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Abstract

In this paper we introduce a new logarithmic double phase type operator of the form

. — [Vu| (x)—2
gu:z—d1v<|Vu|”(") 2Vu+ p(x) [10 (e+|w|)+4]|wr” Vu ),
& 2(0) (e + [Vaul)

whose energy functional is given by
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where Q C RN s E > 2, is a bounded domain with Lipschitz boundary 02, p,q € C () with 1 < px) <
g(x) forall x € Q and 0 < u(-) € Ll(SZ). First, we prove that the logarithmic Musielak-Orlicz Sobolev

spaces Wl Hiog () and W&’Hlog () with Hjog (x, 1) = PO 4 1 (x) 199 Jog(e + 1) for (x, 1) € Q x [0, 00)

. 1, Hiog . . .
are separable, reflexive Banach spaces and W, log (£2) can be equipped with the equivalent norm
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We also prove several embedding results for these spaces and the closedness of Wl Hiog (2) and

Wé’Hbg (£2) under truncations. In addition we show the density of smooth functions in w - Hiog (2) even
in the case of an unbounded domain by supposing Nekvinda’s decay condition on p(-). The second part is
devoted to the properties of the operator and it turns out that it is bounded, continuous, strictly monotone,
of type (S ), coercive and a homeomorphism. Also, the related energy functional is of class C!. As a result
of independent interest we also present a new version of Young’s inequality for the product of a power-law
and a logarithm. In the last part of this work we consider equations of the form

Gu=f(x,u) inQ, u=0 ondQ

with superlinear right-hand sides. We prove multiplicity results for this type of equation, in particular about
sign-changing solutions, by making use of a suitable variation of the corresponding Nehari manifold to-
gether with the quantitative deformation lemma and the Poincaré-Miranda existence theorem.

© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In recent years double phase problems have received a lot of attention from the mathematical
community. These problems typically involve a functional with the shape

[V | PO [V |9
u r—>/ + w(x) dx (1.1)
J p(x) q(x)

or, alternatively, a differential operator of the form

— div <|Vu|”(")’2 Vi + pu(x) |Vu 992 w) . (1.2)

Naturally, one can see p, g as functions or limit the study to the constant exponents case. These
problems are called double phase problems because of their nonuniform ellipticity, with two
regions of different behavior. In the set {x € Q2: u(x) > ¢ > 0} for any fixed ¢ > 0, the ellipticity
in the gradient of the integrand is of order ¢ (x), while in the set {x € : u(x) = 0} that ellipticity
is of order p(x).

Let p and g be constants, the double phase energy functional

ur—)/(qu|P+u(x)|Vu|‘1)dx (1.3)
Q

appeared for the first time in a work of Zhikov [82] in order to describe models for strongly
anisotropic materials in the context of homogenization and elasticity theory, see also Zhikov
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[83,84]. Indeed, in elasticity theory, the modulating coefficient 1 (-) dictates the geometry of com-
posites made of two different materials with distinct power hardening exponents ¢ (-) and p(-),
see the mentioned works of Zhikov. We also point out that there are several other applications in
physics and engineering of double phase differential operators and related energy functionals, see
the works of Bahrouni—Réadulescu—Repovs [8] on transonic flows, Benci—-D’ Avenia—Fortunato-
Pisani [15] on quantum physics and Cherfils—II’yasov [18] on reaction diffusion systems.

In recent years functionals of the shape (1.3) have been treated in many papers con-
cerning regularity, in particular of local minimizers (also for nonstandard growth). We refer
to the works of Baroni—-Colombo—Mingione [10,13], Baroni—Kuusi—-Mingione [12], Byun—Oh
[16], Byun—Ok—Song [17], Colombo—Mingione [23,24], De Filippis—Palatucci [29], Harjulehto—
Histo—Toivanen [44], Ok [60,61], Ragusa—Tachikawa [67,68], Tachikawa [76] and the references
therein. Furthermore, nonuniformly elliptic variational problems and nonautonomous function-
als have been studied in the papers of Beck—Mingione [14], De Filippis—Mingione [26,27] and
Histo—Ok [45]. We point out that (1.3) also belongs to the class of the integral functionals
with nonstandard growth condition as a special case of the outstanding papers of Marcellini
[53,54], see also the recent papers by Cupini-Marcellini-Mascolo [25] and Marcellini [52] with
u-dependence.

However, such works are limited to consider only a power-law type of growth in each of the
addends. If one wants to consider other types of growth, the first idea that comes up naturally is
to modify power-laws with a logarithm. For this reason, in this paper we consider logarithmic
type functionals of the form

p(x) q(x)
I(u):/ ('W| + M log(e+|Vu|)) dx, (1.4)
Q

p(x) q(x)

and its associated differential operator

Gu = —div ( |Vu|PO =2 vy
(1.5)

e [log(e +|Vul) + ﬁ} Va2 w)
40 (e +Ival) ’

where Q@ C RV, N > 2, is a bounded domain with Lipschitz boundary 92, e stands for Euler’s
number, p, g € C(Q) with 1 < p(x) <q(x) forall x € Q and 0 < u(-) € L1(Q).

One work closely related to ours is Baroni-Colombo-Mingione [11], where they prove the
local Holder continuity of the gradient of local minimizers of the functional

w.—>/[|Dw|P + a(x) |Dw|” log(e + | Dw])] dx (1.6)
Q

provided that 1 < p < oo and 0 < a(-) € C%*(). Note that when we take p = ¢ and constant,
(1.4) and (1.6) are the same functional up to a multiplicative constant. In another recent work of
De Filippis—Mingione [28] the local Holder continuity of the gradients of local minimizers of the
functional
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w / [IDw|log(1 4+ |Dw|) + a(x)|Dw|?] dx (1.7)
Q

has been shown provided 0 < a(-) e C%*(Q)and 1 < ¢ < 1 + % whereby € C R”. The func-
tional (1.7) has its origin in the functional with nearly linear growth given by

w+—>/|Dw|log(1+|Dw|)dx, (1.8)
Q

which has been studied in Fuchs—Mingione [37] and Marcellini—Papi [55]. Note that functionals
of the form (1.8) appear in the theory of plasticity with logarithmic hardening, see, for example,
Seregin—Frehse [69] and the monograph of Fuchs—Seregin [38] about variational methods for
problems which have their origins in plasticity theory and generalized Newtonian fluids. Another
closely related energy functional to (1.4) has been considered by Marcellini in [53] which has
the form

w,—>/(1+|Dw|2)%1og(1+|Dw|)dx.
Q

The above functional can also be generalized to a energy functional related to (1.4) and a differ-
ential operator satisfying p, g + e—growth conditions for every a-priori fixed ¢ > 0. Such type
of growth conditions was first introduced by Marcellini in [53] and later on, great attention has
been paid to the study of several aspects of elliptic equations involving p, g—growth conditions,
see the more recent works by Cupini—Marcellini-Mascolo [25] and Marcellini [52]. However, a
detailed study of differential operators satisfying p, g—growth conditions, which includes double
phase operators, logarithmic double phase operators, and anisotropic operators as specific cases,
is far from complete.

To the best of our knowledge, our work is the first one dealing with such logarithmic operator
given in (1.5) and associated energy functional (1.4) in a very general setting. Indeed, there are
many innovations and novelties in this work which we want to summarize below. The first step in
studying the operator and its energy functional is the finding of the right function space. For this

purpose, we consider logarithmic Musielak-Orlicz Sobolev spaces Wi (Q) and WOI’HlOg ()
with the generalized weak ®-function Hjo,: Q x [0, 00) = [0, 00) given by

Hiog(x, 1) = 1P + 1(x)19) log(e + 1).

. 1 Ho
We are able to prove that these spaces are separable, reflexive Banach spaces and W, e ()

can be equipped with the equivalent norm
q(x) |Vul
log<e+—)\ ) de<1

v
inf{1>0: /U—”
x

Q

Such norm will be later useful in our existence results for corresponding logarithmic dou-
ble phase equations. In addition, we prove several embedding results into variable exponent

p(x)
+ p(x)

Vu
A

4
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L Hio .
Lebesgue spaces and the closedness of Wl Hiog (2) and WO’H] #(L2) under truncations. More-
over, we show the density of smooth functions. To be more precise, under the assumptions that
p,q: Q2—[1,00) and p: Q2 — [0, 0o) are Holder continuous and

q 14
- 14+ =, 1.9
<p>+< N (19

where y is the Holder exponent of w, we obtain that C*°(2) N W]’Hl"g(SZ) is dense in
Wl Hioe (Q). As an result of independent interest, we extend this assertion to the case of un-
bounded domains under the additional hypothesis that p satisfies Nekvinda’s decay condition
and p and g are bounded. This condition was first introduced by Nekvinda in the article [59]
and says that a measurable function r:  — [1, oo] satisfies Nekvinda’s decay condition if there
exists ro € [1,00] and ¢ € (0, 1) such that

1
/c”(ITV%‘ dx < oo.
Q

Let us come back to the inequality (1.9) and suppose the exponents p and g are constants
such that 1 < p <¢g < N and p to be Lipschitz (i.e. y = 1). Then (1.9) reads as

9 _qy ! (1.10)
9 _y 1 .
p N

Condition (1.10) has been used for regularity results of local minimizers to related energy func-
tionals given by (1.1) (see the above mentioned works) and to guarantee the density of smooth
functions in related Musielak-Orlicz Sobolev spaces, see here the work of Colasuonno—Squassina
[20, Proposition 6.5]. For existence results for double phase problems, condition (1.10) was
crucial to have the Poincaré inequality, see again [20, Proposition 2.18 (iv)]. Later, Crespo-
Blanco—Gasinski—Harjulehto—Winkert [21] were able to prove the existence of the Poincaré
inequality under the weaker assumption ¢ < p*. Note that (1.10) implies ¢ < p*. So in the
existence theory, not using density results, the condition (1.10) is not needed anymore for most
of the treatments. However, we believe that for a global regularity theory, which does not exist
so far, condition (1.10) is the main assumption in the double phase setting.

In the second part of this paper we are interested in the properties of the logarithmic double
phase operator G given in (1.5) and its corresponding energy functional 7 in (1.4). We prove
that the operator is bounded, continuous, strictly monotone, of type (S4), coercive and a home-
omorphism. Moreover, the functional 7 is of class C'. As a result of independent interest we
also present a new version of Young’s inequality for the product of a power-law and a logarithm,
which says that for 5,7 > 0 and r > 1 it holds

el s’ Ar—1 t
st log(e +1t) + < —log(e+s)+1t p log(e + 1) + .

re+n ]~ r rle+1)

This inequality is essential for our proof that the operator fulfills the (S )-property.
Finally, in the last part of the paper, we are interested in existence and multiplicity results for
the equation
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Gu=f(x,u) inQ, wu=0 ondQ, (1.11)

where G is given in (1.5) and f: Q2 x R — R is a Carathéodory function with subcritical growth
which satisfies appropriate conditions, see (Hr), (f3”), (f4”) and (f¢) for the details. We prove the
existence of three nontrivial weak solutions of problem (1.11) including determining their sign.
More precisely, one solution is positive, one is negative and the third one has changing sign. The
existence of the sign-changing solution is the main difficult part in our existence section, the idea
is to the use an appropriate variation A of the corresponding Nehari manifold of problem (1.11)
given by

N = |u e Wt Q) (@ (). u) =0, u 750] ,

where ¢ is the energy functional corresponding to (1.11). The definition of A is motivated by

the works of Nehari [57,58] and the set N consists of all functions of WOl Hiog (2) such that
the positive and negative parts are also in A/. The idea in the proof is, among other things, a
suitable combination of the quantitative deformation lemma and the Poincaré-Miranda existence
theorem. Such treatment has been applied to double phase problems without logarithmic term and
by using the Brouwer degree instead of the Poincaré-Miranda existence theorem by the works of
Liu-Dai [50] for p, g constants and Crespo-Blanco—Winkert [22] for the operator given in (1.2)
with associated functional (1.1). Note that the appearance of the logarithmic term in our operator
makes the treatment much more complicated than in the works [50] and [22].

As mentioned above, to the best of our knowledge, there exists no other work dealing with
the logarithmic double phase operator given in (1.5). However, some papers deal with logarith-
mic terms on the right-hand side for Schrédinger equations or p-Laplace problems. In 2009,
Montenegro—de Queiroz [56] studied nonlinear elliptic problem

—Au = xy~o(og(u) +rf(x,u)) inQ, wu=0 onde, (1.12)

where f: Q x [0, 00) — [0, 00) is nondecreasing, sublinear _and fu is continuous. The authors
show that (1.12) has a maximal solution u; > 0 of type C7 (Q). Logarithmic Schrodinger equa-
tions of the shape

—Au~+V@)u=Q0xulogu® inRN (1.13)

have been studied by Squassina—Szulkin [74] proving that (1.13) has infinitely many solutions,
where V and Q are 1-periodic functions of the variables xp, ..., xy and Q € C'(R"). Further
results for logarithmic Schrodinger equations can be found in the works of Alves—de Morais
Filho [3], Alves—Ji [4] and Shuai [71], see also Gao—Jiang—Liu-Wei [39] for logarithmic Kirch-
hoff type equations and the recent work of Alves—da Silva [2] about logarithmic Schroédinger
equations on exterior domains. We also refer to the papers of Alves—Moussaoui—Tavares [5] for
singular systems with logarithmic right-hand sides driven by the A ,(,)-Laplacian and Shuai [72]
for a Laplace equation with right-hand side a(x)u log(|u|) with weight function @ which may
change sign.

To finish this introduction, we would like to mention some famous works in the direction of
double phase problems (without logarithmic term) appearing in the last years based on differ-
ent methods and techniques. We refer to the papers by Aberqi—Bennouna—Benslimane—Ragusa

6
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[1] (elliptic equations on complete compact Riemannian manifolds), Arora—Shmarev [6,7]
(parabolic double-phase problems), Bai—Papageorgiou—Zeng [9] (parametric singular problems),
Clop—Gentile—Passarelli [19] (higher differentiability under sub-quadratic growth conditions),
Colasuonno—Squassina [20] (double phase eigenvalue problems), Fang—Radulescu—Zhang [35]
(equivalence of weak and viscosity solutions), Farkas—Winkert [36] (Finsler double phase prob-
lems), Gasinski—Papageorgiou [40] (locally Lipschitz right-hand sides), Gasifiski—Winkert [41]
(convection problems), Ho—Winkert [48] (new critical embedding results), Liu—Dai [50] (super-
linear problems), Liu—Pucci [51] (multiplicity results without the AR-condition), Papageorgiou—
Réadulescu—Repovs [62,63] (property of the spectrum and ground state solutions), Perera—
Squassina [66] (Morse theory for double phase problems), Zhang—Radulescu [81] and Shi—
Réadulescu—Repovs—Zhang [70] (double phase anisotropic variational problems with variable
exponents), Zeng—Bai—Gasiriski-Winkert [79] (implicit obstacle double phase problems), Zeng—
Rédulescu—Winkert [80] (implicit obstacle double phase problems with mixed boundary condi-
tion), see also the references therein.

The paper is organized as follows. Section 2 consists of an outline of the properties of variable
exponent spaces, Musielak-Orlicz spaces, their associated Sobolev spaces and other mathemati-
cal tools used later in the text. These tools include some inequalities, the quantitative deformation
lemma and the Poincaré-Miranda existence theorem. In Section 3 we introduce the functional
space that will be used throughout the rest of the paper and we give its main characteristics. In
Section 4 we provide some strong properties of the differential operator of problem (1.11). These
are essential when applying many techniques used to study nonlinear PDEs, including our treat-
ment. After that, in Section 5 we prove the existence of two nontrivial solutions of our problem,
one of positive sign and one of negative sign. On top of this, in Section 6 we show the existence
of a third nontrivial solution with changing sign using the Nehari manifold technique and varia-
tional arguments. As a closing result, in Section 7 we give information on the nodal domains of
this sign-changing solution.

2. Musielak-Orlicz spaces and preliminaries

Some of the natural ingredients to study this kind of operator are the variable exponent
Lebesgue and Sobolev spaces. For this reason, we start this section with a small summary of their
properties. Later in this section we will also work with the theory of Musielak-Orlicz spaces in
order to build an appropriate space for this operator.

Let 1 <r < oo, we denote by L"(2) the standard Lebesgue space equipped with the norm
|| - |l and by W' () and W(;’r(SZ) the typical Sobolev spaces fitted with the norm || - ||; » and,
for the case 1 <r < oo, also the norm || - ||1,r,0.

Let us also denote the positive and negative part as follows. Let 7 € R, then * = max{¢, 0},
ie.t =1 —¢" and |t| = ¢+ + ¢~ For any function u: Q — R, we denote u™(x) = [u(x)]* for
all x € Q.

For the variable exponent case, we need to introduce some common notation. Let r € C(Q),
we define r— =min g 7(x) and ry = max g (x) and also the space

CL(Q={reC(Q):1<r_}.

Let r € C4(2) and let M(R2) = {u: 2 — R: u is measurable}, we denote by L’(')(Q) the
Lebesgue space with variable exponent given by

7
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L'OQ) = {ue M(Q): 0r()() < 00},

where the modular associated with r is

or(y(u) = / Ju|" ) d
Q

and it is equipped with its associated Luxemburg norm
. u
||Lt||r(.) = mf{k >0: Or() (X) < 1} .

These spaces have been investigated in many works, and as a result we nowadays have
a comprehensive theory. One can find most of the relevant results in the book by Diening—
Harjulehto-Histo—Rizicka [31]. We know that L™)(Q) is a separable and reflexive Banach
space and its norm is uniformly convex. We also know that [L"O(2)]" = L"©)(), where
r’ € C(RQ) is the conjugate variable exponent of r and is given by r'(x) = r(x)/[r(x) — 1] for
all x € Q, see for example [31, Lemma 3.2.20]. In these spaces we also have a weaker version of
Holder’s inequality, like the one in [31, Lemma 3.2.20], which states that

1 1 .
/ luv| dx < [7 + r—,} lullr oy lvllyrcy < 2lullyellvllry  forallu,ve L™(RQ).

Additionally, if r1, 7 € C4(R2) and r{(x) < r2(x) for all x € , it is possible to embed con-
tinuously one space in the other like in [31, Theorem 3.3.1], meaning L"20)(Q) — L"10)(Q).
Finally, the norm and its modular are strongly related as one can see in the following result, it
can be found in the paper of Fan—Zhao [34, Theorems 1.2 and 1.3].

Proposition 2.1. Let r € C.(Q), A > 0, and u € L") (), then

(@) llullyy =X if and only if o, (%) =1 withu #0;
(i) llullye) <1 (resp. =1, > 1) if and only if or(y(u) <1 (resp. =1, > 1);
i) if llullrcy < 1, then |lullyf) < 0r¢) @) < llullyys
(V) if llullycy > 1, then llully () < 0r¢) @) < llull)f);
V) llullr¢y = 0 if and only if 0r¢y(u) — 0;
(vi) llully) = +oo if and only if 0r()(u) — +o0.

For our purposes we will also need the associated Sobolev spaces to the variable exponent
Lebesgue spaces. These are also treated in the book by Diening-Harjulehto-Hast6-Ruzicka [31].
Let r € C; (), the Sobolev space W!")(Q) is given by

whrOQ) = {u e L'O(Q): |Vul e L’(')(SZ)} ,
on it we can define the modular

o1, @) =or)() + 0r)(Vu),
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where 0, (Vu) = 0,()(|Vul), and it is equipped with its associated Luxemburg norm

. u
||u||17r(,) = 1nf{)» >0: Ql,r(-) (X) < 1} .
Furthermore, similarly to the standard case, we denote
Wolvr(') (Q) — m”‘”l,r(-) )

The spaces w70 (Q) and Wol’r(')(Q) are both separable and reflexive Banach spaces and the
norm || - ||1,- is uniformly convex.

A Poincaré inequality of the norms holds in the space Wé’r(')(Q). One way to see this is
the paper by Fan—Shen—Zhao [32, Theorem 1.3], together with the standard way to derive the
Poincaré inequality from the compact embedding, see for example the paper by Crespo-Blanco—
Gasinski—Harjulehto—Winkert [2 1, Proposition 2.18 (ii)].

Proposition 2.2. Let r € C (), then there exists ¢y > 0 such that

1,r(-
lullry <collVully.y forallue W, r()(Q).

Thus, we can define the equivalent norm on Wol’r(')(Q) given by [lull1,-¢),0 = IVull,(). This
norm is also uniformly convex.

Alternatively, assuming an additional monotonicity condition on r, we also have a Poincaré
inequality for the modular, see the paper by Fan—Zhang—Zhao [33, Theorem 3.3].

Proposition 2.3. Let r € C (Q) be such that there exists a vector | € RN \ {0} with the property
that for all x € Q2 the function

hy()=r(x+1tl) withtel,={teR:x+1tleQ}
is monotone. Then there exists a constant C > 0 such that
0r()(u) < Cor(y(Vu) forallu e WO (Q),
where 0, (Vu) = 0,y (IVul).

For r € C,(RQ) we introduce the critical Sobolev variable exponents r* and r, with the fol-
lowing expression

Nr(x) .

rEe) = { N ?fr(x)<N’ forall x € ,
+00 ifr(x) >N
N=Drx)

re(x) = : N=r(x) ifr(x) <N , forall x € Q.

+00 ifr(x) >N
Note that for any € C() it holds that (#*)_ = (r_)*, so we will denote it simply by r*.

9
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1 J— J—
On the other hand, the space CO’ MogrT (Q2) is the set of all functions 4: 2 — R such that are
log-Holder continuous, i.e. there exists C > 0 such that

C _ 1
[h(x) —h(y)| < ——— forallx,y e Q with [x — y| < -.
|log |x — yl| 2

In the variable exponent setting we also have embeddings analogous to the Sobolev embed-
dings of the constant exponent case. The next two results can be found in Crespo-Blanco—
Gasiniski-Harjulehto—Winkert [21, Propositions 2.1 and 2.2] or Ho—Kim—Winkert-Zhang [47,
Proposition 2.4 and 2.5].

1 — — —
Proposition 2.4. Let r € O gt () N C1 () and let s € C(Q) be such that 1 < s(x) <r*(x)
for all x € Q. Then, we have the continuous embedding

whrO(Q) s LO(Q).
IfreCy (Q),seC(Q)and 1 <s(x) < r*(x) forall x € Q, then this embedding is compact.

Proposition 2.5. Suppose that r € C1(Q) N W'Y (Q) for some y > N. Let s € C(Q) be such
that 1 <s(x) <ry(x) for all x € Q. Then, we have the continuous embedding

whrO(@Q) — L*O0Q).
IfreCy (Q), seC(Q) and 1 <s(x) < ry (x) forall x € Q, then the embedding is compact.

For the purpose of introducing the functional space mentioned in the Introduction, we present
now the main features of Musielak-Orlicz spaces. Almost all definitions and results from this
part of the work are from the book by Harjulehto—Hist6 [43]. We start with some special types
of growth. For the rest of this section let us denote by (A, X, u) a o-finite, complete measure
space with u % 0, while  still denotes a bounded domain in R" with N > 2 and Lipschitz
boundary 9€2.

Definition 2.6. Let ¢: A x (0, +00) — R. We say that

(i) ¢ is almost increasing in the second variable if there exists @ > 1 such that ¢ (x, s) < a@(x, )
forall0 <s < ¢ and for a.a. x € A;

(ii) ¢ is almost decreasing in the second variable if there exists @ > 1 such that ap(x,s) >
@(x,t) forall 0 <s <t and fora.a. x € A.

Letg: A x (0, +00) — R and p, g > 0. We say that ¢ satisfies the property
(Inc), if t7P@(x,1) is increasing in the second variable;
(alnc), if 1 P@(x, t) is almost increasing in the second variable;
(Dec), if t79¢(x, t) is decreasing in the second variable;

(aDec), if t79¢(x, t) is almost decreasing in the second variable.

10
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Without subindex, that is (Inc), (alnc), (Dec) and (aDec), it indicates that there exists some p > 1
or g < oo such that the condition holds.

Now we are in the position to give the definition of a generalized ®-function.
Definition 2.7. A function ¢: A x [0, +00) — [0, +00] is said to be a generalized ®-function if
@ is measurable in the first variable, increasing in the second variable and satisfies ¢(x, 0) =0,
lim;_, g+ ¢(x, ) =0 and lim;_, 4, @(x, t) = 400 for a.a. x € A. Moreover, we say that
(i) ¢ is a generalized weak ®-function if it satisfies (alnc); on A x (0, +00);
(i1) ¢ is a generalized convex ®-function if ¢(x, -) is left-continuous and convex for a.a. x € A;
(iii) ¢ is a generalized strong ®-function if ¢(x, -) is continuous in the topology of [0, co] and
convex for a.a. x € A.
Remark 2.8. A generalized strong ®-function is a generalized convex ®-function, and a gener-
alized convex ®-function is a generalized weak ®-function, check equation (2.1.1) in the book

by Harjulehto—Hasto [43].

Associated to each generalized ®-function, it is possible to define its conjugate function and
its left-inverse.

Definition 2.9. Let ¢: A x [0, +00) — [0, +00]. We denote by ¢* the conjugate function of ¢
which is defined for x € A and s > 0 by

©*(x,5) =sup(ts — @(x,1)).
>0

We denote by ¢! the left-continuous inverse of ¢, defined for x € A and s > 0 by
¢~ '(x,s) =inf{r > 0: (x,1) > s}.

The function spaces that we will build based on these generalized ®-functions can have spe-
cially nice properties if these functions fulfill some extra assumptions like the following ones.

Definition 2.10. Let ¢ : A x [0, +00) — [0, +00], we say that
(i) ¢ is doubling (or satisfies the Aj-condition) if there exists a constant K > 2 such that
@x,2t) < Ko(x,1)

for all r € (0, +o¢] and for a.a. x € A;
(ii) ¢ satisfies the V;-condition if ¢* satisfies the A,-condition.

Let @ c RY and ¢: Q x [0,400) — [0, +00] be a generalized ®-function, we say that it
satisfies the condition

(A0) if there exists 0 < 8 < 1 such that B < ¢~ !'(x,1) < B~ ! fora.a. x € Q;

11
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(A0)’ if there exists 0 < 8 <1 such that p(x, 8) <1 < ¢(x, ,3_1) fora.a. x € Q;

(A1) if there exists 0 < B < 1 such that B¢~ (x,1) <@~ !(y,1) forevery ¢ € [1, 1/|B|] and
fora.a. x, y € BN Q with every ball B such that |B| < 1;

(A1)’ if there exists 0 < 8 < 1 such that ¢(x, ) < ¢(y,t) for every ¢t > 0 such that
o(y,t) €[1,1/|B|] and for a.a. x, y € B N Q with every ball B such that |B| < 1;

(A2) if for every s > 0 there exists 0 < 8 <1 and h € L'(€) N L®() such that
Bl (x,1) <@ (y,1) forevery t € [h(x) + h(y), s] and for a.a. x, y € Q;

(A2) if there exists s > 0, 0 < B < 1, ¢poo Weak ®-function (that is, constant in the first
variable) and & € L1(£2) N L>°() such that ©(x, Bt) < peo(t) + h(x) and o (Bt) <
@(x,t) 4+ h(x) for a.a. x € Q and for all # > 0 such that ¢, (¢) < s and ¢(x,t) <s.

It is important to notice that some of the conditions we already mentioned are equivalent. The
reason behind this is that, depending on the context, some conditions can be easier to check than
others. For the following result, see Lemma 2.2.6, Corollary 2.4.11, Corollary 3.7.4, Corollary
4.1.6 and Lemma 4.2.7 in the book by Harjulehto—-Histo [43].

Lemma 2.11. Let ¢: A x [0, +00) — [0, +00] be a generalized weak ®-function, then

(1) it satisfies the Ay-condition if and only if it satisfies (aDec);
(i) if it is a generalized convex ®-function, it satisfies the Ay-condition if and only if it satisfies
(Dec);
(iii) it satisfies the Va-condition if and only if it satisfies (alnc);

Let ¢: Q x [0, +00) — [0, +00] be a generalized weak ®-function, then
(iv) it satisfies the (AQ) condition if and only if it satisfies the (AQ)’ condition;
(v) if it satisfies the (AO) condition, the (A1) condition holds if and only if the (A1)’ condition
holds;
(vi) it satisfies the (A2) condition if and only if it satisfies the (A2)’ condition.
Now we see how a Musielak-Orlicz space is defined, alongside with which properties it has
based on the properties of its associated ®-function. For this result check Lemma 3.1.3, Lemma

3.2.2, Theorem 3.3.7, Theorem 3.5.2 and Theorem 3.6.6 in the book by Harjulehto—Hasto [43].

Proposition 2.12. Let ¢p: A x [0, 400) — [0, +00] be a generalized weak ©-function and let its
associated modular be

00 (1) = / o (x, (o)) due(x).

A

Then, the set
L?(A) ={u € M(A): 0,(ru) < oo for some A > 0}

equipped with the associated Luxemburg quasi-norm
) u
lull, =mf{)\ >0: g, (X> < 1}

12
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is a quasi Banach space. Furthermore, if ¢ is a generalized convex ®-function, it is a Banach
space; if ¢ satisfies (aDec), it holds that

LY(A) ={u € M(A): gy(u) < o0};

if ¢ satisfies (aDec) and | is separable, then LY (A) is separable; and if ¢ satisfies (alnc) and
(aDec) it possesses an equivalent, uniformly convex norm, hence it is reflexive.

In Musielak-Orlicz spaces it is important to understand with detail the relation between the
modular and the norm, because it is often used when dealing with growths or convergences.
Because of this, the following result is of importance, one can find it as Lemma 3.2.9 in the book
of Harjulehto—Histo [43].

Proposition 2.13. Let ¢: A x [0, 400) — [0, +00] be a generalized weak ®-function that sat-
isfies (alnc), and (aDec)y, with 1 < p < q < o0. Then

I
—min {[lull7, lull{} < op(u) <amax{llullf, lul
a ¢ ¢ ¢ ¢

for all measurable functions u: A — R, where a is the maximum of the constants of (alnc),, and
(aDec),.

There are embedding relations between the Musielak-Orlicz spaces depending of the chosen
function. The following result characterizes these relations and can be found as Theorem 3.2.6
of the book by Harjulehto—Hasto [43].

Proposition 2.14. Let ¢, ¥ : A x [0, +00) — [0, +00] be generalized weak ®-functions and let

w be atomless. Then LY(A) — LY (A) if and only if there exists K > 0 and h € L'(A) with
|hll; <1 such that for all t > 0 and for a.a. x € Q2

v <x, %) <@(x,t)+h(x).

In Musielak-Orlicz spaces we even have a Holder inequality based on the chosen function,
see the following result which can be found as Lemma 3.2.11 of the book by Harjulehto—Hésto
[43].

Proposition 2.15. Let ¢: A x [0, 400) — [0, +00] be a generalized weak ®-function, then

/IMI ol du(x) < 2llully vl forallu € LY(A),v € LY (A).
A

Moreover, the constant 2 is sharp.
Lastly, one can define the associated Sobolev spaces to these Musielak-Orlicz spaces analo-
gously to the classical case. The following result can be found as Theorem 6.1.4 and Theorem

6.1.9 of the book by Harjulehto—Histo [43].

13
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Proposition 2.16. Let ¢ : Q2 x [0, +00) — [0, +00] be a generalized weak ®-function such that
L¥(Q) C Llloc(Q) and k > 1. Then, the set

WEe(Q) ={u € L¥(Q): dqu € LY(Q) for all |a| <k},

where we consider the modular

Ok =Y 0y(dqu)

0<|a|<k

and the associated Luxemburg quasi-norm

. u
el =1nf[k >0 0k <X) < 1}

is a quasi Banach space. Analogously, the set
Wyt @ =cr@

where C3°(2) are the functions in C*°(S2) with compact support, equipped with the same mod-
ular and norm is also a quasi Banach space.

Furthermore, if ¢ is a generalized convex ®-function, both spaces are Banach spaces; if ¢
satisfies (aDec), then they are separable; and if ¢ satisfies (alnc) and (aDec) they possess an
equivalent, uniformly convex norm, hence they are reflexive.

The following statement cannot be found explicitly written in the book by Harjulehto—Histo
[43]. However, due to the form of g ,(-) and || - [|£,,, One can repeat step by step the arguments

of the proof of Lemma 3.2.9 of this same book to obtain it.

Proposition 2.17. Let ¢: Q X [0, +00) — [0, +00] be a generalized weak ®-function that sat-
isfies (alnc), and (aDec),, with 1 < p <q < oo. Then

lmin lully o Nl )t < Okp ) < amax {llully . llullf
a k.o k| — k9 — k> k.

for all u € W59 (), where a is the maximum of the constants of (alnc) p and (aDec),.
One might also wonder when smooth functions are dense in a Sobolev Musielak-Orlicz space.
Sufficient conditions are given in the next result taken from Theorem 6.4.7 of the book by

Harjulehto-Haisto [43].

Theorem 2.18. Let ¢: Q2 x [0, +00) — [0, +00] be a generalized weak ®-function that satisfies
(A0), (A1), (A2) and (aDec). Then C*®(2) N W59 (Q) is dense in W5 #(Q).

As a penultimate, let us recall a few properties of the log function that are useful when dealing
with logarithmic growth next to power-law growth. For s, > 0and C > 1,

log(e + st) <log(e + s) + log(e + 1), log(e + Cs) < Clog(e +s) 2.1

14
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and for s, >0and g > 1,

(s +0)?logle +s +1) < (25)? log(e + 2s) + (21)? log(e + 2t)

(2.2)

<2959 Jog(e 4 5) 4+ 29 19 1og(e + 1)

Lastly, we give here the statement of a version of the mountain pass theorem, the quantitative

deformation lemma and the Poincaré-Miranda existence theorem, all of which will be used later.

Let X be a Banach space, we say that a functional ¢: X — R satisfies the Cerami condition or

C-condition if for every sequence {u,},cn € X such that {¢(u,)},en € R is bounded and it
also satisfies

(1 + lunlDe'(up) - 0 asn— oo,

then it contains a strongly convergent subsequence. Furthermore, we say that it satisfies the Ce-
rami condition at the level ¢ € R or the C.-condition if it holds for all the sequences such that
¢(u,) — ¢ as n — oo instead of for all the bounded sequences. The proof of the following
mountain pass theorem can be found in the book by Papageorgiou—Radulescu—Repovs [64, The-
orem 5.4.6]. For the quantitative deformation lemma after it we refer to the book by Willem [77,
Lemma 2.3] and regarding the Poincaré-Miranda existence theorem, the proof can be found in
the book by Dinca—Mawhin [30, Corollary 2.2.15].

Theorem 2.19 (Mountain pass theorem). Let X be a Banach space and suppose ¢ € C'(X),
ug,u1 € X with ||luy —upl > 8 >0,

max{g(uo), p(u1)} < inflo@): |lu —uol =8} =ms,
¢= inf max ¢(y (1)) with'={y € C([0, 1]. X): y (0) = uo, y (1) = u1}
vel U=t=

and ¢ satisfies the C.-condition. Then ¢ > mg and c is a critical value of . Moreover, if c = ms,
then there exists u € 8 Bs(ug) such that ¢’ (u) = 0.

Lemma 2.20 (Quantitative deformation lemma). Let X be a Banach space, ¢ € C'(X;R), § #
SCX,ceR, e 6> 0 such that for all u € (pfl ([c — 2¢, ¢ +2¢]) N Sys there holds ||¢' (u) ||« >

8¢/8, where S, ={u € X: d(u,S) =infyjes lu — uoll < r} for any r > 0. Then there exists
n e C([0, 1] x X; X) such that

1) nt,u)=u,ift =0orifu¢ go_l([c —2g,c+2e]) N Sas;
(i) o(n(l,u)) <c—ceforalluec (p_l((—oo, c+ehNS;
(iii) n(t,-) is an homeomorphism of X for all t € [0, 1];
v) |In(t,u) —ul| <déforallue X andt € [0, 1];
V) o(n(-,u)) is decreasing for all u € X;
(vi) @(n(t,u)) <cforallu e ((—oo,c])NSs andt € (0, 1].

Theorem 2.21 (Poincaré-Miranda existence theorem). Let P = [—t;,11] X --- X [—tn, ty] with
ti>0foriel,...,Nandd: P — RY be continuous. If for eachi € {1,..., N} one has

15
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di(a) <0 whenae P and a; = —t;,

di(a)>0 whenae P anda; =1t;,
then d has at least one zero in P.
3. Logarithmic function space

In light of the previous section, we now choose an appropriate ®-function that allows us to
study our problem (1.11). Let Hiog: 22 % [0, 00) — [0, 00) be given by

Hiog(x, 1) = 17 + ()19 log(e + 1),
where we assume the following conditions:

(Hp) QCRN, with N>2,isa bounded domain with Lipschitz boundary 92, p,q € Cy Q)
with p(x) < ¢g(x) forall x € Q and 0 < pu(-) € L1().

We can see that this ®-function satisfies some important properties from the previous section.

Lemma 3.1. The function f.: [0, +00) — [0, +00) given by

&

o) = log(e + 1)

is increasing for € > k and almost increasing for 0 < ¢ < ik with constant a;, where k =e/(e +
to), with to being the only positive solution of to = elog(e + tg).

Proof. It is immediate to check that f/(¢) > 0 (=0, < 0) if and only if
gle+t)logle+1t)—t>0 (=0,<0).

Hence we are interested in when the function

t
f)=——""—+—
8() (e +1)log(e +1)
satisfies g(¢) < & (= ¢, > ¢€). Arguing similarly, g’(¢) > 0 (=0, < 0) if and only if
elogle+1t)—t>0 (=0,<0).
Therefore we now look at the function
h(t) =elog(e+1) —t,
which is strictly decreasing, strictly positive at 0 and —oo at +o00. Thus g achieves its global
maximum at fg defined by h(#p) = 0 and it holds that g(#p) = k. This proves the case ¢ > k.
If 0 < & <k, then there exist #] . < fo < t2,¢ such that 71 . is the unique local maximum of f

and 7, . is the unique local minimum of f, apart from 0. Since f; is increasing in (0, 1 ¢) and in

16
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fe(t1,e) :

|
fe |
| |
| |
| |
! g(t) | !
| | |
g ¢ ‘
| | |
|
. . .
e : e
|
|
|
T
|
10

Fig. 1. Functions in the proof of Lemma 3.1.

(t2,¢, 00), f¢ is almost increasing if and only if there exists a, > O such that f; (t1.¢)/fe(t2.¢) < a,
which is trivially true (Fig. 1). O

Remark 3.2. Note that with the choice of a;, in the proof of the previous result we cannot ensure

that there exists a constant uniform in €. On the other hand, note also that fy >~ 5.8340 and
Kk ~0.31784.

Lemma 3.3. Let (Ho) be satisfied, then Hiog is a generalized strong ®-function and it fulfills

(1) (nc)p_;
(i) (Dec)g, +«;
(iii) (aDec)q, +¢ for 0 < & < k and with constant ay,

where k and ag are the same as in Lemma 3.1.

Proof. First we see that it is a generalized strong ®-function. Since the other conditions are
straightforward, we only need to check the convexity in the second variable, which follows from

O Hiog(x, 1)
= p(x)(p(x) — 1)PH~2

s ) gt e
+ (o [qu)(q(x) Dlog(e +1) + 24 (x) 1)e+t+(e+t)2i|>0

for all t > 0 and for a.a. x € Q.

17
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Now we prove (i), (ii) and (iii). Notice that

Hlog(xa 1)

s = P Y log(e 1)

is an increasing function because all the exponents are positive. Similarly, by Lemma 3.1

Hiog(x, 1) g — _, log(e+1)
R0V T () =g —€ q(x)—q+
e ! 1¢

is a decreasing function when ¢ > « and almost decreasing when 0 < ¢ < k, with the constant a,
from Lemma 3.1. 0O

As a consequence of the previous result, we obtain the following.

Proposition 3.4. Ler (Hy) be satisfied, then L™z () is a separable, reflexive Banach space and
the following hold:

@) Nullpy,, =2 if and only if 03, (%) =1foru#0and A > 0;
(i1) ||”||Hlog <1 (resp. =1, > 1) if and only ifgy.[mg ) <1(resp.=1,>1);
vy _ + _ + ,
(iif) mm{nuul‘jhog , ||u||3{+log“} < 034y, (W) < max{||u||§’{log , ||u||3;10gk} for 1€ > 0 as in Lemma
3.1;
. . _ _ +
) L min{Jullfy . 1el$ 5 < om @) < acmax [ty gt for 0 < <k,
where k and ag are the same as in Lemma 3.1,
W) llullzg,, = 0 if and only if 034, (u) > 0;
(vi) ||u||;1_[10g — 00 if and only inglog (u) — oo.

Proof. First, by Proposition 2.12 and Lemma 3.3, we know that LMoe(Q) is a separable, reflex-
ive Banach space.
For (i) and (ii), note that the function A — Oy, (U /A) with A > 0 is continuous, convex and
strictly increasing. This directly implies (i), and (i) with the strict increasing property yields (ii).
Finally, (iii) and (iv) follow from Proposition 2.13 and Lemma 3.3; and (v) and (vi) follow
from (iii). O

This space satisfies the following embeddings. As in the usual notation, given r € C4.(R), let
L™ 1og L(Q) = L (), where ¢ (x, 1) =1"® log(e +1).

Proposition 3.5. Let (Hy) be satisfied and let ¢ > 0, then it holds
LIOF(Q) e LIV Tog L(Q) and L™oe(Q) — LPO(Q).
If we further assume 0 < u(-) € L*°(R2), then it also holds L90) log L(2) — L og ().

Proof. We will prove all the embeddings by applying Proposition 2.14 to the corresponding
d-functions.

18
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First, for any K > 0, by the inequality log(e + ¢) < C, + ¢° it holds that

PRNAD. t t4)+e 4 1dx)+e
(?) log <€+E> < [0 C. + KaoTe

and if we choose K > max{2!/@-+9) (2C,)1/4- (C.|Q|)'/4-}, it follows

A t C, C
- o _—e q(x)+e . €
(K) log<e+K>§Kq(x)+t s Wlth/Kq(x)dxgl.
Q

This concludes the proof of the first embedding. The condition for the second embedding is
straightforward to verify. Finally, for any K > 0,

t l 1 ”/'L"OO q(x) t
Hlog (Xv E) = KPo + <KI7(X) + K90 t log| e+ E

and if we choose K > max{2'/7-, (2 ||l o) /9~ |2|1/P-}, it follows

Hioo | x )< ! +19% log(e+1) with ;dx<l
e %k ) = kr® g Ko =
Q

This shows the proof of the third embedding. O

For our purposes we further need to work on the associated Sobolev space, whose proper-
ties are summarized in the following statement. Its proof is completely analogous to the proof
of Proposition 3.4 except that now we use Proposition 2.16 (instead of Proposition 2.12) and
Proposition 2.17 (instead of Proposition 2.13).

Proposition 3.6. Let (Hy) be satisfied, then W' Hiog () and Wé Hiog (R2) are separable, reflexive
Banach spaces and the following hold:

1) ||u||1,;u.110g = A if and only lle,HlOg (%) =1foruz#0and ) > 0;
(i) ||”||1,H10g <1 (resp. =1, > 1) if and only lle»Hlog ) <1(resp. =1, > 1);

. — +K - +x
Gii) min {5, N5 < 0134, @0 < max s, e L

@iv)

1
: p- q++e P- g4te
aomin {5, I} < 01, (0 < acmax {5, 1l |

for 0 < ¢ <k, where k and a, are the same as in Lemma 3.1;
W) ”””Lng — 0 if and only ile,?-lmg (u) — 0;
i) llully 34, — 00 if and only if 0134, (1) — oo,

These Sobolev spaces satisfy the following embeddings.
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Proposition 3.7. Let (Hy) be satisfied, then the following hold:

() WhHee(Q) — Wi-PO(Q) and WOI’Hng (R) — Wé’p(')(Q) are continuous;

(i) if pe CL(Q)N CO et (), then W'-Hiee (Q) <> LP*O/(Q) and W()"Hl"g(sz) s LP"O(Q)
are continuous;

(i) WhHoe(Q) < L"O(Q) and W;’”“g(sz) — L"O(Q) are compact for r € C(Q) with 1 <
r(x) < p*(x) forall x € Q;

Av) if p € Co(Q) N WYY (Q) for some y > N, then wlHe:(Q) — LP<O(3Q) and
Wé’Hlng(Q) — LP+O)(9Q) are continuous;

(v) Whhtiee(Q) < L"O(9Q) and WS’H]"g(Q) — L") are compact for r € C(Q) with
1 <r(x) < ps(x) forall x € Q.

Proof. The proof of (i) follows directly from Proposition 3.5. The proofs of (ii) - (v) follow
from (i) and the usual Sobolev embeddings of W!-7)(Q) and W(}’p (')(Q) in Propositions 2.4
and 2.5. O

. . 1LH
We also have the property that the truncation of functions on w!-Hioe (Q) and W, ()
stays within the space, as it is proven in the next result.

Proposition 3.8. Let (Hy) be satisfied, then

(i) Ifue WhHoe(Q), then u™ € WMo (Q) with V(£u) = Vul(zy~0);
(i) if up — u in WhHoe(Q), then ur — u* in WHoe(Q);
(iii) if we further assume 0 < u(-) € L®(Q), then u € W(:’Hk’g(Q) implies u™ € W(:’Hlog(Q).

Proof. Part (i) follows from the classical case. Indeed, let r € R with 1 <r < oo, then for any
u € WL (Q) we know that u™ € WL (Q) and V(+u) = Vu 1+u>0}; see, for example, the book
by Heinonen—Kilpeldinen—Martio [46, Lemma 1.19]. The reason is that by Proposition 3.7 (i)
ue Whr=(Q) and |£u®| <|ul.

For part (ii), note again that |j:u,j,E F ui‘ < |u, — u|. Then by Proposition 3.6 (v), we have that
OHypg (uf - ui) — 0. It is only left to see the convergence of the terms with the gradients. We
do only the logarithmic term, the other one can be done similarly. Note that |:|:Vu,jlE FVut| =
‘ Li4u,>01 Vit — 1{+4>0; V|, then by (2.2) we have

fu(x) |+VuE £ Vut |7 log(e + |+ Vi F Vut|) dx
Q

<24+7! /M(x) Vi, — Vu|?™ log(e + |Vu, — Vul) dx
Q

ps / ) 190D |20y — 1oy *
Q

x log(e + | Vul [1{zu,>0) — Lizu=0}|) dx.
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The first term on the right-hand side converges to zero by Proposition 3.4 (v). The second one
also converges to zero by taking an a.e. convergent subsequence, using the dominated conver-
gence theorem and then using the subsequence principle. For the application of the dominated
convergence theorem, take into account that Vu = 0 on the set {u = 0} by (i). All in all, this
yields o1 24, (ui —u™*) — 0 and the final result by Proposition 3.6 (v).

Part (iii) is more technical. For u € WO1 Hiog (2) we know that there exists a sequence
{tn}nen S CSO(S2) such that u, — u in WhHoee(Q), which by part (i) implies uf — u*
in WI'H“’%(Q). In particular we have that u,jf € Cop = {v € C(R2) : suppv is compact} and
8x,.u,f € L®°(Q) forall n € N and all 1 <i < N. Consider the standard mollifier .. For each
n € N there is a small ¢, > 0 such that n, * u,jf € CSO(Q) for 0 < ¢ < ¢,. Moreover, for any
§>0

Ne *ur — ur uniformly in Q as & — 0,

Oy, (e ¥ uT) = ne % O us — dut  in L9TO(Q) ase — 0.

+

n

., we can find some vy, U, € Cgo(Q) as close as we want

By Propositions 3.5 and 3.4 (v) this means that 0 7y, (778 * uf —u
the norm. Altogether, for each uf{, u

to them in the norm of Wl'Hlog(Q); and these new sequences satisfy v, — u™* and 7, — u~ in
whtee(Q). O

)—)Oass—>0,0ralsoin

As a consequence of the embeddings above we can prove that a Poincaré inequality is satisfied
in WO]’HI"g(Q) if we further assume in (Hg) that 0 < u(-) € L®°(2) and ¢g(x) < p*(x) for all
x € Q. So we suppose the following:

(H) Q € RV, with N > 2, is a bounded domain with Lipschitz boundary 92, p,q € CL(Q)
with p(x) <g(x) < p*(x) forall x € Q and 0 < u(-) € L= ().

As itis usual in the literature, we denote ||VL¢||HMg = || |Vu| ||7.[10g and 0o (Vu) = 0o (|Vu)).

Proposition 3.9. Let (H) be satisfied. Then Wl Hiog (Q) — LHioe () is a compact embedding
and there exists a constant C > 0 such that

1, Ho
”M”Hlog <C ||V“”H10g forallu e W, lg(Q).

Proof. From (H) we can deduce that there exists ¢ > 0 such that g (x) +& < p*(x) for all x € Q.
Then the compact embedding follows from Propositions 3.7 (iii) and 3.5.

The inequality follows from the compact embedding in the standard way (see, for example,
Proposition 2.18 in the paper by Crespo-Blanco—Gasinski-Harjulehto—-Winkert [21]) O

Due to the previous inequality we can take in the space WOl 'Hbg(Q) the equivalent norm
lull1 20000 = I Vil 34,

In the last part of this section, we investigate the density of smooth functions in the space
Wl Hiog (£2). For this purpose, we check which of the (A0), (A1) and (A2) assumptions are satis-
fied by Hiog.
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Lemma 3.10. Let (Ho) be satisfied, then Hjog satisfies (AO) and (A2).

Proof. By Lemma 2.11 (iv) and (vi), it is equivalent to check the conditions (A0)’ and (A2)’.
For (AO)’ one can take 8 = [2(||M||oo + 1) log(e + 1/2)]_1 since

11 ulle log(e+3)
Hiog(x, B) < =+ =
o8 2 2|pllos + 1log (e + 3)

Hiog(x. ) =240 1.

517

For (A2)’, take s = 1, poo(t) = tP++1 and B = 1. First note that ¢ (¢) < 1 implies ¢ < 1. Thus,
by Young’s inequality

Hiog(x, B1) < [1+ [ 4]l log(e + 1)]eP™
— 1 p++1
< &IIHJFI + w[l + ]l o log(e + 1)] =P+
p++1 p++1

< @oo(t) + [1 + lI1tll oo log(e + DIP L.

Take h as the additive constant in the previous line, then we also have
Yoo (Bt) <P < Higg(x, 1) + h(x). O

Remark 3.11. Note that in the proof of (A2)’ the function & would not be in LY(Q) if || = o0,
so this argument does not generalize for unbounded domains. For that purpose, one needs an
extra assumption, see Theorem 3.13.

For the remaining assumption (A1) we use much stricter assumptions. Indeed, instead of
supposing just continuity on p and ¢ as well as L'-integrability of 1, we require now, among
others, that all three exponents are Holder continuous on 2.

Theorem 3.12. Let 2 C RY, with N > 2, be a bounded domain and the functions p,q: Q —
[1, 03) and w: Q — [0, 00) be Holder continuous functions such that 1 < p(x) < q(x) for all

x € Qand
<2> <1+1,
PJ/+ N

where y is the Holder exponent of . Then Hyog satisfies (A1) and C*°(£2) N Wl Hiog () is dense
in WMo (),

Proof. It suffices to show that Hjo satisfies (Al) because the density follows from Theo-
rem 2.18, Lemma 3.3 and Lemma 3.10.

By Lemma 2.11 (v), it is equivalent to check (A1)’. Let B € R" be a ball such that |B| < 1.
We start by rewriting the condition Hiog(y, ?) € [1,1/|B]] into a simpler statement. From this
condition we can derive that
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ifr <1, 1<Hiog(y, 1) :
<1+ [l oo log(e + D]PY,

ifr>1,
and
ifr <1, 4>1
Bl ztp(y)
if 121, = Hieg(y, 1)
which altogether means
1 1
- <t=< - 3.1
[1+ [lpell o log(e + 1] P® |B| P

Claim: There exists a constant M > 0 depending only on N, p, g, i such that
tP(x) S Mtp()’) and tq(x) S Mtq(y)

forall x,y € BN and ¢ > 0 such that H,g(y, ) € [1,1/|B|], and any ball B C R¥ such that
Bl <1.

We only do the p case, the g case is identical. If either t < 1 and p(x) > p(y), or t > 1 and
p(x) < p(y), then one can simply take M = 1. If t <1 and p(x) < p(y), from (3.1) we obtain

P»)=p() PO

1
PO — 4P =p() () < ([1 + |l o log(e + 1)]_p(y)>
bt )
<[1+llnllso loge + D]7= 7,

so we can take M = [1 4 ||| o log(e + 1)]P+/P-. Consider the remaining case ¢ > 1 and p(x) >
p(»). Note that for any ball B C RN of radius R we have |B| = o(N)RN, where w(N) > 0 is
the constant associated to R”, and also that x, y € | B| implies |x — y| <2R. As p is Holder
continuous with exponent 0 < & < 1 and constant ¢, > 0, x, y € |B| implies |p(x) — p(y)| <
cp2% R%. Remember that |B| < 1, so |B|~1/P0) < |B|~/P~_ From this and (3.1) we get

=1 20 R
tp(x>:tp<x)—p<y),p<y)§(w(N) RN)p—“" K )

—cp2e\ R Y —ep2N
=<w(N)1’——) (RE) 7= o,

Since |B| <1, we know thgt R < w(N)"YN_ On the other hand, the function h(R) =
(a)(N )~/ p—)R (RRa)fc” FNIP= strictly positive and continuous in the interval [0,
o (N)~YN] (note h(0) = 1). Thus it attains its maximum at some Ry in that interval and we
can take M = h(Rp). This ends the proof of the Claim.

Let us now prove the inequality of (A1)’ using the previous information. To this end, let
0<B<MYP- <1,0<y <1 be the Holder exponent of i and c,, > 0 be the corresponding

23



R. Arora, A. Crespo-Blanco and P. Winkert Journal of Differential Equations 433 (2025) 113247

constant, so as in the proof of the Claim x, y € | B| implies |u(x) — p(y)| < c,2¥ R”. By all of
this and the Claim above we have

Hiog(Bx, 1) < B~ (t”‘”) + ()11 log(e + t))
<B’-M (tP(Y) + M(x)tq(y) log(e ~|—t)>
<BP-M (tl’<y> + 11D Tog(e + 1) + cu2” R 199 Tog(e + t))

<pPr-M (tf’(—") + ¢, 27 RY 199 log e + t)) + (1D log(e +1).

We continue the inequality using (3.1), where we take again into account that |B| = w(N)R",
with result

Hlog (Bx,1)

< BP-MP®») (1 + CﬂzyRytq(y)—p(y) log(e + t)) + M1 log(e + 1)
L (g-p»)) =L
< BP- MPY) [1 + e 2V RY <a)(N)RN> 7o) log <e + (a)(N)RN> 7o) )]

+ 1M1 Tlog(e +1).

Now we need to estimate the part in square brackets independently of y and R. Let 7 4 y =
q-/p+ifw(N)>1land tp 4 vy =g+ /p— if (N) < 1. Once again, as o(N)RN <1

=L q(»=p»)) =L
RY (@()RY)™ T 0g <e+ (@) RY) ”‘”)

)_

'E‘\

o)
< w(N) =N RVFNNGG 1og <e + (a)(N)RN)

Let us distinguish two cases. If R <1,

) =L
RYTN-NGG log <e + (w(N)RN) = )

—1

gV, log (g n (a)(N)RN> ”) = h(R).

1/N}

This function £ is positive and continuous in the interval [0, w(N)™ because

lim h(R)=0,
R—0t
where this limit follows from y + N — N(q/p)+ > 0 and by L’Hospital’s rule. Hence # attains
its maximum at some Ry in that interval and we can use #(Rg) as upper estimate. In the other

case,if R > 1
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) 7—1
RV VNG log (e + (w(N)RN) - )

y+N—N(1

<R ")—log <e+(w(N))pl>

< w(N)_Wyfl%%)— log <e + (a)(N))l’_—l) =Ap 4N,

which follows from y + N — N(%)_ >0and R < w(N)"'N (or equivalently |B| < 1). Let

Ap 4. v be the maximum of w(N)!~™aNh(Ry) and a)(N)l’TM-NKp,q,N. Altogether, we have
proved that

Hiog (Bx, 1) < B~ MtPD) [1+ ¢, 2" Ap g v ] + ()17 log(e +1).

If we take
=1 =1
B<MP[14c 2" Apgn]P-.
we obtain Hiog(Bx,1) < Hiog(y, t) and the proof is complete. O

In this work and in the previous result we deal with bounded domains. However, one can
also obtain the density for unbounded domains by adding one more assumption at infinity, hence
we include it here for the shake of completion. Let & € RY be an open subset, we say that a
measurable function r: Q — [1, co] satisfies Nekvinda’s decay condition if there exists 7o €
[1, 00] and ¢ € (0, 1) such that

1
fc"(lTV% dx < oo,
Q

or, equivalently, 1 € L5O(Q), where s~ 1(x) = | p_1 (x) — pgol | This condition was first intro-
duced in the paper by Nekvinda [59].

Theorem 3.13. Ler 2 C RN, with N > 2, be an unbounded domain and the functions p,q: Q —
[1,00) and p: 2 — [0,00) be bounded, Holder continuous functions such that p satisfies
Nekvinda’s decay condition, 1 < p(x) <q(x) forall x € Q and

9.
P/ 4+ N

where y is the Holder exponent of . Then Hog satisfies (A0), (A1), (A2), (aDec) and C* ()N
WMo (Q) is dense in W' Hioz ().

Proof. The proof of (A0), (A1) and (aDec) is exactly like in Lemma 3.3 and Lemma 3.10, they
are not affected if €2 is unbounded. Therefore, it suffices to show that Hog satisfies (A2) because

the density follows from Theorem 2.18.
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By Lemma 2.11 (v), it is equivalent to check (A2)’. For this purpose, take s = 1, g (f) = 17>
and B < 1. First note that ¢ (f) < 1 implies ¢t < 1. Let us distinguish two cases. In the points
where p(x) < poo, by Young’s inequality

Hiog(x, B1) < [1+ || tll o log(e + 1)]87 X P
1

_Poo | _1__ 1
[1 -+ 12l log(e + D177 gl 7

_pk) w0 = P(x)

Poo Poo

tpo 4 2

1

< Poo(0) + (B + 1]l oo log(e + 1)) 79 7%

Let us take

B <cll+ llillo logle + D17,
1

hx) = (BI1 + |l oo Tog(e + D) 705 7|

where ¢ € (0, 1) is the constant of Nekvinda’s decay condition of p. Then we know that & €
LY(Q) N L®(Q). In the points where p(x) > peso, With the same choice of 8 we have

Hiog(x, B1) < [1+ [l ]l oo log(e + DIB17> < goo ().
We do the other inequality in a similar way. In the points where p(x) < pso,as 8 <1

Poo(Bt) < 1P < Hoe(x, 1),

and in the points where p(x) > poo, using again Young’s inequality

Poo tp(x)+l7(x)_p
p(x) p(x)
< Hig(x, ) +h(x). O

Poo (1) =

ooﬂ\ﬁ—,,%o\

Remark 3.14. Note that in the previous result we only imposed Nekvinda’s decay condition on
p, there is no condition at infinity imposed on q.

4. Energy functional and logarithmic operator

In this section we investigate the properties of the associated energy functional and the loga-
rithmic operator given in (1.5). We denote by (-, -) the duality pairing between WOI’Hlog (£2) and
its dual space [W&’H"’g(Q)]*. Let A: W(}’H“’g(g) — [W(;’Hl"g(Q)]* be our operator of interest,

. 1, Hio L .
which for each u, v € W, #h () is given by the expression
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(A(u),v) = / |VulPO~2 vy - Vodx
Q
[Vul

— | |Vul"™2Vy . Vudx.
q(x)(e+ Vul)

+ f n(x) [log(e + [Vul) +

Q

L Hio . . . .
Furthermore, let 7: W, e #(©2) — R be its associated energy functional, which for each u €

Wy P Q) is given by

|Vu P& |V |2
I(u):/ + w(x) log(e + |Vul) | dx.
Q

p(x) q(x)

We first deal with the differentiability of the energy functional.
Theorem 4.1. Let (Hy) be satisfied, then the functional I is C Vwith I'(w) = A(u).

Proof. By the additivity of the Fréchet derivative, we only do the argument for the logarithmic
term, the other one can be done analogously (and can also be found in previous literature, for ex-
ample, Proposition 3.1 in the paper by Crespo-Blanco—Gasinski—Harjulehto—Winkert [21]). The
proof is divided in two steps: first we prove the Gateaux differentiability and later its continuous
dependence.

For the Gateaux differentiability, let u, v € Wé Hiog () and r € R. In the points where Vu # 0,
by the mean value theorem there exists 6x ; € (0, 1) such that

B(x.1)

_ k) (|Vu + 1099 log(e + Vi + 1Vv]) — Vi 79 Tog(e + |Vu|))
rq(x)

(x)—2

= u(x) (log(e + | Vu + 10y Vo|) |[Vu + 0y Vo ! (Vu + 16, ,Vv) - Vv

1 \% t9x:Vv) -V
+|Vu+t0x,tvv|q(x) (Vu + X,t v) v)

q(x)(e+|Vu+10,Vv|)  |Vu+16,,Vv|
1 Vu-Vv)
g(x)(e+[Vul) [Vul

20 ) <log(e + | Vul) [Vuli9 2 Vi - V + |Vu 7™

and in the points where Vu = 0 we can derive the same limit directly. So this convergence is true
a.e. in Q. On the other hand, using (2.2), fort < 1

1BCe 01 = () [(Vul + VoD@~ Vo] (logle + [Vul + Vo)) + 1]

=297 (o) [ 190l log e + | Vul) + V017 log(e + Vo)) +1]
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which is an L!(£2)-function. Hence, by the dominated convergence theorem, we proved that the
Gateaux derivative exists and coincides with A.

For the C!-property, let u, — u in Wé’Hk’g(Q) and v € WOI'Hlog (2) with [[vly 34, < 1. For
the following computations, we define

|vun|
g(x)(e + |Vuul)

|Vul
q(x)(e+|Vul)
gn(x) =1og" 1™ (e + max{|Vul|, |Vu,|}),

wy (x) = [log(e + [ Vu,|) + :| Vi, [70-2 Vi,

- |:10g(e+ |Vul) + ] |Vu|? 2 vy,

Qy ={x € Q: max{|Vvl, [Vul, [Vu,|} = [Vul},
Qy, ={x € Q: [Vu| <max{|Vv], [Vul, |Vu,|} = Vun|},
Qy={x eQ: |Vul, |Vu,| <max{|Vvl, [Vul, [Vup|} = [Vv]}.

By Holder’s inequality in L9 (Q), we have

ey iz

n

w1 [wy |
//L(x)wn~Vvdx <2 || (u(x)) 1@
Q

q()
FIoR
The second factor is uniformly bounded in n and v by Proposition 2.1 (vi) and

s ()19 1901 g,) = [ o) 19019 oo+ (Vu d
Qy

+ / (@) [Vl og(e + Vit ) dx
Q

+/u(x)|Vv|q<x>1og(e+|Vv|>dx
Qy

< 031y (V1) + 02, (V) + 0210, (Vi)

<1 <M

. .. .. . . 1, Hiog
where the last two estimates follow from Proposition 3.4 (ii) and (vi) and u, — u in W, Hhog (2).
Therefore, we only need to prove that the first factor converges to zero. By Proposition 2.1 (v), it

©
is enough to see that this happens in the modular of LatT (€2), that is

_q)
a1 |w Wy |\ 7T
0 40 ((M(X)) i Ll "|>=/M(x)<| "|> dr =% 0.
o &n o 8n
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We prove this convergence by using Vitali’s theorem. By Proposition 3.7 (i), Vu,, — Vu in
measure, and using the property that convergence in measure is preserved by composition with
continuous functions, we obtain the convergence in measure to zero of the integrand. For the
uniform integrability, note that

||\ 70T
w qx)—
(x) (— )

8n

1
< p(x) ([log“m(e + | Vu,|) + 1] |V, |909-1

q(x)

1 g
+ [loglfm(e + |Vul) + 1] |Vu|q(x)71)q< )1

<Cu) ([log(e + Vit ) + 1] 1Vt |99 + [log(e + [Vul) + 1] |Vu|q(x)) .

As Vu, — Vu in measure and OHypg Vu,) — OHyog (Vu), we know that |V, |?™ log(e +
|Vu,|) is uniformly integrable, hence we also know that our sequence is uniformly integrable
and this finishes the proof. O

Next we are concerned with the properties of the operator A. For this purpose, we need the
following two lemmas. The first one is concerned with the monotonicity of terms that are not
power laws, but still something similar.

Lemma 4.2. Let h: [0, 0c0) — [0, 00) be a increasing function and r > 1. Then, for any £, n €
]RN

(n(ED 1P =€ = R 12 n) - € =) = C, | = nl” hm)
ifr>2, and
g1+ 1>~ (h(ED €72 = h(nD Inl" ) - € = n) = C; | = 0 h(m)
if | <r <2, where m = min{|£|, |n|} and

c min{2%", 271} ifr>2,
S| ifl <r<?2.

Proof. For the case r > 2, we obtain the identity
(n(ED 17 =€ = nQnD In"2n) - € =)
= (ngD 181" 28) - € =) + (=D I ~2n) - € = )
—h ra (1 1 i oo 1 1
= h(lg)) l¢] (§$—§n>~(§—n)+ (1D (55—577)-(&—77)
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(D 1er 2 (56 +3n) - € —m+hlinb Il 2 (—36 =20 ) -6 =)
3 277 n nyin 3 277 n
1 _ -
=5 (nUEN1ET 2+ h(inD In"2) I = nf?
1 _ -
+5 (nUD Il = hanD 11" 2) (11 = 1nf?)
Since 4 is an increasing function, the second term is nonnegative if » > 2. Hence the inequality
follows when r > 2. This is the same strategy in which one proves the usual inequality without
h (see for example, Chapter 12, (I) in the book by Lindqvist [49]). From here the inequality
follows.
For the case 1 < r < 2, we follow the argument of equation (2.2) from the paper by Simon
[73]. The main difference now is that the expression is nonhomogeneous and therefore cannot

be scaled, but it is still invariant under rotations. For this reason it is enough to consider the case
&l = |nl, & = |&|e1, n = n1e1 + n2ea. We split the argument in two cases. First, if n; <0

(nQD 161" = R I =21 ) = h(nD 1§12 (€1 = 1)
and if 0 < n; < |&|, by the mean value theorem
(nQgD 161" = R In =21 = haigD (1er = = ni™")
> h(nl) o = DI (€] = ).

Altogether, this yields

(n(ED 17 =€ = nQnD a2 n) - € =)

= (n(gD 161" = hQinD Inl" 01 ) (] = n0) + Al Inl" 3

= h(InD = 1) (1 + 1) (gl = m 12+ )

=h(nh — D (&l +In) 21 —n*. O

The second lemma is concerned with a version of Young’s inequality specially tailored for
our line of work. It becomes indispensable in the proof of the (S )-property.

Lemma 4.3 (Young’s inequality for the product of a power-law and a logarithm). Let s, t > 0,
r > 1 then

e s Ar—1 t
st log(e +1t) + < —log(e+s)+1t log(e + 1) + .
r r

r(e+t) r(e+t)

Proof. The result is a consequence of the general version of Young’s inequality for functions
that are positive, continuous, strictly increasing and vanish at zero, see for example Theorem 156
of the classical book by Hardy—Littlewood—Pélya [42]. Let i : [0, 0o) — [0, co) satisfy all of the
above, then for any s, ¢ > 0 it holds
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K h(t)
sh(t)s/h<y)dy+fh-1<y>dy.
0 0

We also make use of another general result about the primitive of the inverse of a function. For
h as above and ¢ > 0 it holds

h(t) t

/h*‘(y)dy=rh<r>—/h<y)dy.

0 0

Choosing

_ =1 4
hit) =t [log(e+t)+r(€+t)]

hence fot h(y)dy =1t"/rlog(e +t), one obtains the desired result. 0O
Now we can state the main properties of the operator A.

Theorem 4.4. Let (Ho) be satisfied, then the operator A is bounded, continuous and strictly
monotone. If we further assume (H), then it also is of type (S4+), coercive and a homeomorphism.

Proof. The continuity follows directly from Theorem 4.1. The strict monotonicity follows from
Lemma 4.2 and the widely-known inequality

(|§|r_2$—|n|r_2n)~(§—17)>0 if r > 1forall £,n € RN with £ #1,

. 1,Hjo, . .
since for u, v € W, h () with u # v they imply

(Aw) — AQ) .1 —v) > / (qul”()‘)_z Vi — [Vp[P0-2 Vv) (Vi — Vv)dx > 0.
Q

For the boundedness, let us take u, v € Wé’Hlog (2) \ {0} with |v|| 1 i = 1. Then, use (2.1) in

the case ”“”L?—hog > 1 and that  — log(e +t) is increasing and ||u|| i,_?-u;g < |lull b‘{];g in the case

lully, 24, < 1. Together with Young’s inequality it holds

. - 1-p_
min {45l 57 A, v)

. —q 1-p_
< min {lully %7, el 55 )

x f (|W|W>—‘ |Vol + p(x) [log(e + [Vul) + 1] | Vu|[4®)! |Vv|) dx
Q
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pOo—1
v
5/ v IVl d
J [Tl 74,
(01
|Vul vu |
+ ux)|logle+ ——— | +1||—— Vvl | dx
el s 20, el 1 70
Q
p(x)
—1 v 1
<D / ! dx+—/|Vv|p(x)dx
p-J el 74, p-
q(x)
-1 Vu Vu
+ I /,u(x) log e+ — ) ||| g
] el 74y 1l 74y

1 v
—i——/,u(x) og (e + — ) 1 || voe® dx.
0 ) T 740,

We can estimate the last addend by splitting 2 in the set where |Vu| is greater than
[Vul /|ul 1, Hyog and its complement. This together with Proposition 3.6 (i) leads to

. - 1—p_
min  lull 57 lully 50 A@), )|
1, Hiog 1, Hiog

+ -1 Vu 1
< max q_’ LaS OHioe \ 7 | T 7 0H, (VV)
P \lullizg, ) P
+
9" p+—1 u !
<maxy—,———— Ql,H]og | T _QlaHlng )
q- p— ||u||1,7-lk)g -
+ _1 1 _4q_
—max{ L DT +—=max{w,p—+}'
o po p- q-p-  p-
As a consequence
A= sup  (A(u),v)
1l 7430 =1
q4+P-+4q- P+ { a+ p-—1 }
< — — .
< max{ - po }max ||””1,ng’ ”M”LHlog

From now on we assume that (H) holds for the proof of the remaining properties. Now we
will deal with the (S )-property. Let {u,},en € Wol’Hbg(Q) be a sequence such that

U, —u in Wol'Hbg(Q) and limsup (A(uy), u, —u) <O0. 4.1

n—o00

By the strict monotonicity of A and the weak convergence of u,, we obtain
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0 < liminf(A(un) — A(u), up — u) <limsup (Aup) — Au), un — u)
n—>oo

n—oo

= limsup (A(up), up —u) <0,
n—00

which means
lim (A(u,) — A(u), u, —u)=0.
n—>oo

Claim: Vu,, — Vu in measure.
In particular, as the previous expression can be decomposed in the sum of nonnegative terms,
it follows

lim <|wn|l’<)€>—2 Vi, — |Vu|PO—2 w) - (Vity — Vi) dx =0, (4.2)
n—oo
(r>2)
lim (|wn P2 vy |PO-2 w) - (Vity — Vi) dx = 0. (4.3)
n—oo
(p<2)

From Lemma 4.2 with 2 = 1 and (4.2), we can directly derive that

lim |Vu, — Vu|P® dx =0,

n—o00
{p=2}

hence Vu,1{,>2) — Vul(,>2) in measure. On the other hand, let
Ep = {Vu, # 0} U {Vu #0},
then for any ¢ > 0 we know that
[1p<21(p— = 1 IVaty = VP 15, (Vun| +1Vu)?@ 7 = |
< {12 (19617072 Vity = |Vul? 072 Vi) - (Vaty = Vi) z e}
From (4.3) and the previous expression we obtain that
1(p<2y IVity — Vul* 1g, (IVun| + [Vu)?* 7% — 0 in measure.

Hence the same convergence is true a.e. along a subsequence u,, and then for a.a. x € Q2 there
exists M (x) > 0 such that for all k € N

M(x) = Lip<z) |VM”’€ - V”|2 lEnk (|V”nk| + |V1/t|)p()6)_2

> lip<2y ||Vunk| — IVu||2 lg,, (|Vunk| + |Vu|)p(x)72.

33



R. Arora, A. Crespo-Blanco and P. Winkert Journal of Differential Equations 433 (2025) 113247

Note that, given any ¢ > 0 and 0 < P < 1, the function A(t) = |t — c|2 (t + ¢)P~2 satisfies
lim;_, y 5o h(¢) = +o00. Therefore, there exists m(x) > 0 such that |Vunk| <m(x) fora.a. x € Q
and all k € N. As a consequence

1{p<2} |Vunk - Vu|2 1Enk (|Vunk| + IV”DP(X)—Z

2 _
> 1p<a) |Vitn, — V| 1, (m(x) + |Vu)P® 72
and the convergence a.e. to zero of the left-hand side yields 1,2, |Vunk — Vu|— 0 a.e., since

for all x € Q such that Vu(x) #0, lEnk (x) =1forall k e N;
for all x € Q such that Vu(x) =0, along any subsequence such that

|Vitn,, (x)| > & > 0t holds that 1 E,,, (x) = 1 for all k' eN.

Then 1,2 |Vunk - Vu| — 0 in measure and by the subsequence principle, this is also true for
the whole sequence u,,. Together with the case on {p > 2}, this finishes the proof of the Claim.
By the usual Young’s inequality and Lemma 4.3 it follows

f IVun PP Vu, - V(u, —u)dx

+ / () [bg(e + Vaal) + L] V007972 Vit -V (ty — 1) di
2@ e+ Vi)

=/|Vu,z|1’<x)dx—/|Vun|1’<x)*2wn - Vudx

|V, | |)] V11, |9 e

Q

- / n(x) [log(e + [Vu,|) +

Q

[Vuy,|

— | Vun|?™ 2 Vu, - Vudx
q(x)(e+|Vuyl|)

z/|wn|f’(x>dx—/|wn|f’“>—l|w|dx
1+ Van)

Vu
+fu(x) |:10g(e+|Vun|)+ %] |V, |99 dx
Q

—/u(x) |:log(e+|Vu |)+L]|Vu |9 =1 7y dx
g e+ V) |

/IW P e /( PO 190,170 4 1917 )
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+/u(x) [1og(e+|w |)+L] |V, |9 dx
g+ Vua) ]

_ ) -1 _ Vual 4
Q//JL(X) (|: 7 log(e + |Vuy,l|) + e+ |Vun|)] [Vu,|

1
+—— |Vul? log(e + |Vu|)> dx
q(x)

-/ ()|wn|f’<x>dx/ |90l dy
A px

H(x)
q(x)

wm(x)

|V, |9 log(e + |V |) dx — / |Vu|?™) log(e + |Vul) dx.

As a consequence, by (4.1)

Vi, |[P®) Vi, |40
lim sup/ V| + u(x) Vit log(e 4+ |Vu,|) | dx
n—00 p(x) q(x)

(x) (x)
5/ V™ oM oo 4 1val) | de
2 p(x) q(x)

By Fatou’s Lemma one can obtain that the limit inferior satisfies the opposite inequality, so all
in all

=00 p(x) q(x)

Vi P V4™
=/<L+M(x)| | log(e + |Vul) | dx
Q

] YVu p(x) Vu, q(x)
lim <%+u<x>' " ogte +Vin))

p(x) q(x)

By the previous Claim, passing to a.e. convergence along a subsequence and using the subse-
quence principle, we can prove that the integrand of the left-hand side converges in measure to
the integrand of the right-hand side. Then we can derive from the so-called converse of Vitali’s
theorem its L' convergence, and in particular the uniform integrability of the sequence

|Vu,,|p(x) N |Vu,,|q(x)
— .  THK
p(x) q(x)

(x) —————log(e + IVunl)}
neN

On the other hand, by (2.2) we know that

Vi, — VulPD + 1(x) |Viy — Vul?9 log(e + |Vu, — Vul)
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< 2¢7++1q |Vun|p(") |vu|p(x)
- U p(x)

|V, |90 |V |9
log(e +[Vunl) +

—_— —1 \% ,
4 g et ”')>

which yields the uniform integrability of the sequence
{|wn — VPP 4 u(x) [Vity — V|79 log(e + |Vit, — wn} .
ne

As above, by the Claim, passing to a.e. convergence along a subsequence and using the sub-
sequence principle, we can prove that this sequence converges in measure to zero. By Vitali’s
theorem, these two facts imply

lim oy, , (Vu, — Vu)
n—00 08

= lim <|Vu,, — VulP® 4 1(x) Vi, — Vul!9 log(e + |Vu, — Vu|)) dx =

n— 00
Q

By Proposition 3.4 (v), this is equivalent to ||u, — “”1,7—[1%1,0 = |Vu, — Vu”Hkyg — 0, i.e. by

... . 1L'H
Proposition 3.9 we know that u, — u in W, °2(Q).
Let us now prove that the operator is coercive. For any u € w - Hiog (Q) with ||ul| 1, Hi0g,0 = 1,
using the fact that 7 — log(e + t) is increasing, by Proposition 3.4 (i) it follows

p(x)
(Au), u) /” -1 V| dx
1211 74100.0 1060\ Jully 24,0

Vul q(x)

1

+fllull7(§31 o) | m———]  log(e+|Vul)dx
2 2]t 70,0

-1 Vu p_—1
> lullf 01 Hyo,0 | 77— | = llull — 400
1oz 05T il 4.0 1o

as ”””l,H]og,O — +400.

Finally, we show that A is a homeomorphism. By the previously proven properties and the
Minty-Browder theorem (see, for example, Zeidler [78, Theorem 26.A]), we know that A is in-
vertible and that A~ is strictly monotone, demicontinuous and bounded. It is only left to see that

A~ is continuous. With this purpose in mind, let {y,},en € [Wé Hiog (2)]* be a sequence such
that y, — y in [WOI’HlOg (2)1* and let u, = A~ (y,) as well as u = A~ (y). The strong conver-
gence of {y,},en and the boundedness of A~! imply that u,, is bounded in Wé ’H"’g(Q). Thus,
there exists a subsequence {u,, }reN such that u,, — ug in WOI’HlOg (€2). All these properties

yield
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lim (A(up,) — A(uo). tn, — tt0)
k— 00

= lim (yn =y, e —uo)+ lim (v — A(uo), n, — o) =0.

By the (Sy)-property of A we obtain that u,, — ug in W(} ’H"’g(Q). The operator A is also
continuous, so

Aluwo) = lim A(uy,) = lm y, =y = A@).

As A is injective, this proves that u = ug. By the subsequence principle we can show that this
convergence holds for the whole sequence. O

~ *k
When we consider the operator A: W Hioe (Q) — [WI’HIOE (Q)] given by the same expres-
sion as A, one has the following result.

Theorem 4.5. Let (Hy) be satisfied, then the operator A is bounded, continuous and monotone.
If we further assume (H), then it also is of type (S4).

Proof. For the (S )-property, repeat the same argument as before for the gradient part together
with the compact embedding W Hioe (Q) < LHoe(Q) from Proposition 3.9. The rest of the
assertions follow in the same way as before. O

Remark 4.6. As seen in the previous theorem, the operator A has weaker properties than A.

However, by choosing the space appropriately one can recover the original strong properties. For
example, one could define the operator A on the space of zero mean functions, i.e.

L?ﬁ“’g(sz): ue LMo (Q): /udx:O ,
Q

W(l_;”“g(sz) ={uewhHe(Q): f udx=0
Q

Following analogous steps as in Proposition 3.9 it is possible to prove the compact embedding
W:_;Hk’g(Q) s inl"g (2) and the Poincaré inequality. As a consequence, one can repeat all the
steps from Theorem 4.4 for A and obtain exactly the same properties.

*
For completeness, we consider the operator B: w - Hioe (Q) — [WLH'%’ (Q)] given by

(B(u), v) =/|W|W>—2 Vu - Vvdx
Q
[Vul

— | Vul"M 2 Vy - Vodx
g(x)(e+[Vul)

+/u(X) [log<e+ V) +

Q
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+ / || P72 v dx
Q

|u g(0—2
+qu<x> [I"g(”'”'”q(x)(eﬂun} 02 g d,

and the operator B Wy’ ! Hiog (Q) — [ ! Hiog (Q)] given by the same expression. Then we have
the following result without the need for the condition (H).

Theorem 4.7. Let (Hy) be satisfied, then the operators B and B are bounded, continuous, strictly
monotone, of type (S4), coercive and homeomorphisms.

Proof. Repeat the arguments of Theorem 4.4 separately for the part with the gradients and the
part without the gradients. O

One direct consequence of the previous theorems is the following existence and uniqueness

result. We say that u € W(; Hiog (R2) is a weak solution of (1.11) if forall v € W(; Hiog () it holds
that

f|vM|P(x)*2 Vu - Voudx

Q
—i—/u(x) |:10g(e+ |Vu|)+|v—”'} |Vul992 vy . Vydx
2 q(x)(e + |Vul)
=/f(x,u)vdx.
Q

0N
Theorem 4.8. Ler (H) hold and f € LTO-1(Q), where either r € C4(Q) and r(x) < p*(x) for

allxeQorr e C+(§2) nc® |1°g’| () and r(x) < p*(x) for all x € Q. Then there exists a unique
weak solution u € W0 log(Q) of problem (1.11).

Proof. As by Proposition 3.7 (ii) and (iii) Wol’%"g(sz) < L"O(Q), then f € L"O(Q) =
%
[LO@] — [W()I’Hl"g (Q)] . The result follows because A is a bijection by Theorem 4.4. O
5. Constant sign solutions
After the comprehensive list of properties of the function space and the logarithmic double
phase operator given in the previous sections, we are now in the position to prove our first multi-
plicity result for problem (1.11). We impose the following assumptions on the right-hand side f

and some slightly stricter requirements on the exponents than on (H):

(Hp) QC RY, with N > 2, is a bounded dom_ain with Lipschitz boundary 92, p,q € Cy (5)
with p(x) <q(x) <gy < p* forallx e Qand 0 < u(-) € L= ().
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(Hf) Let f: 2 x R — R and F(x,t):féf(x,s)ds.

(f1) The function f is Carathéodory type, i.e. t — f(x,t) is continuous for a.a. x € Q and
x > f(x,1) is measurable for all 7 € R.
(fz) There exists r € C4+(2) with r < p* and C > 0 such that

|f(x,)]<C (1 + |t|V(X)71)

fora.a. x € Q and for all € R.

(f3)

F(x,s)

lim —————— =400 uniformly for a.a.x € Q.
s [s[T Togle 1 Js) 0 mHormyoraa. x

(f4) There exists & > 0 such that F(x,7) <0 for || <6 and fora.a. x € Qand f(x,0)=0
fora.a. x € Q.~ o _
(f5) There exists [, ] € C. (%) such that min{/_,7_} € ((rJr —poE, r+> and K > 0 with

f(x,9)s —q+ (1 + ,ﬁ) F(x,s)
0 < K <liminf

s— 400 |S|I(X)

uniformly for a.a. x € 2, and

f(x,s)s —qu+ (1 + qL_) F(x,s)
0 < K <liminf

s—>—00 | S|l~(X)
uniformly for a.a. x € 2, where « is the same one as in Lemma 3.1.
As a consequence the function f has the following properties.
Lemma 5.1. Let f: @ x R — R.

(1) If f fulfills (f2) and (f3), then g+ < r_.
(i) If f fulfills (f2) and (f3), then there exist some M > 0 such that

F(x,t)>—M fora.a x € andforallteR.
(i) If f fulfills (f2) and (f4), then there exists C > 0 such that
F(x,t) <Clt]"™  fora.a.x € Q.
(v) If f fulfills (f2) and (f3), then for each € > O there exists Ce > 0 such that
Flx,1)> —— |t|% log(e + |t]) — Co for a.a.x € Q.

q+
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() If f fulfills (f) and (f2), then the functional I : WOLHlog () — R given by

If(u)=/F(x,u)dx

Q

I’H]ng

. . . 1,H
and its derivative [ } A log

Q) — [WO (Q)]*, given by

<I}(u),v>=/f(x,u)vdx,
Q

1, H . . .
are strongly continuous, i.e. u, — u in W, H 8(Q) implies If(uy) — Ip(u) in R and

I} (un) = 1 (w) in [W(}’H“’g(sz)]*.

Remark 5.2. As in (H,) we assumed ¢, < p* , we can always find at least one r € C () such
that g, <r_ <ry < p?.

In order to find weak solutions we will work on the associated energy functional to problem
(1.11), since they coincide with the critical points of this functional. It is defined as the functional

@: Wé’Hlog () — R given by

|Vu|P) |V |9
(p(u):/ ——— 4+ u(x)—————log(e + |Vul) dx—/F(x,u)dx.
J p(x) q(x) J

In particular, as we are interested in constant sign solutions, we consider the truncated functionals
1,H
g1 Wy T(Q) — R defined by

|Vu|p(x) |Vu|q(x) n
(pi(u):/ + n(x) log(e + |Vu|) ) dx —fF(x,:I:u )dx.
Q

p(x) q(x)
Q

Remark 5.3. Note that by the second half of (f4), F(x, £t%) = [§ f(x, £s%)ds for a.a. x € Q
and all ¢ € R. This will allow us to use Lemma 5.1 (v) on the truncated functionals both for the
differentiability and the strong continuity.

In the remaining part of this section we check the assumptions of the mountain pass theorem,
see Theorem 2.19, for the truncated functionals ¢1. We start by checking the compactness-type
property. For this purpose, we first need the following lemma. Its proof is straightforward.

Lemma 54. Let Q > 1 and h: [0, 00) — [0, 00) given by h(t) = m. Then h attains
its maximum value at ty and the value is 6, where ty and k are the same as in Lemma 3.1.

Proposition 5.5. Let (Hy) be satisfied and f fulfill (f1), (f2), (f4) and (fs). Then the functionals
o+ satisfy the C-condition.
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Proof. Here we give the argument only for ¢, the case of ¢_ is almost the same. Let C; > 0
and {u,},en C WOI'H10g (2) be a sequence such that

o4 (uy)| <C; forallmeN, 6D
. 1, Ho, *
(1 it 1 310 000 ) = 0 in [ W "™ @)] (52)

From (5.2) we know that there exists a sequence &, — 0 such that for all v € Wé’H"’g ()

/ |Vun PP~ Vu, - Vodx
Q

[Vuy|

_ \V/ q(x)*zv .V d.x
q(x)(e+|wn|)}| tn| Un - VU (5.3)

+ / () [1og<e Vi) +

Q

en 1vll1 74100,0

—/f(X,u,Jf)vdx < forall n € N.
Q

T T llunlly 20,0

For any v € Wol o () we know that v* € W(; o (2) by Proposition 3.8. In particular we

1, Hio . . . . .
can take v = —u, € W, : #(2) in (5.3). As the fraction in the brackets is nonnegative and

fx,u;Hu, =0 fora.a. x € Q, we have

Ql,rHlogﬁo (M;)

Vi |P® ) Vi Vu, | Vu— 199 gy
s!(l i, | +u(x)[og(e+| u"|)+—q<x>(e+}w;|) Vu, |

<g, forallneN,

or equivalently (see Proposition 3.4 (v))
—uy — 0 inw, Q). (5.4)

Claim: There exists M > 0 such that ||u,‘1Ir ||1 Hion.0 <M foralln € N.
£l Ogv

By Lemma 5.4 and taking v =u; € W(;’Hk’g({z) in (5.3) we have

K
_ (1 + q—) 01, H,0g,0 (M,J{) + / fx, u:,r)u:{dx
Q

Vi
- vut|P® 4 1 vut |—n Viut 199 ) dx
= / <| | ) [Og(e i gx)(e+ |Vul|) [V

Q
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+/f(xyu,f)u;{dx§5n foralln e N.
Q

On the other hand, from (5.1) we also know that

(1 + q£> 01, Higg.0 (u,j) — /q+ (1 + qi> F(x,uf)dx<C, forallneN.
Q

Adding both inequalities one gets

/ (f(x, whHut — gy (1 4 qi) F(x, u;:')) dr<C; forallneN.
Q

By (f5), where we assume, without loss of generality, that [_ < T_, there exist C4, C5 > 0 such
that

K
Calsl'= = Cs < f(x,8)s — g+ <1 + q—) F(x,s)

for all s € R and for a.a. x € Q. The combination of the last two inequalities implies
|luf|, =Cs forallneN. (5.5)

Note that [ < rq < p* because of (f2) and (fs), so one can find ¢ € (0, 1) such that

1 t 1—1¢

e opt L
This situates us in the appropriate setting to apply an interpolation inequality, like the one found
in Proposition 2.3.17 in the book by Papageorgiou—Winkert [65]. Together with (5.5), this gives
us

t
*

pE

Zf foralln e N.

a7 =l ot 177)" = €07

For simplicity, we consider the case that ||u,“1L ||1 Hio 0 = 1 for all n € N. From Proposition 3.4
£ 0g»

(iii), and then by (5.3) with v =u; € W()I’Hl"g (2) and (f2) we have

[yt | fleog,o < 01100 () < CrQ+ [t |||+ [usf ij foralln € N.
These last two inequalities together with the embeddings (see Proposition 3.7 (i))
wy Q) s WP (@) > LPT(Q), L) <> L)
yield
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Ju 1734,0 = Co (1 + [t ||’1”;{log’0) foralln € N.

From the interval assumption in (f5), we know that

_PEre =) NpoGi—L)
T pf—I_ T Np_—NI_+p_L
Np_(ry — 1)
Np— = NI+ p-(ry — p-) 2=

tr+

:pi,

thus there exists M > 0 such that “u;l“ ||1 Hio 0 = M for all n € N and this completes the proof
b Ogv

of the Claim. L
The boundedness of {u},en in W’ 2(Q) is established by (5.4) and the previous Claim.
Hence there is a subsequence {u,, }yeN such that

. 1, Hio
g — 1 in Wy ().
. I,Hlog .
Now taking v =u,, —u € W, (2) in (5.3), we know that
kli?;o((p;—(unk)v I/lnk - M) = 07

and from the weak convergence of {u,, };cn and Lemma 5.1 (v) (check Remark 5.3) we obtain
lim /f(x, )ty — 1) dx =0.
k— o0
Q

The last two limits together yield
lim (A(uu,), un, —u)=0
k— 00

and the (S4)-property of the operator A (see Theorem 4.4) implies that

. 1, Hioe
Up, = u in W, 5(Q). O

Now we have to check the mountain pass geometry.

Proposition 5.6. Let (H>) be satisfied and f fulfill (fy), (f2) and (f4). Then there exist constants
C1, Cp, C3 > 0 such that for all e > 0

— q++e r— . .
Cra; ! [lull], — Co [|ull o if llully 24,0 < min{l, C3},
1, H10g,0 1, H10g,0 og

— r. .
Cillull{ = Callullygy, o if Nlully 40,0 = max{l, Cs},
1,H10g,0 I,Hlogyo g

o), o+ ) > {

where ag is the same one as in Lemma 3.1.
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Proof. We do the argument only for ¢, as for ¢+ we can use Qr(.)(ﬂ:ui) < 0r()(u). Applying
Lemma 5.1 (iii), the embedding of WO1 Hiog () — L™ () with constant Cy,, from Proposi-

tion 3.7 (iii) and Proposition 2.1 (iii), (iv), we have for any u € WOl o (2)
1
Q) = —01,Hyo,,0 ) — Cor(y ()
q+
> L 0@ — Co max (5, full 4, o)
Taqp “kefrioroy s N1 Hiog 0
Choosing C3 = 1/Cy,,,, the result follows from Proposition 3.4 (iii) and (iv) with

r—
c.C for [lully #,,.0 = C3,

Ci=— and Cy=] e O
q+ CeCHlog for ”qus'Hlog,O > C3.

Corollary 5.7. Let (Hy) be satisfied and f fulfill (f1), (f2) with g+ < r— and (f4). Then there exist
& > 0 such that

inf o) >0 and inf o+ () > 0.

llells, 24y05.0=8 llells, 74)04.0=8

Alternatively, there exists 8 > 0 such that ¢(u) > 0 for 0 < ||u| 1 H10g.0 < 8.

Proposition 5.8. Let (Hy) be satisfied and f fulfill (f1), (f2) and (f3). Let 0 £ u € WS’HI"”' (),

>+ . . 1>+
then ¢(tu) 122 oo. Furthermore, ifu>0a.e. in Q, L (tu) e QRN

Proof. As before, we only show the argument for ¢. We can do this because if # > 0 a.e. in €,

@+ (tu) = @(tu) for £ > 0.

. 1, Hiog . ..
Fixany 0 #u € W, e °(2) and let ¢, ¢ > 1. First note that ||u||q+ < 00 due to Proposition 3.7

(iii) and Lemma 5.1 (i). From (2.1) and Lemma 5.1 (iv) we obtain

P+ |[|q+
0p() (Vu) + 7

t
oty < 1! log(e + |¢]) / () V|1 dx
p
Q

| |Q+

+

f () [Vl log(e + [Vul) dx
Q
£ |t|q+

q+

/ lu|9+ log(e + ¢ |u|) dx + C¢|L2|.
Q

Note that

/|u|q+log(e+l|u|)dleog(e+t) / lu |7+ dx
{u=1} {u=>1}
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and again by (2.1)

1
/ |u|‘1+lj:z:log(e+t|u|)dx210g(e+t) / Ju|9++! dx .

{O<u<1} {O<u<l1}
Applying these two inequalities in the first inequality yields

P+

I]
p(tu) < » 0p()(Vu) +[t]7* log(e + |1)

1 1
x —//L(x)|Vu|q(x)dx—£— /|u|"+dx+ / |u |9+ dx
q q+

Q {u>1} {O<u<l1}
[r|* )
+q— w(x) [Vu|?"log(e + |Vul) dx +C.|R2].
Q

The second term is negative for values of ¢ large enough. Setting such a value directly yields

o(t) 23 _0o. O
Now we have all the required properties to apply the mountain pass theorem.

Theorem 5.9. Let (Hy) be satisfied and f fulfill (f1), (f2), (f3), (f4) and (f5). Then there exist

1, Hio
nontrivial weak solutions ug, vo € W, Hl $(Q2) of problem (1.11) such that ug > 0 and vy <0
a.e. in Q.

Proof. Due to the combination of Propositions 5.7, 5.8 and 5.5, the assumptions of Theo-
rem 2.19 are satisfied for the truncated energy functionals ¢+. This yields the existence of

o, vo € Wy () such that ¢/, (u0) = 0 = ¢/ (vo) and

@+ Wo), p—(vo) = inf @1 (u) >0=1¢,(0),
llell s, 7415.0=

which proves that ug # 0 # vo. Furthermore, testing (pjr (uo) = 0 with —u, we obtain
01, H0g.0 (u‘) = 0, which by Proposition 3.4 (i) means that —u; =0 a.e. in 2, so ug = uar >0
a.e. in . Analogously, vp <0 a.e.in Q. O

Alternatively, we could have used the following assumptions instead of (H») and (f4).
(Hy")  CRY, with N > 2, is a bounded domain with Lipschitz boundary 8%, p,q € C(Q)

with p(x) < ¢(x) < ¢4 < p* forall x € Q, p satisfies a monotonicity condition, that is,
there exists a vector [ € RV \ {0} such that for all x €  the function

hy()=px+tl) withtely={teR:x+1tl e}
is monotone, and 0 < u(-) € L®°(2).
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(fs7)

F(x,s)
im
s=0 |g|P™)

=0 uniformly for a.a. x € 2.

This new assumption in (f4’) has a slightly different consequence than its counterpart earlier in
this section.

Lemma 5.10. Let f: 2 x R — R.

() If f fulfills (f1) and (f4°), then f(x,0) =0 for a.a. x € Q2.
(1) If f fulfills (f2) and (f4°), then for each ¢ > 0 there exists C, > 0 such that

g
|[F(x,1)] < PSS 111P) + C 11" fora.a. x € K.
p(x

Remark 5.11. Without the assumption (f4) one needs to prove a result like Lemma 5.10 (i), since
this condition is necessary to ensure that ¢ are differentiable among other important properties,
see Remark 5.3.

In this case, all the propositions are identical except for the behavior close to zero, for which
we provide the following proof.

Proposition 5.12. Let (Hy’) be satisfied and f fulfill (f1), (f2) and (f4°). Then there exist constants
C1,Cr, C3 > 0 such that for all ¢ > 0

—1 q++e r— . .
Cra; Null {5y, o = Collully gy, oo i lully 34,0 < min{L, Cs),
— r. .
Cullull] g, 0= Collull 3y 00 if el 3450 = max{1, C3},

Pu), g+ (u) = :

where ag is the same as in Lemma 3.1.

Proof. As in Proposition 5.6 we only do the argument for ¢ for the same reasons. Using
Lemma 5.10 (ii), Poincaré inequality for the modular in W(} P (')(Q) with constant C).) from

Proposition 2.3, the embedding of WS’HI"’;(Q) s L™©() with constant C#4y,, from Proposi-
tion 3.7 (iii) and Proposition 2.1 (iii), (iv), we obtain for any u € WO1 Hiog (Q)

o(u)

1 1 A
> —0p((Vu) + —/M(X) |Vul1® log(e + [Vul) dx ———0p() () — Cr0r((u)
P+ q+ pP-

1 C A 1
> (— — =r0 )Qp<.)(Vu> +— f 11(x) [Vul?™ log(e + | Vul) dx
P+ P—- q+ P

— C, max ck ullk
(max ([l Tl gy, o)
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smin - S20% Lo o= max (il o)
il p+ P ’ q+ 1, logs ke{r+,r_} H]og laH]Og,O .
If p+ =g+, any A > 0 works, otherwise choose 0 < A < %. By Proposition 3.4 (iii) and
o

(iv) the result follows with C3 = 1/Cy,,,

r—
Gl for [lull1 #,,.0 = C3, o

1
Ci=— and (Cp=
q+

I+
CiCyy,, for lulli 2,0 > C.

With a reasoning identical to Theorem 5.9 but using Proposition 5.12, we obtain the next
result.

Theorem 5.13. Let (Hy’) be satisfied and f fulfill (f1), (f2), (f3), (f4’) and (f5). Then there exist

nontrivial weak solutions ug, vy € WOlleog (2) of problem (1.11) such that ug > 0 and vy <0
a.e. in Q.

6. Sign-changing solution

The aim of this section is to prove the existence of a sign-changing solution on top of the other
two solutions from last section, which were one positive and one negative. We need to substitute
(f3) with a stronger assumption and to restrict a bit more the assumptions on the functional space
with respect to (Hy’):
(H3) Q € RV, with N > 2, is a bounded domain with Lipschitz boundary %2, p,q € C4(RQ)

with p(x) <q(x) <qy < gy +1 < p* forall x € Q, p satisfies a monotonicity condition,
that is, there exists a vector [ € RV \ {0} such that for all x €  the function

hy(t)y=px+1tl) withtel,={teR:x+1tl R}
is monotone, and 0 < u(-) € L°°(RQ).
(f3”) The function z — f(x,t)/|t|?* is increasing in (—oo, 0) and in (0, 400) for a.a. x € Q.

Remark 6.1. A necessary condition for (H3) to be satisfied is that p+ + 1 < p*. For the case of

constant exponents, which is the least restrictive case, this is equivalent to ZlhVIHAN W < p. This
strong assumption is required for (f3).

Similarly to the previous sections, we have some important consequences of these assump-
tions on the right-hand side.

Lemma 6.2. Let f: Q x R — R satisfy the following assumptions.
() If f fulfills (f2) and (f3°), then g+ + 1 <r_.
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(ii) If f fulfills (f3°) then for any ¢ > 0

F(x,s) n form o
1m —— =100 unifjorm ora.a.x € .
s—+oo |g|¢+H1-¢ : v/

In particular, (f3) is satisfied.

Remark 6.3. As in (H3) we assumed ¢, + 1 < p*, we can always find at least one r € C ()
suchthatgy +1<r_ <ry < p*.

We achieve the existence of such sign-changing solution making use of the Nehari manifold
technique. Our treatment is inspired by the recent work by Crespo-Blanco—Winkert [22], a more
comprehensive explanation of this technique can be found in the book chapter by Szulkin—Weth
[75]. The Nehari manifold associated to ¢ is the set

N= {u e Wyt Q)1 (¢! (), u) =0, u 7&0}.

A significant property of this set is that all weak solutions of (1.11) (or critical points of ¢)
belong to this set, except for u = 0, which can be studied separately. An important remark is that,
although the most used name in the literature is Nehari manifold, it does not have to be one in
general. For our purposes this is not relevant, so we do not do any discussion in this direction. We
are looking for sign-changing solutions, so in the center of our results we work with the variation

No={uewy =@ £u*en}.

Note that in our case N is a subset of A, but this might not be true in general. Our treatment
starts by establishing some structure on N which is needed for the work on Nj. The following
lemma is used in the proof and the main reason why we need (f3’) as it is instead of with exponent
g+ — 1 (which would be much less restrictive).

Lemlma 6.4. Let b > 0 and Q > 1, the mapping t — % is decreasing on (0, 00) only for
e= 1.

Proposition 6.5. Let (H3) be satisfied and f fulfill (f1), (f2), (f3’) and (f4’). Then for any
ue Wé’Hlog(Q) \ {0} there exists a unique t, > 0 such that tyu € N'. Furthermore, ¢(t,u) > 0,
%go(tu) >0for 0<t<t, %(p(tu) =0 fort =1, %(p(tu) < 0 for t > t,, and therefore

o(tu) < e(tyu) forall 0 <t #t,.
Proof. For any u € W(:’Hk’g(Q) \ {0} we define its associated fibering function 6, : [0, 00) —
R as 6,(t) = ¢(tu). This function is C' in (0, c0) and continuous in [0, co) because it is the

composition of such functions. Clearly 6, (0) = 0 and from Propositions 5.12 and 5.8 we know
that there exist §, K > 0 with the properties

0,(t)>0 forO<t<§ and 6,()<0 forz>K. 6.1)
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Then the extreme value theorem implies that the global maximum of 6, is attained at some
t, € (0, K]. Furthermore, it is a critical point of 8, and by the chain rule we know

0="0,(t,) = (¢’ (tuu), u),

which proves that #,u € .
In order to see the uniqueness and the sign of the derivatives, observe that for # > 0 and due
to (f3”), it holds

f(x’tu) f(x,tu)u

increasing in ¢, so ————— increasing in ¢, for x € Q with u(x) > 0,
19+ |u|+ t9+

f(xstu) f(x,tu)u

decreasing in t, so ———— increasing in ¢, for x € Q with u(x) < 0.
ta+ |u|?t 19+

Similarly to above, we know that tu € A/ implies u # 0 and 6),(t) = 0. By multiplying this
equation with 1/¢9+ it follows

1
- - px)
/ <111++1p(X) Vul

Q
1 log(e + 1 |Vul) |Vu|
V|4
w1 [Vl [ : q(X)(e+tIVu|)}
_M>dx=o,
19+

On the set {Vu # 0}, the first term is strictly decreasing since p4 < g+ + 1, the second term is
decreasing by Lemmas 3.1 and 6.4, and the third one is decreasing by the observation just above
it. We know that u # 0, so the whole left-hand side of the equation is strictly decreasing as a
function of ¢, which means that there can be at most one value #, > 0 such that ), (z,) =0, i.e.
t,u € N. Furthermore, 6/ (¢) cannot take value 0 anywhere else, so it has constant sign on (0, #,)
and (7, 00), and they must be positive and negative respectively by (6.1). O

The advantage of working in the Nehari manifold instead of the whole space is that our func-
tional, even when it was not coercive in the original space, it does have some coercivity-type
property on the restricted space.

Proposition 6.6. Let (H3) be satisfied and f fulfill (f1), (f2), (f3’) and (f4°). Then the func-

tional |, is sequentially coercive, in the sense that for any sequence {u,},eNn SN such that

|F7% ||1,H10g,0 = 400 it follows that ¢ (u,) ey +o00.

Proof. Consider a sequence {u,, with the property that ||u,, 7% 0. Let us define
q neN property 1, H 14,0
Yn = Un/ ”“n”LHlog,O' Due to Proposition 3.7 (iii), we know that there exists a subsequence

{¥n; }ken and y € Wol’H"’g(Q) such that

Yo =y in W(:’Hk’g(Q), Yo =y in L™ () and pointwisely a.e.in Q.
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Claim: y =0

We proceed by contradiction, so assume that y # 0. Let € > 0 and without loss of generality
let [|un, |, 0,0 > 1 for all k € N. Proposition 3.6 (i) and (iv) yield for all k € N
) 0g»

1
Qo(l/tnk) S p_Ql,chg,O (”nk) - / F()C, unk)dx

Q
< 5 el [ P
Q
and dividing by [uy, ||‘1+“ we obtain for all k € N
@ (un) F(x,up,)
waéi - /waﬁi - €2
On the other hand, by Lemma 6.2 (ii) we know

lim

F(X,Mnk) — T F()C,I/tnk) \ |({++8 _
=00 Jun |

q++e
15H10g70

for x € Q with y(x) # 0. So by Lemma 5.1 (ii) and Fatou’s Lemma, where in the following
Qo={xeQ: yx)=0}

F(x, ) _/ F(x, ) F(x, )
N AR A VY FEv i P T
F(x,up) B M|Q2| k—o00
P N T A FA

Together with (6.2), this implies that ¢(u,,) < 0 for k large enough, which is a contradiction to
the fact that ¢(u,) > 0 for all n € N given by Proposition 6.5 and the Claim is proved.

Take any C > 1. By Proposition 6.5, as u,, € N for all k € N, we know that ©Up) =
@(Cyp,) for all k € N. Also by using Proposition 3.6 (iii) one gets for all k € N

1
¢mmzwwmuz;@m%ﬁ@mg—/chWum
* Q
- cr-
Hﬁmhmw—/ﬂnﬁww=———/ﬂmﬁmﬁ-

q+
Q Q

=

1
q+
We also know that Cy,, — 0, which together with the strong continuity of Lemma 5.1 (v) gives
us a kg € N such that for all £ > kg
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C
o(up) > —— —1.
9+

In the previous argument, C can be as big as desired and k¢ depends on C, so we derived that

©(Un,) koo +o00. The subsequence principle yields ¢ (u,,) 22 b0, O

Minimizing over the Nehari manifold we always stay strictly positive. This is useful to ensure
that we are not converging to zero along a minimizing sequence.

Proposition 6.7. Let (H3) be satisfied and f fulfill (f1), (f2), (f3’) and (f4’). Then

inf 0 d inf 0.
ulélNgz)(u) > an ulél}\/_()(p(u) >

Proof. From Proposition 6.5 and Corollary 5.7, for any u € N we know that

8
pw)=p| ———u | > inf o) >0,
||M||1,Hl(,g,0 llells, #41q.0=8

which proves the first part. The second one follows from the first one since ¢ (1) = @ (u™) +
o(—u)andut, —u" e N forueNy. O

We can now perform calculus of variations on A to obtain our candidate for a third solution.

Proposition 6.8. Let (H3) be satisfied and f fulfill (f1), (f2), (f3°) and (f4°). Then there exists
wo € No such that ¢(wo) = inf,en ¢ (u).

Proof. We prove the result via the direct method of calculus of variations. Let {u,},eny € Ny

be a minimizing sequence, i.e., a sequence such that ¢(u,) \ inf,ca; @(u). Recall that, by
Proposition 3.8, u, —u;, € W()I’Hk’g (Q) for all n € N. Then the sequences {¢(u;)},eN and
{¢(—u;)}neN are bounded in R, since ¢(u,) = ¢(u,") + ¢(—u,, ) for all n € N and by Proposi-
tion 6.5 we have that <p(u;f) > 0 and ¢(—u,; ) > 0 for all n € N. Hence the coercivity condition

of Proposition 6.6 yields the boundedness of {u;/},cn and {—u}, },cn in W(; Hhiog (£2). By Propo-

.. . 1LH
sition 3.7 (iii), we obtain subsequences {u;!, Jxen and {—u;,, Jren, and z1, 22 € W, () such
that

1M . , .
Uy =z 1nW0ng(Q), U =z inL’?(Q) andae.in Q,

— un_k —z7 in W()I’Hlog (Q), _u;k —zo in Lr(.) () andae.in €2, (6.3)

withz; >0, 2z <0 and z;zp=0.

Claim: z; #0+# 22
We only prove the assertion for z1, the other one is exactly the same. Arguing by contradiction,

let z; = 0. By assumption u,J{k e N, so we have
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=(¢'(u,}), uyy)

)
= + T dx — f X, u, Ju, dx
= 21,310 (47,) / CI(x)(e+|Vunk|)| | it

> 01 H]og Vlk /f(x M+ )I/t+ dx.

The weak convergence of (6.3) along with the strong continuity of Lemma 5.1 (v) yields

01, Hj0g,0 (”;th) — 0, ie., u g 0in W, H]Og(Q) by Proposition 3.4 (v). However, as ¢ is con-
tinuous and by Proposmon 6 7

O<1nf<p(u)<<p(u ) —¢0)=0 ask— oo.

This is a contradiction and finishes the proof of the Claim.

From the previous Claim and Proposition 6.5, we have #1, t, > 0 such that #1z1, 12z € . We
define wo = #1271 + 1222, which by (6.3) satisfies that war =t1z1 and —w, =122, thus wo € No.
In order to see that this is the minimizer, we note that ¢ is sequentially weakly lower semicontin-
uous. Indeed, the F term is even strongly continuous by Lemma 5.1 (v), the part with exponent
p(-) is weakly lower semicontinuous because it is continuous and convex, and the part with
exponent ¢ (-) and logarithm is also weakly lower semicontinuous for the same reasons. If we
combine Proposition 6.5 with the previous property, we get

inf @o(u) = hm <p(unk) = hm (p(u )~|—g0( unk)

ueNy
>hm1nf(p(t1u ) Te(—nu,)

> p(t121) + @(t222)
=p(wg) +p(— wo)—w(w0)> lnf o). O

Our last step towards finding a sign-changing solution is to see that any minimizer like the
one we obtained in the previous proposition is actually a critical point of ¢.

Proposition 6.9. Let (H3) be satisfied and f fulfill (f1), (f2), (f3”) and (f4”). Let wy € Ny such
that ¢(wo) = inf, e\ @ (). Then wy is a critical point of ¢.

Proof. This is a proof by contradiction. Assume that ¢'(wg) # 0, one can find A, g > 0 such
that

||g0/(u) ||* >X, forallue WOI’HI"g () with |ju — wOHI,ng,O < 38).

On the other hand, let C3,,, be the constant of the embedding W(; o () — LP-(R2) given by
Proposition 3.7 (i) and the usual embedding W(}’p‘ (Q) — LP= (). As war # 0 # w, , for any
ve W(}’Hk’g(Q) we know that

52



R. Arora, A. Crespo-Blanco and P. Winkert Journal of Differential Equations 433 (2025) 113247

_ —1 _ Hlog ” 0 ” ’ ifv_ = 0’
lwo U”],’Hlog,o = CHlog llwo U”p, z !C’;Lllog | + ” b ifvt =0.

+
We can choose some value 0 < §; < mm{CH g H wy ||p_ Hlog wy ||p_}. As a consequence,

for any v € WO’HIOg(Q) with [lwo — vll1 3,,.0 < 81 We know that vT £ 0 # v™. For the rest of
the proof we work with 6 = min{dg, §1/2}.

Observe that the mapping (s,?) — sw('; — fw, is a continuous mapping [0, 0)? —

WOI'HIOg (2). Hence, we can find some 0 < o < 1 such that for all s, > 0 with max{|s — 1],

|t — 1|} < e it holds
Jsw =t = ol 4,0 <

Let D = (1 —a, 1 + «)>. Note also that for any s,¢ > 0 with s # 1 # ¢, by Proposition 6.5 we
know

p(swi —twy) =@(swg) + @(—twy)
<o)+ p(—wy) = p(wo) = inf. (). ©4)
ueNy

In particular, this implies that

= max —t < inf .
¢ (meww(swo wy ) < @(wo) = Now(u)

At this point we are in the position to apply the quantitative deformation lemma given in
Lemma 2.20. With its notation, take

c—C¢ AS
"8

S = B(wgy,8), c= inf o), &= min{ } , & be as defined above.
MENO

The assumptions are satisfied because S»5 = B(wq, 35) and the choice of ¢, so we know that
there is a mapping n with the properties stated in the lemma. Because of the choice of & we also
know that

go(swg—tw()_)§§+6—c<c—<cgg>§c—2£ (6.5)

for all (s, 1) € dD. Let us define /: [0, 00)> — W, ”“’g(sz) and H: (0, 00)> — R? by
h(s,t) = n(l,swar —twy)

1 + +
H(S,l)=< (@' (W (s,1),h" (s,0)), ( "(—=h™(s,1)), —h™ (s, t)))

As 1) is continuous, so is 4, and as ¢ is C!, H is also continuous. Because of Lemma 2.20 (i) and
(6.5), for all (s, t) € 9D we know that h(s,t) = swO tw, and
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H(s, 1) = ((¢/(swi), wy) . (¢ (—twg), —wg) ).

Furthermore, if we also take into consideration the information on the derivatives from Proposi-
tion 6.5 we have the componentwise inequalities

H—-ot)>0>H (1+a,t),

H)y(t,1—a)>0> Hy(t,14+«a) forallr e[l —a, 1+ ],
where H = (H;, H>). With the information above, by the Poincaré-Miranda existence theorem

given in Theorem 2.21 applied to d(s,t) = —H(1 + 5,1+ ¢), we find (sg, #p) € D such that
H (so, to) = 0, or equivalently

(@' (W (s0,10)), ht (50, 10)) = 0= (@' (—h™ (50, t0)), —h ™~ (50, t0)).

From Lemma 2.20 (iv) and the choice of «, we also know that

||h(S(), tO) - wo”LHlog,O < 28 < 819

which by the choice of §; gives us

ht (s0,10) # 0 # —h™ (s0, to).

Altogether, this means that h(sg, o) € Ny. However, by Lemma 2.20 (ii), the choice of a and
(6.4), we also know that ¢(h(sg,9)) < ¢ — &, which is a contradiction and this finishes the
proof. 0O

The combination of Propositions 6.8 and 6.9, Lemma 6.2 (ii) and Theorem 5.13 yields the
following results.

Theorem 6.10. Let (H3) be satisfied and f fulfill (f1), (f2), (f3”) and (f4’). Then there exists a
nontrivial weak solution wg € WOI’HlOg (2) of problem (1.11) with changing sign.

Theorem 6.11. Let (H3) be satisfied and f fulfill (f1), (f2), (f3°), (f2’) and (f5). Then there exist

1 Hi,
nontrivial weak solutions ug, vy, wgy € W, H $(Q2) of problem (1.11) such that ug >0, vy <0
and wo has changing sign.

7. Nodal domains

In this last section, we provide more information on the sign-changing solution found in
Section 6. In particular we will determine the number of nodal domains, that is, the number
of maximal regions where it does not change sign. The usual definition of nodal domains for
u € C(2,R) is the connected components of 2\ Z, where the set Z = {x € Q: u(x) =0} is
called the nodal set of u. In our case, we have no information on the continuity of the solutions,
so this definition is not meaningful for us. A similar situation was already noted in a previous
work by Crespo-Blanco—Winkert [22], where the following definition was proposed.
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Letu € Wé’Hbg (£2) and A be a Borelian subset of 2 with |A| > 0. We say that A is a nodal
domain of u if

(i) u>0ae.onAoru<0ae.onA;
i) 0£uly e W, (@)
(iii)) A is minimal w.r.t. (i) and (i), i.e., if B € A with B being a Borelian subset of 2, |B| > 0
and B satisfies (i) and (ii), then |[A \ B| =0.

For the purpose of determining the number of nodal domains, we need one last assumption
on our right-hand side.

(fo) f(x,t)t —qy (1 + q%) F(x,t)>0forall t € R and for a.a. x € Q.

Proposition 7.1. Let (H3) be satisfied and f fulfill (f1), (f2), (f3), (f1’) and (f¢). Then, any
minimizer of ¢ No has exactly two nodal domains.

Proof. Let wo be such that ¢(wo) = inf,cpf @(1). The sets Q-0 = {x € 2: wo(x) > 0} and
Qyy<0 = {x € Q: wo(x) < 0} are determined up to a zero measure set (for any choice of a
representative of the class wg they may differ, but at most in a zero measure set), which is no
problem for the definition above. Furthermore, by Proposition 3.8 and wa“ = wolgwo>0, —w, =
wolg, o conditions (i) and (ii) hold for these sets. So it is only left to see their minimality.

We proceed by contradiction. Without loss of generality, let By, B, be Borelian subsets of 2
with the following properties: disjoint sets with ;<0 = Bj UB,, both have positive measure
and Bj fulfills (i) and (ii) in the definition above. This implies that for B, conditions (i) and (ii)

LH
—wolp, € W, "5(Q).
Let u = lg,, _owo + 1g wo and v = 15,wp, hence ut = lg, owo and —u~ = 1 wo. By
Proposition 6.9 we know that ¢’ (wg) = 0 and as the supports of u™, —u™ and v are disjoint, we
get

hold too, since wolp, = wolq,,

0= (¢ (wo),u™)=(¢'wh),u™),

that is, u™ € . With a similar argument —u~ € N, so u € Np; and also (¢’(v), v) =0.
Altogether, by these properties, condition (fg) and Lemma 5.4, we get

1
inf_@(w) =@(wo) = @) + ¢v) — ——(¢'(v), v)
weNy q+ (] + L)

1 1
Zou)+ | ————F— | 2pc)(VV)
P g (14 £)

+/ ;f(x,v)v—F(x,v) dx
6]+(1+q%>

Q
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! &
+q— w(x) Vol log(e 4 [Vv]) dx
+
Q

1 ) [Vl
——— [ r@ IV log(e + Vo) + = | d¥
q+(1+q%>g q(x)(e+|Vv))

1 1
> o) + | —— —— | 2pr(VV)
Progi (14 5)
> inf @(w)+ : (V)
> mf ¢p(w — = —— | 0p()(VV).
weNy P+ g, (1 N ,,L_) j20)

Since p4+ < g+ and v # 0, we get the desired contradiction. 0O

Combining Theorems 6.10 and 6.11 with Proposition 7.1, we obtain the final existence results
of this work.

Theorem 7.2. Let (H3) be satisfied and f fulfill (f1), (f2), (f3°), (f4°) and (f¢). Then there exists a

nontrivial weak solution wg € WS’HIOg(Q) of problem (1.11) with changing sign and two nodal
domains.

Theorem 7.3. Let (H3) be satisfied and f fulfill (f1), (f2), (f3”), (f2’), (fs) and (f¢). Then there

1, H,
exist nontrivial weak solutions ug, vg, wo € W, H £(Q) of problem (1.11) such that ug > 0, vy <
0 and wq has changing sign with two nodal domains.

Let us finish this work with some examples of right-hand side functions that would fit in our
assumptions.

Example 7.4. For simplicity, assume not only (H3), but also g1« /g_ < 1, which implies g4 (1 +
k/q-) <q++1<pr.

(i) LetO<e <1 —¢g4x/g— and take

K
(1455 )+e—2

Fee, =" .

This function satisfies (f1), (f2), (f3"), (f4”), (fs) and (f6). For (f2) take r = g4+ (1+x/q-) +¢
and for (f5) take [ =1 = g4 (1 +k/q-). _ ~
(ii) Letl,l,m € C+(2) such that g4y + 1 <min{m_,l_,[_}, max{l,,l;} < p* and

max{l;,74} min{l_,1_}
p— N

< 1.

Then we can take
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1tFO=2[1 4 log(—0)], if ¢<~—1,
flx,t) =3 |t =2, if —1<r<1,
[t =2[1 +1og(n)], if 1<t

which also satisfies (f1), (f2), (f3 ’~), (f4), (f5) and (fg). For (f) take r (x) = max{l/(x), l~(x)} +
e, where 0 < & < p* —max{l/, 1} and is also small enough so that

ro  min{l_,1_}
S = .
p— N

For (f5) take [ and 7 to be the same ones as here. This inequality is why we need the com-
patibility assumption on max{/y,/;+} and min{/_, [_}. In particular, when / = and they are
constant functions, this condition is exactly / < p* , hence redundant in this case.
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