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Abstract

In this paper we study the following nonlocal Dirichlet equation of double phase type

−ψ

⎡
⎣∫

�

( |∇u|p
p

+ μ(x)
|∇u|q

q

)
dx

⎤
⎦G(u) = f (x,u) in �, u = 0 on ∂�,

where G is the double phase operator given by

G(u) = div
(
|∇u|p−2∇u + μ(x)|∇u|q−2∇u

)
u ∈ W

1,H
0 (�),

� ⊆ RN , N ≥ 2, is a bounded domain with Lipschitz boundary ∂�, 1 < p < N , p < q < p∗ = Np
N−p

, 
0 ≤ μ(·) ∈ L∞(�), ψ(s) = a0 + b0sϑ−1 for s ∈ R, with a0 ≥ 0, b0 > 0 and ϑ ≥ 1, and f : � ×R →R is 
a Carathéodory function that grows superlinearly and subcritically. We prove the existence of two constant 
sign solutions (one is positive, the other one negative) and of a sign-changing solution which turns out to 
be a least energy sign-changing solution of the problem above. Our proofs are based on variational tools in 
combination with the quantitative deformation lemma and the Poincaré-Miranda existence theorem.
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1. Introduction and main results

Given a bounded domain � ⊆ RN , N ≥ 2, with Lipschitz boundary ∂�, we study double 
phase problems with a nonlocal Kirchhoff term of the form

−ψ

⎡
⎣∫

�

( |∇u|p
p

+ μ(x)
|∇u|q

q

)
dx

⎤
⎦G(u) = f (x,u) in �,

u = 0 on ∂�,

(1.1)

where

G(u) = div
(
|∇u|p−2∇u + μ(x)|∇u|q−2∇u

)
for u ∈ W

1,H
0 (�) (1.2)

is the double phase operator, 1 < p < N , p < q < p∗ = Np
N−p

, 0 ≤ μ(·) ∈ L∞(�), ψ(s) =
a0 + b0s

ϑ−1 for s ∈ R with a0 ≥ 0, b0 > 0 and ϑ ≥ 1, and f : � × R → R is a Carathéodory 
function that grows superlinearly and subcritically, see the precise assumptions (H3) below.

Problem (1.1) combines a nonlocal Kirchhoff term with a nonhomogeneous operator of dou-
ble phase type. Note that the operator given in (1.2) is related to the energy functional

ω 
→
∫
�

(|∇ω|p + μ(x)|∇ω|q)dx, (1.3)

which was first introduced by Zhikov [51] in 1986. Such functional can be used to describe mod-
els for strongly anisotropic materials in the context of homogenization and elasticity. In fact, 
the hardening properties of strongly anisotropic materials change point by point and the mod-
ulating coefficient μ(·) helps to regulate the mixture of two different materials with hardening 
powers p and q . Also, functionals of the shape (1.3) have several mathematical applications 
in the study of duality theory and of the Lavrentiev gap phenomenon, see Zhikov [52,53]. 
Regularity properties for local minimizers of (1.3) have been first published in the papers by 
Baroni-Colombo-Mingione [4,5] and Colombo-Mingione [10,11]. It should be noted that (1.3)
belongs to the class of the integral functionals with nonstandard growth condition as a special 
case of the groundbreaking works by Marcellini [35,36]. We also refer to the recent papers by 
Cupini-Marcellini-Mascolo [14] and Marcellini [34] with u-dependence.

Another interesting phenomenon in problem (1.1) is the occurrence of the nonlocal Kirchhoff 
term which generalizes a model introduced by Kirchhoff [29] of the form
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ρ
∂2u

∂t2 −
⎛
⎝ρ0

h
+ E

2L

L∫
0

∣∣∣∣∂u

∂x

∣∣∣∣
2

dx

⎞
⎠ ∂2u

∂x2 = 0

with constants ρ, ρ0, h, E and L. Such model can be seen as a generalization of the classical 
D’Alembert wave equation. In general, Kirchhoff-type problems have a strong background in 
several applications in physics. After the outstanding work of Lions [32] about the abstract frame-
work of Kirchhoff-type problems, several works have been published with different structure 
and various techniques. In the extensive literature on Kirchhoff problems, we refer, for example, 
to the papers of Autuori-Pucci-Salvatori [3], D’Ancona-Spagnolo [15], Figueiredo [17], Fis-
cella [18], Fiscella-Valdinoci [21], Gasiński-Santos Júnior [23], Mingqi-Rădulescu-Zhang [37], 
Pucci-Xiang-Zhang [38], Xiang-Zhang-Rădulescu [48] and the references therein.

Problems as in (1.1) involving a Kirchhoff term are said to be degenerate if a0 = 0 and non-
degenerate if a0 > 0. It is worth noting that the degenerate case is rather interesting and is treated 
in well-known papers in the Kirchhoff theory. We do cover the degenerate case in our paper 
which has several applications in physics. For example, the transverse oscillations of a stretched 
string with nonlocal flexural rigidity depend continuously on the Sobolev deflection norm of u
via ψ(

∫
�

|∇u|2 dx), that is, ψ(0) = 0 is nothing less than the base tension of the string is zero.
In the context of double phase problems of Kirchhoff type there exist only few works. The 

first paper has been published by Fiscella-Pinamonti [20] who considered the problem

−m

⎡
⎣∫

�

( |∇u|p
p

+ μ(x)
|∇u|q

q

)
dx

⎤
⎦G(u) = f (x,u) in �, u = 0 on ∂�, (1.4)

with a right-hand side that has subcritical growth satisfying the Ambrosetti-Rabinowitz con-
dition. The existence of a nontrivial weak solution of (1.4) has been shown by applying the 
mountain pass theorem. Recently, Arora-Fiscella-Mukherjee-Winkert [2] considered singular 
Kirchhoff double phase problems given by

−m

⎡
⎣∫

�

( |∇u|p
p

+ μ(x)
|∇u|q

q

)
dx

⎤
⎦G(u) = λu−γ + ur−1 in �, u |∂�= 0 (1.5)

and used an appropriate decomposition of the Nehari manifold in order to prove the existence of 
two positive solutions with different energy sign, see also [1] by the same authors for the critical 
case to problem (1.5). We also refer to the works of Cen-Vetro-Zeng [7] for degenerate double 
phase problems, Fiscella-Marino-Pinamonti-Verzellesi [19] for Kirchhoff double phase problems 
with Neumann boundary condition, Gupta-Dwivedi [25] for mountain pass type solutions and 
Ho-Winkert [27] for infinitely many solutions via an abstract critical point result. It should be 
noted that all these works apply different methods than in our paper.

Let us now state the precise hypotheses to problem (1.1) and the main results. We suppose the 
following assumptions:

(H1) 1 < p < N , p < q < p∗ = Np
N−p

and 0 ≤ μ(·) ∈ L∞(�).
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(H2) ψ : [0, ∞) → [0, ∞) is a continuous function defined by

ψ(s) = a0 + b0s
ϑ−1 for all s ≥ 0,

where a0 ≥ 0, b0 > 0 and ϑ ≥ 1 such that qϑ < p∗.

(H3) f : � ×R → R is a Carathéodory function such that the following holds:

(i) there exists a constant c > 0 such that

|f (x, s)| ≤ c
(

1 + |s|r−1
)

for a.a. x ∈ �, for all s ∈ R, where r < p∗;

(ii)

lim
s→±∞

f (x, s)

|s|qϑ−2s
= +∞ uniformly for a.a. x ∈ �;

(iii) if a0 > 0, assume

lim
s→0

f (x, s)

|s|p−2s
= 0 uniformly for a.a. x ∈ �,

and if a0 = 0, assume

lim
s→0

f (x, s)

|s|pϑ−2s
= 0 uniformly for a.a. x ∈ �;

(iv) the function

s 
→ f (x, s)s − qϑF(x, s)

is nondecreasing on [0, ∞) and nonincreasing on (−∞, 0] for a.a. x ∈ �, where 
F(x, s) = ∫ s

0 f (x, t) dt ;
(v) the function

s 
→ f (x, s)

|s|qϑ−1

is strictly increasing on (−∞, 0) and on (0, +∞) for a.a. x ∈ �.

Remark 1.1. Note that (H3)(i) and (ii) imply qϑ < r . Also, from (H3)(i) and (H3)(ii) it follows 
that

lim
s→±∞

F(x, s)

|s|qϑ
= +∞ uniformly for a.a. x ∈ �. (1.6)

Now we can state the definition of a weak solution of problem (1.1).
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Definition 1.2. A function u ∈ W
1,H
0 (�) is said to be a weak solution of problem (1.1) if

ψ(
H(∇u))

∫
�

(
|∇u|p−2∇u + μ(x)|∇u|q−2∇u

)
· ∇v dx =

∫
�

f (x,u)v dx

is satisfied for all v ∈ W
1,H
0 (�), where


H(∇u) =
∫
�

( |∇u|p
p

+ μ(x)
|∇u|q

q

)
dx = 1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ.

Our main result in this paper reads as follows.

Theorem 1.3. Let hypotheses (H1)–(H3) be satisfied. Then problem (1.1) has at least two non-
trivial constant sign solutions u0, v0 ∈ W

1,H
0 (�) such that

u0(x) ≥ 0 and v0(x) ≤ 0 for a.a. x ∈ �.

In addition, a third sign-changing solution y0 ∈ W
1,H
0 (�) exists which turns out to be a least 

energy sign-changing solution for (1.1).

The proof of Theorem 1.3 is based on a new technique that minimizes the corresponding 
energy functional of (1.1) on a constraint set in which all sign-changing solutions of (1.1) are 
contained. This set is different from the usual nodal Nehari manifold due to the nonlocal character 
of the problem. In order to demonstrate the different situation to other problems of similar type 
but without Kirchhoff term, let us consider the following problem

−div
(
|∇u|p−2∇u + μ(x)|∇u|q−2∇u

)
= f (x,u) in �, u = 0 on ∂� (1.7)

with the same function f : � × R → R. The energy functional J : W
1,H
0 (�) → R of (1.7) is 

given by

J (u) = 1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ −
∫
�

F(x,u)dx.

Sign-changing solutions of (1.7) can be found, for example, by minimizing the energy functional 
J over the related nodal Nehari manifold

N0 =
{
u ∈ W

1,H
0 (�) : ± u± ∈ N

}
,

where

N =
{
u ∈ W

1,H
0 (�) : 〈J ′(u),u〉 = 0, u �= 0

}
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is the Nehari manifold to (1.7) with 〈·, ·〉 being the duality pairing and u± denote the positive 
and negative part of u, respectively. Such treatment has been used for problems like (1.7) in 
the papers by Crespo-Blanco-Winkert [13] for variable exponent double phase problems, Liu-
Dai [33] for superlinear problems, Gasiński-Papageorgiou [22] for locally Lipschitz right-hand 
sides and Gasiński-Winkert [24] for Robin double phase problems. The successful usage of this 
technique mainly relies on the following decompositions of the energy functional for suitable u

〈J ′(u),u+〉 = 〈J ′(u+), u+〉, 〈J ′(u),−u−〉 = 〈J ′(−u−),−u−〉,
J (u) = J (u+) + J (−u−).

However, due to the appearance of the nonlocal term, such decompositions are not available 
anymore for problem (1.1). Indeed, let � : [0, ∞) → [0, ∞) be defined by

�(s) =
s∫

0

ψ(t)dt = a0s + b0

ϑ
sϑ,

then the energy functional ϕ : W
1,H
0 (�) → R of (1.1) is given by

ϕ(u) = �[
H(∇u)] −
∫
�

F(x,u)dx.

For the functional ϕ and u ∈ W
1,H
0 (�) with u+ �= 0 �= u− we have the following relations when 

ϑ > 1

〈ϕ′(u),u+〉 > 〈ϕ′(u+), u+〉, 〈ϕ′(u),−u−〉 > 〈ϕ′(−u−),−u−〉,
ϕ(u) > ϕ(u+) + ϕ(−u−).

Instead of using the set N0, we are going to minimize our functional on the constraint set

M =
{
u ∈ W

1,H
0 (�) : u± �= 0,

〈
ϕ′(u),u+〉= 〈

ϕ′(u),−u−〉= 0
}
. (1.8)

It is clear that all sign-changing solutions of (1.1) belong to M, so the global minimizer of ϕ
restricted to M is a least energy sign solution of (1.1) provided it is a critical point. Note that 
the set M is not a manifold anymore. As far as we know, the set M was first introduced by 
Bartsch-Weth [6] in order to produce nodal solutions for the semilinear equation

−
u + u = f (u) on � (1.9)

with differentiable f growing superlinearly and subcritically provided � contains a large ball. 
An extension of (1.9) to the nonlocal case has been done by Shuai [43]. The constraint set M
was then used by several authors to different types of problems in order to get sign-changing 
solutions of the considered problems. The existence of ground state sign-changing solutions for 
Kirchhoff type problems in bounded domains of the shape
56
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−
(
a + b‖∇u‖2

2

)

u = f (u) in �, u = 0 on ∂�

has been proved by Tang-Cheng [45] under weaker assumptions on f as in [43] while 
Schrödinger-Kirchhoff problems of the form

−
(
a + b‖∇u‖2

2

)

u + V (x)u = f (u) in R3, u ∈ H 1(R3) (1.10)

were treated by Tang-Chen [44] and Wang-Zhang-Cheng [46] under different assumptions on f
and V . Both papers present least energy sign-changing solutions for (1.10) using the constraint 
set M. Related results using the same technique can be found in the papers by Liang-Rădulescu 
[31] for fractional Kirchhoff problems with logarithmic and critical nonlinearity, Zhang [49] for 
Schrödinger-Kirchhoff-type problems and Zhang [50] for N -Laplacian equations of Kirchhoff 
type.

Recently, Chahma-Chen [8] considered the quasilinear p-Laplacian Kirchhoff problem

− (
a + b‖∇u‖p

p

)

pu = λf (x,u) + |u|p∗−2u in �, u = 0 on ∂�, (1.11)

and obtained a least energy sign-changing solution of (1.11) which is strictly larger than twice 
of that of any ground state solution of (1.11). The proofs are based on topological degree theory 
in combination with the quantitative deformation lemma. In this direction, we also mention the 
work of Li-Wang-Zhang [30] who studied the existence of ground state sign-changing solutions 
for p-Laplacian Kirchhoff-type problems with logarithmic nonlinearity given by

− (
a + b‖∇u‖p

p

)

pu = |u|q−2u lnu2 in �, u = 0 on ∂�,

where a, b > 0, 4 ≤ 2p < q < p∗ and N > p. A (p, q)-Laplacian Kirchhoff-type problem given
by

− (
a + b‖∇u‖p

p

)

pu − (

c + d‖∇u‖q
q

)

qu

+ V (x)
(
|u|p−2u + |u|q−2u

)
= K(x)f (u) in R3

(1.12)

has been treated by Isernia-Repovš [28] who proved the existence of a least energy sign solution 
and, in addition, if f is odd, infinitely many nontrivial solutions of (1.12). Finally, we also men-
tion the papers of Papageorgiou-Rădulescu-Repovš [40,41] for properties of the spectrum of the 
double phase operator and for ground state solutions of related equations involving this operator, 
respectively.

We point out that in all the above mentioned works the Kirchhoff function is of type s 
→
a + bs while in our case we consider more general functions given by s 
→ a0 + b0s

ϑ−1 with 
ϑ ≥ 1. So our results do not only extend the ones above to double phase operator but also to a 
more general Kirchhoff function. Moreover, we do not need any differentiability on the function 
f . In our proofs for a least energy sign changing solution to (1.1) we combine in a suitable 
way variational tools together with the Poincaré-Miranda existence theorem and the quantitative 
deformation lemma. The existence of the constant sign solutions is mainly based on the mountain 
pass structure of the problem.

The paper is organized as follows. In Section 2 we recall the definition of Musielak-Orlicz 
Sobolev spaces and state properties of the double phase operator. In addition, we mention the 
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Poincaré-Miranda existence theorem and the quantitative deformation lemma in their version that 
will be used later. Section 3 deals with the existence of the constant sign solutions which is based 
on the fact that the related truncated energy functionals satisfy the Cerami condition. Finally, in 
Section 4, via various auxiliary propositions, we prove the existence of a sign-changing solution 
via minimizing the energy functional of (1.1) over the constraint set M given in (1.8).

2. Preliminaries

In this section we recall some preliminary facts and tools which are needed in the sequel. For 
this purpose, let � ⊆RN , N ≥ 2, be a bounded domain with Lipschitz boundary ∂�. We denote 
by Lr(�) and Lr(�; RN) the usual Lebesgue spaces equipped with the norm ‖ ·‖r for 1 ≤ r ≤ ∞
and W 1,r

0 (�) stands for the Sobolev space with zero traces endowed with the equivalent norm 
‖∇ · ‖r .

Let M(�) be the set of all measurable functions u : � →R and let H : � ×[0, ∞) → [0, ∞)

be the nonlinear function defined by

H(x, t) = tp + μ(x)tq,

where we suppose condition (H1). The Musielak-Orlicz space LH(�) is defined by

LH(�) = {u ∈ M(�) : ρH(u) < +∞}

equipped with the Luxemburg norm

‖u‖H = inf
{
τ > 0 : ρH

(u

τ

)
≤ 1

}
,

where the modular function ρH is given by

ρH(u) :=
∫
�

H(x, |u|)dx =
∫
�

(|u|p + μ(x)|u|q)dx. (2.1)

Furthermore, we define the seminormed space

Lq
μ(�) =

⎧⎨
⎩u ∈ M(�) :

∫
�

μ(x)|u|q dx < +∞
⎫⎬
⎭ ,

which is endowed with the seminorm

‖u‖q,μ =
⎛
⎝∫

�

μ(x)|u|q dx

⎞
⎠

1
q

.

In the same way we define Lq
μ(�; RN).
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The Musielak-Orlicz Sobolev space W 1,H(�) is defined by

W 1,H(�) =
{
u ∈ LH(�) : |∇u| ∈ LH(�)

}

equipped with the norm

‖u‖1,H = ‖∇u‖H + ‖u‖H,

where ‖∇u‖H = ‖ |∇u| ‖H. The completion of C∞
0 (�) in W 1,H(�) is denoted by W 1,H

0 (�). 

We know that LH(�), W 1,H(�) and W 1,H
0 (�) are reflexive Banach spaces and we can equip 

the space W 1,H
0 (�) with the equivalent norm

‖u‖ = ‖∇u‖H,

see the paper of Crespo-Blanco-Gasiński-Harjulehto-Winkert [12].
The following proposition shows the relation between the norm ‖ · ‖H and the modular func-

tion ρH, see Liu-Dai [33] for its proof.

Proposition 2.1. Let (H1) be satisfied, λ > 0, y ∈ LH(�) and ρH be defined by (2.1). Then the 
following hold:

(i) If y �= 0, then ‖y‖H = λ if and only if ρH(
y
λ
) = 1;

(ii) ‖y‖H < 1 (resp. > 1, = 1) if and only if ρH(y) < 1 (resp. > 1, = 1);
(iii) If ‖y‖H < 1, then ‖y‖q

H ≤ ρH(y) ≤ ‖y‖p

H;
(iv) If ‖y‖H > 1, then ‖y‖p

H ≤ ρH(y) ≤ ‖y‖q

H;
(v) ‖y‖H → 0 if and only if ρH(y) → 0;

(vi) ‖y‖H → +∞ if and only if ρH(y) → +∞.

We also mention some useful embeddings for the spaces LH(�) and W 1,H
0 (�), see Crespo-

Blanco-Gasiński-Harjulehto-Winkert [12].

Proposition 2.2. Let (H1) be satisfied. Then the following embeddings hold:

(i) LH(�) ↪→ Lr(�) and W 1,H
0 (�) ↪→ W

1,r
0 (�) are continuous for all r ∈ [1, p];

(ii) W
1,H
0 (�) ↪→ Lr(�) is continuous for all r ∈ [1, p∗] and compact for all r ∈ [1, p∗);

(iii) LH(�) ↪→ L
q
μ(�) is continuous;

(iv) Lq(�) ↪→ LH(�) is continuous.

Let A : W
1,H
0 (�) → W

1,H
0 (�)∗ be the nonlinear map defined by

〈A(u), v〉 :=
∫
�

(|∇u|p−2∇u + μ(x)|∇u|q−2∇u
) · ∇v dx (2.2)
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for all u, v ∈ W
1,H
0 (�) with 〈 · , · 〉 being the duality pairing between W 1,H

0 (�) and its dual space 

W
1,H
0 (�)∗. The proof of the following proposition can be found in Crespo-Blanco-Gasiński-

Harjulehto-Winkert [12].

Proposition 2.3. Let hypotheses (H1) be satisfied. Then, the operator A defined in (2.2) is 
bounded, continuous, strictly monotone and of type (S+), that is,

un ⇀ u in W
1,H
0 (�) and lim sup

n→∞
〈Aun,un − u〉 ≤ 0,

imply un → u in W 1,H
0 (�).

We refer to the book of Harjulehto-Hästö [26] as well as the papers of Colasuonno-Squassina 
[9], Crespo-Blanco-Gasiński-Harjulehto-Winkert [12], Perera-Squassina [42] and Liu-Dai [33]
for more information about Musielak-Orlicz Sobolev spaces and properties of double phase op-
erators.

For s ∈ R, we set s± = max{±s, 0} and for u ∈ W
1,H
0 (�) we define u±(·) = u(·)±. We have

u± ∈ W
1,H
0 (�), |u| = u+ + u−, u = u+ − u−,

see Crespo-Blanco-Gasiński-Harjulehto-Winkert [12].
Let X be a Banach space and X∗ its topological dual space. Given ϕ ∈ C1(X), we define

Kϕ = {
u ∈ X : ϕ′(u) = 0

}
being the critical set of ϕ. Moreover, we say that the functional ϕ satisfies the Cerami condition 
or C-condition if for every sequence {un}n∈N ⊆ X such that {ϕ(un)}n∈N ⊆ R is bounded and it 
also fulfills

(1 + ‖un‖)ϕ′(un) → 0 as n → ∞,

then it contains a strongly convergent subsequence. Furthermore, we say that it satisfies the 
Cerami condition at the level c ∈R or the Cc-condition if it holds for all the sequences such that 
ϕ(un) → c as n → ∞ instead of for all the bounded sequences.

The following version of the mountain pass theorem is taken from the book by Papageorgiou-
Rădulescu-Repovš [39, Theorem 5.4.6].

Theorem 2.4 (Mountain pass theorem). Let X be a Banach space and suppose ϕ ∈ C1(X), 
u0, u1 ∈ X with ‖u1 − u0‖ > δ > 0,

max{ϕ(u0), ϕ(u1)} ≤ inf{ϕ(u) : ‖u − u0‖ = δ} = mδ,

c = inf
γ∈�

max
0≤t≤1

ϕ(γ (t)) with � = {γ ∈ C([0,1],X) : γ (0) = u0, γ (1) = u1}

and ϕ satisfies the Cc-condition. Then c ≥ mδ and c is a critical value of ϕ. Moreover, if c = mδ , 
then there exists u ∈ ∂Bδ(u0) such that ϕ′(u) = 0.
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The proof of the following quantitative deformation lemma can be found in the book by 
Willem [47, Lemma 2.3].

Lemma 2.5 (Quantitative deformation lemma). Let X be a Banach space, ϕ ∈ C1(X; R), ∅ �=
S ⊆ X, c ∈ R, ε, δ > 0 such that for all u ∈ ϕ−1([c − 2ε, c + 2ε]) ∩ S2δ there holds ‖ϕ′(u)‖∗ ≥
8ε/δ, where Sr = {u ∈ X : d(u, S) = infu0∈S ‖u − u0‖ < r} for any r > 0. Then there exists 
η ∈ C([0, 1] × X; X) such that

(i) η(t, u) = u, if t = 0 or if u /∈ ϕ−1([c − 2ε, c + 2ε]) ∩ S2δ;
(ii) ϕ(η(1, u)) ≤ c − ε for all u ∈ ϕ−1((−∞, c + ε]) ∩ S;

(iii) η(t, ·) is an homeomorphism of X for all t ∈ [0, 1];
(iv) ‖η(t, u) − u‖ ≤ δ for all u ∈ X and t ∈ [0, 1];
(v) ϕ(η(·, u)) is decreasing for all u ∈ X;

(vi) ϕ(η(t, u)) < c for all u ∈ ϕ−1((−∞, c]) ∩ Sδ and t ∈ (0, 1].

A N -dimensional version of the Bolzano intermediate value theorem can be stated by the 
following Poincaré-Miranda existence theorem, see the book by Dinca-Mawhin [16, Corollary 
2.2.15].

Theorem 2.6 (Poincaré-Miranda existence theorem). Let P = [−t1, t1] × · · · × [−tN , tN ] with 
ti > 0 for i ∈ 1, . . . ,N and d : P → RN be continuous. If for each i ∈ {1, . . . , N} one has

di(a) ≤ 0 when a ∈ P and ai = −ti ,

di(a) ≥ 0 when a ∈ P and ai = ti ,

then d has at least one zero point in P .

3. Constant sign solutions

In this section we are going to prove the existence of constant sign solutions for problem (1.1). 
To this end, let ϕ : W

1,H
0 (�) → R be the associated energy functional to problem (1.1) defined 

by

ϕ(u) = �[
H(∇u)] −
∫
�

F(x,u)dx,

where � : [0, ∞) → [0, ∞) is given by

�(s) =
s∫

0

ψ(t)dt = a0s + b0

ϑ
sϑ .

Moreover, we consider the positive and negative truncations of the energy functional ϕ, that is, 
ϕ± : W

1,H
(�) → R defined by
0
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ϕ±(u) = �[
H(∇u)] −
∫
�

F(x,±u±)dx.

First, we prove that these truncated functionals satisfy the Cerami condition.

Proposition 3.1. Let hypotheses (H1)–(H3) be satisfied. Then the functionals ϕ± fulfill the Ce-
rami condition.

Proof. We only show the proof of ϕ+, the proof for ϕ− can be done similarly. To this end, let 
{un}n≥1 ⊆ W

1,H
0 (�) be a sequence such that

|ϕ+(un)| ≤ M1 for some M1 > 0 and for all n ∈N (3.1)

and

(1 + ‖un‖)ϕ′+(un) → 0 in W
1,H
0 (�)∗. (3.2)

From (3.2) we have

∣∣∣∣∣ψ(
H(∇un))

∫
�

(
|∇un|p−2∇un + μ(x)|∇un|q−2∇un

)
· ∇v dx

−
∫
�

f
(
x,u+

n

)
v dx

∣∣∣∣∣≤ εn‖v‖
1 + ‖un‖

(3.3)

for all v ∈ W
1,H
0 (�) with εn → 0+. We choose v = −u−

n ∈ W
1,H
0 (�) in (3.3) to get

ψ(
H(∇un))
(∥∥∇u−

n

∥∥p

p
+ ∥∥∇u−

n

∥∥q

q,μ

)
≤ εn for all n ∈N

as f (·, 0) = 0 due to (H3)(iii). Since

ψ(
H(∇un)) ≥ b0

qϑ−1 [ρH(∇un)]ϑ−1 ≥ b0

qϑ−1 [ρH(∇u−
n )]ϑ−1,

see (H2), we conclude that ρH(∇u−
n ) → 0 as n → ∞. But this is equivalent to

∥∥u−
n

∥∥→ 0 as n → ∞,

by Proposition 2.1(v), that is,

u−
n → 0 in W

1,H
0 (�). (3.4)

From (3.1) we obtain
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qϑ�[
H(∇un)] −
∫
�

qϑF
(
x,u+

n

)
dx ≤ M2 for all n ∈N (3.5)

for some M2 > 0. Inequality (3.5) can be rewritten as

qϑa0

(
1

p
‖∇un‖p

p + 1

q
‖∇un‖q

q,μ

)
+ qb0

(
1

p
‖∇un‖p

p + 1

q
‖∇un‖q

q,μ

)ϑ

−
∫
�

qϑF
(
x,u+

n

)
dx ≤ M2 for all n ∈ N.

(3.6)

Next, we take v = un ∈ W
1,H
0 (�) in (3.3) and use again the fact that f (·, 0) = 0 due to (H3)(iii), 

which gives

−ψ(
H(∇un))
(‖∇un‖p

p + ‖∇un‖q
q,μ

)+
∫
�

f
(
x,u+

n

)
u+

n dx ≤ εn

for all n ∈N , or equivalently

− a0
(‖∇un‖p

p + ‖∇un‖q
q,μ

)
− b0

(
1

p
‖∇un‖p

p + 1

q
‖∇un‖q

q,μ

)ϑ−1 (‖∇un‖p
p + ‖∇un‖q

q,μ

)
+
∫
�

f
(
x,u+

n

)
u+

n dx ≤ εn for all n ∈N.

(3.7)

Now we add (3.6) and (3.7) to get

a0

(
qϑ

p
− 1

)
‖∇un‖p

p + a0 (ϑ − 1)‖∇un‖q
q,μ

+ b0

(
1

p
‖∇un‖p

p + 1

q
‖∇un‖q

q,μ

)ϑ−1 [(
q

p
− 1

)
‖∇un‖p

p

]

+
∫
�

(
f
(
x,u+

n

)
u+

n − qϑF
(
x,u+

n

))
dx ≤ M3 for all n ∈N.

(3.8)

Claim: The sequence {u+
n }n≥1 ⊆ W

1,H
0 (�) is bounded.

We argue indirectly and assume, by passing to a subsequence if necessary, that

∥∥u+
n

∥∥→ +∞ as n → +∞. (3.9)

Let yn = u+
n∥∥u+
n

∥∥ for n ∈ N . Then we have ‖yn‖ = 1 and yn ≥ 0 for all n ∈ N . Hence, we may 

suppose that
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yn ⇀ y in W
1,H
0 (�) and yn → y in Lr(�) (3.10)

with y ∈ W
1,H
0 (�), y ≥ 0, see Proposition 2.2(iii).

Case 1: y �= 0.
Defining �+ = {x ∈ � : y(x) > 0}, we have |�+|N > 0 and due to (3.10) it follows that

u+
n (x) → +∞ for a.a. x ∈ �+.

Then, from Fatou’s Lemma, (3.9) and (1.6) we obtain

∫
�+

F(x,u+
n )∥∥u+

n

∥∥qϑ
dx → +∞. (3.11)

From (H3)(i) and (H3)(ii) we have

F(x, s) ≥ −M4 for a.a. x ∈ �, for all s ∈R, (3.12)

and for some M4 > 0. Applying (3.12) gives

∫
�

F
(
x,u+

n

)
∥∥u+

n

∥∥qϑ
dx =

∫
�+

F
(
x,u+

n

)
∥∥u+

n

∥∥qϑ
dx +

∫
�\�+

F
(
x,u+

n

)
∥∥u+

n

∥∥qϑ
dx

≥
∫

�+

F
(
x,u+

n

)
∥∥u+

n

∥∥qϑ
dx − M4∥∥u+

n

∥∥qϑ
|�|N.

Combining this with (3.9) and (3.11), one has

∫
�

F
(
x,u+

n

)
∥∥u+

n

∥∥qϑ
dx → +∞. (3.13)

On the other hand, without loss of generality, consider ‖u−
n ‖ ≤ 1 and ‖u+

n ‖ ≥ 1 for all n ∈ N , 
from (3.1) and (3.4) it follows that

∫
�

F
(
x,u+

n

)
∥∥u+

n

∥∥qϑ
dx

≤ a0

p

1∥∥u+
n

∥∥qϑ−p
‖∇yn‖p

p + a0

q

1∥∥u+
n

∥∥q(ϑ−1)
‖∇yn‖q

q,μ

+ b0

ϑ

(
1

p

1∥∥u+
n

∥∥q−p
‖∇yn‖p

p + 1

q
‖∇yn‖q

q,μ + 1

)ϑ

+ M5

≤ a0ρH(∇yn) + b0 (ρH(∇yn) + 1)ϑ + M5
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for all n ∈ N and for some M5 > 0. Then, due to (3.9), ‖yn‖ = 1 for all n ∈ N and Proposi-
tion 2.1(i), we obtain

∫
�

F
(
x,u+

n

)
∥∥u+

n

∥∥qϑ
dx ≤ M6 for all n ∈N,

for some M6 > 0, which contradicts (3.13).
Case 2: y ≡ 0.
Let κ ≥ 1 and define

vn = (qκ)
1
q yn for all n ∈N.

From (3.10) we have

vn ⇀ 0 in W
1,H
0 (�) and vn → 0 in Lr(�),

which implies that

∫
�

F(x, vn)dx → 0. (3.14)

Now let tn ∈ [0, 1] be such that

ϕ+
(
tnu

+
n

)= max
{
ϕ+

(
tu+

n

) : t ∈ [0,1]} . (3.15)

Since 
∥∥u+

n

∥∥→ +∞ we can find n0 ∈ N such that

0 <
(qκ)

1
q∥∥u+

n

∥∥ ≤ 1 for all n ≥ n0. (3.16)

From (3.15), (3.16), Proposition 2.1(ii) and (3.14) we get

ϕ
(
tnu

+
n

)≥ ϕ(vn)

= �[
H(vn)] −
∫
�

F(x, vn)dx

= a0

(
1

p
‖∇vn‖p

p + 1

q
‖∇vn‖q

q,μ

)
+ b0

ϑ

(
1

p
‖∇vn‖p

p + 1

q
‖∇vn‖q

q,μ

)ϑ

−
∫
�

F(x, vn)dx

≥ b0

ϑ

(
1

p
q

p
q κ

p
q ‖∇yn‖p

p + κ‖∇yn‖q
q,μ

)ϑ

−
∫

F(x, vn)dx
�
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≥ b0

ϑ

(
min

{
1

p
q

p
q ,1

}
κ

p
q ρH(∇yn)

)ϑ

−
∫
�

F(x, vn)dx

≥ b0

ϑ

(
min

{
1

p
q

p
q ,1

}
κ

p
q

)ϑ

− M7 for all n ≥ n1,

for some n1 ≥ n0 and M7 > 0. Because κ ≥ 1 is arbitrary chosen, we see that

ϕ+
(
tnu

+
n

)→ +∞ as n → ∞. (3.17)

Taking (3.1) into account gives

ϕ+(0) = 0 and ϕ+(u+
n ) ≤ M8 for all n ∈N (3.18)

and for some M8 > 0. From (3.17) and (3.18) there exists n2 ∈ N such that

tn ∈ (0,1) for all n ≥ n2. (3.19)

Therefore, by the chain rule, using (3.19) and (3.15), one has

0 = d

dt
ϕ+

(
tu+

n

) ∣∣∣
t=tn

= 〈
ϕ′+

(
tnu

+
n

)
, u+

n

〉
for all n ≥ n2,

which can be written as(
a0 + b0

(
1

p

∥∥∇ (
tnu

+
n

)∥∥p

p
+ 1

q

∥∥∇ (
tnu

+
n

)∥∥q

q,μ

)ϑ−1
)

×
(∥∥∇ (

tnu
+
n

)∥∥p

p
+ ∥∥∇ (

tnu
+
n

)∥∥q

q,μ

)
=
∫
�

f
(
x, tnu

+
n

)
tnu

+
n dx

(3.20)

for all n ≥ n2. Then, from (3.20), tn ∈ (0, 1), hypothesis (H3)(iv) and (3.8) we conclude

qϑϕ+(tnu
+
n )

= qϑa0

(
1

p

∥∥∇ (
tnu

+
n

)∥∥p

p
+ 1

q

∥∥∇ (
tnu

+
n

)∥∥q

q,μ

)

+ qb0

(
1

p

∥∥∇ (
tnu

+
n

)∥∥p

p
+ 1

q

∥∥∇ (
tnu

+
n

)∥∥q

q,μ

)ϑ

−
∫
�

qϑF
(
x, tnu

+
n

)
dx

= a0

(
qϑ − 1

)∥∥∇ (
tnu

+
n

)∥∥p

p
+ a0 (ϑ − 1)

∥∥∇ (
tnu

+
n

)∥∥q

q,μ
p
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+ b0

(
1

p

∥∥∇ (
tnu

+
n

)∥∥p

p
+ 1

q

∥∥∇ (
tnu

+
n

)∥∥q

q,μ

)ϑ−1 [(
q

p
− 1

)∥∥∇ (
tnu

+
n

)∥∥p

p

]

+
∫
�

(
f
(
x, tnu

+
n

)
tnu

+
n − qϑF

(
x, tnu

+
n

))
dx

≤ a0

(
qϑ

p
− 1

)
‖∇un‖p

p + a0 (ϑ − 1)‖∇un‖q
q,μ

+ b0

(
1

p
‖∇un‖p

p + 1

q
‖∇un‖q

q,μ

)ϑ−1 [(
q

p
− 1

)
‖∇un‖p

p

]

+
∫
�

(
f
(
x,u+

n

)
u+

n − qϑF
(
x,u+

n

))
dx

≤ M3

for all n ≥ n2, which is a contradiction to (3.17). This proves the Claim.
From the Claim and (3.4) we know that the sequence {un}n≥1 ⊆ W

1,H
0 (�) is bounded. So we 

may suppose that

un ⇀ u in W
1,H
0 (�) and un → u in Lr(�). (3.21)

Testing (3.3) with v = un − u ∈ W
1,H
0 (�) we get

(
a0 + b0

(
1

p
‖∇un‖p

p + 1

q
‖∇un‖q

q,μ

)ϑ−1
)

×
∫
�

(
|∇un|p−2∇un + μ(x)|∇un|q−2∇un

)
· ∇(un − u)dx

−
∫
�

f
(
x,u+

n

)
(un − u)dx ≤ εn‖un − u‖.

(3.22)

By passing to the lim sup as n → ∞ and using (3.21) and (H3)(i) for the f term, we get from 
(3.22)

lim sup
n→∞

b0

qθ−1 ρH(∇un)〈A(un),un − u〉 ≤ 0.

Passing to further subsequence, it must hold either ρH(∇un) → 0, so u = 0, or

lim sup
n→∞

〈A(un),un − u〉 ≤ 0.

From the (S+)-property of A, see Proposition 2.3, we conclude that un → u in W 1,H
0 (�). Hence, 

ϕ+ fulfills the Cerami condition. �
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The following proposition will be useful for later considerations.

Proposition 3.2. Let hypotheses (H1)–(H3) be satisfied. If a0 = 0, then there exist constants 
Ĉ, C̃ > 0 such that

ϕ(u), ϕ±(u) ≥
{

Ĉ‖u‖qϑ − C̃‖u‖r if ‖u‖ ≤ 1,

Ĉ‖u‖pϑ − C̃‖u‖r if ‖u‖ > 1.

If a0 > 0, then Ĉ, C̃ > 0 satisfy

ϕ(u), ϕ±(u) ≥
{

Ĉ‖u‖q − C̃‖u‖r if ‖u‖ ≤ 1,

Ĉ‖u‖p − C̃‖u‖r if ‖u‖ > 1.

Proof. We are only going to prove the assertion for the functional ϕ, the proofs for ϕ± can be 
done similarly.

Assume that a0 = 0. From (H3)(i) and (H3)(iii), for a given ε > 0, we can find ĉ = ĉ(ε) > 0
such that

F(x, s) ≤ ε

pϑ
|s|pϑ + ĉ|s|r for a.a. x ∈ �. (3.23)

Let u ∈ W
1,H
0 (�). Applying (3.23) and Proposition 2.2(ii) leads to

ϕ(u) = � [
H(u)] −
∫
�

F(x,u)dx

≥ b0

ϑ

(
1

pϑ
‖∇u‖pϑ

p + 1

qϑ
‖∇u‖qϑ

q,μ

)
− ε

pϑ
‖u‖pϑ

pϑ − ĉ‖u‖r
r

≥
(

b0

pϑϑ
− C

pϑ
� ε

pϑ

)
‖∇u‖pϑ

p + b0

qϑϑ
‖∇u‖qϑ

q,μ − ĉ
(
CH

�

)r ‖u‖r

≥ min

{(
b0

pϑϑ
− C

pϑ
� ε

pϑ

)
,

b0

qϑϑ

}
1

2ϑ−1 [ρH(∇u)]ϑ − ĉ
(
CH

�

)r ‖u‖r ,

with C�, CH
� being the embedding constants of the embeddings W 1,p

0 (�) → Lpϑ(�) and 

W
1,H
0 (�) → Lr(�), respectively. Taking ε ∈ (0, b0

pϑ−1C
pϑ
�

) and using Proposition 2.1(iii), (iv) 

the assertion of the proposition follows.
Assume now that a0 > 0. As above, for each ε > 0 there exists ĉ = ĉ(ε) > 0 such that

F(x, s) ≤ ε

p
|s|p + ĉ|s|r for a.a. x ∈ �,

and with very similar arguments we deduce
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ϕ(u) = � [
H(u)] −
∫
�

F(x,u)dx

≥ a0

(
1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ

)
− ε

p
‖u‖p

p − ĉ‖u‖r
r

≥ 1

p

(
a0 − C

p

�ε
)‖∇u‖p

p + a0

q
‖∇u‖q

q,μ − ĉ
(
CH

�

)r ‖u‖r

≥ min

{
1

p

(
a0 − C

p

�ε
)
,
a0

q

}
ρH(∇u) − ĉ

(
CH

�

)r ‖u‖r ,

from where the proposition follows with the same arguments. �
The next result shows that u = 0 is a local minimizer of the functionals ϕ±.

Proposition 3.3. Let hypotheses (H1)–(H3) be satisfied. Then u = 0 is a strict local minimizer 
for the functionals ϕ±.

Proof. Let u ∈ W
1,H
0 (�) be such that ‖u‖ < 1. From Proposition 3.2 we get

ϕ+(u) ≥ Ĉ‖u‖qϑ − C̃‖u‖r

Because of qϑ < r , see Remark 1.1, we can find η ∈ (0, 1) small enough such that

ϕ+(u) > 0 = ϕ+(0) for all u ∈ W
1,H
0 (�) with 0 < ‖u‖ < η.

Thus, u = 0 is a strict local minimizer of ϕ+. Similarly, we show that u = 0 is a strict local 
minimizer for the functional ϕ−. �

Before we prove the existence of constant sign solutions to problem (1.1), we need the fol-
lowing proposition.

Proposition 3.4. Let hypotheses (H1)–(H3) be satisfied. Then, for u ∈ W
1,H
0 (�) with u(x) ≥ 0

for a.a. x ∈ �, it holds ϕ±(tu) → −∞ as t → ±∞.

Proof. From hypotheses (H3)(i) and (H3)(ii), for each K > 0 there exists C = C(K) > 0 such 
that

F(x, s) ≥ K

qϑ
|s|qϑ − C (3.24)

for a.a. x ∈ � and for all s ∈ R. Let u ∈ W
1,H
0 (�) with u(x) ≥ 0 for a.a. x ∈ � and t ∈ R with 

|t | ≥ 1. Applying (3.24) we obtain

ϕ±(tu) ≤ |t |qa0

(
1 ‖∇u‖p

p + 1 ‖∇u‖q
q,μ

)

p q

69
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+ |t |qϑ

[
b0

ϑ

(
1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ

)ϑ

− K

qϑ
‖u‖qϑ

qϑ

]
+ C|�|N.

Since ϑq ≥ q > p by (H1) and (H2), if we choose K > 0 big enough, we observe that ϕ±(tu) →
−∞ as t → ±∞. �

Now we are in the position to state and prove our main result about constant sign solutions 
for problem (1.1).

Proposition 3.5. Let hypotheses (H1)–(H3) be satisfied. Then problem (1.1) has at least two 
nontrivial constant sign solutions u0, v0 ∈ W

1,H
0 (�) such that

u0(x) ≥ 0 and v0(x) ≤ 0 for a.a. x ∈ �.

Proof. From Proposition 3.1 we know that ϕ± satisfy the Cerami condition. This fact and Propo-
sition 3.3 along with Theorem 5.7.6 in Papageorgiou-Rădulescu-Repovš [39] allows us to find 
η± ∈ (0, 1) small enough such that

ϕ±(0) = 0 < inf {ϕ±(0) : ‖u‖ = η±} = m±. (3.25)

From (3.25) and the Propositions 3.1 as well as 3.4 we see that we can apply the mountain 
pass theorem (see Theorem 2.4). This gives the existence of u0, v0 ∈ W

1,H
0 (�) such that u0 ∈

Kϕ+ , v0 ∈ Kϕ− and

ϕ+(0) = 0 < m+ ≤ ϕ+(u0) as well as ϕ−(0) = 0 < m− ≤ ϕ−(v0).

From the properties above it is easy to see that u0 �= 0 and v0 �= 0. Furthermore, due to u0 ∈ Kϕ+ , 
it holds ϕ′+(u0) = 0, that is

ψ (�H(∇u0))

∫
�

(
|∇u0|p−2∇u0 + μ(x)|∇u0|q−2∇u0

)
· ∇v dx =

∫
�

f
(
x,u+

0

)
v dx

for all v ∈ W
1,H
0 (�). Taking v = −u−

0 ∈ W
1,H
0 (�) and noticing that

ψ(
H(∇u0)) ≥ b0

qϑ−1 [ρH(∇u0)]ϑ−1 ≥ b0

qϑ−1 [ρH(∇u−
0 )]ϑ−1,

we obtain

ρH(u−
0 ) = 0.

Hence, by the definition of ‖ · ‖, it follows that ‖u−
0 ‖ = 0. So u0 ≥ 0, u0 �= 0. Similarly, we show 

that v0 ≤ 0, v0 �= 0. �
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4. Least energy sign-changing solution

This section is concerned with the existence of a least energy sign-changing solution of prob-
lem (1.1). For this purpose we introduce the following constraint set

M =
{
u ∈ W

1,H
0 (�) : u± �= 0,

〈
ϕ′(u),u+〉= 〈

ϕ′(u),−u−〉= 0
}
.

Proposition 4.1. Let hypotheses (H1)–(H3) be satisfied and let u ∈ W
1,H
0 (�) with u± �= 0. Then 

there exists a unique pair of positive numbers (αu, βu) such that αuu
+ − βuu

− ∈ M. Moreover, 
if u ∈M,

ϕ(t1u
+ − t2u

−) ≤ ϕ(u+ − u−) = ϕ(u)

for all t1, t2 ≥ 0 with strict inequality when (t1, t2) �= (1, 1). Furthermore, for u ∈ M we have 
that

(i) if α > 1 and 0 < β ≤ α, then 〈ϕ′(αu+ − βu−), αu+〉 < 0;
(ii) if α < 1 and 0 < α ≤ β , then 〈ϕ′(αu+ − βu−), αu+〉 > 0;

(iii) if β > 1 and 0 < α ≤ β , then 〈ϕ′(αu+ − βu−), −βu−〉 < 0;
(iv) if β < 1 and 0 < β ≤ α, then 〈ϕ′(αu+ − βu−), −βu−〉 > 0.

Proof. We divide the proof into four steps.
Step I: We show the existence of (αu, βu) ∈ (0, ∞) × (0, ∞) such that αuu

+ − βuu
− ∈ M.

By hypothesis (H3)(v) we have for t ∈ (0, 1) and for |u(x)| > 0 a.e. ∈ � that

f (x, tu)(tu)

tqϑ |u|qϑ
≤ f (x,u)u

|u|qϑ
for a.a. x ∈ �,

which implies

f (x, tu)u ≤ tqϑ−1f (x,u)u for a.a. x ∈ �. (4.1)

Applying (4.1) we have

〈
ϕ′ (αu+ − βu−) , αu+〉
=
(

a0 + b0

(
1

p

∥∥∇ (
αu+ − βu−)∥∥p

p
+ 1

q

∥∥∇ (
αu+ − βu−)∥∥q

q,μ

)ϑ−1
)

×
(∥∥∇ (

αu+)∥∥p

p
+ ∥∥∇ (

αu+)∥∥q

q,μ

)
−
∫
�

f
(
x,αu+)αu+ dx

≥ b0

pϑ−1 αpϑ
∥∥∇u+∥∥pϑ

p
− αqϑ

∫
�

f
(
x,u+)u+ dx > 0
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for α > 0 small enough and for all β ≥ 0 due to p < q . Similarly, it holds

〈
ϕ′ (αu+ − βu−) ,−βu−〉
=
(

a0 + b0

(
1

p

∥∥∇ (
αu+ − βu−)∥∥p

p
+ 1

q

∥∥∇ (
αu+ − βu−)∥∥q

q,μ

)ϑ−1
)

×
(∥∥∇ (

βu−)∥∥p

p
+ ∥∥∇ (

βu−)∥∥q

q,μ

)
−
∫
�

f
(
x,−βu−) (−βu−) dx

≥ b0

pϑ−1 βpϑ
∥∥∇u−∥∥pϑ

p
− βqϑ

∫
�

f
(
x,−u−) (−u−) dx > 0

for β > 0 small enough and for all α ≥ 0, again because of p < q . Hence, there exists a number 
η1 > 0 such that

〈
ϕ′ (η1u

+ − βu−) , η1u
+〉> 0 and

〈
ϕ′ (αu+ − η1u

−) ,−η1u
−〉> 0 (4.2)

for all α, β ≥ 0. Now we choose η2 > max{1, η1}. Then, for β ∈ [0, η2] we get

〈
ϕ′ (η2u

+ − βu−) , η2u
+〉

η
qϑ
2

=
a0

(∥∥∇ (
η2u

+)∥∥p

p
+ ∥∥∇ (

η2u
+)∥∥q

q,μ

)
η

qϑ

2

+
b0

(
1
p

∥∥∇ (
η2u

+ − βu−)∥∥p

p
+ 1

q

∥∥∇ (
η2u

+ − βu−)∥∥q

q,μ

)ϑ−1

η
qϑ
2

×
(∥∥∇ (

η2u
+)∥∥p

p
+ ∥∥∇ (

η2u
+)∥∥q

q,μ

)

−
∫
�

f
(
x,η2u

+)η2u
+

η
qϑ

2

dx

≤ a0
1

η
q(ϑ−1)

2

(∥∥∇u+∥∥p

p
+ ∥∥∇u+∥∥q

q,μ

)

+ b0

(∥∥∇ (
u+ − u−)∥∥p

p
+ ∥∥∇ (

u+ − u−)∥∥q

q,μ

)ϑ

−
∫
�

f
(
x,η2u

+)(
η2u+)qϑ−1

(
u+)qϑ

dx < 0

for η2 large enough due to hypothesis (H3)(ii). In a similar way, for α ∈ [0, η2], we show that
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〈
ϕ′ (αu+ − η2u

−) ,−η2u
−〉

η
qϑ
2

< 0

for η2 large enough. In summary, we obtain

〈
ϕ′ (η2u

+ − βu−) , η2u
+〉< 0 and

〈
ϕ′ (αu+ − η2u

−) ,−η2u
−〉< 0 (4.3)

for η2 large enough and α, β ∈ [0, η2]. Consider the mapping �u : [0, ∞) × [0, ∞) → R2 given 
by

�u(α,β) = (〈
ϕ′ (αu+ − βu−) , αu+〉 , 〈ϕ′ (αu+ − βu−) ,−βu−〉) .

From (4.2) and (4.3) along with the Poincaré-Miranda existence theorem given in Theorem 2.6, 
there exist a pair (αu, βu) ∈ [η1, η2] ×[η1, η2] ⊆ (0, ∞) × (0, ∞) such that �u(αu, βu) = (0, 0), 
that is, αuu

+ − βuu
− ∈M.

Step II: We show now the cases regarding the sign of 〈ϕ′(αu+ −βu−), αu+〉 and 〈ϕ′(αu+ −
βu−), −βu−〉 for u ∈ M.

Let u ∈M, we have

0 = 〈
ϕ′(u),u+〉

=
(

a0 + b0

(
1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ

)ϑ−1
)(∥∥∇u+∥∥p

p
+ ∥∥∇u+∥∥q

q,μ

)

−
∫
�

f
(
x,u+)u+ dx

(4.4)

and

0 = 〈
ϕ′(u),−u−〉

=
(

a0 + b0

(
1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ

)ϑ−1
)(∥∥∇u−∥∥p

p
+ ∥∥∇u−∥∥q

q,μ

)

−
∫
�

f
(
x,−u−) (−u−) dx.

(4.5)

The proof of all cases will go by contradiction. For case (i), let α > 1 and 0 < β ≤ α and assume 
that

0 ≤ 〈
ϕ′ (αu+ − βu−) , αu+〉

=
(

a0 + b0

(
1

p

∥∥∇ (
αu+ − βu−)∥∥p

p
+ 1

q

∥∥∇ (
αu+ − βu−)∥∥q

q,μ

)ϑ−1
)

×
(∥∥∇ (

αu+)∥∥p + ∥∥∇ (
αu+)∥∥q

)
(4.6)
p q,μ
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−
∫
�

f
(
x,αu+)αu+ dx.

As α > 1, we get from (4.6)

0 ≤
(

a0α
q + b0α

qϑ

(
1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ

)ϑ−1
)(∥∥∇u+∥∥p

p
+ ∥∥∇u+∥∥q

q,μ

)

−
∫
�

f
(
x,αu+) (αu+) dx.

(4.7)

Dividing (4.7) by αqϑ and combining it with (4.4) gives

∫
�

(
f
(
x,αu+)(

αu+)qϑ−1 − f
(
x,u+)(

u+)qϑ−1

)(
u+)qϑ

dx

≤ a0

(
1

αq(ϑ−1)
− 1

)(∥∥∇u+∥∥p

p
+ ∥∥∇u+∥∥q

q,μ

)
.

(4.8)

Because of hypothesis (H3)(v), the left-hand side of (4.8) is strictly positive, but the right-hand 
side of (4.8) is nonpositive, a contradiction. For case (ii), let α < 1 and 0 < α ≤ β and assume 
that (4.6) holds in the opposite direction. Arguing analogously, this yields (4.7) in the opposite 
direction, so we obtain (4.8) in the opposite direction. But this is again a contradiction, since the 
left-hand side is strictly negative and the right-hand side is nonnegative. For case (iii), let β > 1
and 0 < α ≤ β and assume

0 ≤ 〈
ϕ′ (αu+ − βu−) ,−βu−〉

=
(

a0 + b0

(
1

p

∥∥∇ (
αu+ − βu−)∥∥p

p
+ 1

q

∥∥∇ (
αu+ − βu−)∥∥q

q,μ

)ϑ−1
)

×
(∥∥∇ (

βu−)∥∥p

p
+ ∥∥∇ (

βu−)∥∥q

q,μ

)
−
∫
�

f
(
x,−βu−) (−βu−) dx.

(4.9)

As β > 1, we get from (4.9)

0 ≤
(

a0β
q + b0β

qϑ

(
1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ

)ϑ−1
)(∥∥∇u−∥∥p

p
+ ∥∥∇u−∥∥q

q,μ

)

−
∫
�

f
(
x,−βu−) (−βu−) dx.

(4.10)

Dividing (4.10) by βqϑ and combining it with (4.5) gives
74
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∫
�

(
f
(
x,−u−)(

u−)qϑ−1 − f
(
x,−βu−)(

βu−)qϑ−1

)(
u−)qϑ

dx

≤ a0

(
1

βq(ϑ−1)
− 1

)(∥∥∇u−∥∥p

p
+ ∥∥∇u−∥∥q

q,μ

)
.

(4.11)

Because of hypothesis (H3)(v), the left-hand side of (4.11) is strictly positive, but the right-hand 
side of (4.11) is nonpositive, a contradiction. For case (iv), let β < 1 and 0 < β ≤ α and assume 
that (4.9) holds in the opposite direction. Arguing analogously, this yields (4.10) in the opposite 
direction, so we obtain (4.11) in the opposite direction. But this is again a contradiction, since 
the left-hand side is strictly negative and the right-hand side is nonnegative.

Step III: In this step we will show that the pair (αu, βu) obtained in Step I is unique.
Case (a): u ∈ M.
We are going to prove that (αu, βu) = (1, 1) is the unique pair of numbers such that αuu

+ −
βuu

− ∈ M. To this end, let (α0, β0) ∈ (0, ∞) × (0, ∞) be such that α0u
+ − β0u

− ∈ M. If 
0 < α0 ≤ β0, the cases (ii) and (iii) from Step II imply 1 ≤ α0 ≤ β0 ≤ 1, i.e. α0 = β0 = 1. 
Alternatively, if 0 < β0 ≤ α0, the cases (i) and (iv) from Step II imply 1 ≤ β0 ≤ α0 ≤ 1, i.e. 
α0 = β0 = 1.

Case (b): u �∈ M.
We suppose there exist (α1, β1), (α2, β2) such that

τ1 := α1u
+ − β1u

− ∈ M and τ2 := α2u
+ − β2u

− ∈M.

Then we obtain

τ2 =
(

α2

α1

)
α1u

+ −
(

β2

β1

)
β1u

− =
(

α2

α1

)
τ+

1 −
(

β2

β1

)
τ−

1 ∈M. (4.12)

Since τ1 ∈ M, we know from Case (a) that the pair (1, 1) such that 1 ·τ+
1 −1 ·τ−

1 ∈M is unique. 
Therefore, combining this with (4.12), it follows

α2

α1
= β2

β1
= 1,

which implies α1 = α2 and β1 = β2.
Step IV: Let ϒu : [0, ∞) × [0, ∞) → R be given by

ϒu(α,β) = ϕ
(
αu+ − βu−) .

We will prove that the unique pair (αu, βu) from Step I and III is the unique maximum point of 
ϒu on [0, ∞) × [0, ∞).

The idea is first to show that ϒu has a maximum and then we show that it cannot be achieved 
at a boundary point of [0, ∞) × [0, ∞). Then the assertion follows.

Let α, β ≥ 1 and assume, without any loss of generality, that α ≥ β ≥ 1. Then we have

ϒu(α,β) = ϕ(αu+ − βu−)
αqϑ αqϑ
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=
a0

(
1
p

∥∥∇ (
αu+ − βu−)∥∥p

p
+ 1

q

∥∥∇ (
αu+ − βu−)∥∥q

q,μ

)
αqϑ

+
b0
ϑ

(
1
p

∥∥∇ (
αu+ − βu−)∥∥p

p
+ 1

q

∥∥∇ (
αu+ − βu−)∥∥q

q,μ

)ϑ

αqϑ

−
∫
�

F
(
x,αu+ − βu−)

αqϑ
dx (4.13)

≤ 1

αq(ϑ−1)
a0

(
1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ

)

+ b0

ϑ

(
1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ

)ϑ

−
∫
�

F
(
x,αu+)(

αu+)qϑ

(
u+)qϑ

dx −
∫
�

F
(
x,−βu−)∣∣−βu−∣∣qϑ

βqϑ
(
u−)qϑ

αqϑ
dx.

From (1.6) we know that

lim
α→∞

⎛
⎝−

∫
�

F
(
x,αu+)(

αu+)qϑ

(
u+)qϑ

dx

⎞
⎠= −∞

and

lim sup
β→∞
α≥β

⎛
⎝−

∫
�

F
(
x,−βu−)∣∣−βu−∣∣qϑ

βqϑ
(
u−)qϑ

αqϑ
dx

⎞
⎠≤ 0.

Using this with (4.13), we see that lim|(α,β)|→∞ ϒu(α, β) = −∞. Therefore, ϒu has a maximum.
Now we show that a maximum point of ϒu cannot be achieved on the boundary of [0, ∞) ×

[0, ∞). Suppose via contradiction that (0, β0) is a maximum point of ϒu with β0 ≥ 0. Then we 
have for α > 0

ϒu(α,β0) = ϕ(αu+ − β0u
−)

= a0

(
1

p

∥∥∇ (
αu+ − β0u

−)∥∥p

p
+ 1

q

∥∥∇ (
αu+ − β0u

−)∥∥q

q,μ

)

+ b0

ϑ

(
1

p

∥∥∇ (
αu+ − β0u

−)∥∥p

p
+ 1

q

∥∥∇ (
αu+ − β0u

−)∥∥q

q,μ

)ϑ

−
∫
�

F
(
x,αu+ − β0u

−) dx

and
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∂ϒu(α,β0)

∂α

= a0α
p−1

∥∥∇u+∥∥p

p
+ a0α

q−1
∥∥∇u+∥∥q

q,μ

+ b0

(
1

p

∥∥∇ (
αu+ − β0u

−)∥∥p

p
+ 1

q

∥∥∇ (
αu+ − β0u

−)∥∥q

q,μ

)ϑ−1

×
(
αp−1

∥∥∇u+∥∥p

p
+ αq−1

∥∥∇u+∥∥q

q,μ

)
−
∫
�

f
(
x,αu+)u+ dx.

In the case that a0 > 0, we have

∂ϒu(α,β0)

∂α
≥ a0α

p−1
∥∥∇u+∥∥p

p
−
∫
�

f
(
x,αu+)u+ dx.

Dividing it by αp−1 we get

1

αp−1

∂ϒu(α,β0)

∂α
≥ a0

∥∥∇u+∥∥p

p
−
∫
�

f
(
x,αu+)(

αu+)p−1

(
u+)p dx,

where the second term on the right-hand side goes to zero as α → 0 by hypothesis (H3)(iii). 
Hence ∂ϒu(α,β0)

∂α
> 0 for α > 0 sufficiently small which implies that ϒu is increasing with respect 

to α. This is a contradiction. In the case that a0 = 0, we have

∂ϒu(α,β0)

∂α
≥ b0

pϑ−1 αpϑ−1
∥∥∇u+∥∥pϑ

p
−
∫
�

f
(
x,αu+)u+ dx.

Dividing it by αpϑ−1 we get

1

αpϑ−1

∂ϒu(α,β0)

∂α
≥ b0

pϑ−1

∥∥∇u+∥∥pϑ

p
−
∫
�

f
(
x,αu+)(

αu+)pϑ−1

(
u+)pϑ

dx,

where again the second term on the right-hand side goes to zero as α → 0 by hypothesis (H3)(iii). 
So ∂ϒu(α,β0)

∂α
> 0 for α > 0 sufficiently small and therefore ϒu is increasing with respect to α. 

This is again a contradiction. In a similar way, we can show that ϒu cannot achieve its global 
maximum at a point (α0, 0) with α0 ≥ 0.

Altogether, the global maximum must be achieved in (0, K)2 for some K > 0. Thus, it is a 
critical point of ϒu and by Steps I and III, the only critical point of ϒu is (αu, βu). �
Proposition 4.2. Let hypotheses (H1)–(H3) be satisfied and let u ∈ W

1,H
0 (�) with u± �= 0 such 

that 〈ϕ′(u), u+〉 ≤ 0 and 〈ϕ′(u), −u−〉 ≤ 0. Then the unique pair (αu, βu) obtained in Propo-
sition 4.1 satisfies 0 < αu, βu ≤ 1. Alternatively, if 〈ϕ′(u), u+〉 ≥ 0 and 〈ϕ′(u), −u−〉 ≥ 0, then 
1 ≤ αu, βu.
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Proof. First, we suppose that 0 < βu ≤ αu. Since αuu
+ − βuu

− ∈ M, we have〈
ϕ′ (αuu

+ − βuu
−) , αuu

+〉= 0, that is,

(
a0 + b0

(
1

p

∥∥∇ (
αuu

+ − βuu
−)∥∥p

p
+ 1

q

∥∥∇ (
αuu

+ − βuu
−)∥∥q

q,μ

)ϑ−1
)

×
(∥∥∇ (

αuu
+)∥∥p

p
+ ∥∥∇ (

αuu
+)∥∥q

q,μ

)
−
∫
�

f
(
x,αuu

+)αuu
+ dx = 0.

(4.14)

From the assumptions, we have 〈ϕ′(u), u+〉 ≤ 0 which reads as

(
a0 + b0

(
1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ

)ϑ−1
)(∥∥∇u+∥∥p

p
+ ∥∥∇u+∥∥q

q,μ

)

−
∫
�

f
(
x,u+)u+ dx ≤ 0.

(4.15)

Assuming αu > 1 and dividing (4.14) by αqϑ
u it follows

0 ≤
(

a0
1

α
(ϑ−1)q
u

+ b0

(
1

p
‖∇u‖p

p + 1

q
‖∇u‖q

q,μ

)ϑ−1
)

×
(∥∥∇u+∥∥p

p
+ ∥∥∇u+∥∥q

q,μ

)

−
∫
�

f
(
x,αuu

+)(
αuu+)qϑ−1

(
u+)qϑ

dx.

(4.16)

Combining (4.15) and (4.16) gives

∫
�

(
f
(
x,αuu

+)(
αuu+)qϑ−1 − f

(
x,u+)(

u+)qϑ−1

)(
u+)qϑ

dx

≤ a0

(
1

α
(ϑ−1)q
u

− 1

)(∥∥∇u+∥∥p

p
+ ∥∥∇u+∥∥q

q,μ

)
.

(4.17)

Because of hypotheses (H3)(v) we see that this is a contradiction. Therefore, 0 < βu ≤ αu ≤ 1. If 
0 < αu ≤ βu, we use instead 

〈
ϕ′ (αuu

+ − βuu
−) ,−βuu

−〉= 0 and 〈ϕ′(u), −u−〉 ≤ 0. Assuming 
βu > 1 and arguing analogously to (4.16) and (4.17), we get
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−
∫
�

(
f
(
x,−βuu

−)(
βuu−)qϑ−1 − f

(
x,−u−)(

u−)qϑ−1

)(
u−)qϑ

dx

≤ a0

(
1

β
(ϑ−1)q
u

− 1

)(∥∥∇u−∥∥p

p
+ ∥∥∇u−∥∥q

q,μ

)
,

which is again a contradiction and hence 0 < αu ≤ βu ≤ 1. The case with 〈ϕ′(u), u+〉 ≥ 0 and 
〈ϕ′(u), −u−〉 ≥ 0 works in the same way but doing the inequalities in the opposite direction. �

Let m0 = inf
M

ϕ.

Proposition 4.3. Let hypotheses (H1)–(H3) be satisfied. Then m0 > 0 and so the infimum is finite.

Proof. By Proposition 3.2 and the fact that q ≤ qϑ < r , we have

ϕ(u) ≥ ξ̂ > 0 for all u ∈ W
1,H
0 (�) with ‖u‖ = η0 (4.18)

for some η0 ∈ (0, 1) small enough.
Now let u ∈ M and take α0, β0 > 0 such that ‖α0u

+ − β0u
−‖ = η0. Then, from (4.18) and 

Proposition 4.1 we get

0 < ξ̂ ≤ ϕ(α0u
+ − β0u

−) ≤ ϕ(u).

Since u ∈M was arbitrary chosen, it follows that m0 > 0. �
Proposition 4.4. Let hypotheses (H1)–(H3) be satisfied. Then ϕ|M is sequentially coercive, i.e. 
for any sequence {un}n∈N ⊆ M such that ‖un‖ → +∞ it holds that ϕ(un) → ∞.

Proof. Let {un}n∈N ⊆ M be a sequence such that ‖un‖ → +∞. Let yn = un‖un‖ , then

yn ⇀ y in W
1,H
0 (�) and yn → y in Lr(�) and a.e. in �,

y±
n ⇀ y± in W

1,H
0 (�) and y±

n → y± in Lr(�) and a.e. in �
(4.19)

for some y = y+ − y− ∈ W
1,H
0 (�). Assume first that y �= 0. From Proposition 2.1(iv) we have 

for ‖un‖ > 1
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ϕ(un) = a0

(
1

p
‖∇un‖p

p + 1

q
‖∇un‖q

q,μ

)

+ b0

ϑ

(
1

p
‖∇un‖p

p + 1

q
‖∇un‖q

q,μ

)ϑ

−
∫
�

F (x,un) dx

≤ a0

p
‖un‖q + b0

ϑpϑ
‖un‖qϑ −

∫
�

F(x,un)dx.

(4.20)

Then, dividing (4.20) by ‖un‖qϑ , passing to the limit as n → ∞ and applying (1.6) (see (3.11), 
(3.12) and (3.13)) it follows that ϕ(un)

‖un‖qϑ → −∞, a contradiction to ϕ(un) ≥ m0 > 0 for all n ∈ N , 

see Proposition 4.3. Hence, we know that y = 0, which implies y+ = y− = 0. Since un ∈M, by 
using Proposition 4.1, (4.19) and Proposition 2.1(ii), we have for each pair (t1, t2) ∈ (0, ∞) ×
(0, ∞) with 0 < t1 ≤ t2 that

ϕ(un) ≥ ϕ(t1y
+
n − t2y

−
n )

= a0

(
1

p

∥∥∇ (
t1y

+
n − t2y

−
n

)∥∥p

p
+ 1

q

∥∥∇ (
t1y

+
n − t2y

−
n

)∥∥q

q,μ

)

+ b0

ϑ

(
1

p

∥∥∇ (
t1y

+
n − t2y

−
n

)∥∥p

p
+ 1

q

∥∥∇ (
t1y

+
n − t2y

−
n

)∥∥q

q,μ

)ϑ

−
∫
�

F
(
x, t1y

+
n − t2y

−
n

)
dx

≥ b0

qϑϑ
min

{
t
pϑ

1 , t
qϑ

1

}
[ρH (∇yn)]

ϑ −
∫
�

F
(
x, t1y

+
n

)
dx

−
∫
�

F
(
x,−t2y

−
n

)
dx → b0

qϑϑ
min

{
t
pϑ
1 , t

qϑ
1

}
,

since ρH (∇yn) = 1. Hence, for any given K > 0 we take t1 > 0 large enough and then for 
n ≥ n0 = n0(t1) we have that ϕ(un) > K . �
Proposition 4.5. Let hypotheses (H1)–(H3) be satisfied. Then there exists M > 0 such that 
‖u±‖ ≥ M > 0 for all u ∈M.

Proof. Let u ∈ M with ‖u±‖ < 1. We only show the statement for u+, the other case works 
similarly. By definition we have for u ∈M
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(
a0 + b0

(
1

p

∥∥∇ (
u+ − u−)∥∥p

p
+ 1

q

∥∥∇ (
u+ − u−)∥∥q

q,μ

)ϑ−1
)

×
(∥∥∇u+∥∥p

p
+ ∥∥∇u+∥∥q

q,μ

)
=
∫
�

f (x,u+)u+ dx.

(4.21)

First we do the case of a0 > 0. From (H3)(i) and (H3)(iii), for a given ε > 0, we can find Cε > 0
such that

|f (x, s)| ≤ ε|s|p−1 + Cε|s|r−1 (4.22)

for a.a. x ∈ � and for all s ∈ R. Using (4.22) in (4.21) along with W 1,p

0 (�) ↪→ Lp(�) and 

W
1,H
0 (�) ↪→ Lr(�) we obtain

a0

(∥∥∇u+∥∥p

p
+ ∥∥∇u+∥∥q

q,μ

)
≤ ε

∥∥u+∥∥p

p
+ Cε

∥∥u+∥∥r

r
≤ εC

p

�

∥∥∇u+∥∥p

p
+ CεC

r
r

∥∥u+∥∥r
.

Choosing ε ∈
(

0,
a0
C

p
�

)
and applying Proposition 2.1(iii) yields

M
∥∥u+∥∥q ≤ MρH(∇u+) ≤ ∥∥u+∥∥r

for some M > 0. Since q < r , see Remark 1.1, the assertion of the proposition follows. Now we 
do the case a0 = 0. From (H3)(i) and (H3)(iii), for a given ε > 0, we can find Cε > 0 such that

|f (x, s)| ≤ ε|s|pϑ−1 + Cε|s|r−1 (4.23)

for a.a. x ∈ � and for all s ∈ R. Using (4.23) in (4.21) along with W 1,p
0 (�) ↪→ Lpϑ(�) and 

W
1,H
0 (�) ↪→ Lr(�) we obtain

b0

qϑ−1

(∥∥∇u+∥∥pϑ

p
+ ∥∥∇u+∥∥qϑ

q,μ

)
≤ ε

∥∥u+∥∥pϑ

pϑ
+ Cε

∥∥u+∥∥r

r

≤ εC
pϑ
�

∥∥∇u+∥∥pϑ

p
+ CεC

r
r

∥∥u+∥∥r
.

Choosing ε ∈
(

0,
b0

qϑ−1C
pϑ
�

)
and applying the inequality 21−ϑ(s + t)ϑ ≤ sϑ + tϑ for all s, t ≥ 0

and Proposition 2.1(iii) yields

M
∥∥u+∥∥qϑ ≤ M

[
ρH(∇u+)

]ϑ ≤ ∥∥u+∥∥r

for some M > 0. Since qϑ < r , see Remark 1.1, the assertion of the proposition follows. �
Proposition 4.6. Let hypotheses (H1)–(H3) be satisfied. Then there exists y0 ∈ M such that 
ϕ(y0) = m0.
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Proof. Let {yn}n∈N ⊆ M be a minimizing sequence, that is,

ϕ(yn) ↘ m0.

From Proposition 4.4 we know that {yn}n∈N is bounded in W
1,H
0 (�), so in particular 

{y+
n }n∈N , {y−

n }n∈N are bounded in W 1,H
0 (�) (see Proposition 2.1 (vi)). Therefore, we can sup-

pose, for subsequences if necessary, not relabeled, that

y+
n ⇀ y+

0 in W
1,H
0 (�), y+

0 ≥ 0,

y−
n ⇀ y−

0 in W
1,H
0 (�), y−

0 ≥ 0,

y+
n → y+

0 in Lr(�) and a.e. in �,

y−
n → y−

0 in Lr(�) and a.e. in �.

(4.24)

First, due to (4.24) and (H3)(i), we have

∫
�

f (x,αy+
n )αy+

n dx →
∫
�

f (x,αy+
0 )αy+

0 dx as n → ∞,

∫
�

f (x,−βy−
n )(−βy−

n )dx →
∫
�

f (x,−βy−
0 )(−βy−

0 )dx as n → ∞
(4.25)

and also ∫
�

F(x,αy+
n )dx →

∫
�

F(x,αy+
0 )dx as n → ∞,

∫
�

F(x,−βy−
n )dx →

∫
�

F(x,−βy−
0 )dx as n → ∞

(4.26)

for all α, β > 0.
Claim: y+

0 �= 0 �= y−
0

We argue indirectly and suppose that y+
0 = 0. Since yn ∈M, we get

0 = 〈
ϕ′ (yn) , y+

n

〉
=
(

a0 + b0

(
1

p
‖∇yn‖p

p + 1

q
‖∇yn‖q

q,μ

)ϑ−1
)

×
(∥∥∇y+

n

∥∥p

p
+ ∥∥∇y+

n

∥∥q

q,μ

)
−
∫
�

f
(
x, y+

n

)
y+
n dx

≥ b0

qϑ−1

(∥∥∇y+
n

∥∥p

p
+ ∥∥∇y+

n

∥∥q

q,μ

)ϑ −
∫
�

f
(
x, y+

n

)
y+
n dx.
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Due to (4.25) we obtain from the inequality above

b0

qϑ−1

[
ρH(∇y+

n )
]ϑ ≤

∫
�

f
(
x, y+

n

)
y+
n dx → 0 as n → ∞.

Therefore, ρH(∇y+
n ) → 0 as n → ∞ and so, by Proposition 2.1(v), it follows that y+

n → 0
in W 1,H(�). But from Proposition 4.5 we know that ‖y+

n ‖ ≥ M > 0, a contradiction. Similar 
arguments show that y−

0 �= 0. This proves the Claim.
From the Claim, by using Proposition 4.1, since y+

0 , y−
0 �= 0, we can find unique αy0, βy0 > 0

such that αy0y
+
0 − βy0y

−
0 ∈ M. Furthermore, from (4.25) and the weak lower semicontinuity of 

‖ · ‖p and ‖ · ‖q,μ, it follows

〈
ϕ′(y0),±y±

0

〉
=
(

a0 + b0

(
1

p
‖∇y0‖p

p + 1

q
‖∇y0‖q

q,μ

)ϑ−1
)(∥∥∇ (±y±

0

)∥∥p

p
+ ∥∥∇ (±y±

0

)∥∥q

q,μ

)

−
∫
�

f
(
x,±y±

0

) (±y±
0

)
dx

≤ lim inf
n→∞

(
a0 + b0

(
1

p
‖∇yn‖p

p + 1

q
‖∇yn‖q

q,μ

)ϑ−1
)

×
(∥∥∇ (±y±

n

)∥∥p

p
+ ∥∥∇ (±y±

n

)∥∥q

q,μ

)
− lim

n→∞

∫
�

f
(
x,±y±

n

) (±y±
n

)
dx

= lim inf
n→∞

〈
ϕ′(yn),±y±

n

〉= 0,

since yn ∈ M. Then we can apply Proposition 4.2 to conclude that αy0, βy0 ∈ (0, 1]. Using this 
and H3(iv) leads to

1

qϑ
f (x,αy0y

+
0 )αy0y

+
0 − F(x,αy0y

+
0 ) ≤ 1

qϑ
f (x, y+

0 )y+
0 − F(x, y+

0 ),

1

qϑ
f (x,−βy0y

−
0 )(−βy0y

−
0 ) − F(x,−βy0y

−
0 ) ≤ 1

qϑ
f (x,−y−

0 )(−y−
0 ) − F(x,−y−

0 )

(4.27)

for a.a. x ∈ �. Finally, from αy0y
+
0 − βy0y

−
0 ∈ M, αy0, βy0 ∈ (0, 1], (4.25), (4.26), (4.27) and 

yn ∈M we conclude that

m0 ≤ ϕ
(
αy0y

+
0 − βy0y

−
0

)− 1

qϑ

〈
ϕ′ (αy0y

+
0 − βy0y

−
0

)
, αy0y

+
0 − βy0y

−
0

〉

= a0

(
α

p
y0

p

∥∥∇y+
0

∥∥p

p
+ β

p
y0

p

∥∥∇y−
0

∥∥p

p
+ α

q
y0

q

∥∥∇y+
0

∥∥q

q,μ
+ β

q
y0

q

∥∥∇y−
0

∥∥q

q,μ

)
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+ b0

ϑ

(
α

p
y0

p

∥∥∇y+
0

∥∥p

p
+ β

p
y0

p

∥∥∇y−
0

∥∥p

p
+ α

q
y0

q

∥∥∇y+
0

∥∥q

q,μ
+ β

q
y0

q

∥∥∇y−
0

∥∥q

q,μ

)ϑ

−
∫
�

F
(
x,αy0u

+) dx −
∫
�

F
(
x,−βy0u

−) dx

− a0

(
α

p
y0

qϑ

∥∥∇y+
0

∥∥p

p
+ β

p
y0

qϑ

∥∥∇y−
0

∥∥p

p
+ α

q
y0

qϑ

∥∥∇y+
0

∥∥q

q,μ
+ β

q
y0

qϑ

∥∥∇y−
0

∥∥q

q,μ

)

− b0

qϑ

(
α

p
y0

p

∥∥∇y+
0

∥∥p

p
+ β

p
y0

p

∥∥∇y−
0

∥∥p

p
+ α

q
y0

q

∥∥∇y+
0

∥∥q

q,μ
+ β

q
y0

q

∥∥∇y−
0

∥∥q

q,μ

)ϑ−1

×
(
α

p
y0

∥∥∇y+
0

∥∥p

p
+ β

p
y0

∥∥∇y−
0

∥∥p

p
+ α

q
y0

∥∥∇y+
0

∥∥q

q,μ
+ β

q
y0

∥∥∇y−
0

∥∥q

q,μ

)

+ 1

qϑ

∫
�

f
(
x,αy0y

+
0

)
αy0y

+
0 dx + 1

qϑ

∫
�

f
(
x,−βy0y

−
0

)
(−βy0y

−
0 )dx

= a0

(
1

p
− 1

qϑ

)(
α

p
y0

∥∥∇y+
0

∥∥p

p
+ β

p
y0

∥∥∇y−
0

∥∥p

p

)

+ a0

(
1

q
− 1

qϑ

)(
α

q
y0

∥∥∇y+
0

∥∥q

q,μ
+ β

q
y0

∥∥∇y−
0

∥∥q

q,μ

)

+ b0

(
α

p
y0

p

∥∥∇y+
0

∥∥p

p
+ β

p
y0

p

∥∥∇y−
0

∥∥p

p
+ α

q
y0

q

∥∥∇y+
0

∥∥q

q,μ
+ β

q
y0

q

∥∥∇y−
0

∥∥q

q,μ

)ϑ−1

×
[(

1

pϑ
− 1

qϑ

)(
α

p
y0

∥∥∇y+
0

∥∥p

p
+ β

p
y0

∥∥∇y−
0

∥∥p

p

)

+
(

1

qϑ
− 1

qϑ

)(
α

q
y0

∥∥∇y+
0

∥∥q

q,μ
+ β

q
y0

∥∥∇y−
0

∥∥q

q,μ

)]

+
∫
�

(
1

qϑ
f (x,αy0y

+
0 )αy0y

+
0 − F(x,αy0y

+
0 )

)
dx

+
∫
�

(
1

qϑ
f (x,−βy0y

−
0 )(−βy0y

−
0 ) − F(x,−βy0y

−
0 )

)
dx

≤ a0

(
1

p
− 1

qϑ

)(∥∥∇y+
0

∥∥p

p
+ ∥∥∇y−

0

∥∥p

p

)

+ a0

(
1

q
− 1

qϑ

)(∥∥∇y+
0

∥∥q

q,μ
+ ∥∥∇y−

0

∥∥q

q,μ

)

+ b0

(
1 ∥∥∇y+

0

∥∥p

p
+ 1 ∥∥∇y−

0

∥∥p

p
+ 1 ∥∥∇y+

0

∥∥q

q,μ
+ 1 ∥∥∇y−

0

∥∥q

q,μ

)ϑ−1
p p q q
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×
[(

1

pϑ
− 1

qϑ

)(∥∥∇y+
0

∥∥p

p
+ ∥∥∇y−

0

∥∥p

p

)

+
(

1

qϑ
− 1

qϑ

)(∥∥∇y+
0

∥∥q

q,μ
+ ∥∥∇y−

0

∥∥q

q,μ

)]

+
∫
�

(
1

qϑ
f (x, y+

0 )y+
0 − F(x, y+

0 )

)
dx

+
∫
�

(
1

qϑ
f (x,−y−

0 )(−y−
0 ) − F(x,−y−

0 )

)
dx

≤ lim inf
n→∞

(
ϕ
(
y+
n − y−

n

)− 1

qϑ

〈
ϕ′ (y+

n − y−
n

)
, y+

n − y−
n

〉)= m0,

where in the last line we first use the weak lower semicontinuity of ‖ · ‖p and ‖ · ‖q,μ together 
with (4.25) and (4.26) and then rearrange the terms inside the limit. Therefore αy0 = βy0 = 1 and 
so the infimum m0 is achieved by the function y+

0 − y−
0 . �

Proposition 4.7. Let hypotheses (H1)–(H3) be satisfied and let y0 ∈M be such that ϕ(y0) = m0. 
Then y0 is a critical point of ϕ. In particular, y0 is a least energy sign-changing solution of 
problem (1.1).

Proof. We argue via contradiction and suppose that ϕ′(y0) �= 0. Then there exist λ, δ0 > 0 such 
that

‖ϕ′(u)‖∗ ≥ λ, for all u ∈ W
1,H
0 (�) with ‖u − y0‖ < 3δ0.

Let C be an embedding constant for W 1,H
0 (�) → Lp(�). Since y+

0 �= 0 �= y−
0 , we have for any 

v ∈ W
1,H
0 (�)

‖y0 − v‖ ≥ C−1‖y0 − v‖p ≥
{

C−1‖y−
0 ‖p, if v− = 0,

C−1‖y+
0 ‖p, if v+ = 0.

Now we take δ1 such that

δ1 ∈
(

0,min
{
C−1‖y−

0 ‖p,C−1‖y+
0 ‖p

})
.

Therefore, for any v ∈ W
1,H
0 (�) with ‖y0 − v‖ < δ1 it holds v+ �= 0 �= v−.

Let δ = min{δ0, δ1/2}. Since (α, β) 
→ αy+
0 − βy−

0 is a continuous mapping from [0, ∞) ×
[0, ∞) into W 1,H

0 (�), there exists 0 < τ < 1 such that for all α, β ≥ 0 with max{|α − 1|, |β −
1|} < τ , we have

∥∥αy+
0 − βy−

0 − y0
∥∥< δ.
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Let D = (1 − τ, 1 + τ) × (1 − τ, 1 + τ). From Proposition 4.1 we obtain for any α, β ≥ 0 with 
(α, β) �= (1, 1) that

ϕ(αy+
0 − βy−

0 ) < ϕ(y+
0 − y−

0 ) = inf
u∈M

ϕ(u). (4.28)

From this, we conclude that

� = max
(α,β)∈∂D

ϕ(αy+
0 − βy−

0 ) < ϕ(y+
0 − y−

0 ) = inf
u∈M

ϕ(u).

Now we are going to apply the quantitative deformation lemma given in Lemma 2.5 with

S = B(y0, δ), c = inf
u∈M

ϕ(u), ε = min

{
c − �

4
,
λδ

8

}
, δ be as defined above.

Note that S2δ = B(y0, 3δ). Then, by the choice of ε, the assumptions of Lemma 2.5 are satisfied. 
Therefore, a mapping η with the properties stated in the lemma exists. Due to the choice of ε we 
get

ϕ(αy+
0 − βy−

0 ) ≤ � + c − c < c −
(

c − �

2

)
≤ c − 2ε (4.29)

for all (α, β) ∈ ∂D.
Let us now define the mappings H : [0, ∞) ×[0, ∞) → W

1,H
0 (�), � : [0, ∞) ×[0, ∞) → R2

by

H(α,β) = η
(
1, αy+

0 − βy−
0

)
�(α,β) = (〈

ϕ′ (H(α,β)) ,H+(α,β)
〉
,
〈
ϕ′ (H(α,β)) ,−H−(α,β)

〉)
.

It is clear that H is continuous because of the continuity of η and the differentiability of ϕ implies 
that � is continuous. From Lemma 2.5 (i) along with (4.29), we have that H(α, β) = αy+

0 −βy−
0

for all (α, β) ∈ ∂D and

�(α,β) = (〈ϕ′(αy+
0 − βy−

0 ), αy+
0 〉, 〈ϕ′(αy+

0 − βy−
0 ),−βy−

0 〉 ) .
Now, using the information on the derivatives from Proposition 4.1, we see that we have the 
componentwise inequalities

�1(1 − τ, t) > 0 > �1(1 + τ, t),

�2(t,1 − τ) > 0 > �2(t,1 + τ) for all t ∈ [1 − τ,1 + τ ],
where � = (�1, �2). Then, by the Poincaré-Miranda existence theorem given in Theorem 2.6
applied to d(α, β) = −�(1 +α, 1 +β), we find (α0, β0) ∈ D such that �(α0, β0) = 0 which can 
be equivalently written as

〈ϕ′(H(α0, β0)),H
+(α0, β0)〉 = 0 = 〈ϕ′(H(α0, β0)),−H−(α0, β0)〉.
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Taking Lemma 2.5 (iv) and the choice of τ into account, we obtain

‖H(α0, β0) − y0‖ ≤ 2δ ≤ δ1.

However, by the choice of δ1, this leads to

H+(α0, β0) �= 0 �= −H−(α0, β0).

Therefore, H(α0, β0) ∈ M. But, from Lemma 2.5 (ii), the choice of τ and (4.28), it follows that 
ϕ(H(α0, β0)) ≤ c − ε, a contradiction. Thus, y0 is a critical point of ϕ and so a least energy 
sign-changing solution to our problem (1.1), see Proposition 4.6. �

The proof of Theorem 1.3 follows now from Propositions 3.5 and 4.7.
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