitz condition (the AR-condition for short) which
is common in the literature when dealing with superlinear problems. The sum of the
two terms is multiplied with a parameter A > 0.

Applying a combination of variational tools from the critical point theory along with
truncation and comparison techniques, we prove a bifurcation-type theorem describing
the changes in the set of positive solutions as the parameter A moves on the open positive

o

semiaxis Ry = (0, +00). We also show that for every admissible parameter 1 > 0,
problem (P, ) has a smallest positive solution i) and we determine the monotonicity
and continuity properties of the minimal solution map A > ii;.

Boundary value problems driven by the anisotropic p-Laplacian have been studied
extensively in the last decade. We refer to the books of Diening—Harjulehto—Hasto—
Ruzicka [6] and Ridulescu—Repovs [24] and the references therein. In contrast, the
study of singular anisotropic equations is lagging behind. There are very few works
on this subject. We mention two such papers which are close to our problem (P)).
These are the works of Byun—Ko [4] and Saoudi—Ghanmi [26] who examine equations
driven by the anisotropic p-Laplacian and the parameter multiplies only the singular
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term. Moreover, the overall conditions on the data of the problem are more restrictive,
see hypothesis (pys) in [4] and hypotheses (H1)—-(H4) in [26]. We also mention the
isotropic works of the authors [21,22] on singular equations driven by the (p, g)-
Laplacian and the p-Laplacian, respectively. Finally, related works to the topic can
be found in the papers of Ambrosio [1], Ambrosio—Rédulescu [2], Liu—Motreanu—
Zeng [15], Papageorgiou—Zhang [23], Ragusa—Tachikawa [25], Zeng—Bai—Gasinski—
Winkert [28,29] and the references therein.

2 Preliminaries and Hypotheses

In this section, we recall some basic facts about Lebesgue and Sobolev spaces with
variable exponents. We refer to the book of Diening—Harjulehto-Hésto—Razicka [6]
for details.

Let M (£2) be the space of all measurable functions u : 2 — R. We identify two such
functions when they differ only on a Lebesgue-null set. Given r € E1, the anisotropic
Lebesgue space L") (Q) is defined by

L'Q) = {u € M(2) : / lu|"® dx <oo}.
Q

This space is equipped with the Luxemburg norm defined by

r()
||u||r<'>=inf{u>0:f(m) dxsl}.
o\ u

The modular function related to these spaces is defined by
0r() () = / lu @ dx forallu € L"().
Q

Itis clear that | - || .y is the Minkowski functional of the set {u € L™O(Q) : or(y(u) <
1}. The following proposition states the relation between || - ||, and the modular
or(): L'O(Q) — R.

Proposition 2.1 Letr € Ey, letu € L™ () and let {uy}neny C L7 (Q). The follow-
ing assertions hold:

@ lulroy =1 <= o (4)=1

(b) llullry < l(resp.=1,>1) = o) <1(resp.=1,>1);
() lulrey <1 = ulli) < 0ry@) < lull,:

@) luloy =1 = lull) < ore @) < lull’f);

(e) lluplly¢y = O(resp. - o00) <= 0,()(u,) — 0 (resp. — o0);
() Nun —ullrcy >0 <= or¢)(up —u) — 0.
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We know that (L") (), || - Il(.)) is a separable and reflexive Banach space. Further
we denote by r'(x) =

7 the conjugate variable exponent to r € E|, that is,

1 n 1
r(x) | r(x)

=1 forallx € Q.

Itis clear that ¥ € E. We know that L™ ()* = L") (Q) and the following version
of Holder’s inequality holds

1
/ luv|dx < [— —/} lell-ey vl

forallu € L' () and forall v € L O(Q). B
Moreover, if ri,rp € E; and ri(x) < ry(x) for all x € Q, then we have the
continuous embedding

LPO(Q) — L"O(Q).

The corresponding variable exponent Sobolev spaces can be defined in a natural
way using the variable exponent Lebesgue spaces. So, given r € E|, we define

whrO@) = {u e L'O(Q) : |Vul € L’(')(Q)}
with Vu being the gradient of u: & — R. This space is equipped with the norm
lullirey = lullee) + I Vullyy forallu e WHO(Q)

with [[Vullyc) = | [Vl lr). B
Let r € E be Lipschitz continuous, that is, r; € E1 N CO1(Q). We define

Wol,r(~)(9) _ mll'lll.r(-)'
The spaces w0 (Q) and Wg ) (2) are both separable and reflexive Banach spaces.
On the space WO1 ’r(')(Q) we have the Poincaré inequality, namely there exists ¢ > 0
such that

A~ 1,r(-
lully) < &I Vullyy forallu e Wy ().

Letr € E; N C%1(Q) and set

Nr(x) if N o
P*(x) = { V- 1 r) <N, forallx € Q,
+00 if N <r(x),
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which is the critical variable Sobolev exponent corresponding to r. Let g € C (5_) be
suchthat 1 < g_ < qg(x) <r*(x) (resp. 1 < g— < q(x) < r*(x)) forall x € Q. If
X=whO@)orX = W&’r(')(Q), then we have

X — L9Y(Q) continuously (resp. compactly).

This is the anisotropic Sobolev embedding theorem.
Forr € E; N C%1(Q), we have

W, @ = w0 Q).
Let Aq(y: Wol’r(') (Q) - W’l*’/(')(Q) be the nonlinear operator defined by
(Ary @), h) =/ |Vu"2Vu . Vhdx forallu, h € Wy" ().
Q

This map has the following properties, see, for example, Gasinski—Papageorgiou [9,
Proposition 2.5] and Radulescu—Repovs [24, p.40].

Proposition 2.2 The operator A,): Wé’r(')(Q) — W‘L’/(')(Q) is bounded (so it

maps bounded sets to bounded sets), continuous, strictly monotone (which implies it
is also maximal monotone) and of type (S)+, that is,

un ~> win Wy (Q) and lim sup (A, (n), un — u) < 0

n—o0

imply u, — uin W(;’r(')(SZ).

The anisotropic singular regularity theory, see Saoudi—Ghanmi [26, Appendix 2],
leads to another Banach space, namely the space

cl@) = [u e C'@ : ul,g =0].
This is an ordered Banach space with positive (order) cone
Ch@4 = [u e Ch@ :u() = Oforall x e @}

This cone has a nonempty interior given by

_ _ 9
int (Cg(sz)+) - {u e Cl@)y4 1 u(x) > Oforallx € Q, %

<O},
Q2

where g—z = Vu - n with n being the outward unit normal on 9€2.
Our hypotheses on the exponents p(-), g(-) and n(-) are the following ones:
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Ho: p.g e EiNCY(Q),neCQ),1 <g_<gqgy <p_<pyand0 < nx) <1
forall x € Q.

Using these conditions on the exponents and following the arguments in the papers
of Papageorgiou—Radulescu—Repovs [16, Proposition 2.4], [18, Proposition 6] we can
have two strong comparison principles.

For the first, we will need the following ordering notion on M (£2).

So, given y1, y2: 2 — R two measurable functions, we write y; < y; if for every
compact set K € @, we have 0 < cx < y(x) — y1(x) for a.a.x € K. Note that
if y;,y2 € C(R) and y1(x) < y2(x) for all x € Q, then y; < y,. The first strong
comparison principle is the following one, see Papageorgiou—Radulescu—Repovs [16,
Proposition 2.4].

Proposition 2.3 If hypothesis Hy holds, & € L®(Q), E(x) > 0 for a.a.x €
V1, Y2 € Loi(Q), V1 X »,u € Wl"’(')(Q), u(x) > 0 fora.ax € Q2 u # 0,
v eint (CH(Q)4) and

—Apyu — Agyu + E)uP=1 — =) — yi1(x) in &,
—Apv — Agyv + E(x)pPM—1 =) — ya2(x) in 2,
_ i ¥7e)
then v — u € int (CO(Q)+).

In the second strong comparison principle, we strengthen the order condition on y;
and y; but drop the boundary requirements on « and v, see Papageorgiou—Radulescu—
Repovs [18, Proposition 6].

Proposition 2.4 If hypothesis Hy holds, € € L(Q), £ > 0 fora.a.x € Q, y1, y; €

L®(Q),0 < co < y2(x) — y1(x) fora.a.x € Q u,v e CH¥Q), 0 < u(x) < v(x)
forall x € Q and

—Apou — Agyu + E)uPO — ™1 =y (x) in Q,
—Apyv — Agyv + g(x)v”(x)_l — W = y2(x) in 2,
then u(x) < v(x) forall x € Q.

Givenu € M(2), we define u* = max{=u, 0} being the positive and negative parts
of u, respectively. Weknow that u = u™ —u~, |u| =u™ +u~ andifu € Wol’p(')(Q),
then u* € Wy " (Q).

Ifu,v e M(Q2) and u(x) < v(x) fora.a.x € Q, then we define

[u,v] = {h e Wy P (@) u(x) < h(x) < v(x)fora.a x e Q} ,

) = {h e WIP(Q) : u(x) < h(x) fora.a.x e Q}
Moreover, we denote by intc g [u, v] the interior of [u, v] N CH(Q) in C/(Q).
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In what follows, for notational simplicity, we denote by || - || the norm of the
anisotropic Sobolev space W(} P0) (£2). On account of Poincaré’s inequality we have

1,p(
lull = [ Vull i, forallu e Wy ")
Given a Banach space X and a functional ¢ € C 1(X), we define
Ky={ueX:¢'u=0}

being the critical set of ¢. We say that ¢ satisfies the “Cerami condition”, C-condition
for short, if every sequence {u,},en € X such that {¢(u,)},en € R is bounded and

(I + llunllx) ¢ (up) = 0 in X* asn — oo,

admits a strongly convergent subsequence. This is a compactness-type condition on
the functional ¢ which compensates for the fact that the ambient space X is not locally
compact in general, since it could be infinite dimensional. Using this condition, we
can prove a deformation theorem which leads to the minimax theorems of the critical
point theory, see, for example, Papageorgiou—Radulescu—Repovs [17, Section 5.4].
Now we are ready to state our hypotheses on the nonlinearity f: Q@ x R — R.

Hi: f: Q xR — Ris a Carathéodory function such that f(x,0) = 0fora.a.x € Q
and

(i) there exists a € L>(S2) such that
0< f(x,s) <a(x) [1 +Sr(x)—1]

fora.a.x € 2, foralls > 0 withr € C(Q) such that p, < r_ < r(x) < p*(x)
forall x € Q;
N

(i) if F(x,s) =/ f(x,t)dt, then
0

. F(x,s)
lim
s—+oo §P+

= 400 uniformly for a. a.x € ;
(i) there exists a function u € C(2) such that

w(x) e <(r+ — p_)max {pﬁ’ 1} , p*(x)> forallx € Q

and

,8)s — pLF(x,
0 < o < liminf L5238 = P F(x.5)
§—>+00 gu(x)

uniformly for a.a.x € Q;
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(iv)

0 < i1 < liminf L&)

p uniformly for a. a. x €
s—0t s+~

and for every £ > O there exists my > 0 such that my < f(x,s) fora.a.x € Q
and for all s > ¢;
(v) forevery p > 0 there exists £, > 0 such that the function

s — f(x,s) ~|—§ps”(")_l
is nondecreasing on [0, p] fora.a.x € Q.

Remark 2.5 Without any loss of generality we can assume that f (x, s) = Ofora.a.x €
2 and for all s < 0 since we are interested in positive solutions of (P, ). Hypotheses
H; (i), (iii) imply that f(x, -) is (p4+ — 1)-superlinear for a.a.x € Q. In most papers
in the literature, superlinear problems are treated by using the AR-condition which in
the present context has the following form:

(AR)4: There exist & > p4 and M > 0 such that

0<6F(x,s) < f(x,s)s fora.a.x € Qandforalls > M, 2.1
0 <essinfeq F(x, M). 2.2)

This is a unilateral version of the AR-condition since we assume that f'(x, s) = 0 for
a.a.x € 2 and for all s < 0. Integrating (2.1) and using (2.2) gives

cls9 < F(x,s)
fora.a.x € , for all s > M and for some ¢; > 0. Hence,
as’ < fx,s)

fora.a.x € Qandforalls > M,see (2.1). Therefore, the (AR) -condition dictates that
f(x, ) has at least (¢ — 1)-polynomial growth as s — +o00. By this way we exclude
superlinear nonlinearities with “slower” growth near +oo from our considerations.
The following example fulfils Hy, but fails to satisfy the (AR).-condition:

(sT)" ! ifs <1,
sPH ) +s7@O-1 if 1 <

f(x,S)Z{

with 7 € C(Q), 74 < ¢, and 6 € C(Q) such that 0, < p.
Hypothesis H;(iv) implies that f(x, -) is strictly (¢4+ — 1)-sublinear.

When studying singular problems of isotropic and anisotropic type, the presence
of the singular term leads to an energy function which is not C! and so we cannot
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apply directly the minimax theorems of the critical point theory on it. We need to find
a way to bypass the singularity and deal with C'-functionals. To this end, we examine
a purely singular problem in the next section. The unique solution of this problem will
be helpful in our effort to bypass the singularity of our original problem (P;).

3 An Auxiliary Purely Singular Problem
In this section, we study the following purely singular anisotropic Dirichlet problem

—Apyu — Agoyu =" in Q. ul,; =0, u>0, A>0. (Aun)

We have the main result in this section.

Proposition 3.1 If hypothesis Hoy holds, then problem (Au;) has a unique positive
solution u, € int (Cé (SZ)+). Moreover, the mapping A > u, is nondecreasing, that
is, if 0 < A/ < A, then we have uy < u,.

Proof For the existence and uniqueness part of the proof we assume for simplicity that
r=1

Tothisend, letg € L? )(Q) and let ¢ € (0, 1]. We consider the following Dirichlet
problem

—Apot — Dgoyu = [lg)] +¢] " inQ, ul,,=0, u>0. (3.
Let V: W&’p(')(Q) — W&’p(')(Q)* = W17 0(Q) be the nonlinear operator

defined by
V@) = Apey () + Agy(u)  forallu e WyP(Q).
This operator is bounded, continuous, strictly monotone and so maximal mono-

tone, see Proposition 2.2. It is clear that it is also coercive, see Proposition 2.1.
From Corollary 2.8.7 of Papageorgiou—Rddulescu—Repovs [17, p. 135] we know that

V: W ") - WP OQ) is surjective. Since [|g(-)] + &]710) € L™(RQ) we
can find ¥, € Wé’p(')(Q) such that

Vo) =[lgl+¢] " inwO(Q).
From the strict monotonicity of V we know that 0, is the unique solution of (3.1).
Moreover, by acting with —3, € W(}‘p(')(Q) we obtain 0, > 0 and v, # 0. Thus, we

have

_Ap(<)ﬁs — Aq(.)ﬁg = [|g| + 8]_n(X) in €, ﬁs|8§2 =0.
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Theorem 4.1 of Fan—Zhao [7] implies that v, € L% (). Invoking Corollary 1.1
of Tan—Fang [27] (see also Lemma 3.3 of Fukagai—Narukawa [8]) we have that v, €
C é (£2)+ \ {0}. Finally, the anisotropic maximum principle of Zhang [30, Theorem 1.2]
says that 9, € int (C}(R)4).

Now we can define the solution map K, : LPO)(Q) — LP)(Q) given by

Ke(g) = 0.

We have

. A h
(4p0) (Be) - )+ (Aq0) (vs)vh>=/gmd’€ (3.2)

forall i € Wy'"")(Q). Choosing h = 9 = K.(g) € W,""(Q) in (3.2) gives
0p() (V) + 0g() (Vie) < ce |[0e|  for some ¢ > 0.
Assume that |9, | > 1, then, by Proposition 2.1, one gets
9] < e |0 |
and so,
[oe]" " = IKe @1P-7" < ¢ forall g € LPO(Q). (3.3)

It follows that K,: LP©(Q) — LPY(Q) maps LP)(Q) onto a bounded subset of
1,p(
Claim 1: K, : LPO(Q) — LPO(Q) is continuous.
Letg, — gin LP(')(Q) and let v, = K. (g,) withn € N. From (3.3) we know that

{00}, = (Ke(@)lnery € Wy P2 is bounded.
We may assume that
0 =0 in Wy "(Q) and 9, — § in LPO(Q). (3.4)
We have

(A () )+ (g (3n) ) = [ — @3)

—)dx
Q [lgnl +e]"™
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forall h € Wol’p(')(Q) and for all n € N. We choose h = 0, — ¥ € Wol’p(')(Q) in
(3.5), pass to the limit as n — oo and use (3.4) and the fact that

; C L*°() isbounded.
n()
(Ignl +€) neN

This yields

Jim [(Ap) (8a) 5 00 = 0) + (Ag() (), B0 = 8] = 0.
Due to the monotonicity of A,(.)(-) we obtain

lim sup [(Ap) (D) . B0 — 0) + (Ag (D). B — D)] < 0.

n—00
From this and (3.4) we then conclude that
lim sup (Ap(‘) (ﬁn) , Uy — ﬁ) <0.
n—00
By the (S)-property of A (., see Proposition 2.2, we have that
by — 0 in Wy PO(Q). (3.6)

Passing to the limit in (3.5) as n — 0o and using (3.6) gives

(Apr (9) ) +{Aq0) (9) 1) = / :

— dx
a [lgl +e]"™

forall h € W(; 0 (2). Thus, v = K (g). Therefore, by the Urysohn criterion for the
convergence of sequences, we conclude that for the original sequence we have

Uy = Ke(gn) = Ke(g) = 0.

Hence, K is continuous and this proves Claim 1.
Recall that K, (LP")(Q)) C W(}’p(')(Q) is bounded, see (3.3). On the other hand,
we have the compact embedding Wy'” () < LP) (). This implies

K.(LrO©) " < 1PO(Q) s compact. 3.7)

Claim 1 and (3.7) permit the use of the Schauder—Tychonoff fixed point theorem,
see Papageorgiou—Rédulescu—Repovs [17, Theorem 4.3.21]. So, we can find u, €

W,y " () such that

K. @) =7 Cint (C@)+ ).

@ Springer



11860 N.S. Papageorgiou, P. Winkert

Hence
—Apoyiis — Dgylie = [T +¢] " inQ, Wl =0, @ >0. (38

In fact, this solution is unique. Indeed, suppose that y, € int (Cé (§)+) is another
positive solution of (3.8). Then we have that

0= (Ap0) @) = Apy (5e) (@ = 52) )+ (Ager @) = Agr (52) - (@ = 7))

- : 1 e —75,) dx <0
_/S; [, + e]"™ B [i +8]n(x) (us - ys) x = U
&€

We obtain u, <7y,.

Interchanging the roles of u, and y, in the argument above also gives y, < v,.
Hence, u; = y,. This proves the uniqueness of the solution u, € int (Cé (§)+) of
problem (3.8).

Claim 2: If 0 < ¢’ < ¢, then iy < U, .

First note that i, i1, € int (C}(Q2)-). Since ¢’ < & we have

—ApyTle — Mgyl = [T + &7 = [y +6]77 inQ. (39)
Next we introduce the Carathéodory function /. : 2 x R — R defined by

[st+e]"Y  ifs <m0,

1
[ (X) + 61779 if i (x) < s. (3.10)

le(x,s) = {

Let Lo(x,s) = f(; I (x, 1) dr and consider the C!-functional Ve Wé’P(')(Q) — R
defined by

wg(u)z/ L|Vu|1’<x)dx+/ qurf(x)dx—/ Le(x,u)dx
o p(x) Q q(x) Q

forall u € Wé’p 0 (£2). From the definition of the truncation in (3.10) we see that
1
Ve (u) > o [0p()(Vu) + 04y (Vu)] — 1
+

for some ¢; > 0. Hence, v: Wé’p (')(Q) — R is coercive. Moreover, by the

anisotropic Sobolev embedding theorem we know that ¥, : Wol’p (')(Q) — R is
sequentially weakly lower semicontinuous. Then, by the Weierstra3—Tonelli theorem,

we can find i, € Wol’p(')(Q) such that

e (i) = min [ws(u) Cue W(}”’<')(sz)]. 3.11)
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Let u € int (C}(2)4) be fixed. Since i, € int (C}(2)+), we can take ¢ € (0, 1)
small enough such that ru < u,, see also Proposition 4.1.22 of Papageorgiou—
Radulescu—Repovs [17]. From (3.10) we see that we have v.(fu) < 0 and so

Ve (1) < 0 = ¥,(0). Hence, 1, # 0.
Taking (3.11) into account we have v/ (it;) = 0, that is,

(Apey (e) , h) 4+ (Ag(y ()  h) = /ng (x, itg) hdx (3.12)

forall h € Wy'?")(Q). First we test (3.12) with h = — (ii,)~ € W,"”" (%) in order
to get

ap) (V (@e)™) + 0g0) (V (@ie)”) 0.
Proposition 2.1 then implies that

e >0 and u, #0.

Next, we test (3.12) with h = (i1, — )" € W(}’p(')(Q). This yields, by applying
(3.10) and (3.9),

(Ap) (o), Gie — e ™) + (Aq(y (@), (e — W) Y)
(iie — )"
< (Ape) @) . (e — ) T) + (Ag(y W), (e — ) T).

This implies #; < u, and so it holds
e € [0, ug], ug#O0. (3.13)

From (3.13), (3.10), (3.13) it follows that i, is a positive solution of problem (3.8).
Hence, i, = u, € int (C}(22)+). Then, with view to (3.13), we have

g <uy forall0<e¢ <e.

This proves Claim 2.
Now we will let & — 07 to get a solution of the purely singular problem (Auy,).
So, let &, — O and let @, = u,, € int(C}(Q)4) be the unique solution of
problem (3.8) with ¢ = ¢, for n € N. From Claim 2 we have

0<wu; <u, foralln e N.
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It follows that

1 1

1
0< < < foralln € N. (3.14)
[fn + £l ~ 7 ® = gl

Since #, € int (C} ()4 ) is a solution of (3.8), we have

_ _ h

forall h € Wy’ (Q) and for all n € N. We choose h = i, € Wy " () in (3.15)
which by using (3.14) gives

- 3 u
2p(y (Vitn) 404y (Vitn) =< / —n?X)
Q uj

dx foralln € N. (3.16)

From Lemma 14.16 of Gilbarg—Trudinger [11, p. 355] we know that there exists 6o > 0
such thatd() = d( a2) € C2(S230) with ng = {x eQ: d(x) < &o}. Hence, de
C0 (SZ))+ \ {0} and so there exists ¢ > 0 such that czd < upsinceu; € int (Co (Q)+).
Then, from (3.14) and (3.16) we obtain

0py (Vuy) < c3 |luyl (3.17)

forsome ¢z > Oandforalln € N. This inequality follows from the anisotropic Hardy’s
inequality due to Harjulehto—Hésto—Koskenoja [12] and the Poincaré inequality. Then
(3.17) and Proposition 2.1 imply that {u, },eny < Wol’p(‘)(Q) is bounded.

From Lemma A.5 of Saoudi—~Ghanmi [26] it follows that {u,},en © L%°(L2) is
bounded and so using Lemma 3.3 of Fukagai—Narukawa [8], we can find « € (0, 1)
and ¢4 > 0 such that

Ty € Cp*(Q) = CM @ NCE) and il e < ca (3.18)

)
foralln € N. o o

We know that Cé’“ (Q) — C(l) (£2) is compactly embedded. So, from (3.18) and by
passing to a subsequence if necessary, we may assume that

i, — W, inCYH(R). (3.19)

Hence, i, > ) and so 1y, € int (C}(Q)+).
From the anisotropic Hardy’s inequality, see Harjulehto—Hé#sto—Koskenoja [12],
we know that

|h|

—n(")
iy

e L'(Q) forallh e Wy"" ().
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From (3.14) we then see that

h
{_—7()} C L'(R) is uniformly integrable
[ty + &n]” neN

forallh e Wé’p ©)(Q). Moreover, we have

h h

— fora.a. x € Q.
[u, + Sn]n(x) [u, + En]n(x)

So, from Vitali’s theorem, see Papageorgiou—Winkert [20, Theorem 2.3.44], we obtain

h h
/ " 4 —>/ ok (3.20)
Q [u, + 8n]n(x) Q ﬁz(x)

forall h € Wol""(')(Q). Therefore, if we pass to the limit as n — oo in (3.15) and use
(3.19) as well as (3.20), one gets

(Ape @) 1)+ (Age) (@), h) = /Q —dx forall h e Wy ().
u

This shows that i, € int (C}(Q)+) is a positive solution of (Auy) for A > 0.

o
As before, exploiting the strict monotonicity of s — s~ on R} = (0, +00), we
show that this solution u; € int (Cé (§)+) is unique.
An argument similar to that of Claim 2 shows that 0 < A’ < A implies u;, < u,.
This finishes the proof of the proposition. O

4 Positive Solutions
We introduce the following two sets

L = {A > 0 : problem (P, has a positive solution} ,

S;. = {u : u is a positive solution of problem (P;)} .

First we show that the set £ of admissible parameters is nonempty and we determine
the regularity properties of the elements of S, for A € L.

Let i) € int (C}(R)4) be the unique positive solution of (Auy) with A = 1, see
Proposition 3.1. From the proof of the Lemma of Lazer-McKenna [ 14, p. 274] we know
that 1 () "7 € L1(2). We consider the following anisotropic Dirichlet problem
=0, u>0. (Auy’

~Apiytt — Dgoyu = 1+, " inQ, ul,g
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Proposition 4.1 If hypothesis Ho holds, then problem (Au)’ has a unique positive
solution i € int (Cé(Q)+) such that u; < u.

Proof In order to establish the existence of a positive solution, we argue as in the first
part of the proof of Proposition 3.1. So, we consider the approximation

—n(x)
—Ap(.)u—Aq(.)u=1+|:ﬁ1+—:| in 2, M|BQ=O, neN.
n

This problem has a unique solution i, € int (C(l) (§)+). Testing the equation with i,
we obtain

- - i
op) (Vi) < / i, dx +/ _nzlx) dx.
Q Q Uy

As before, by using the anisotropic Hardy’s inequality, we conclude that

op) (Vi) < cs|luy|l foralln € N and for some ¢5 > 0.

Therefore, {ii, },eny € W, " (%) is bounded.
As in the proof of Proposition 3.1 we have that {ii, },en C Cé Q) is relatively
compact and so we may assume that

ity — i in C}(Q). .1
Moreover, if u € int (Cé (§)+) is the unique positive solution of
=0,

—Ap(.)u — Aq(.)u =1 in Q, u|8§2

then by the weak comparison principle, we have u < u, for alln € N. Hence, u < u

and so i € int (Cé (§)+). Furthermore, using (4.1) as n — oo in the corresponding
equation for i1,,, we obtain

{Apey @), h) +(Ag0) (ﬁ),h):/sz[1+ﬁl—n<x>]hdx

forallh e Wé’p(')(Q). Thus, i € int (C}(R)4) is a positive solution of (Au)’.
On account of Proposition 2.2 this positive solution is unique. Moreover we have

0 < {Ap() (@) — Apey @), (@1 — @) + (Agey @1) — Agey @) . 1 — i)

This shows that 7| < ii. |
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We are going to apply u;,, i € int (Cé (§)+) in order to show the nonemptiness of
L.

Proposition 4.2 If hypotheses Hy and H\ hold, then £ # §) and S, < int (C}(Q)+.)
forevery ) € L.

Proof Let . € (0, 1]. Taking Propositions 3.1 and 4.1 into account, we define the
Carathéodory function g, : © x R — R by

A [ﬂ;”(") f (x,m(x))] ifs <1 (x),
&.00,8) = 1A [0 + £ (x,9)] ifa () <s <a), (42
AMan® 4+ f (e, ax)]  ifiac) <.

We consider the following Dirichlet problem

—0. 4.3)

—Apoyu — Agyu = g.(x,u) inQ, u|8$2

By using the direct method of the calculus of variations, we will produce a solution
for problem (4.3) when A € (0, 1] is small enough. So, let G, (x, s) = fos & (x, 1) dt

and consider the C'-functional @y : W(}’p (')(Q) — IR defined by
A 1 (x) 1 (x) e
o) = | —|VulPdx+ [ —|Vul?!'"dx — | G;(x,u)dx
o px) @ q(x) Q

forall u € W(} P (')(Q). From the definition of the truncation in (4.2) it is easy to see
that

1
Pr(u) > o [0p() (Vi) + 0g(+ (Vi) | — c5

for some cs5 > 0. Hence, ¢, : Wé’p(')(Q) — Ris coercive. Further ¢, : Wol’p(')(Q) —
R is sequentially weakly lower semicontinuous. Hence, there exists u, € WO1 P (‘)(Q)
such that

. . [ 1,p(-

(1) = min [W(u) Cue W, ”()(Q)]. (4.4)

Since & € int (Cé (§)+), on account of hypothesis H;(i) we can find A € (0, 1]
small enough such that

Af(x,u) <1 fora.a.x € Q. 4.5)

From (4.4) we have ¢} (1;) = 0, that is,

(Apey W) h) + (Age) () h) = fgéx()ﬁ uy)h dx (4.6)
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for all h € W,""" (). First, we take h = (@, — uy)t € Wy"(Q) in (4.6). Then,
applying (4.2), H; (i) and Proposition 3.4, we obtain
(Ape) @), Qo = w) ™)+ (Age) @), @ — u) )
= /QA [ﬁ;"(x) + f (x, ﬁ,\)] (5 —u) " dx
> /Qm;"(x) (), — up) " dx
=(Ap0) @n) . (@ —u) ™)+ (Ag) @), (p —un)™).

On account of Proposition 2.2 we conclude that u; < u,. Next, we choose i =
(u, — i) € Wy"(Q) in (4.6). Then, using (4.2), (4.5) and Proposition 4.1, one has

(Apey ), o — D))+ (Agy ) (up — i)™)

:/ A [ff”(x) —i—f(x,ﬂ)] (uy — )T dx
Q

< fQ [ﬁ‘”(") + 1] (5, — i) dx

=(Ape) @), (up —)F)+ (Age) @), (up —i)*F).

As before, from Proposition 2.2 we see that ) < i.

In summary we have shown that u; € [u,, u] for all A € (0, 1] small enough.
From (4.2) and (4.6) we see that u; is a solution of our original problem (P, ), that is,
u; € S,. This proves the nonemptiness of L.

Let us now prove the second assertion of the proposition. To this end, let u € S;.
Since f > 0 by hypothesis H; (i), we have that #; < u and because & € int (Cg (Q)4),
there exists ¢ > O such that ced < u, see Papageorgiou—Radulescu—Repovs [17,
p-274]. This fact, hypothesis H;(i) and Theorem B1 of Saoudi—-Ghanmi [26] (see
also Giacomoni—Schindler—Takac¢ [10]), we have that u € int (Cé (§)+). Therefore,
S, Cint (CH(Q)4) forall A € L. o

The next proposition shows that £ is connected, that is, £ is an interval.
Proposition 4.3 If hypotheses Hy and Hy hold, » € L and n € (0, 1), then u € L.

Proof Since A € L, there exists u € Sy C int (Cé (§)+), see Proposition 4.2. More-
over, from Proposition 3.1 we know that

iy, <u, <u. 4.7
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Based on (4.7) we introduce the Carathéodory function g, : & x R — R defined
by

" [ﬁﬂ(x)*”(x) + f (x, ﬁu(x))] ifs <u,(x),
gu(x.s) = T u[s™1 + f (x,9)] ifi,(x) <s <u(x), (48
u [u(x)_”(") + f(x, u(x))] ifu(x) <s.

We set G (x,s) = f(; gu(x, t) dt and consider the C!-functional Ou: Wé’p(')(Q) —
R defined by

1 1
® (”)=/ —|VM|p(x)dx+/ —IVMIq(x)dx—/ G, (x,u)dx
a Q p(x) o q(x) o "

for all u € Wol’p(‘)(Q). It is clear that ¢, is coercive because of (4.8) and it is

sequentially weakly lower semicontinuous. So, there exists u, € WO1 P (')(Q) such
that

(i) = min [W(u) ue Wol’p(')(Q)].

This implies, in particular, that 90;,L (1) = 0. Hence

(Ap) (i) )+ (Age) (un) ) = /s‘zg” (. upe) b dx 4.9)

for all h € Wy’ (Q). We first choose h = (1, —u,)™ € WP (Q) in (4.9).
Applying (4.8), hypothesis H; (i) and Proposition 3.1 yields

<Ap(~) (“/t) ) (ﬁu - ”u)+> + <Aq(~) (”/L) ) (ﬁu - ”M)+>
- /Q“ [ﬁ;”(x) + f (x,ﬁﬂ)] (@, —uy) " dx
> /Q i, " (i, — ) " dx

= <Ap(~) (ﬁu) ) (E/L - uu)+> + <Aq(‘) (ﬁu) ) (Eu - “u)+>'
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11868
Proposition 2.2 then implies that #; < u,. Now we choose i = (u, — u)Jr €
Wol’p(')(Q) in (4.9). Then, from (4.8), & < A and u € S;, we derive
+ +
(Ap0) ()« (0 = 0)") +(Ago (1) « (e = ))
= / w [u*"(x) + f(x, ux)] (up — u)+ dx
Q
< / A [u_”(x) + f (x, u)] (up — u)+dx
Q
= <A17(<) (u) (”u - ”)+> + <Aq(-) (u), (“u - ”)+>

Thus, u,, < u. Therefore we have proved that
(4.10)

uy, € [ﬁﬂ, u] .

From (4.10), (4.8) and (4.9) it follows that

u, €8, Cint (cg(§)+)

andsou € L.

An immediate consequence of the proof above is the following corollary.

Corollary 4.4 [f hypotheses Hy and Hy hold and if . € L,u € S, C int (Cé (§)+)
and 0 < ju < A, then p € L and there exists u,, € S, C int (C}(Q)) such that

Uy = u.
We can improve the conclusion of this corollary.

Proposition 4.5 If hypotheses Hy and Hy hold and » € L,u € S, C int (C(l) (§)+)
and 0 < p < A, then p € L and there exists u,, € S, < int (C}(Q)+) such that

U —u, €int (cg (§)+) ,

Proof From Corollary 4.4 we already know that u € £ and that we can find u, €

S, € int (C}(Q)4) such that
.11
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Now, let p = ||u]| and let é‘p > 0 be as given in hypothesis H;(v). Since © < A,
u, € Sy and due to (4.11), hypothesis Hy(v) and f > 0, we have

— Apeyttp — Dgeyity + AEpub D™ — pu 10
< =Apoyup — Agyup + képuz(x)_l — Mu;"(x)
= uf (x,up) + rEul 0!
<X [f (x,uu) + épuﬁ(w—l] — (b — ) f(x,uy)
<[ f oo + Eur1]

= —Apu — Agoyu + )Lépup(x)—l — AW,

(4.12)

Since u,, € int (Cé (§)+), using hypothesis Hj(iv), we see that

0 <A —ulfCuu)).

Then, from (4.12) and Proposition 2.3, we conclude that

U —u, €int <c5(§)+) .
O

Remark 4.6 In the same way as in the proof of Proposition 4.5, we can also show that
U, — i, € int (cg (§)+) . 4.13)
Let A* = sup L. The next proposition shows that 1* is finite.

Proposition 4.7 If hypotheses Hy and H) hold, then 1* < +o00.

Proof From Hypotheses H;(i)—(iv) we see that there exists A>0 large enough such
that

Af(x,s) > P71 fora a.x € Qand foralls > 0. 4.14)

Let & > A and suppose that A € L. Then we can find u € S; C int (Cé (§)+). Let
Q0 < 2 be an open subset with Cz-boundary such that Q¢ € €2 and u is not constant
on Q9. We define mo = min, g u(x). Since u € int (C§ ()4 ) itis clear thatmg > 0.
For § € (0, |lullosc — mo) we set m§ = mq + 8. Further, for p = ||ul|o let ép > 0 be
as given by hypothesis H(v). First, for § small enough, we observe that

! Lot —mg® s\ (s \" (4.15)
mI® o +8)"  [mo(mo+ 81" T \mg) T \mj '
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forall x € Q. Then, applying (4.15), (4.14), hypotheses H;(iv), (v), u € Sy and § > 0
small enough, we have

) ) 2 s\ P(x) sy—n(x)
— Apeymy = Bgymy + [Kép + 1] (mg) ™" = & (mp)

< [xép + 1] ml7 4 ¥ (8) with x(8) — 0F as§ — 07,
< hf@omo) + 2Eomf ™ + x(8)
=3[ £erm) + &b = (A= 1) £Gxomo) + 1 ®) (4.16)
<X [f(x, mo) + épmg(x)_l]
<a[fenw+Eur®]
= —Apou — Ayyu + )Lé-pup(x)—l —au""9 in Q.

For § > 0 small enough, because of hypothesis H;(iv), we know that

0 <o < [ =] rer.mo) = x(6).
Then, from (4.16) and Proposition 2.4, we infer that
0<ulx)— mg for all x €  and for all small § > 0.

This is a contradiction to the definition of my > 0. Therefore, A ¢ £ and so A* < A<
0. O

We have just proved that (0, A*) € £ C (0, A*]. Next we show that our original
problem (P;) has at least two positive smooth solution for A € (0, 1%).

Proposition 4.8 If hypotheses Hy and H| hold and if A € (0, A™), then problem (P;,)
has at least two positive solutions

uo, i € int (cg (§)+) with ug # i.

Proof Let 9 € (A, A*) C Landletuy € Sy C int (C}(Q)+). From Proposition 4.5
and (4.13) we know there exists ug € S;, C int (C}(Q2)+) such that

up € intcé@)[ﬁ;\, ugl. (4.17)
We introduce the Carathéodory function kj : € x R — R defined by

A )71 4 f (x, m.(x)] ifs < w.(x),

ki(x,s) = 2[5 4 £ (x,5)] if i (x) <.

(4.18)
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Weset K, (x,s) = f(; k; (x, 1) dr and consider the C!-functional oy, : Wg’p(')(Q) —
R defined by

aﬂu):/ —|Vu|p(x)dx+/ L|Vu|q(x)dx—/ K; (x,u)dx
(x) q(x) Q

forall u € Wy’ ().
Using (4.18) we can easily show that

Ko, C [i;) Nint (cg (§)+). (4.19)
Hence we may assume that
Ko, N [uy, ugl = {uo}, (4.20)

otherwise we already have a second positive smooth solution of (P;) and so we are
done, see (4.19) and (4.18).

We truncate k; (x, -) at uy (x). This is done by the Carathéodory function IQA : QX
R — R defined by

Ro(x,s) = {kk(x’ $) ifs = up (), 4.21)

k) (x,uy(x)) ifuyg(x) <s.

We set Ie,\(x, s) = fos ng(x, 1) dt and consider the C ' -functional 6; : Wol’p(')(Q) — R
defined by

1 .
8x(u)=-/ —|Vu|p(")dx+/ —|Vu|‘1(x)dx—/ K, (x, u)dx
(x) q(x) Q

forall u € Wy ().
Looking at (4.18) and (4.21) we see that

A A /
O‘)‘|[O,u§] = GA‘[O,M@] and O-)t|[0,u19] = ak}[o,uﬂ]‘ (422)
Further, from (4.21) it is clear that
K;, C [, ug] Nint (cg (§)+). (4.23)

From the definition of the truncations in (4.18) and (4.21) we know that &; is
coercive and it is also sequentially weakly lower semicontinuous. Thus, we can find
iip € Wy " () such that

. (o) = min [6,.w) : u € W3O (@)].
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Taking (4.23), (4.22), (4.20) into account we conclude _that ity = ug. Then, on account
of (4.17) and (4.22), ug € int (Cé (Q)+) is a local Cé (2)-minimizer of ¢, . The results
of Tan—Fang [27] imply that

ug € int (C(]) (§)+> isa Wé’p(')(Q)—minimizer of oy. (4.24)

From (4.19) it is clear that we may assume that K, is finite otherwise we would

have a sequence of distinct positive solutions of (P, ) and so we would have done. The

finiteness of K, along with (4.24) and Theorem 5.7.6 of Papageorgiou—Rddulescu—
Repovs [17, p.449] imply that we can find p € (0, 1) small enough such that

o, (ug) < inf [O’)\(M) D lu— uo| = ,6] =m;,. (4.25)

Reasoning as in the proof of Proposition 4.1 of Gasinski—Papageorgiou [9] we can
show that

0, satisfies the C-condition. (4.26)

Moreover, if u € int (Cé (§)+), then on account of hypothesis Hj(ii) and (4.18),
we have

o, (tu) - —o0 ast — +o0. 4.27)

Then, (4.25), (4.26) and (4.27) permit us the use of the mountain pass theorem.
Hence, there exists i1 € WO1 P (')(Q) such that

il € Ky, C [@;) Nint (C5(§)+),
see (4.19), and
my, <oy (1),

see (4.25). Taking (4.18) and (4.25) into account we conclude that ii € int (C}(Q)4)
is a solution of (P;) for A € (0, A*) with &t # uy. O

Next we will check the admissibility of the critical parameter A* > 0.
Proposition 4.9 If hypotheses Hy and Hy hold, then A* € L, that is, L = (0, 1*].

Proof Let {An}nen S (0, A*) € Lbesuchthat A, /" A" asn — oco. Letu| =uy, €
int (C} ()4 ) be the unique solution of (Auy) for A = A; obtained in Proposition 3.1.
By hypothesis H; (i) we know that f > 0. Then from (4.18) we get that o, (1) < 0.
Hence,

0, 1)) <0 foralln € N, (4.28)
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since A1 < A, foralln € N. -
From the proof of Proposition 4.8 we know there exists u, € S;, C int (C}()+)
such that #; < u, and
03, (p) <0y, () <0 foralln € N, (4.29)
see (4.28). Since u,, € S;,, it holds
o5, (uy) =0 foralln e N. (4.30)

From (4.29), (4.30) and Proposition 4.1 of Gasiniski-Papageorgiou [9] we can con-
clude that {u,},en € W(}*”(‘)(sz) is bounded. So, we may assume that

up = uy inWyP(Q) and w, - u, in L’O(Q). (4.31)

From (4.30) we have
(Apey (un) h)+(Ag() (un),h)zfgkk (x, uy) hdx (4.32)

forall h € Wy " () and for all n € N.

Wetake h = u, — uy € W&’p(')(Q) as test function (4.32). Applying (4.31) and
hypothesis Hj (i) gives

ngn;o [(Ap(.)(un), U, — u*) + (Aq(.)(un), U, — u*)] =0.
Since A, () is monotone, see Proposition 2.2, we obtain

lim sup [{Ape) (un), un — i) + (Ag) (), un — uy)] < 0.

n— oo

Then, by using (4.31), it follows

lim sup <Ap(.)(u,,), Uy, — u*) <0.

n—oo

From this and Proposition 2.2 we conclude that
Uy = s in WyP(Q) and @ < u,. (4.33)

If we now pass to the limit in (4.32) as n — o0, then, by applying (4.33), we see that
uy € Sy and so A* € L, thatis, £ = (0, A*]. O

In summary, we can state the following bifurcation-type result concerning problem
P3).

Theorem 4.10 If hypotheses Hy and H\ hold, then there exists A* > O such that
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(a) forevery A € (0, A*), problem (P; ) has at least two positive solutions
wo, ii € int (c5(§)+) . up # i
(b) for . = A*, problem (P,) has at least one positive solution
ws int (CH @4 )

(c) forevery . > A*, problem (P;,) has no positive solutions.

5 Minimal Positive Solutions

In this section, we are going to show that for every admissible parameter A € £ =
(0, A*], problem (P;) has a smallest positive solution (so-called minimal positive
solution) @i, € S € int (C}(Q)4), that is, i#, < u for all u € S;. Moreover, we
determine the monotonicity and continuity properties of the minimal solution map
L3 k> iy, € int (CJ(R)).

Proposition 5.1 If hypotheses Ho and Hy hold and if ). € L € (0, A*], then problem
(Py.) has a smallest positive solution u; € int (Cé (Q)+).

Proof As in the proof of Proposition 18 in Papageorgiou—Rédulescu—Repovs [19],
we show that the set Sy, is downward directed, that is, if u, v € Sy, then there exists
y € Sy such that y < u and y < v. Invoking Lemma 3.10 of Hu—Papageorgiou [13,
p-178], we can find a decreasing sequence {u, },en € S, such that

inf S; = ingun and u) <u, <u; foralln € N. 5.1
ne

From (5.1) it follows that the sequence {u,},en © Wol’p(')(Q) is bounded. So we
may assume that

up = i in Wy P(Q) and w, — @ in LPO(Q). (5.2)
Since u,, € S,, we have

(Apey (un) h)+(Ag0) (un),h)z/Qx[u;nu)”(x,un)]hdx (5.3)

forall h € Wol’p(')(Q) and for all n € N. Note that
0<u;" <w," e LY (),
see Lazer—McKenna [14].
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We choose h = u, — i1, € Wol’p(')(Q) N L%°(2) in (5.3), pass to the limit as
n — oo and apply (5.2). This yields

lim sup (A () (up), un — iiz) < 0.
n—oo

Then, from Proposition 2.2, it follows
up — i, inWyP(Q) and w < . (5.4)

Passing to the limit in (5.3) as n — oo and using (5.4), we obtain
iiy € S C int (cg(§)+) and iy = inf S.

]

Proposition 5.2 If hypotheses Ho and H, hold, then the map A + u; from L = (0, A%
into CL(RQ) is
(a) strictly increasing, that is, 0 < A" < A implies i) — i), € int (Cé (§)+);

(b) left continuous.

Proof

(a) This is an immediate consequence of Proposition 4.5.
(b) Let {A,}neny € L be a sequence such that A, — A~. We have

u,, <i, <iuy forallneN.

Hence, {ii), }nen © Wé’p(')(Q) is bounded.
Then, as before, see the proof of Proposition 3.1, via the anisotropic regularity
theory, there exist @ € (0, 1) and ¢7 > 0 such that

i3, € Cy*(Q) and |y,

cle@) <c¢7 foralln € N. (5.5)

Since Cé’a (Q) is compactly embedded into C& (), from (5.5) it follows that we have
at least for a subsequence

iy, — i inCLQ) and i, €S, Cint (C3(§)+). (5.6)
Suppose that i) # it;. Then there exists x € € such that it (x) < i, (x). Then
iy (x) <, (x) foralln e N,
see (5.6). But this contradicts (a). Hence, i1, = i, and by Urysohn’s criterion for

convergent sequences, we have iy, — #, in Cé () for the initial sequence. Therefore,
A+ U, is left continuous from £ = (0, A*] into Cé (Q). O

@ Springer



11876 N.S. Papageorgiou, P. Winkert

Acknowledgements The authors wish to thank the two anonymous referees for their constructive remarks.
Funding Open Access funding enabled and organized by Projekt DEAL.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Ambrosio, V.: Fractional p&qg Laplacian problems in RN with critical growth. Z. Anal. Anwend.
39(3), 289-314 (2020)

2. Ambrosio, V., Ridulescu, V.D.: Fractional double-phase patterns: concentration and multiplicity of
solutions. J. Math. Pures Appl. (9) 142, 101-145 (2020)

3. Benci, V., D’Avenia, P., Fortunato, D., Pisani, L.: Solitons in several space dimensions: Derrick’s
problem and infinitely many solutions. Arch. Ration. Mech. Anal. 154(4), 297-324 (2000)

4. Byun, S.-S., Ko, E.: Global C La regularity and existence of multiple solutions for singular p(x)-
Laplacian equations. Calc. Var. Partial Differ. Equ. 56 (2017), no. 5, Paper No. 76

5. Cherfils, L., II” yasov, Y.: On the stationary solutions of generalized reaction diffusion equations with
p &g-Laplacian. Commun. Pure Appl. Anal. 4(1), 9-22 (2005)

6. Diening, L., Harjulehto, P., Histo, P., Ruzi¢ka, M.: Lebesgue and Sobolev Spaces with Variable Expo-
nents. Springer, Heidelberg (2011)

7. Fan, X., Zhao, D.: A class of De Giorgi type and Holder continuity. Nonlinear Anal. 36(3), 295-318
(1999)

8. Fukagai, N., Narukawa, K.: On the existence of multiple positive solutions of quasilinear elliptic
eigenvalue problems. Ann. Mat. Pura Appl. (4) 186(3), 539-564 (2007)

9. Gasiniski, L., Papageorgiou, N.S.: Anisotropic nonlinear Neumann problems. Calc. Var. Partial Differ.
Equ 42(3—4), 323-354 (2011)

10. Giacomoni, J., Schindler, I., Taka¢, P.: Sobolev versus Holder local minimizers and existence of multiple
solutions for a singular quasilinear equation. Ann. Sc. Norm. Super. Pisa CI. Sci. (5) 6(1), 117-158
(2007)

11. Gilbarg, D., Trudinger, N.S.: Elliptic Partial Differential Equations of Second Order. Springer, Berlin
(2001)

12. Harjulehto, P., Histo, P., Koskenoja, M.: Hardy’s inequality in a variable exponent Sobolev space.
Georgian Math. J. 12(3), 431-442 (2005)

13. Hu, S., Papageorgiou, N.S.: Handbook of Multivalued Analysis, vol. I. Kluwer Academic Publishers,
Dordrecht (1997)

14. Lazer, A.C., McKenna, P.J.: On a singular nonlinear elliptic boundary-value problem. Proc. Am. Math.
Soc. 111(3), 721-730 (1991)

15. Liu, Z., Motreanu, D., Zeng, S.: Positive solutions for nonlinear singular elliptic equations of p-
Laplacian type with dependence on the gradient. Calc. Var. Partial Differ. Equ. 58 (2019), no. 1, Paper
No. 28

16. Papageorgiou, N.S., Rddulescu, V.D., Repov§, D.D.: Anisotropic equations with indefinite potential
and competing nonlinearities. Nonlinear Anal. 201 (2020), 111861

17. Papageorgiou, N.S., Réadulescu, V.D., Repovs, D.D.: Nonlinear Analysis—Theory and Methods.
Springer, Cham (2019)

18. Papageorgiou, N.S., Riadulescu, V.D., Repovs, D.D.: Nonlinear nonhomogeneous singular problems.
Calc. Var. Partial Differ. Equ. 59 (2020), no. 1, Paper No. 9

19. Papageorgiou, N.S., Ridulescu, V.D., Repovs, D.D.: Positive solutions for perturbations of the Robin
eigenvalue problem plus an indefinite potential. Discret. Contin. Dyn. Syst. 37(5), 2589-2618 (2017)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Positive Solutions for Singular Anisotropic (p, g)-Equations 11877

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Papageorgiou, N.S., Winkert, P.: Applied Nonlinear Functional Analysis. An Introduction. De Gruyter,
Berlin (2018)

Papageorgiou, N.S., Winkert, P.: (p, ¢)-Equations with singular and concave convex nonlinearitie.
Appl. Math. Optim. https://doi.org/10.1007/s00245-020-09720-0

Papageorgiou, N.S., Winkert, P.: Singular p-Laplacian equations with superlinear perturbation. J.
Differ. Equ. 266(2-3), 1462-1487 (2019)

Papageorgiou, N.S., Zhang, Y.: Constant sign and nodal solutions for superlinear (p, g)-equations with
indefinite potential and a concave boundary term. Adv. Nonlinear Anal. 10(1), 76-101 (2021)
Ridulescu, V.D., Repovs, D.D.: Partial Differential Equations with Variable Exponents. CRC Press,
Boca Raton, FL (2015)

Ragusa, M.A., Tachikawa, A.: Regularity for minimizers for functionals of double phase with variable
exponents. Adv. Nonlinear Anal. 9(1), 710-728 (2020)

Saoudi, K., Ghanmi, A.: A multiplicity results for a singular equation involving the p(x)-Laplace
operator. Complex Var. Elliptic Equ. 62(5), 695-725 (2017)

Tan, Z., Fang, F.: Orlicz-Sobolev versus Holder local minimizer and multiplicity results for quasilinear
elliptic equations. J. Math. Anal. Appl. 402(1), 348-370 (2013)

Zeng, S., Bai, Y., Gasinski, L., Winkert, P.: Convergence analysis for double phase obstacle problems
with multivalued convection term. Adv. Nonlinear Anal. 10(1), 659-672 (2021)

Zeng, S.,Bai, Y., Gasinski, L., Winkert, P.: Existence results for double phase implicit obstacle problems
involving multivalued operators. Calc. Var. Partial Differ. Equ. 59 (2020), no. 5, Paper No. 176
Zhang, Q.: A strong maximum principle for differential equations with nonstandard p(x)-growth
conditions. J. Math. Anal. Appl. 312(1), 24-32 (2005)

Zhikov, V.V.: Averaging of functionals of the calculus of variations and elasticity theory. Izv. Akad.
Nauk SSSR Ser. Mat. 50(4), 675-710 (1986)

Zhikov, V.V.: On variational problems and nonlinear elliptic equations with nonstandard growth con-
ditions. J. Math. Sci. (N. Y.) 173(5), 463-570 (2011)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1007/s00245-020-09720-0

	Positive Solutions for Singular Anisotropic (p,q)-Equations
	Abstract
	1 Introduction
	2 Preliminaries and Hypotheses
	3 An Auxiliary Purely Singular Problem
	4 Positive Solutions
	5 Minimal Positive Solutions
	Acknowledgements
	References




