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In this paper we consider degenerate Kirchhoff-type equations 
of the form

−φ(Ξ(u))
(
A(u) − |u|p−2u

)
= f(x, u) in Ω,

φ(Ξ(u))B(u) · ν = g(x, u) on ∂Ω,

where Ω ⊆ RN , N ≥ 2, is a bounded domain with Lipschitz 
boundary ∂Ω, A denotes the double phase operator given by

A(u) = div
(
|∇u|p−2∇u + μ(x)|∇u|q−2∇u

)
for u ∈ W 1,H(Ω), ν(x) is the outer unit normal of Ω at x ∈ ∂Ω,

B(u) = |∇u|p−2∇u + μ(x)|∇u|q−2∇u,

Ξ(u) =
∫
Ω 

( |∇u|p + |u|p
p 

+ μ(x)
|∇u|q

q

)
dx,

1 < p < N , p < q < p∗ = Np 
N−p

, 0 ≤ μ(·) ∈ L∞(Ω), φ(s) =
a + bsζ−1 for s ∈ R with a ≥ 0, b > 0 and ζ ≥ 1, and f : Ω ×
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R → R, g : ∂Ω × R → R are Carathéodory functions that 
grow superlinearly and subcritically. We prove the existence 
of a nodal ground state solution to the problem above, based 
on variational methods and minimization of the associated 
energy functional E : W 1,H(Ω) → R over the constraint set

C =
{
u ∈ W 1,H(Ω) : u± 	= 0,

〈
E ′(u), u+〉 =

〈
E ′(u),−u−〉 = 0

}
,

whereby C differs from the well-known nodal Nehari manifold 
due to the nonlocal character of the problem.
© 2025 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction and main results

Let Ω ⊆ RN , N ≥ 2, be a bounded domain with a Lipschitz boundary ∂Ω. In this 
work we study the following degenerate Kirchhoff problem with a nonlinear Neumann 
boundary condition of the shape

−φ(Ξ(u))
(
A(u) − |u|p−2u

)
= f(x, u) in Ω,

φ(Ξ(u))B(u) · ν = g(x, u) on ∂Ω,
(1.1)

where

A(u) = div
(
|∇u|p−2∇u + μ(x)|∇u|q−2∇u

)
for u ∈ W 1,H(Ω) (1.2)

is the double phase operator, W 1,H(Ω) denotes the Musielak-Orlicz Sobolev space (for 
a precise definition see Section 2), ν(x) is the outer unit normal of Ω at x ∈ ∂Ω,

B(u) = |∇u|p−2∇u + μ(x)|∇u|q−2∇u,

Ξ(u) =
∫
Ω 

(
|∇u|p + |u|p

p 
+ μ(x) |∇u|q

q

)
dx, (1.3)

1 < p < N , p < q < p∗ = Np 
N−p , 0 ≤ μ(·) ∈ L∞(Ω), φ(s) = a+bsζ−1 for s ∈ R with a ≥ 0, 

b > 0 and ζ ≥ 1, and f : Ω × R → R, g : ∂Ω × R → R are Carathéodory functions that 
grow superlinearly and subcritically. We refer to hypotheses (A3) for the exact conditions 
on f and g.

We emphasize that problem (1.1) combines several interesting phenomena. First, the 
occurring operator is the double phase operator given in (1.2) which is closely related to 
the energy functional

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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J(u) =
∫
Ω 

(
|∇u|p + μ(x)|∇u|q

)
dx. (1.4)

Functionals of the form (1.4) were first mentioned by Zhikov [57] in 1986 in order to 
characterize models for strongly anisotropic materials in the context of homogenization 
and elasticity. It also occurs in the study of duality theory and of the Lavrentiev gap 
phenomenon, see the works of Zhikov [58,59]. From the mathematical point of view, 
first regularity properties of local minimizers of functionals like (1.4) have been proved 
in the papers by Baroni-Colombo-Mingione [6,7] and Colombo-Mingione [13,14]. We 
also mention the pioneering works of Marcellini [39,40] for integral functionals with 
nonstandard growth condition.

A second interesting phenomenon is the appearance of the nonlocal Kirchhoff term 
which is generated by the function φ(s) = a + bsζ−1 for s ∈ R with a ≥ 0, b > 0 and 
ζ ≥ 1. Problems of this type go back to a model which was first presented by Kirchhoff 
[33] in 1883. He proposed the model problem

ρ
∂2u

∂t2
−

⎛
⎝ρ0

h 
+ E

2L

L ∫
0 

∣∣∣∣∂u∂x 

∣∣∣∣
2

dx

⎞
⎠ ∂2u

∂x2 = 0,

which is a generalization of the D’Alembert equation. It should be pointed out that 
problem (1.1) generalizes several models which describe interesting phenomena studied 
on mathematical physics. Since the constant a in the Kirchhoff function could be zero, 
problem (1.1) is called degenerate which creates the most interesting models in the 
applications. Indeed, if p = 2 and μ(x) ≡ 0, the transverse oscillations of a stretched 
string with nonlocal flexural rigidity depend continuously on the Sobolev deflection norm 
of u via φ(

∫
Ω |∇u|2 dx) meaning that φ(0) = 0 is nothing less than the base tension of 

the string is zero. Moreover, there is a large list of references dealing with different 
type of Kirchhoff problems. We just refer to some of the most famous ones, that is, 
Alves-Corrêa-Ma [1], Autuori-Pucci-Salvatori [5], D’Ancona-Spagnolo [19], Figueiredo 
[22], Fiscella-Valdinoci [26], He-Zou [30], Lions [36], Mao-Zhang [38], Mingqi-Rădulescu
Zhang [41], Perera-Zhang [44], Pucci-Xiang-Zhang [45], Xiang-Zhang-Rădulescu [52], see 
also the references therein.

Even though the literature for Kirchhoff problems is very large, it is still very man
ageable for Kirchhoff double phase settings. The first work in this field was written by 
Fiscella-Pinamonti [25] who considered Kirchhoff-type problems of the style

−m

⎡
⎣∫

Ω 

(
|∇u|p
p 

+ μ(x) |∇u|q
q

)
dx

⎤
⎦A(u) = f(x, u) in Ω, u = 0 on ∂Ω,

whereby they suppose the Ambrosetti-Rabinowitz condition along with a subcritical 
growth on the perturbation f : Ω × R → R. Their existence result is mainly based on a 
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mountain pass geometry of the problem. Singular Kirchhoff-type problems involving the 
double phase operator have been studied by Arora-Fiscella-Mukherjee-Winkert [4] (see 
also [3] by the same authors in the critical case) in order to get positive solutions of the 
problem

−m

⎡
⎣∫

Ω 

(
|∇u|p
p 

+ μ(x) |∇u|q
q

)
dx

⎤
⎦A(u) = λu−γ + ur−1 in Ω, u |∂Ω= 0

by using the Nehari manifold and minimization arguments. Other results can be found 
in the papers of Cen-Vetro-Zeng [10], Cheng-Bai [11], Ho-Winkert [31], see also Isernia
Repovš [32] for (p, q)-problems in the whole space.

Finally, a third interesting phenomenon in problem (1.1) is the appearance of a non
linear Neumann boundary condition. Such a boundary condition makes the treatment 
of problem (1.1) much more complicated. As far as we know there is just one paper in 
the direction of Kirchhoff double phase problems with a nonlinear boundary condition 
published by Fiscella-Marino-Pinamonti-Verzellesi [24] studying the problem

−M

⎡
⎣∫

Ω 

(
|∇u|p
p 

+ μ(x) |∇u|q
q

)
dx

⎤
⎦A(u) = h1(x, u) in Ω,

−M

⎡
⎣∫

Ω 

(
|∇u|p
p 

+ μ(x) |∇u|q
q

)
dx

⎤
⎦B(u) = h2(x, u) in ∂Ω

with B as in (1.3). The authors prove several existence results for different structures of h1
and h2 based on variational tools and a version of the fountain theorem. Further works 
for double phase problems with nonlinear Neumann boundary condition but without 
Kirchhoff term have been published by Guarnotta-Livrea-Winkert [28], Papageorgiou
Rădulescu-Repovš [42], Papageorgiou-Vetro-Vetro [43] and Zeng-Rădulescu-Winkert [53, 
54], see also the papers of Corrêa-Nascimento [15] and Dai-Ma [20] for Kirchhoff problems 
with Neumann boundary condition, but without a double phase operator.

Now we are going to formulate our assumptions on the data of problem (1.1) and 
present our main result in this paper. We assume the subsequent conditions:

(A1) 1 < p < N , p < q < p∗ = Np 
N−p and 0 ≤ μ(·) ∈ L∞(Ω).

(A2) φ : [0,∞) → [0,∞) is a continuous function given by

φ(s) = a + bsζ−1 (1.5)

with a ≥ 0, b > 0 and ζ ≥ 1 is such that qζ < p∗ = (N−1)p
N−p .
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(A3) f : Ω × R → R and g : ∂Ω × R → R are Carathéodory functions such that the 
following hold:

(i) there exist constants c1, c2 > 0 such that

|f(x, s)| ≤ c1
(
1 + |s|r1−1) for a.a. x ∈ Ω,

|g(x, s)| ≤ c2
(
1 + |s|r2−1) for a.a. x ∈ ∂Ω,

for all s ∈ R, where r1 < p∗ and r2 < p∗;
(ii)

lim 
s→±∞

f(x, s) 
|s|qζ−2s

= +∞ uniformly for a.a. x ∈ Ω,

lim 
s→±∞

g(x, s) 
|s|qζ−2s

= +∞ uniformly for a.a. x ∈ ∂Ω;

(iii)

lim 
s→0

f(x, s) 
|s|pζ−2s

= 0 uniformly for a.a. x ∈ Ω,

lim 
s→0

g(x, s) 
|s|pζ−2s

= 0 uniformly for a.a. x ∈ ∂Ω;

(iv) the functions

s 
→ f(x, s)s− qζF (x, s) and s 
→ g(x, s)s− qζG(x, s)

are nondecreasing on [0,∞) and nonincreasing on (−∞, 0] for a.a. x ∈ Ω
and for a.a. x ∈ ∂Ω, respectively, where

F (x, s) =
s ∫

0 

f(x, t) dt and G(x, s) =
s ∫

0 

g(x, t) dt;

(v) the functions

s 
→ f(x, s) 
|s|qζ−1 and s 
→ g(x, s) 

|s|qζ−1

are strictly increasing on (−∞, 0) and on (0,+∞) for a.a. x ∈ Ω and for a.a. 
x ∈ ∂Ω, respectively, where ζ is from (A2).

Remark 1.1. It should be mentioned that from (A3)(i) and (ii) we can conclude that 
qζ < min{r1, r2}. Moreover, due to (A3)(i) and (ii), it holds that
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lim 
s→±∞

F (x, s)
|s|qζ = +∞ uniformly for a.a. x ∈ Ω,

lim 
s→±∞

G(x, s)
|s|qζ = +∞ uniformly for a.a. x ∈ ∂Ω.

(1.6)

Remark 1.2. If a > 0, one can suppose weaker assumptions as in (A3)(iii) of the form

lim 
s→0

f(x, s) 
|s|p−2s

= 0 uniformly for a.a. x ∈ Ω,

lim 
s→0

g(x, s) 
|s|p−2s

= 0 uniformly for a.a. x ∈ ∂Ω.

At some places the proofs become easier under these assumptions. We will not consider 
this case further.

A weak solution of problem (1.1) is to be understood as a function u ∈ W 1,H(Ω) such 
that

φ(Ξ(u))

⎛
⎝∫

Ω 

(
|∇u|p−2∇u + μ(x)|∇u|q−2∇u

)
· ∇ϕ dx +

∫
Ω 

|u|p−2uϕ dx

⎞
⎠

=
∫
Ω 

f(x, u)ϕ dx +
∫
∂Ω

g(x, u)ϕ dσ

is satisfied for all test functions ϕ ∈ W 1,H(Ω), where φ and Ξ are given in (1.5) and 
(1.3), respectively.

The main result in this paper is the following one.

Theorem 1.3. Let hypotheses (A1)--(A3) be satisfied. Then problem (1.1) has a least en
ergy sign-changing solution y0 ∈ W 1,H(Ω).

The proof of Theorem 1.3 uses variational methods along with minimization argu
ments. Precisely, the energy functional E : W 1,H(Ω) → R associated to problem (1.1) is 
defined by

E(u) = Φ[Ξ(u)] −
∫
Ω 

F (x, u) dx−
∫
∂Ω

G(x, u) dσ,

whereby Φ : [0,∞) → [0,∞) is given as

Φ(s) =
s ∫

0 

φ(τ) dτ = as + b 
ζ
sζ .
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The idea in finding a least energy sign-changing solution (also called nodal ground state 
solution) is to minimize E over the constraint set

C =
{
u ∈ W 1,H(Ω) : u± �= 0, 

〈
E ′(u), u+〉 =

〈
E ′(u),−u−〉 = 0

}
, (1.7)

where u+ = max{u, 0} and u− = max{−u, 0}. It should be pointed out that the set E
differs from the nodal Nehari manifold which is defined as

N0 =
{
u ∈ W 1,H(Ω) : ± u± ∈ N

}
(1.8)

with

N =
{
u ∈ W 1,H(Ω) : 〈E ′(u), u〉 = 0, u �= 0

}
being the Nehari manifold to (1.1). Indeed, due to the nonlocal character of the problem 
in terms of a Kirchhoff function, we cannot split our energy functional in a positive and 
a negative part. Instead, we have for u ∈ W 1,H(Ω) with u+ �= 0 �= u− (so u = u+ − u−) 
and ζ > 1 the relations

〈E ′(u), u+〉 > 〈E ′(u+), u+〉, 〈E ′(u),−u−〉 > 〈E ′(−u−),−u−〉,
E(u) > E(u+) + E(−u−).

(1.9)

This makes the treatment of (1.1) much more complicated as in the case φ ≡ 1 since in 
that case we would have equations instead of strict inequalities in (1.9).

Coming back to the constraint set C we know that all sign-changing solutions of (1.1)
are located in the set C. That means that the global minimizer of E over the set C has 
least energy and is a nodal ground state solution if one can show that it is a critical 
point of E . As already mentioned by Bartsch-Weth [9], this is not a priori clear since the 
constraint set C is, in general, not a manifold anymore. However, if we set Φ ≡ 1, p = 2
and μ(x) ≡ 0, then C ∩H with H = H1

0 (Ω) ∩H2(Ω) equipped with the scalar product 
from H2(Ω), is a C1-manifold of codimension two in H, see Bartsch-Weth [8], but it is 
not complete in H in general.

Our paper can be seen as an extension of the works of Gasiński-Winkert [27] and 
Crespo-Blanco-Gasiński-Winkert [17]. Indeed, in [27] the existence of a sign-changing 
solution to the problem

− div
(
|∇u|p−2∇u + μ(x)|∇u|q−2∇u

)
= f(x, u) − |u|p−2u− μ(x)|u|q−2u in Ω,(

|∇u|p−2∇u + μ(x)|∇u|q−2∇u
)
· ν = g(x, u) on ∂Ω,

has been shown by minimizing the corresponding energy functional over the nodal Nehari 
manifold given in (1.8). As mentioned above, this treatment is not possible in our setting 
due to the lack of the splitting of the energy functional related to problem (1.1), see again 
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(1.9). In [17] the authors deal with multiplicity of solutions for Kirchhoff problems with 
Dirichlet boundary conditions and a double phase setting. We are going to combine the 
ideas from both papers, using a similar method as in [17] and taking ideas from [27] how 
to deal with the nonlinear boundary term.

The method of minimizing related energy functionals over the constraint set C was 
first used in the paper of Bartsch-Weth [8] (see also [9] of the same authors) in order 
to get a sign-changing solution for semilinear equations while additional properties like 
the Morse index have been proved as well. A nonlocal version of the problem in [8] 
and [9] has been studied by Shuai [47] while Tang-Cheng [49] were able to weaken the 
assumptions in [47] and proved the existence of a nodal ground state solution to the 
Kirchhoff problem

−
(
a + b‖∇u‖2

2
)
Δu = f(u) in Ω, u = 0 on ∂Ω.

In Tang-Chen [48] and Wang-Zhang-Cheng [50], Schrödinger-Kirchhoff problems of the 
shape

−
(
a + b‖∇u‖2

2
)
Δu + V (x)u = f(u) in R3, u ∈ H1(R3)

have been studied under different hypotheses on the data. In both papers the existence 
of a nodal ground state solution could be shown by using a similar constraint set as in 
(1.7). Closely related in this direction are the works of Figueiredo-Santos Júnior [23] for 
Schrödinger-Kirchhoff equations with potential vanishing at infinity, Li-Wang-Zhang [34] 
for p-Laplacian Kirchhoff-type problems with logarithmic nonlinearity, Liang-Rădulescu 
[35] for fractional Kirchhoff problems with logarithmic and critical nonlinearity, Zhang 
[55] for Schrödinger-Kirchhoff-type problems and Zhang [56] for N -Laplacian equations 
of Kirchhoff type.

It is worth mentioning that in all the papers stated above dealing with a nonlocal 
term (except the one in [17]), the Kirchhoff function has the form

s 
→ a + bs,

while we allow a much more general function

s 
→ a + bsζ−1 with ζ ≥ 1.

Furthermore, most of the papers we mentioned are dealing with the case a > 0 while we 
are able to include the degenerate case which is more complicated to deal with it and 
has much more applications in mathematical physics, see above.

The paper is organized as follows. In Section 2 we present the main properties of 
Musielak-Orlicz Sobolev spaces including a very useful equivalent norm in W 1,H(Ω) and 
we present some important tools needed in the sequel like the Poincaré-Miranda existence 
theorem and the quantitative deformation lemma. Finally, Section 3 is devoted to the 
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proof of Theorem 1.3 which is based on several auxiliary results in order to show that 
the minimizer of E over C is the required nodal ground state solution.

2. Preliminaries

In this section we mention the main properties of our function space as well as the 
double phase operator and we recall some tools that we are going to use in Section 3 in 
order to prove Theorem 1.3. For more information about Musielak-Orlicz Sobolev spaces 
and the double phase operator we also refer to Colasuonno-Squassina [12], Harjulehto
Hästö [29], Liu-Dai [37] and Perera-Squassina [46].

Let Ω ⊆ RN be a bounded domain with a Lipschitz boundary ∂Ω and N ≥ 2. Given 
1 ≤ r ≤ ∞, Lr(Ω) and Lr(Ω;RN ) stand for the usual Lebesgue spaces equipped with 
the norm ‖ · ‖r. For 1 < r < ∞, we denote by W 1,r(Ω) the corresponding Sobolev space 
endowed with the equivalent norm

‖u‖1,r = (‖∇u‖rr + ‖u‖rr)
1 
r .

Moreover, we denote by Lr(∂Ω) the boundary Lebesgue space with norm ‖ · ‖r,∂Ω for 
any r ∈ [1,∞) given by

‖u‖r,∂Ω =

⎛
⎝∫
∂Ω

|u|r dσ

⎞
⎠

1 
r

,

where σ denotes the (N − 1)-dimensional Hausdorff surface measure.
Denoting by M(Ω) the set of all measurable function u : Ω → R and supposing hy

potheses (A1), we introduce the function H : Ω × [0,∞) → [0,∞) defined by

H(x, t) = tp + μ(x)tq.

Then we can define the Musielak-Orlicz space LH(Ω) by

LH(Ω) = {u ∈ M(Ω) : ρH(u) < +∞} ,

which is equipped with the norm

‖u‖H = inf
{
λ > 0 : ρH

(u 
λ

)
≤ 1

}
,

whereby ρH is the modular function defined by

ρH(u) =
∫
Ω 

H(x, |u|) dx =
∫
Ω 

(
|u|p + μ(x)|u|q

)
dx.
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In the sequel, we also have to deal with the seminormed space Lq
μ(Ω) given by

Lq
μ(Ω) =

⎧⎨
⎩u ∈ M(Ω) :

∫
Ω 

μ(x)|u|q dx < +∞

⎫⎬
⎭ ,

while the related seminorm is defined as

‖u‖q,μ =

⎛
⎝∫

Ω 

μ(x)|u|q dx

⎞
⎠

1 
q

.

Similarly, we can introduce Lq
μ(Ω;RN ). The associated Musielak-Orlicz Sobolev space

W 1,H(Ω) =
{
u ∈ LH(Ω) : |∇u| ∈ LH(Ω)

}
is equipped with the norm

‖u‖1,H = ‖∇u‖H + ‖u‖H.

It is well known that both spaces LH(Ω) and W 1,H(Ω) are reflexive Banach spaces, 
see Crespo-Blanco-Gasiński-Harjulehto-Winkert [16, Proposition 2.12]. Moreover, from 
Amoroso-Crespo-Blanco-Pucci-Winkert [2, Proposition 3.1] (see also Crespo-Blanco
Papageorgiou-Winkert [18, Proposition 2.2]) we can equip W 1,H(Ω) with the equivalent 
norm

‖u‖ = inf

⎧⎨
⎩λ > 0 :

∫
Ω 

((
|∇u|
λ 

)p

+ μ(x)
(
|∇u|
λ 

)q)
dx +

∫
Ω 

(
|u|
λ 

)p

dx ≤ 1

⎫⎬
⎭ .

The corresponding modular ρ to ‖ · ‖ is given by

ρ(u) =
∫
Ω 

(
|∇u|p + μ(x)|∇u|q

)
dx +

∫
Ω 

|u|p dx

for u ∈ W 1,H(Ω).
The following proposition can be found in the work of Amoroso-Crespo-Blanco-Pucci

Winkert [2, Proposition 3.2].

Proposition 2.1. Let (A1) be satisfied, τ > 0 and y ∈ W 1,H(Ω). Then the following hold:

(i) If y �= 0, then ‖y‖ = τ if and only if ρ( yτ ) = 1;
(ii) ‖y‖ < 1 (resp. > 1, = 1) if and only if ρ(y) < 1 (resp. > 1, = 1);
(iii) If ‖y‖ < 1, then ‖y‖q ≤ ρ(y) ≤ ‖y‖p;
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(iv) If ‖y‖ > 1, then ‖y‖p ≤ ρ(y) ≤ ‖y‖q;
(v) ‖y‖ → 0 if and only if ρ(y) → 0;
(vi) ‖y‖ → +∞ if and only if ρ(y) → +∞.

From Crespo-Blanco-Gasiński-Harjulehto-Winkert [16, Proposition 2.16] we have the 
following embeddings which will be used later.

Proposition 2.2. Let (A1) be satisfied. Then the following embeddings hold:

(i) W 1,H(Ω) ↪→ Lr(Ω) is continuous for all r ∈ [1, p∗] and compact for all r ∈ [1, p∗).
(ii) W 1,H(Ω) ↪→ Lr(∂Ω) is continuous for all r ∈ [1, p∗] and compact for all r ∈ [1, p∗).

Furthermore, for s ∈ R, we set s± = max{±s, 0} and for a function u ∈ W 1,H(Ω)
we define u±(·) = u(·)±. Clearly, |u| = u+ + u− and u = u+ − u−. We also know from 
Crespo-Blanco-Gasiński-Harjulehto-Winkert [16, Proposition 2.17] that u± ∈ W 1,H(Ω)
whenever u ∈ W 1,H(Ω). The Lebesgue measure of a set V ⊆ RN will be denoted by 
|V |N .

Next, we recall the main properties of our operator. For this purpose, let 
B : W 1,H(Ω) → W 1,H(Ω)∗ be defined by

〈B(u), v〉 =
∫
Ω 

(
|∇u|p−2∇u + μ(x)|∇u|q−2∇u

)
· ∇v dx +

∫
Ω 

|u|p−2uv dx

for all u, v ∈ W 1,H(Ω). Here, 〈 · , · 〉 stands for the duality pairing between the space 
W 1,H(Ω) and its dual space W 1,H(Ω)∗. The following proposition has been proved in 
Amoroso-Crespo-Blanco-Pucci-Winkert [2, Proposition 3.3].

Proposition 2.3. Under hypotheses (A1), the operator B is bounded, continuous, strictly 
monotone and satisfies the (S+)-property, i.e., if

un ⇀ u in W 1,H(Ω) and lim sup
n→∞ 

〈Bun, un − u〉 ≤ 0

hold, then we have un → u in W 1,H(Ω).

Finally, we recall some important tools that will be needed in the next section. The 
first one is the quantitative deformation lemma, see Willem [51, Lemma 2.3].

Lemma 2.4. Let X be a Banach space, E ∈ C1(X;R), ∅ �= S ⊆ X, c ∈ R, ε, δ > 0
such that for all u ∈ E−1([c − 2ε, c + 2ε]) ∩ S2δ there holds ‖E ′(u)‖∗ ≥ 8ε/δ, where 
Sr = {u ∈ X : d(u, S) = infu0∈S ‖u − u0‖ < r} for any r > 0. Then there exists 
η ∈ C([0, 1] ×X;X) such that

(i) η(t, u) = u, if t = 0 or if u / ∈ E−1([c− 2ε, c + 2ε]) ∩ S2δ;
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(ii) E(η(1, u)) ≤ c− ε for all u ∈ E−1((−∞, c + ε]) ∩ S;
(iii) η(t, ·) is an homeomorphism of X for all t ∈ [0, 1];
(iv) ‖η(t, u) − u‖ ≤ δ for all u ∈ X and t ∈ [0, 1];
(v) E(η(·, u)) is decreasing for all u ∈ X;
(vi) E(η(t, u)) < c for all u ∈ E−1((−∞, c]) ∩ Sδ and t ∈ (0, 1].

The second one is the so-called Poincaré-Miranda existence theorem, see Dinca
Mawhin [21, Corollary 2.2.15].

Lemma 2.5. Let Q = [−t1, t1]× · · · × [−tN , tN ] with ti > 0 for i = 1, . . . , N and ϕ : Q →
RN be continuous with the component functions ϕi : Q → R for i = 1, . . . , N . If, for each 
i = 1, . . . , N , one has

ϕi(u) ≤ 0 when u ∈ Q and ui = −ti,

ϕi(u) ≥ 0 when u ∈ Q and ui = ti,

then ϕ has at least one zero point in Q.

3. Least energy sign-changing solution

In this section we are going to prove Theorem 1.3 about the existence of a least 
energy sign-changing solution to problem (1.1). First, we recall the energy functional 
E : W 1,H(Ω) → R related to problem (1.1) which is given by

E(u) = Φ[Ξ(u)] −
∫
Ω 

F (x, u) dx−
∫
∂Ω

G(x, u) dσ,

where Φ : [0,∞) → [0,∞) is defined by

Φ(s) =
s ∫

0 

φ(τ) dτ = as + b 
ζ
sζ .

As already mentioned in the Introduction, we will consider the following constraint set

C =
{
u ∈ W 1,H(Ω) : u± �= 0, 

〈
E ′(u), u+〉 =

〈
E ′(u),−u−〉 = 0

}
.

Next, we prove several auxiliary results.

Proposition 3.1. Let hypotheses (A1)--(A3) be satisfied and let u ∈ W 1,H(Ω) be such 
that u± �= 0. Then we can find a unique pair of positive numbers (αu, βu) such that 
αuu

+ − βuu
− ∈ C. Furthermore, if u ∈ C, we have
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E(t1u+ − t2u
−) ≤ E(u+ − u−) = E(u)

for all t1, t2 ≥ 0 with strict inequality whenever (t1, t2) �= (1, 1). Moreover, for u ∈ C we 
have the following sign information:

(i) if α > 1 and 0 < β ≤ α, then 〈E ′(αu+ − βu−), αu+〉 < 0;
(ii) if α < 1 and 0 < α ≤ β, then 〈E ′(αu+ − βu−), αu+〉 > 0;
(iii) if β > 1 and 0 < α ≤ β, then 〈E ′(αu+ − βu−),−βu−〉 < 0;
(iv) if β < 1 and 0 < β ≤ α, then 〈E ′(αu+ − βu−),−βu−〉 > 0.

Proof. Let u ∈ W 1,H(Ω) with u± �= 0. The proof is divided into several parts.
Part 1: We are going to prove the existence of a pair (αu, βu) ∈ (0,∞) × (0,∞) such 

that αuu
+ − βuu

− ∈ C.
First, for t ∈ (0, 1) and for |s| > 0, by taking (A3)(v) into account, we have

f(x, ts)(ts)
tqζ |s|qζ ≤ f(x, s)s

|s|qζ for a.a. x ∈ Ω. (3.1)

Analogously, for t ∈ (0, 1) and for |s| > 0, again by (A3)(v), it follows that

g(x, ts)(ts)
tqζ |s|qζ ≤ g(x, s)s

|s|qζ for a.a. x ∈ ∂Ω. (3.2)

From (3.1) and (3.2) we get the inequalities

f(x, ts)s ≤ tqζ−1f(x, s)s for a.a. x ∈ Ω, (3.3)

g(x, ts)s ≤ tqζ−1g(x, s)s for a.a. x ∈ ∂Ω. (3.4)

Then, taking (3.3) and (3.4) into account, we obtain
〈
E ′ (αu+ − βu−) , αu+〉

=
(
a + b

(
1 
p

∥∥αu+ − βu−∥∥p
1,p + 1

q

∥∥∇ (
αu+ − βu−)∥∥q

q,μ

)ζ−1
)

×
(∥∥αu+∥∥p

1,p +
∥∥∇ (

αu+)∥∥q
q,μ

)
−
∫
Ω 

f
(
x, αu+)αu+ dx−

∫
∂Ω

g
(
x, αu+)αu+ dσ

≥ b 
pζ−1α

pζ
∥∥u+∥∥pζ

1,p − αqζ

∫
Ω 

f
(
x, u+)u+ dx− αqζ

∫
∂Ω

g
(
x, u+)u+ dσ > 0,

whenever α > 0 is small enough and for all β ≥ 0 since p < q by (A1). In the same way, 
for β > 0 small enough and for all α ≥ 0, we have
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〈
E ′ (αu+ − βu−) ,−βu−〉

=
(
a + b

(
1 
p

∥∥αu+ − βu−∥∥p
1,p + 1

q

∥∥∇ (
αu+ − βu−)∥∥q

q,μ

)ζ−1
)

×
(∥∥βu−∥∥p

1,p +
∥∥∇ (

βu−)∥∥q
q,μ

)

−
∫
Ω 

f
(
x,−βu−) (−βu−) dx−

∫
∂Ω

g
(
x,−βu−) (−βu−) dσ

≥ b 
pζ−1β

pζ
∥∥u−∥∥pζ

1,p − βqζ

∫
Ω 

f
(
x,−u−) (−u−) dx

− βqζ

∫
∂Ω

g
(
x,−u−) (−u−) dσ > 0.

Therefore, we can find a number η1 > 0 such that

〈
E ′ (η1u

+ − βu−) , η1u
+〉 > 0 and

〈
E ′ (αu+ − η1u

−) ,−η1u
−〉 > 0 (3.5)

for all α, β ≥ 0. Choosing η2 > max{1, η1} large enough, by applying (A3)(ii), it holds 
for β ∈ [0, η2]

〈E ′ (η2u
+ − βu−) , η2u

+〉
ηqζ2

=
a
(
‖η2u

+‖p1,p + ‖∇ (η2u
+)‖qq,μ

)
ηqζ2

+
b
(

1 
p ‖η2u

+ − βu−‖p1,p + 1
q ‖∇ (η2u

+ − βu−)‖qq,μ
)ζ−1

ηqζ2

×
(∥∥η2u

+∥∥p
1,p +

∥∥∇ (
η2u

+)∥∥q
q,μ

)

−
∫
Ω 

f (x, η2u
+) η2u

+

ηqζ2
dx−

∫
∂Ω

g (x, η2u
+) η2u

+

ηqζ2
dσ

≤ a
1 

η
q(ζ−1)
2

(∥∥u+∥∥p
1,p +

∥∥∇u+∥∥q
q,μ

)

+ b
(∥∥u+ − u−∥∥p

1,p +
∥∥∇ (

u+ − u−)∥∥q
q,μ

)ζ

−
∫

Ω+

f (x, η2u
+)

(η2u+)qζ−1
(
u+)qζ dx−

∫
(∂Ω)+

g (x, η2u
+)

(η2u+)qζ−1
(
u+)qζ dσ < 0,
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where

Ω+ := {x ∈ Ω : u(x) > 0 for a.a. x ∈ Ω} ,
Ω− := {x ∈ Ω : u(x) < 0 for a.a. x ∈ Ω} ,

(∂Ω)+ := {x ∈ ∂Ω : u(x) > 0 for a.a. x ∈ ∂Ω} ,
(∂Ω)− := {x ∈ ∂Ω : u(x) < 0 for a.a. x ∈ ∂Ω} .

Similarly, for α ∈ [0, η2] and η2 > max{1, η1} large enough, we are able to prove that

〈E ′ (αu+ − η2u
−) ,−η2u

−〉
ηqζ2

< 0.

Then it follows that

〈
E ′ (η2u

+ − βu−) , η2u
+〉 < 0 and

〈
E ′ (αu+ − η2u

−) ,−η2u
−〉 < 0 (3.6)

for η2 > max{1, η1} large enough and for α, β ∈ [0, η2]. Next, let �u : [0,∞)×[0,∞) → R2

be defined by

�u(α, β) =
(〈
E ′ (αu+ − βu−) , αu+〉 , 〈E ′ (αu+ − βu−) ,−βu−〉) .

From Lemma 2.5 and (3.5) as well as (3.6) we find a pair (αu, βu) ∈ [η1, η2] × [η1, η2] ⊆
(0,∞)× (0,∞) satisfying �u(αu, βu) = (0, 0). Hence αuu

+ −βuu
− ∈ C. This proves Part 

1.
Part 2: In this part we will prove the sign information given in (i)--(iv).
To this end, let u ∈ C. By the definition of C, we have

0 =
〈
E ′(u), u+〉

=
(
a + b

(
1 
p
‖u‖p1,p + 1

q
‖∇u‖qq,μ

)ζ−1
)(∥∥u+∥∥p

1,p +
∥∥∇u+∥∥q

q,μ

)

−
∫
Ω 

f
(
x, u+)u+ dx−

∫
∂Ω

g
(
x, u+)u+ dσ

(3.7)

and

0 =
〈
E ′(u),−u−〉

=
(
a + b

(
1 
p
‖u‖p1,p + 1

q
‖∇u‖qq,μ

)ζ−1
)(∥∥u−∥∥p

1,p +
∥∥∇u−∥∥q

q,μ

)

−
∫
Ω 

f
(
x,−u−) (−u−) dx−

∫
∂Ω

g
(
x,−u−) (−u−) dσ.

(3.8)
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We start with case (i). Let α > 1, 0 < β ≤ α and suppose by contradiction that

0 ≤
〈
E ′ (αu+ − βu−) , αu+〉

=
(
a + b

(
1 
p

∥∥αu+ − βu−∥∥p
1,p + 1

q

∥∥∇ (
αu+ − βu−)∥∥q

q,μ

)ζ−1
)

×
(∥∥αu+∥∥p

1,p +
∥∥∇ (

αu+)∥∥q
q,μ

)
−
∫
Ω 

f
(
x, αu+)αu+ dx−

∫
∂Ω

g
(
x, αu+)αu+ dσ.

(3.9)

From (3.9), by using the fact that α > 1, it follows

0 ≤
(
aαq + bαqζ

(
1 
p
‖u‖p1,p + 1

q
‖∇u‖qq,μ

)ζ−1
)(∥∥u+∥∥p

1,p +
∥∥∇u+∥∥q

q,μ

)

−
∫
Ω 

f
(
x, αu+)αu+ dx−

∫
∂Ω

g
(
x, αu+)αu+ dσ.

(3.10)

Then we divide (3.10) by αqζ and combine it with (3.7). This yields

∫
Ω+

(
f (x, αu+)
(αu+)qζ−1 − f (x, u+)

(u+)qζ−1

)(
u+)qζ dx

+
∫

(∂Ω)+

(
g (x, αu+)
(αu+)qζ−1 − g (x, u+)

(u+)qζ−1

)(
u+)qζ dσ

≤ a

(
1 

αq(ζ−1) − 1
)(∥∥u+∥∥p

1,p +
∥∥∇u+∥∥q

q,μ

)
.

(3.11)

But this is a contradiction since the right-hand side of (3.11) is nonpositive and the 
left-hand side is strictly positive due to (A3)(v). The case (ii) works similarly. Indeed, if 
α < 1, 0 < α ≤ β and (3.9) has the opposite sign, we can do it as above and get (3.10)
as well as (3.11) in the opposite direction, respectively. But this is again a contradiction 
since in that case the right-hand side is nonnegative but the left-hand side is strictly 
negative, again because of (A3)(v). Let us consider the case (iii). So, let β > 1 and 
0 < α ≤ β and suppose that
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0 ≤
〈
E ′ (αu+ − βu−) ,−βu−〉

=
(
a + b

(
1 
p

∥∥αu+ − βu−∥∥p
1,p + 1

q

∥∥∇ (
αu+ − βu−)∥∥q

q,μ

)ζ−1
)

×
(∥∥βu−∥∥p

1,p +
∥∥∇ (

βu−)∥∥q
q,μ

)
−
∫
Ω 

f
(
x,−βu−) (−βu−) dx−

∫
∂Ω

g
(
x,−βu−) (−βu−) dσ.

(3.12)

Taking β > 1 into account, it follows from (3.12) that

0 ≤
(
aβq + bβqζ

(
1 
p
‖u‖p1,p + 1

q
‖∇u‖qq,μ

)ζ−1
)(∥∥u−∥∥p

1,p +
∥∥∇u−∥∥q

q,μ

)

−
∫
Ω 

f
(
x,−βu−) (−βu−) dx−

∫
∂Ω

g
(
x,−βu−) (−βu−) dσ.

(3.13)

Now we divide (3.13) by βqζ and combine it with (3.8) in order to get

∫
Ω−

(
f (x,−u−)
(u−)qζ−1 − f (x,−βu−)

(βu−)qζ−1

)(
u−)qζ dx

+
∫

(∂Ω)−

(
g (x,−u−)
(u−)qζ−1 − g (x,−βu−)

(βu−)qζ−1

)(
u−)qζ dσ

≤ a

(
1 

βq(ζ−1) − 1
)(∥∥u−∥∥p

1,p +
∥∥∇u−∥∥q

q,μ

)
.

(3.14)

Due to (A3)(v), the left-hand side of (3.14) is strictly positive and the right-hand side of 
(3.14) is nonpositive, so a contradiction. Finally, for the case (iv), let β < 1 and 0 < β ≤ α

and suppose via contradiction that (3.12) is satisfied in the opposite direction. Arguing 
analogously as above, this gives (3.13) in the opposite direction, which implies (3.14) in 
the opposite direction. So we have again a contradiction due to the fact that the right
hand side is nonnegative and, because of (A3)(v), the left-hand side is strictly negative. 
Part 2 is proved.

Part 3: In this part we claim that the pair (αu, βu) from Part 1 is indeed unique.
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First, we suppose that u ∈ C. We have to show that (αu, βu) = (1, 1) is the unique pair 
of numbers such that αuu

+−βuu
− ∈ C is satisfied. Indeed, let (α0, β0) ∈ (0,∞)× (0,∞)

be such that α0u
+ − β0u

− ∈ C holds. If 0 < α0 ≤ β0, the cases (ii) and (iii) from Part 2 
give us 1 ≤ α0 ≤ β0 ≤ 1 meaning that α0 = β0 = 1. Also if 0 < β0 ≤ α0, then the cases 
(i) and (iv) from Part 2 imply that 1 ≤ β0 ≤ α0 ≤ 1 and so α0 = β0 = 1.

Now we suppose that u �∈ C with u± �= 0. Arguing by contradiction, assume that there 
exist two pairs (α1, β1), (α2, β2) of positive numbers α1, α2, β1, β2 such that

ϑ1 := α1u
+ − β1u

− ∈ C and ϑ2 := α2u
+ − β2u

− ∈ C.

Then we obtain

ϑ2 =
(
α2

α1

)
α1u

+ −
(
β2

β1

)
β1u

− =
(
α2

α1

)
ϑ+

1 −
(
β2

β1

)
ϑ−

1 ∈ C. (3.15)

As ϑ1 ∈ C, the first case of Part 3 guarantees that the pair (1, 1) satisfying 1·ϑ+
1 −1·ϑ−

1 ∈ C
is unique. Using this fact along with (3.15) leads to

α2

α1
= β2

β1
= 1.

But this implies α1 = α2 and β1 = β2. Therefore, the uniqueness is shown.
Part 4: We are going to prove that the unique pair (αu, βu) from Part 1 and 3 is the 

unique maximum point of the function Λu : [0,∞) × [0,∞) → R defined by

Λu(α, β) = E
(
αu+ − βu−) .

The idea is as follows: We show first that Λu has a maximum and then we will prove 
that it cannot be achieved at a boundary point of [0,∞) × [0,∞). This gives us the 
assertion of Part 4.

To this end, let α, β ≥ 1 and suppose, without any loss of generality, that α ≥ β ≥ 1. 
We obtain
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Λu(α, β)
αqζ

= E(αu+ − βu−)
αqζ

=
a
(

1 
p ‖αu+ − βu−‖p1,p + 1

q ‖∇ (αu+ − βu−)‖qq,μ
)

αqζ

+
b 
ζ

(
1 
p ‖αu+ − βu−‖p1,p + 1

q ‖∇ (αu+ − βu−)‖qq,μ
)ζ

αqζ

−
∫
Ω 

F (x, αu+ − βu−)
αqζ

dx−
∫
∂Ω

G (x, αu+ − βu−)
αqζ

dσ

≤ 1 
αq(ζ−1) a

(
1 
p
‖u‖p1,p + 1

q
‖∇u‖qq,μ

)
+ b 

ζ

(
1 
p
‖u‖p1,p + 1

q
‖∇u‖qq,μ

)ζ

−
∫

Ω+

F (x, αu+)
(αu+)qζ

(
u+)qζ dx−

∫
Ω−

F (x,−βu−)
|−βu−|qζ

βqζ (u−)qζ

αqζ
dx

−
∫

(∂Ω)+

G (x, αu+)
(αu+)qζ

(
u+)qζ dσ −

∫
(∂Ω)−

G (x,−βu−)
|−βu−|qζ

βqζ (u−)qζ

αqζ
dσ.

(3.16)

In consideration of (1.6), we have the following statements

lim 
α→∞

⎛
⎜⎝−

∫
Ω+

F (x, αu+)
(αu+)qζ

(
u+)qζ dx

⎞
⎟⎠ = −∞,

lim sup
β→∞
α≥β

⎛
⎜⎝−

∫
Ω−

F (x,−βu−)
|−βu−|qζ

βqζ (u−)qζ

αqζ
dx

⎞
⎟⎠ ≤ 0,

lim 
α→∞

⎛
⎜⎝−

∫
(∂Ω)+

G (x, αu+)
(αu+)qζ

(
u+)qζ dσ

⎞
⎟⎠ = −∞,

lim sup
β→∞
α≥β

⎛
⎜⎝−

∫
(∂Ω)−

G (x,−βu−)
|−βu−|qζ

βqζ (u−)qζ

αqζ
dσ

⎞
⎟⎠ ≤ 0.

(3.17)

Combining (3.16) and (3.17) yields

lim 
|(α,β)|→∞

Λu(α, β) = −∞.

This shows that Λu has a maximum.
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Next, we are going to prove that a maximum point of Λu cannot be achieved on the 
boundary of [0,∞)× [0,∞). For this purpose, assume via contradiction that (0, β0) is a 
maximum point of Λu with β0 ≥ 0. Then we have for α > 0

Λu(α, β0) = E(αu+ − β0u
−)

= a

(
1 
p

∥∥αu+ − β0u
−∥∥p

1,p + 1
q

∥∥∇ (
αu+ − β0u

−)∥∥q
q,μ

)

+ b 
ζ

(
1 
p

∥∥αu+ − β0u
−∥∥p

1,p + 1
q

∥∥∇ (
αu+ − β0u

−)∥∥q
q,μ

)ζ

−
∫
Ω 

F
(
x, αu+ − β0u

−) dx−
∫
∂Ω

G
(
x, αu+ − β0u

−) dσ

and

∂Λu(α, β0)
∂α 

= aαp−1 ∥∥u+∥∥p
1,p + aαq−1 ∥∥∇u+∥∥q

q,μ

+ b

(
1 
p

∥∥αu+ − β0u
−∥∥p

1,p + 1
q

∥∥∇ (
αu+ − β0u

−)∥∥q
q,μ

)ζ−1

×
(
αp−1 ∥∥u+∥∥p

1,p + αq−1 ∥∥∇u+∥∥q
q,μ

)
−
∫
Ω 

f
(
x, αu+)u+ dx−

∫
∂Ω

g
(
x, αu+)u+ dσ.

Therefore we obtain

∂Λu(α, β0)
∂α 

≥ b 
pζ−1α

pζ−1 ∥∥u+∥∥pζ
1,p −

∫
Ω 

f
(
x, αu+)u+ dx

−
∫
∂Ω

g
(
x, αu+)u+ dσ.

(3.18)

Then we divide (3.18) by αpζ−1 > 0 which leads to

1 
αpζ−1

∂Λu(α, β0)
∂α 

≥ b 
pζ−1

∥∥u+∥∥pζ
1,p −

∫
Ω+

f (x, αu+)
(αu+)pζ−1

(
u+)pζ dx

−
∫

(∂Ω)+

g (x, αu+)
(αu+)pζ−1

(
u+)pζ dσ,

where the second and the third terms on the right-hand side converge to zero as α → 0
because of assumption (A3)(iii). Thus,
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∂Λu(α, β0)
∂α 

> 0 for α > 0 sufficiently small.

Hence, Λu is increasing with respect to α which is a contradiction. Analogously, we can 
prove that Λu cannot achieve its global maximum at a point (α0, 0) with α0 ≥ 0. In 
summary, we have seen that the global maximum must be achieved in (0, L)2 for some 
L > 0. But this means it is a critical point of Λu and taking Parts 1 and 3 into account, 
we know that the only critical point of Λu is (αu, βu). This finishes the proof. �
Proposition 3.2. Let hypotheses (A1)--(A3) be satisfied and let u ∈ W 1,H(Ω) with u± �= 0
such that

〈E ′(u), u+〉 ≤ 0 and 〈E ′(u),−u−〉 ≤ 0. (3.19)

Then the unique pair (αu, βu) obtained in Proposition 3.1 satisfies 0 < αu, βu ≤ 1. 
Alternatively, if

〈E ′(u), u+〉 ≥ 0 and 〈E ′(u),−u−〉 ≥ 0, (3.20)

then αu, βu ≥ 1.

Proof. We first assume that 0 < βu ≤ αu. Since αuu
+ − βuu

− belongs to C, it holds by 
definition that 〈E ′ (αuu

+ − βuu
−) , αuu

+〉 = 0 which is equivalent to

(
a + b

(
1 
p

∥∥αuu
+ − βuu

−∥∥p
1,p + 1

q

∥∥∇ (
αuu

+ − βuu
−)∥∥q

q,μ

)ζ−1
)

×
(∥∥αuu

+∥∥p
1,p +

∥∥∇ (
αuu

+)∥∥q
q,μ

)
−
∫
Ω 

f
(
x, αuu

+)αuu
+ dx−

∫
∂Ω

g
(
x, αuu

+)αuu
+ dσ = 0.

(3.21)

From (3.19) we have 〈E ′(u), u+〉 ≤ 0, that is,

(
a + b

(
1 
p
‖u‖p1,p + 1

q
‖∇u‖qq,μ

)ζ−1
)(∥∥u+∥∥p

1,p +
∥∥∇u+∥∥q

q,μ

)

−
∫
Ω 

f
(
x, u+)u+ dx−

∫
∂Ω

g
(
x, u+)u+ dσ ≤ 0.

(3.22)

Supposing by contradiction that αu > 1 and dividing (3.21) by αqζ
u gives
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0 ≤
(
a

1 

α
q(ζ−1)
u

+ b

(
1 
p
‖u‖p1,p + 1

q
‖∇u‖qq,μ

)ζ−1
)

×
(∥∥u+∥∥p

1,p +
∥∥∇u+∥∥q

q,μ

)

−
∫

Ω+

f (x, αuu
+)

(αuu+)qζ−1
(
u+)qζ dx−

∫
(∂Ω)+

g (x, αuu
+)

(αuu+)qζ−1
(
u+)qζ dσ.

(3.23)

Now, combining (3.22) and (3.23), it follows that

∫
Ω+

(
f (x, αuu

+)
(αuu+)qζ−1 − f (x, u+)

(u+)qζ−1

)(
u+)qζ dx

+
∫

(∂Ω)+

(
g (x, αuu

+)
(αuu+)qζ−1 − g (x, u+)

(u+)qζ−1

)(
u+)qζ dσ

≤ a

(
1 

α
q(ζ−1)
u

− 1
)(∥∥u+∥∥p

1,p +
∥∥∇u+∥∥q

q,μ

)
.

But this is a contradiction due to assumption (A3)(v) (see also (3.11) and the ar
guments there). Hence, we have 0 < βu ≤ αu ≤ 1. If 0 < αu ≤ βu, we use 
〈E ′ (αuu

+ − βuu
−) ,−βuu

−〉 = 0 and 〈E ′(u),−u−〉 ≤ 0 and work as above assuming 
βu > 1 to get

−
∫

Ω−

(
f (x,−βuu

−)
(βuu−)qζ−1 − f (x,−u−)

(u−)qζ−1

)(
u−)qζ dx

−
∫

(∂Ω)−

(
g (x,−βuu

−)
(βuu−)qζ−1 − g (x,−u−)

(u−)qζ−1

)(
u−)qζ dσ

≤ a

(
1 

β
(ζ−1)q
u

− 1
)(∥∥u−∥∥p

1,p +
∥∥∇u−∥∥q

q,μ

)
.

This is again a contradiction and it holds 0 < αu ≤ βu ≤ 1. The case (3.20) can be done 
in a similar way, just using the inequalities in the opposite direction. �

The following proposition will be useful for later considerations.

Proposition 3.3. Let hypotheses (A1)--(A3) be satisfied and let u ∈ W 1,H(Ω) with ‖u‖ ≤ 1. 
Then there exist constants Ĉ, C̃1, C̃2 > 0 such that

E(u) ≥ Ĉ‖u‖qζ − C̃1‖u‖r1 − C̃2‖u‖r2 .
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Proof. With regard to assumptions (A3)(i) and (A3)(iii), for a given ε > 0, there exist 
constants ĉ1 = ĉ1(ε), ĉ2 = ĉ2(ε) > 0 such that

F (x, s) ≤ ε 
pζ

|s|pζ + ĉ1|s|r1 for a.a. x ∈ Ω, (3.24)

G(x, s) ≤ ε 
pζ

|s|pζ + ĉ2|s|r2 for a.a. x ∈ ∂Ω (3.25)

and for all s ∈ R. Let u ∈ W 1,H
0 (Ω) with ‖u‖ ≤ 1. Then, by applying (3.24), (3.25) and 

Proposition 2.2(i), (ii), we obtain

E(u) = Φ [Ξ(u)] −
∫
Ω 

F (x, u) dx−
∫
∂Ω

G(x, u) dσ

≥ b 
ζ

(
1 
pζ

‖u‖pζ1,p + 1 
qζ

‖∇u‖qζq,μ
)
− ε 

pζ
‖u‖pζpζ − ĉ1‖u‖r1r1

− ε 
pζ

‖u‖pζpζ,∂Ω − ĉ2‖u‖r2r2,∂Ω

≥
(

b 
pζζ

− ε

(
Cpζ

Ω + Cpζ
∂Ω

pζ 

))
‖u‖pζ1,p + b 

qζζ
‖∇u‖qζq,μ

− ĉ1
(
CH

Ω
)r1 ‖u‖r1 − ĉ2

(
CH

∂Ω
)r2 ‖u‖r2

≥ min
{(

b 
pζζ

− ε

(
Cpζ

Ω + Cpζ
∂Ω

pζ 

))
,

b 
qζζ

}
1 

2ζ−1 [ρ(u)]ζ

− ĉ1
(
CH

Ω
)r1 ‖u‖r1 − ĉ2

(
CH

∂Ω
)r2 ‖u‖r2

with CΩ, CH
Ω , C∂Ω, CH

∂Ω being the embedding constants of the continuous embeddings 
W 1,p(Ω) → Lpζ(Ω), W 1,H(Ω) → Lr1(Ω), W 1,p(Ω) → Lpζ(∂Ω) and W 1,H(Ω) → Lr2(∂Ω), 
respectively, where we have used the inequality 21−ζ(s + t)ζ ≤ sζ + tζ for all s, t ≥ 0
in the last step. Choosing ε ∈

(
0, b 

pζ−1(Cpζ
Ω +Cpζ

∂Ω)

)
and making use of Proposition 2.1(iii) 

yields the required statement. �
Let ω = inf

C
E .

Proposition 3.4. Let hypotheses (A1)--(A3) be satisfied. Then ω > 0. In particular, the 
infimum is finite.

Proof. Recall that qζ < min{r1, r2}. Then from Proposition 3.3 we know that

E(u) ≥ C > 0 for all u ∈ W 1,H(Ω) with ‖u‖ = τ (3.26)

for some τ ∈ (0, 1) sufficiently small. Let u ∈ C and choose α0, β0 > 0 such that ‖α0u
+−

β0u
−‖ = τ . Then, using (3.26) and Proposition 3.1, it follows that
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0 < C ≤ E(α0u
+ − β0u

−) ≤ E(u).

As u ∈ C was arbitrary, we conclude that ω > 0. �
In the next proposition we show that E restricted to the constraint set C is sequentially 

coercive, that is, E(un) → ∞ for any sequence {un}n∈N ⊆ C with ‖un‖ → +∞.

Proposition 3.5. Let hypotheses (A1)--(A3) be satisfied. Then E|C is sequentially coercive.

Proof. Let {un}n∈N ⊆ C be a sequence satisfying

‖un‖ → +∞ as n → ∞ (3.27)

and let yn = un

‖un‖ . Then we have

yn ⇀ y in W 1,H(Ω),

yn → y in Lr1(Ω) and a.e. in Ω,

yn → y in Lr2(∂Ω) and a.e. in ∂Ω,

y±n ⇀ y± in W 1,H(Ω),

y±n → y± in Lr1(Ω) and a.e. in Ω,

y±n → y± in Lr2(∂Ω) and a.e. in ∂Ω,

(3.28)

for some y = y+ − y− ∈ W 1,H(Ω). Let us suppose first that y �= 0. Applying Proposi
tion 2.1(iv) and supposing ‖un‖ > 1 yields

E(un) = a

(
1 
p
‖un‖p1,p + 1

q
‖∇un‖qq,μ

)

+ b 
ζ

(
1 
p
‖un‖p1,p + 1

q
‖∇un‖qq,μ

)ζ

−
∫
Ω 

F (x, un) dx−
∫
∂Ω

G(x, un) dσ

≤ a

p 
‖un‖q + b 

ζpζ
‖un‖qζ −

∫
Ω 

F (x, un) dx−
∫
∂Ω

G(x, un) dσ.

(3.29)

Let

Ωy
+ = {x ∈ Ω : y(x) > 0} and Ωy

− = {x ∈ Ω : y(x) < 0}

Γy
+ = {x ∈ ∂Ω : y(x) > 0} and Γy

− = {x ∈ ∂Ω : y(x) < 0} .
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At least one of Ωy
+ and Ωy

− has a positive measure. Suppose |Ωy
+|N > 0. Then we have, 

because of (3.28), that

u+
n (x) → +∞ for a.a. x ∈ Ωy

+.

Using Fatou’s Lemma, (3.27) and (1.6) we obtain

∫
Ωy

+

F (x, u+
n )∥∥u+

n

∥∥qϑ dx → +∞. (3.30)

Taking the assumptions (A3)(i) and (A3)(ii) into account, we can find a positive constant 
Ĉ such that

F (x, s) ≥ −Ĉ for a.a. x ∈ Ω and for all s ∈ R. (3.31)

Using (3.31) it follows that

∫
Ω 

F (x, u+
n )∥∥u+

n

∥∥qϑ dx =
∫

Ωy
+

F (x, u+
n )∥∥u+

n

∥∥qϑ dx +
∫

Ω\Ωy
+

F (x, u+
n )∥∥u+

n

∥∥qϑ dx

≥
∫

Ωy
+

F (x, u+
n )∥∥u+

n

∥∥qϑ dx− Ĉ∥∥u+
n

∥∥qϑ |Ω|N .

Combining this with (3.27) and (3.30) leads to

∫
Ω 

F (x, u+
n )∥∥u+

n

∥∥qϑ dx → +∞. (3.32)

If the measures of Ωy
− and of Γy

+,Γ
y
− are positive, we get the same as in (3.30) for these 

measures while for Γy
+,Γ

y
− we take the Hausdorff surface measure. If one of these sets 

does not have a positive measure, then the corresponding limit is nonnegative as one can 
see from the treatment above. Altogether, we have

∫
Ω 

F (x,−u−
n )∥∥u−

n

∥∥qϑ dx → +∞ or
∫
Ω 

F (x,−u−
n )∥∥u−

n

∥∥qϑ dx → C1 ≥ 0

∫
∂Ω

G (x, u+
n )∥∥u+

n

∥∥qϑ dσ → +∞ or
∫
∂Ω

G (x, u+
n )∥∥u+

n

∥∥qϑ dσ → C2 ≥ 0

∫
∂Ω

G (x,−u−
n )∥∥u−

n

∥∥qϑ dσ → +∞ or
∫
∂Ω

G (x,−u−
n )∥∥u−

n

∥∥qϑ dσ → C3 ≥ 0.

(3.33)
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Then, dividing (3.29) by ‖un‖qζ , passing to the limit as n → ∞ and applying (3.32) as 
well as (3.33) it follows that E(un) 

‖un‖qζ → −∞, a contradiction to E(un) ≥ ω > 0 for all 
n ∈ N, see Proposition 3.4. Therefore, y = 0 and so y+ = y− = 0. Recall again that 
un ∈ C. Using this fact along with Proposition 3.1 and (3.28), we have for every pair 
(t1, t2) ∈ (0,∞) × (0,∞) with 0 < t1 ≤ t2 that

E(un) ≥ E(t1y+
n − t2y

−
n )

= a

(
1 
p

∥∥t1y+
n − t2y

−
n

∥∥p
1,p + 1

q

∥∥∇ (
t1y

+
n − t2y

−
n

)∥∥q
q,μ

)

+ b 
ζ

(
1 
p

∥∥t1y+
n − t2y

−
n

∥∥p
1,p + 1

q

∥∥∇ (
t1y

+
n − t2y

−
n

)∥∥q
q,μ

)ζ

−
∫
Ω 

F
(
x, t1y

+
n − t2y

−
n

)
dx−

∫
∂Ω

G
(
x, t1y

+
n − t2y

−
n

)
dσ

≥ b 
qζζ

min
{
tpζ1 , tqζ1

}
[ρ (yn)]ζ −

∫
Ω 

F
(
x, t1y

+
n

)
dx−

∫
Ω 

F
(
x,−t2y

−
n

)
dx

−
∫
∂Ω

G
(
x, t1y

+
n

)
dσ −

∫
∂Ω

G
(
x,−t2y

−
n

)
dσ → b 

qζζ
min

{
tpζ1 , tqζ1

}
,

where we have used Proposition 2.1(ii) in the last step since ‖yn‖ = 1 which is equivalent 
to ρ (yn) = 1. Hence, for any given K > 0 we take t1 > 0 large enough and then for 
n ≥ n0 = n0(t1) we have that E(un) > K. �
Proposition 3.6. Let hypotheses (A1)--(A3) be satisfied. Then there exists Ψ > 0 such that 
‖u±‖ ≥ Ψ > 0 for all u ∈ C.

Proof. Let u ∈ C such that ‖u±‖ < 1. From the definition of C we know that

(
a + b

(
1 
p

∥∥u+ − u−∥∥p
1,p + 1

q

∥∥∇ (
u+ − u−)∥∥q

q,μ

)ζ−1
)

×
(∥∥u+∥∥p

1,p +
∥∥∇u+∥∥q

q,μ

)
=
∫
Ω 

f(x, u+)u+ dx +
∫
∂Ω

g(x, u+)u+ dσ.

(3.34)

With regard to (A3)(i) and (A3)(iii), for a given ε > 0, there exist C1,ε, C2,ε > 0 such 
that

|f(x, s)| ≤ ε|s|pζ−1 + C1,ε|s|r1−1 for a.a. x ∈ Ω,

|g(x, s)| ≤ ε|s|pζ−1 + C2,ε|s|r2−1 for a.a. x ∈ ∂Ω
(3.35)
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and for all s ∈ R. Applying (3.35) in (3.34) together with the continuous embeddings 
W 1,p(Ω) → Lpζ(Ω), W 1,H(Ω) → Lr1(Ω), W 1,p(Ω) → Lpζ(∂Ω) and W 1,H(Ω) → Lr2(∂Ω)
and related embedding constants CΩ, CH

Ω , C∂Ω, CH
∂Ω, respectively, we get

b 
qζ−1

(∥∥u+∥∥pζ
1,p +

∥∥∇u+∥∥qζ
q,μ

)

≤ b 
qζ−1

(∥∥u+∥∥p
1,p +

∥∥∇u+∥∥q
q,μ

)ζ

≤ ε
∥∥u+∥∥pζ

pζ
+ C1,ε

∥∥u+∥∥r1
r1

+ ε
∥∥u+∥∥pζ

pζ,∂Ω + C2,ε
∥∥u+∥∥r1

r1,∂Ω

≤ ε
(
Cpζ

Ω + Cpζ
∂Ω

)∥∥u+∥∥pζ
1,p + C1,ε

(
CH

Ω
)r1 ∥∥u+∥∥r1 + C2,ε

(
CH

∂Ω
)r2 ∥∥u+∥∥r2 .

Now we choose ε ∈
(

0, b 
qζ−1

(
Cpζ

Ω +Cpζ
∂Ω

)
)

and apply the inequality 21−ζ(s + t)ζ ≤ sζ + tζ

for all s, t ≥ 0 as well as Proposition 2.1(iii) which results in

Ψ
∥∥u+∥∥qζ ≤ Ψ

[
ρ(u+)

]ζ ≤ C1
∥∥u+∥∥r1 + C2

∥∥u+∥∥r2
for some Ψ, C1, C2 > 0. Since qζ < min{r1, r2}, see Remark 1.1, the result follows for 
u+. A similar treatment can be done for the assertion for u− which finishes the proof of 
the proposition. �

Next we are able to prove that the infimum of E restricted to the constraint set C is 
achieved.

Proposition 3.7. Let hypotheses (A1)--(A3) be satisfied. Then there exists y0 ∈ C such 
that E(y0) = ω.

Proof. Let {yn}n∈N ⊆ C be a minimizing sequence of E over C, that is,

E(yn) ↘ ω.

From Proposition 3.5 it is clear that the sequence {yn}n∈N is bounded in W 1,H(Ω). This 
implies that {y+

n }n∈N , {y−n }n∈N are bounded in W 1,H(Ω) as well (see Proposition 2.1
(vi)). Then we can assume, for not relabeled subsequences, that

y+
n ⇀ y+

0 in W 1,H(Ω), y+
0 ≥ 0,

y−n ⇀ y−0 in W 1,H(Ω), y−0 ≥ 0,

y+
n → y+

0 in Lr1(Ω), Lr2(∂Ω), a.e. in Ω and a.e. in ∂Ω,

y−n → y−0 in Lr1(Ω), Lr2(∂Ω), a.e. in Ω and a.e. in ∂Ω.

(3.36)

From (3.36) and assumption (A3)(i) we know that, for all α, β > 0,
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∫
Ω 

f(x, αy+
n )αy+

n dx →
∫
Ω 

f(x, αy+
0 )αy+

0 dx,

∫
∂Ω

g(x, αy+
n )αy+

n dσ →
∫
∂Ω

g(x, αy+
0 )αy+

0 dσ,

∫
Ω 

f(x,−βy−n )(−βy−n ) dx →
∫
Ω 

f(x,−βy−0 )(−βy−0 ) dx,

∫
∂Ω

g(x,−βy−n )(−βy−n ) dσ →
∫
∂Ω

g(x,−βy−0 )(−βy−0 ) dσ

(3.37)

as n → ∞ and also ∫
Ω 

F (x, αy+
n ) dx →

∫
Ω 

F (x, αy+
0 ) dx,

∫
∂Ω

G(x, αy+
n ) dσ →

∫
∂Ω

G(x, αy+
0 ) dσ,

∫
Ω 

F (x,−βy−n ) dx →
∫
Ω 

F (x,−βy−0 ) dx,

∫
∂Ω

G(x,−βy−n ) dσ →
∫
∂Ω

G(x,−βy−0 ) dσ

(3.38)

as n → ∞.
Claim: y+

0 �= 0 �= y−0
We prove the Claim via contradiction and assume that y+

0 = 0. By assumption, yn ∈ C, 
hence

0 =
〈
E ′ (yn) , y+

n

〉
=
(
a + b

(
1 
p
‖yn‖p1,p + 1

q
‖∇yn‖qq,μ

)ζ−1
)

×
(∥∥y+

n

∥∥p
1,p +

∥∥∇y+
n

∥∥q
q,μ

)
−
∫
Ω 

f
(
x, y+

n

)
y+
n dx−

∫
∂Ω

g
(
x, y+

n

)
y+
n dσ

≥ b 
qζ−1

(∥∥y+
n

∥∥p
1,p +

∥∥∇y+
n

∥∥q
q,μ

)ζ

−
∫
Ω 

f
(
x, y+

n

)
y+
n dx−

∫
∂Ω

g
(
x, y+

n

)
y+
n dσ.

Using the convergence properties in (3.37) we conclude from the inequality above that

b 
qζ−1

[
ρ(y+

n )
]ζ ≤

∫
Ω 

f
(
x, y+

n

)
y+
n dx +

∫
∂Ω

g
(
x, y+

n

)
y+
n dσ → 0
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as n → ∞. Thus, ρ(y+
n ) → 0 as n → ∞ which is equivalent to y+

n → 0 in W 1,H(Ω), see 
Proposition 2.1(v). On the other hand, we know from Proposition 3.6 that ‖y+

n ‖ ≥ Ψ > 0
which is a contradiction. Similarly, we can prove that y−0 �= 0. The Claim is proved.

From the Claim and Proposition 3.1 there exist unique αy0 , βy0 > 0 such that αy0y
+
0 −

βy0y
−
0 ∈ C. Moreover, using the convergence properties in (3.37) along with the weak 

lower semicontinuity of the norm ‖ · ‖1,p and the seminorm ‖ · ‖q,μ, we obtain

〈
E ′(y0),±y±0

〉
=
(
a + b

(
1 
p
‖y0‖p1,p + 1

q
‖∇y0‖qq,μ

)ζ−1
)(∥∥±y±0

∥∥p
1,p +

∥∥∇ (
±y±0

)∥∥q
q,μ

)

−
∫
Ω 

f
(
x,±y±0

) (
±y±0

)
dx−

∫
∂Ω

g
(
x,±y±0

) (
±y±0

)
dσ

≤ lim inf
n→∞ 

(
a + b

(
1 
p
‖yn‖p1,p + 1

q
‖∇yn‖qq,μ

)ζ−1
)

×
(∥∥±y±n

∥∥p
1,p +

∥∥∇ (
±y±n

)∥∥q
q,μ

)

− lim 
n→∞

∫
Ω 

f
(
x,±y±n

) (
±y±n

)
dx− lim 

n→∞

∫
∂Ω

g
(
x,±y±n

) (
±y±n

)
dσ

= lim inf
n→∞ 

〈
E ′(yn),±y±n

〉
= 0,

since yn ∈ C. This allows us the usage of Proposition 3.2 which shows that αy0 , βy0 ∈
(0, 1]. From this fact and assumption (A3)(iv) we conclude that

1 
qζ

f(x, αy0y
+
0 )αy0y

+
0 − F (x, αy0y

+
0 ) ≤ 1 

qζ
f(x, y+

0 )y+
0 − F (x, y+

0 ),

1 
qζ

f(x,−βy0y
−
0 )(−βy0y

−
0 ) − F (x,−βy0y

−
0 ) ≤ 1 

qζ
f(x,−y−0 )(−y−0 ) − F (x,−y−0 )

(3.39)

for a.a. x ∈ Ω and

1 
qζ

g(x, αy0y
+
0 )αy0y

+
0 −G(x, αy0y

+
0 ) ≤ 1 

qζ
g(x, y+

0 )y+
0 −G(x, y+

0 ),

1 
qζ

g(x,−βy0y
−
0 )(−βy0y

−
0 ) −G(x,−βy0y

−
0 ) ≤ 1 

qζ
g(x,−y−0 )(−y−0 ) −G(x,−y−0 )

(3.40)

for a.a. x ∈ ∂Ω. Now, from αy0y
+
0 − βy0y

−
0 ∈ C, αy0 , βy0 ∈ (0, 1], (3.37), (3.38), (3.39), 

(3.40) and yn ∈ C we derive that

ω ≤ E
(
αy0y

+
0 − βy0y

−
0
)
− 1 

qζ

〈
E ′ (αy0y

+
0 − βy0y

−
0
)
, αy0y

+
0 − βy0y

−
0
〉
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= a

(
αp
y0

p 

∥∥y+
0
∥∥p

1,p +
βp
y0

p 

∥∥y−0 ∥∥p1,p +
αq
y0

q

∥∥∇y+
0
∥∥q
q,μ

+
βq
y0

q

∥∥∇y−0
∥∥q
q,μ

)

+ b 
ζ

(
αp
y0

p 

∥∥y+
0
∥∥p

1,p +
βp
y0

p 

∥∥y−0 ∥∥p1,p +
αq
y0

q

∥∥∇y+
0
∥∥q
q,μ

+
βq
y0

q

∥∥∇y−0
∥∥q
q,μ

)ζ

−
∫
Ω 

F
(
x, αy0u

+) dx−
∫
Ω 

F
(
x,−βy0u

−) dx

−
∫
∂Ω

G
(
x, αy0u

+) dσ −
∫
∂Ω

G
(
x,−βy0u

−) dσ

− a

(
αp
y0

qζ 

∥∥y+
0
∥∥p

1,p +
βp
y0

qζ 

∥∥y−0 ∥∥p1,p +
αq
y0

qζ 

∥∥∇y+
0
∥∥q
q,μ

+
βq
y0

qζ 

∥∥∇y−0
∥∥q
q,μ

)

− b 
qζ

(
αp
y0

p 

∥∥y+
0
∥∥p

1,p +
βp
y0

p 

∥∥y−0 ∥∥p1,p +
αq
y0

q

∥∥∇y+
0
∥∥q
q,μ

+
βq
y0

q

∥∥∇y−0
∥∥q
q,μ

)ζ−1

×
(
αp
y0

∥∥y+
0
∥∥p

1,p + βp
y0

∥∥y−0 ∥∥p1,p + αq
y0

∥∥∇y+
0
∥∥q
q,μ

+ βq
y0

∥∥∇y−0
∥∥q
q,μ

)

+ 1 
qζ

∫
Ω 

f
(
x, αy0y

+
0
)
αy0y

+
0 dx + 1 

qζ

∫
Ω 

f
(
x,−βy0y

−
0
)
(−βy0y

−
0 ) dx

+ 1 
qζ

∫
∂Ω

g
(
x, αy0y

+
0
)
αy0y

+
0 dσ + 1 

qζ

∫
∂Ω

g
(
x,−βy0y

−
0
)
(−βy0y

−
0 ) dσ

= a

(
1 
p
− 1 

qζ

)(
αp
y0

∥∥y+
0
∥∥p

1,p + βp
y0

∥∥y−0 ∥∥p1,p
)

+ a

(
1
q
− 1 

qζ

)(
αq
y0

∥∥∇y+
0
∥∥q
q,μ

+ βq
y0

∥∥∇y−0
∥∥q
q,μ

)

+ b

(
αp
y0

p 

∥∥y+
0
∥∥p

1,p +
βp
y0

p 

∥∥y−0 ∥∥p1,p +
αq
y0

q

∥∥∇y+
0
∥∥q
q,μ

+
βq
y0

q

∥∥∇y−0
∥∥q
q,μ

)ζ−1

×
[(

1 
pζ

− 1 
qζ

)(
αp
y0

∥∥y+
0
∥∥p

1,p + βp
y0

∥∥y−0 ∥∥p1,p
)

+
(

1 
qζ

− 1 
qζ

)(
αq
y0

∥∥∇y+
0
∥∥q
q,μ

+ βq
y0

∥∥∇y−0
∥∥q
q,μ

)]

+
∫
Ω 

(
1 
qζ

f(x, αy0y
+
0 )αy0y

+
0 − F (x, αy0y

+
0 )
)

dx

+
∫
Ω 

(
1 
qζ

f(x,−βy0y
−
0 )(−βy0y

−
0 ) − F (x,−βy0y

−
0 )
)

dx

+
∫
∂Ω

(
1 
qζ

g(x, αy0y
+
0 )αy0y

+
0 −G(x, αy0y

+
0 )
)

dσ
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+
∫
∂Ω

(
1 
qζ

g(x,−βy0y
−
0 )(−βy0y

−
0 ) −G(x,−βy0y

−
0 )
)

dσ

≤ a

(
1 
p
− 1 

qζ

)(∥∥y+
0
∥∥p

1,p +
∥∥y−0 ∥∥p1,p

)

+ a

(
1
q
− 1 

qζ

)(∥∥∇y+
0
∥∥q
q,μ

+
∥∥∇y−0

∥∥q
q,μ

)

+ b

(
1 
p

∥∥y+
0
∥∥p

1,p + 1 
p

∥∥y−0 ∥∥p1,p + 1
q

∥∥∇y+
0
∥∥q
q,μ

+ 1
q

∥∥∇y−0
∥∥q
q,μ

)ζ−1

×
[(

1 
pζ

− 1 
qζ

)(∥∥y+
0
∥∥p

1,p +
∥∥y−0 ∥∥p1,p

)

+
(

1 
qζ

− 1 
qζ

)(∥∥∇y+
0
∥∥q
q,μ

+
∥∥∇y−0

∥∥q
q,μ

)]

+
∫
Ω 

(
1 
qζ

f(x, y+
0 )y+

0 − F (x, y+
0 )
)

dx

+
∫
Ω 

(
1 
qζ

f(x,−y−0 )(−y−0 ) − F (x,−y−0 )
)

dx

+
∫
∂Ω

(
1 
qζ

g(x, y+
0 )y+

0 −G(x, y+
0 )
)

dσ

+
∫
∂Ω

(
1 
qζ

g(x,−y−0 )(−y−0 ) −G(x,−y−0 )
)

dσ

≤ lim inf
n→∞ 

(
E
(
y+
n − y−n

)
− 1 

qζ

〈
E ′ (y+

n − y−n
)
, y+

n − y−n
〉)

= ω,

whereby we have used in the last step the weak lower semicontinuity of the norm ‖ · ‖1,p

and the seminorm ‖·‖q,μ along with (3.37) as well as (3.38) and then rearrange the terms 
inside the limit. Note that if we assume αy0 < 1 or βy0 < 1, the inequality above is strict 
and this is a contradiction. Hence, we conclude that αy0 = βy0 = 1 which implies that 
the infimum ω is achieved by the function y+

0 − y−0 . �
Now we are in the position to give the proof of Theorem 1.3.

Proof of Theorem 1.3. Let y0 ∈ C with E(y0) = ω be the function obtained in Propo
sition 3.7. We are going to prove that y0 is a critical point of the functional E which 
implies that it is a least energy sign-changing solution of problem (1.1).

Arguing by contradiction, we assume that E ′(y0) �= 0. Then we can find two numbers 
λ, δ0 > 0 such that
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‖E ′(u)‖∗ ≥ λ, for all u ∈ W 1,H(Ω) with ‖u− y0‖ < 3δ0.

Denoting by Cp an embedding constant for W 1,H(Ω) → Lp(Ω), we have for any function 
v ∈ W 1,H(Ω)

‖y0 − v‖ ≥ C−1
p ‖y0 − v‖p ≥

{
C−1

p ‖y−0 ‖p, if v− = 0,
C−1

p ‖y+
0 ‖p, if v+ = 0,

as y+
0 �= 0 �= y−0 . Next we can choose a number δ1 such that

δ1 ∈
(
0,min

{
C−1

p ‖y−0 ‖p, C−1
p ‖y+

0 ‖p
})

.

This implies that for any v ∈ W 1,H(Ω) with ‖y0 − v‖ < δ1 we have v+ �= 0 �= v−. Now 
we take δ = min{δ0, δ1/2}. Because the mapping (α, β) 
→ αy+

0 − βy−0 is continuous 
from [0,∞)× [0,∞) into W 1,H(Ω), we can find τ ∈ (0, 1) such that for all α, β ≥ 0 with 
max{|α− 1|, |β − 1|} < τ , it holds

∥∥αy+
0 − βy−0 − y0

∥∥ < δ.

Let D = (1− τ, 1+ τ)× (1− τ, 1+ τ) and note that, for any α, β ≥ 0 with (α, β) �= (1, 1), 
we get that

E(αy+
0 − βy−0 ) < E(y+

0 − y−0 ) = inf 
u∈C

E(u), (3.41)

due to Proposition 3.1. This implies that

� = max 
(α,β)∈∂D

E(αy+
0 − βy−0 ) < E(y+

0 − y−0 ) = inf 
u∈C

E(u).

Next we apply Lemma 2.4 with the choices

S = B(y0, δ), c = inf 
u∈C

E(u), ε = min
{
c− �

4 
,
λδ

8 

}

and δ is a above. It should be mentioned that S2δ = B(y0, 3δ) and by the choice of ε, 
the hypotheses of Lemma 2.4 are fulfilled, which guarantees that a mapping η with the 
properties given in the lemma exists. From the choice of ε it follows that

E(αy+
0 − βy−0 ) ≤ � + c− c < c−

(
c− �

2 

)
≤ c− 2ε (3.42)

for all (α, β) ∈ ∂D.
Now we introduce the mappings Π : [0,∞)× [0,∞) → W 1,H(Ω), Υ : [0,∞)× [0,∞) →

R2 defined by
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Π(α, β) = η
(
1, αy+

0 − βy−0
)

Υ(α, β) =
(〈
E ′ (Π(α, β)) ,Π+(α, β)

〉
,
〈
E ′ (Π(α, β)) ,−Π−(α, β)

〉)
.

The continuity of η implies the continuity of Π and the differentiability of E guarantees 
that Υ is continuous. Taking Lemma 2.4 (i) and (3.42) into account, we know that 
Π(α, β) = αy+

0 − βy−0 for all (α, β) ∈ ∂D and

Υ(α, β) =
(
〈E ′(αy+

0 − βy−0 ), αy+
0 〉, 〈E ′(αy+

0 − βy−0 ),−βy−0 〉
)
.

From the sign information in (i)--(iv) of Proposition 3.1, we derive the componentwise 
inequalities, for Υ = (Υ1,Υ2),

Υ1(1 − τ, t) > 0 > Υ1(1 + τ, t),

Υ2(t, 1 − τ) > 0 > Υ2(t, 1 + τ) for all t ∈ [1 − τ, 1 + τ ].

Now we are able to apply Lemma 2.5 with ϕ(α, β) = −Υ(1 + α, 1 + β). This yields a 
pair (α0, β0) ∈ D satisfying Υ(α0, β0) = 0, that is,

〈E ′(Π(α0, β0)),Π+(α0, β0)〉 = 0 = 〈E ′(Π(α0, β0)),−Π−(α0, β0)〉.

Lemma 2.4 (iv) and the choice of τ leads to

‖Π(α0, β0) − y0‖ ≤ 2δ ≤ δ1

and the choice of δ1 gives us

Π+(α0, β0) �= 0 �= −Π−(α0, β0).

This means that Π(α0, β0) ∈ C. However, by Lemma 2.4 (ii), the choice of τ and (3.41), 
we have that E(Π(α0, β0)) ≤ c − ε, which is a contradiction. Therefore, y0 turns out to 
be a critical point of E . The proof is finished. �
Acknowledgment

Marcos T.O. Pimenta is partially supported by FAPESP 2023/05300-4, 2023/06617
1 and 2022/16407-1, CNPq 304765/2021-0, Brazil. Marcos T.O. Pimenta thanks the 
University of Technology Berlin for the kind hospitality during a research stay in Febru
ary/March 2024. Marcos T.O. Pimenta and Patrick Winkert were financially supported 
by TU Berlin-FAPESP Mobility Promotion.

Data availability

No data was used for the research described in the article.



34 F. Borer et al. / Journal of Functional Analysis 289 (2025) 110933 

References

[1] C.O. Alves, F.J.S.A. Corrêa, T.F. Ma, Positive solutions for a quasilinear elliptic equation of Kirch
hoff type, Comput. Math. Appl. 49 (1) (2005) 85--93.

[2] E. Amoroso, Á. Crespo-Blanco, P. Pucci, P. Winkert, Superlinear elliptic equations with unbalanced 
growth and nonlinear boundary condition, Bull. Sci. Math. 197 (2024) 103534.

[3] R. Arora, A. Fiscella, T. Mukherjee, P. Winkert, On critical double phase Kirchhoff problems with 
singular nonlinearity, Rend. Circ. Mat. Palermo (2) 71 (3) (2022) 1079--1106.

[4] R. Arora, A. Fiscella, T. Mukherjee, P. Winkert, On double phase Kirchhoff problems with singular 
nonlinearity, Adv. Nonlinear Anal. 12 (1) (2023) 20220312, 24 pp.

[5] G. Autuori, P. Pucci, M. Salvatori, Global nonexistence for nonlinear Kirchhoff systems, Arch. 
Ration. Mech. Anal. 196 (2) (2010) 489--516.

[6] P. Baroni, M. Colombo, G. Mingione, Harnack inequalities for double phase functionals, Nonlinear 
Anal. 121 (2015) 206--222.

[7] P. Baroni, M. Colombo, G. Mingione, Regularity for general functionals with double phase, Calc. 
Var. Partial Differ. Equ. 57 (2) (2018) 62, 48 pp.

[8] T. Bartsch, T. Weth, A note on additional properties of sign changing solutions to superlinear 
elliptic equations, Topol. Methods Nonlinear Anal. 22 (1) (2003) 1--14.

[9] T. Bartsch, T. Weth, Three nodal solutions of singularly perturbed elliptic equations on domains 
without topology, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 22 (3) (2005) 259--281.

[10] J. Cen, C. Vetro, S. Zeng, A multiplicity theorem for double phase degenerate Kirchhoff problems, 
Appl. Math. Lett. 146 (2023) 108803, 6 pp.

[11] Y. Cheng, Z. Bai, Existence and multiplicity results for parameter Kirchhoff double phase problem 
with Hardy-Sobolev exponents, J. Math. Phys. 65 (1) (2024) 011506, 25 pp.

[12] F. Colasuonno, M. Squassina, Eigenvalues for double phase variational integrals, Ann. Mat. Pura 
Appl. (4) 195 (6) (2016) 1917--1959.

[13] M. Colombo, G. Mingione, Bounded minimisers of double phase variational integrals, Arch. Ration. 
Mech. Anal. 218 (1) (2015) 219--273.

[14] M. Colombo, G. Mingione, Regularity for double phase variational problems, Arch. Ration. Mech. 
Anal. 215 (2) (2015) 443--496.

[15] F.J.S.A. Corrêa, R.G. Nascimento, On a nonlocal elliptic system of p-Kirchhoff-type under Neumann 
boundary condition, Math. Comput. Model. 49 (3--4) (2009) 598--604.

[16] Á. Crespo-Blanco, L. Gasiński, P. Harjulehto, P. Winkert, A new class of double phase variable 
exponent problems: existence and uniqueness, J. Differ. Equ. 323 (2022) 182--228.

[17] Á. Crespo-Blanco, L. Gasiński, P. Winkert, Least energy sign-changing solution for degenerate 
Kirchhoff double phase problems, J. Differ. Equ. 411 (2024) 51--89.

[18] Á. Crespo-Blanco, N.S. Papageorgiou, P. Winkert, Parametric superlinear double phase problems 
with singular term and critical growth on the boundary, Math. Methods Appl. Sci. 45 (4) (2022) 
2276--2298.

[19] P. D’Ancona, S. Spagnolo, Global solvability for the degenerate Kirchhoff equation with real analytic 
data, Invent. Math. 108 (2) (1992) 247--262.

[20] G. Dai, R. Ma, Solutions for a p(x)-Kirchhoff type equation with Neumann boundary data, Nonlinear 
Anal., Real World Appl. 12 (5) (2011) 2666--2680.

[21] G. Dinca, J. Mawhin, Brouwer Degree -- The Core of Nonlinear Analysis, Birkhäuser/ Springer, 
Cham, 2021.

[22] G.M. Figueiredo, Existence of a positive solution for a Kirchhoff problem type with critical growth 
via truncation argument, J. Math. Anal. Appl. 401 (2) (2013) 706--713.

[23] G.M. Figueiredo, J.R. Santos Júnior, Existence of a least energy nodal solution for a Schrödinger
Kirchhoff equation with potential vanishing at infinity, J. Math. Phys. 56 (5) (2015) 051506, 18 
pp.

[24] A. Fiscella, G. Marino, A. Pinamonti, S. Verzellesi, Multiple solutions for nonlinear boundary value 
problems of Kirchhoff type on a double phase setting, Rev. Mat. Complut. 37 (1) (2024) 205--236.

[25] A. Fiscella, A. Pinamonti, Existence and multiplicity results for Kirchhoff type problems on a double 
phase setting, Mediterr. J. Math. 20 (1) (2023), Paper No. 33.

[26] A. Fiscella, E. Valdinoci, A critical Kirchhoff type problem involving a nonlocal operator, Nonlinear 
Anal. 94 (2014) 156--170.

[27] L. Gasiński, P. Winkert, Sign changing solution for a double phase problem with nonlinear boundary 
condition via the Nehari manifold, J. Differ. Equ. 274 (2021) 1037--1066.

http://refhub.elsevier.com/S0022-1236(25)00115-6/bib30FAEE7C688076DC5B6741BE6FDA10F3s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib30FAEE7C688076DC5B6741BE6FDA10F3s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib43419CDA1E435EA18DB42A4671D9BC6Cs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib43419CDA1E435EA18DB42A4671D9BC6Cs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib99E9EB243775152FC8241A8EE9C9402Es1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib99E9EB243775152FC8241A8EE9C9402Es1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibBDA4306B2707E2EF61C5662671FBBFFFs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibBDA4306B2707E2EF61C5662671FBBFFFs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib6F7313A391F201C49A1693FAF9BFD0DBs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib6F7313A391F201C49A1693FAF9BFD0DBs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib8B1C3E8D71D67FEBEFF684812E2710F3s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib8B1C3E8D71D67FEBEFF684812E2710F3s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibB24C49D8440ED993BC2B4769467DD68Es1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibB24C49D8440ED993BC2B4769467DD68Es1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib7251FA11868D5DB521628C7E337E3986s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib7251FA11868D5DB521628C7E337E3986s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib4FEDD496EED25BEB5B88155EE5626E7Cs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib4FEDD496EED25BEB5B88155EE5626E7Cs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibB35317EE2B821A8E2BA0028C534ED016s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibB35317EE2B821A8E2BA0028C534ED016s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibBB2FEAFBC57407A44066A5ADE5F41305s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibBB2FEAFBC57407A44066A5ADE5F41305s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib39ADCCE93F1637A6293526A0A3FE859As1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib39ADCCE93F1637A6293526A0A3FE859As1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibF5AB333105B1BECCF369EE202DB65297s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibF5AB333105B1BECCF369EE202DB65297s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibF3818D8141B6F543EE00D360DD1CFC58s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibF3818D8141B6F543EE00D360DD1CFC58s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib956BC08B21E95DF5B0370CC3B2B2696Es1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib956BC08B21E95DF5B0370CC3B2B2696Es1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib0BC8A636E61C5142611426276298439Cs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib0BC8A636E61C5142611426276298439Cs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib622A66E84551FF33F9C8570DEED5914Bs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib622A66E84551FF33F9C8570DEED5914Bs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib58A5960AB03FA5C6A3BDA3083F2EA553s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib58A5960AB03FA5C6A3BDA3083F2EA553s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib58A5960AB03FA5C6A3BDA3083F2EA553s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibD1FC23CCA13C12A72476803D751932F0s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibD1FC23CCA13C12A72476803D751932F0s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib2BFBCF33939994D248827C5FA33D7AC0s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib2BFBCF33939994D248827C5FA33D7AC0s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib309B1084A43BD31634374C089939E4DFs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib309B1084A43BD31634374C089939E4DFs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib2F257DC758BD71D265E73C38C87B3123s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib2F257DC758BD71D265E73C38C87B3123s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib775F5152A24881086DAB6088917A8142s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib775F5152A24881086DAB6088917A8142s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib775F5152A24881086DAB6088917A8142s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib42E8FA55A25D0B877D62E2E6D51CB621s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib42E8FA55A25D0B877D62E2E6D51CB621s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib2064DAAD4C9E349DF0CC911A13D2586Es1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib2064DAAD4C9E349DF0CC911A13D2586Es1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib4A6E9369B2D5B23BB7A0F90BA05C7339s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib4A6E9369B2D5B23BB7A0F90BA05C7339s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib8ED66C7CB62BC93428DADF80EBD1F433s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib8ED66C7CB62BC93428DADF80EBD1F433s1


F. Borer et al. / Journal of Functional Analysis 289 (2025) 110933 35

[28] U. Guarnotta, R. Livrea, P. Winkert, The sub-supersolution method for variable exponent double 
phase systems with nonlinear boundary conditions, Atti Accad. Naz. Lincei, Rend. Lincei, Mat. 
Appl. 34 (3) (2023) 617--639.

[29] P. Harjulehto, P. Hästö, Orlicz Spaces and Generalized Orlicz Spaces, Springer, Cham, 2019.
[30] X. He, W. Zou, Existence and concentration behavior of positive solutions for a Kirchhoff equation 

in R3, J. Differ. Equ. 252 (2) (2012) 1813--1834.
[31] K. Ho, P. Winkert, Infinitely many solutions to Kirchhoff double phase problems with variable 

exponents, Appl. Math. Lett. 145 (2023) 108783, 8 pp.
[32] T. Isernia, D.D. Repovš, Nodal solutions for double phase Kirchhoff problems, Asymptot. Anal. 

124 (3--4) (2021) 371--396.
[33] G.R. Kirchhoff, Mechanik, Teubner, Leipzig, 1883.
[34] Y.-L. Li, D.-B. Wang, J.-L. Zhang, Sign-changing solutions for a class of p-Laplacian Kirchhoff-type 

problem with logarithmic nonlinearity, AIMS Math. 5 (3) (2020) 2100--2112.
[35] S. Liang, V.D. Rădulescu, Least-energy nodal solutions of critical Kirchhoff problems with logarith

mic nonlinearity, Anal. Math. Phys. 10 (4) (2020) 45, 31 pp.
[36] J.-L. Lions, On some questions in boundary value problems of mathematical physics, in: Contem

porary Developments in Continuum Mechanics and Partial Differential Equations, North-Holland, 
Amsterdam-New York, 1978, pp. 284--346.

[37] W. Liu, G. Dai, Existence and multiplicity results for double phase problem, J. Differ. Equ. 265 (9) 
(2018) 4311--4334.

[38] A. Mao, Z. Zhang, Sign-changing and multiple solutions of Kirchhoff type problems without the 
P.S. condition, Nonlinear Anal. 70 (3) (2009) 1275--1287.

[39] P. Marcellini, Regularity and existence of solutions of elliptic equations with p, q-growth conditions, 
J. Differ. Equ. 90 (1) (1991) 1--30.

[40] P. Marcellini, Regularity of minimizers of integrals of the calculus of variations with nonstandard 
growth conditions, Arch. Ration. Mech. Anal. 105 (3) (1989) 267--284.

[41] X. Mingqi, V.D. Rădulescu, B. Zhang, Fractional Kirchhoff problems with critical Trudinger-Moser 
nonlinearity, Calc. Var. Partial Differ. Equ. 58 (2) (2019) 57, 27 pp.

[42] N.S. Papageorgiou, V.D. Rădulescu, D.D. Repovš, Existence and multiplicity of solutions for double
phase Robin problems, Bull. Lond. Math. Soc. 52 (3) (2020) 546--560.

[43] N.S. Papageorgiou, C. Vetro, F. Vetro, Solutions for parametric double phase Robin problems, 
Asymptot. Anal. 121 (2) (2021) 159--170.

[44] K. Perera, Z. Zhang, Nontrivial solutions of Kirchhoff-type problems via the Yang index, J. Differ. 
Equ. 221 (1) (2006) 246--255.

[45] P. Pucci, M. Xiang, B. Zhang, Multiple solutions for nonhomogeneous Schrödinger-Kirchhoff type 
equations involving the fractional p-Laplacian in RN , Calc. Var. Partial Differ. Equ. 54 (3) (2015) 
2785--2806.

[46] K. Perera, M. Squassina, Existence results for double-phase problems via Morse theory, Commun. 
Contemp. Math. 20 (2) (2018) 1750023, 14 pp.

[47] W. Shuai, Sign-changing solutions for a class of Kirchhoff-type problem in bounded domains, J. 
Differ. Equ. 259 (4) (2015) 1256--1274.

[48] X.H. Tang, S. Chen, Ground state solutions of Nehari-Pohozaev type for Kirchhoff-type problems 
with general potentials, Calc. Var. Partial Differ. Equ. 56 (4) (2017) 110, 25 pp.

[49] X.H. Tang, B. Cheng, Ground state sign-changing solutions for Kirchhoff type problems in bounded 
domains, J. Differ. Equ. 261 (4) (2016) 2384--2402.

[50] L. Wang, B. Zhang, K. Cheng, Ground state sign-changing solutions for the Schrödinger-Kirchhoff 
equation in R3, J. Math. Anal. Appl. 466 (2) (2018) 1545--1569.

[51] M. Willem, Minimax Theorems, Birkhäuser Boston, Inc., Boston, MA, 1996.
[52] M. Xiang, B. Zhang, V.D. Rădulescu, Multiplicity of solutions for a class of quasilinear Kirchhoff 

system involving the fractional p-Laplacian, Nonlinearity 29 (10) (2016) 3186--3205.
[53] S. Zeng, V.D. Rădulescu, P. Winkert, Double phase implicit obstacle problems with convection and 

multivalued mixed boundary value conditions, SIAM J. Math. Anal. 54 (2) (2022) 1898--1926.
[54] S. Zeng, V.D. Rădulescu, P. Winkert, Nonlocal double phase implicit obstacle problems with mul

tivalued boundary conditions, SIAM J. Math. Anal. 56 (1) (2024) 877--912.
[55] H. Zhang, Ground state and nodal solutions for critical Schrödinger-Kirchhoff-type Laplacian prob

lems, J. Fixed Point Theory Appl. 23 (3) (2021) 34, 16 pp.
[56] H. Zhang, Sign-changing solutions for quasilinear elliptic equation with critical exponential growth, 

J. Appl. Math. Comput. 69 (3) (2023) 2595--2616.

http://refhub.elsevier.com/S0022-1236(25)00115-6/bib359D9F4383EC60DD024A0BAB856DD456s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib359D9F4383EC60DD024A0BAB856DD456s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib359D9F4383EC60DD024A0BAB856DD456s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibA02BC58A3CD97A52285914AE4BAC67FFs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibB8FB2D2075B3059D1E0FC1CA39DC8536s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibB8FB2D2075B3059D1E0FC1CA39DC8536s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibBB6E033BE4EEE8B6DF3457BF4B36A8B8s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibBB6E033BE4EEE8B6DF3457BF4B36A8B8s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibAC7AC7BBEA61319CB77D3BBD8632C551s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibAC7AC7BBEA61319CB77D3BBD8632C551s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib40173F4960854EF07E90DE2CAB243ED7s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib52E44298BACA5F95D2F81A36CB3B85F7s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib52E44298BACA5F95D2F81A36CB3B85F7s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib1D16B527A664A68D948B5B7A28FA6E3Ds1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib1D16B527A664A68D948B5B7A28FA6E3Ds1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib8D2FF5E95549241BFF930A4386FFDF78s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib8D2FF5E95549241BFF930A4386FFDF78s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib8D2FF5E95549241BFF930A4386FFDF78s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibB61C2838707CF19588F49A350475076Fs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibB61C2838707CF19588F49A350475076Fs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibD02945B3135ED14CCFC5E7E981AA95B2s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibD02945B3135ED14CCFC5E7E981AA95B2s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib620DCCFBC15E31D4ABEC002E9BA9B683s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib620DCCFBC15E31D4ABEC002E9BA9B683s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib912FD82551D03192EB51FE85A37B7D76s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib912FD82551D03192EB51FE85A37B7D76s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib82B6B88B150AB1EEE4CC10BE848979BCs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib82B6B88B150AB1EEE4CC10BE848979BCs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib3C8321A28FA4538DC0362EADFFD9F35Ds1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib3C8321A28FA4538DC0362EADFFD9F35Ds1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib146944617144B2EB0B6182C7FC5471C4s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib146944617144B2EB0B6182C7FC5471C4s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib9F2E40887AA0C04E25F13AD219EC47A6s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib9F2E40887AA0C04E25F13AD219EC47A6s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib8D448494A3C86431024BAD883E52BCE4s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib8D448494A3C86431024BAD883E52BCE4s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib8D448494A3C86431024BAD883E52BCE4s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib0014A7466385CBE7A70B12EBD788FA96s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib0014A7466385CBE7A70B12EBD788FA96s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib065F97D4A95C1E3077593EC948AA5477s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib065F97D4A95C1E3077593EC948AA5477s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib9C9F7EC5E9A59C3F47B6BE36F413B0F1s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib9C9F7EC5E9A59C3F47B6BE36F413B0F1s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib66EF00D68F8174E5C84196E621FAD368s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib66EF00D68F8174E5C84196E621FAD368s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib0D4AB83A6EA8EEE9349EFEBE2D4F42B3s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib0D4AB83A6EA8EEE9349EFEBE2D4F42B3s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibFAE2137C0292A301FA3D67FB11B66FB0s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib13D71E4EAB25DA6E29607FA191D15827s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib13D71E4EAB25DA6E29607FA191D15827s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib73C6A62FD1EDD96D783EE9324DF2D6F2s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib73C6A62FD1EDD96D783EE9324DF2D6F2s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib7AF5399A132504079774104D56505AD2s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib7AF5399A132504079774104D56505AD2s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib16B21375597E71B9E0818B8E64CF2B9Bs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib16B21375597E71B9E0818B8E64CF2B9Bs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibA23E6CF30128FC5F02922B257E55A91Bs1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibA23E6CF30128FC5F02922B257E55A91Bs1


36 F. Borer et al. / Journal of Functional Analysis 289 (2025) 110933 

[57] V.V. Zhikov, Averaging of functionals of the calculus of variations and elasticity theory, Izv. Akad. 
Nauk SSSR, Ser. Mat. 50 (4) (1986) 675--710.

[58] V.V. Zhikov, On Lavrentiev’s phenomenon, Russ. J. Math. Phys. 3 (2) (1995) 249--269.
[59] V.V. Zhikov, On variational problems and nonlinear elliptic equations with nonstandard growth 

conditions, J. Math. Sci. 173 (5) (2011) 463--570.

http://refhub.elsevier.com/S0022-1236(25)00115-6/bibC90D9D81F9A1AA0650FA248A314A2A44s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibC90D9D81F9A1AA0650FA248A314A2A44s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bibA136287601D964E824F5A34330D72301s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib1CB3A03083FE4A650931BF2B65328B15s1
http://refhub.elsevier.com/S0022-1236(25)00115-6/bib1CB3A03083FE4A650931BF2B65328B15s1

	Degenerate Kirchhoff problems with nonlinear Neumann boundary condition
	1 Introduction and main results
	2 Preliminaries
	3 Least energy sign-changing solution
	Acknowledgment
	Data availability
	References


